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THE GROWTH OF THE SOLUTIONS OF A DIFFERENTIAL EQUATION 


By N. LEVINSON 


1. It has been shown’ that the solutions of the differential equation 


(1.1) dz + o()r = 0 
: dt? 


are bounded as t > if there exists a constant a > 0 such that 
(1.2) [ie -ala< 

It has also been shown’ that if 
(1.3) 6) = a +0(3), 


the solutions need not be bounded. Here we shall go further in this direction 
and show that (1.2) is actually a best possible condition. We shall also show 
that if (1.2) is satisfied the solutions of (1.1) are not only bounded, but also 
resemble the solutions of the differential equation z”’ + az = 0 in another sense. 
Namely, if (1.2) is satisfied, then any solution of (1.1) satisfies also 


lim sup | z(t) | > 0. 
t—>2 


In fact what we shall show is that the rapidity with which the solutions of (1.1) 
can grow and the rapidity with which they can tend to zero both depend on the 
growth of a(t), where 


(1.4) ad) = [ |e — aa 


Thus the results for (1.2) will be a particular case of (1.4) where a(t) is bounded, 
and in this sense the first result we shall prove, Theorem I, is a generalization 
of the result of Fukuhara and Nagumo. 


Received September 16, 1940. 
1 Fukuhara and Nagumo, On a condition of stability for a differential equation, Proc. 
Imp. Acad. of Japan, vol. 6(1930), pp. 131-132. 
20. Perron, Uber ein vermeintliches Stabilitatskriterium, Géttinger Nachrichten, Math. 
Phys. Klasse, 1930, pp. 28-29, equation (6). 
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Tueorem I.’ If x(t) satisfies the real differential equation (1.1), then 
(1.5) x(t) = O(exp [3a~a(t)]), 
where a(t) is defined as in (1.4). 


Clearly if a(t) is bounded, it follows from (1.5) that x(t) is bounded. 

The question now arises as to how good an appraisal (1.5) is. We shall show 
that it fails in being a best possible result by at most a constant in the exponent 
of e. This is contained in the following result. 


THEOREM II. Let a(t) be a monotone increasing function such that a’(t) = 
o(l)ast— ~. Then there exists a ¢(t) such that for large t 


(1.6) | o(t) — al dt < al?) 


and such that x"’ + $(t)x = 0 has a solution x(t) which satisfies 


(1.7) lim sup log | a(t) | = a 
to a(t) T 
In particular it follows from (1.7) that condition (1.2) is a best possible condi- 
tion for the boundedness of solutions of (1.1). 
Next we shall show that the growth of a(t) determines not only how large a 
solution of the differential can become, but how small it can become. 


TueoreM III. If x(t) satisfies (1.1), and if a(t) = O(t) ast ~, then 
(1.8) lim sup | x(é) | exp [Ja a(t] > 0, 


where a(t) is defined as in (1.4). 

Finally as with Theorem I, it can be shown that (1.8) fails in being a best 
possible result by at most a constant in the exponent of e as indicated in the 
following result. 

TueoreM IV. In Theorem II (1.7) can be replaced by 

log |x| — _ 


‘ , 1 
(1.9) lim sup < whe 


It will turn out that ¢(¢) as given in the proof of Theorems II and IV will be 
only piecewise continuous. In order to show that it is (1.4) that is relevant 
and not the local behavior of ¢(¢), we shall in §4 prove Theorems II and IV for 
a continuous ¢(t), in fact for a ¢(¢) differentiable any finite number of times. 





3 In this and the theorems that follow, we shall assume that ¢(¢) is piecewise continuous 
and that z(t) is a solution of (1.1) over (0, ©) if it satisfies (1.1) at all points of continuity 
of ¢(t) and if x(t) and z’(t) are continuous over (0, ~). 
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2. Here we shall prove Theorems I and III: 
Proof of Theorem 1. Here x(t) satisfies 
(2.0) x’ + o(t)x = 0, 


and a(t) is defined as in (1.4). With no restriction we can assume that x(t) 
is real. Clearly (2.0) can be written as 


(2.1) x’ + ax = (a — ¢(t))z. 
Multiplying (2.1) by 2’ and defining 

E(t) = (2° + x”), 
(2.1) becomes 


(2.2) oe .. oc - eae’. 
dt 


But 
|ax’| < 3(a*a*? +a’ 2”) = a'* Ki). 


Thus (2.2) can be written as 








oF < a4 |a— 9(t) | BO. 
Or 
(2.3) = <a4\a—9()|dt. 
Thus 
[ fs ald. 
Or 
P E(t) = O(exp [aa(t)}). 


From the definition of E(t) it follows at once that 
| x(t) = O(exp [fa *a(?)]). 
This completes the proof. 


Proof of Theorem III. In much the same way as (2.2) yields (2.3), it also 
at yields 
or dE 


(2.4) ee a*\a — (8) | dt. 





us If we integrate, it follows that 


log E => — a ‘a(t) + log C 
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for some constant C. This gives 
E(t) = C exp [—ata(t)] 


or 


(2.5) (“) + ax* = 2C exp [— a*a(i)]. 


Over n S t S n + 1 let the maximum value of | x(t) | be denoted by z, and 
let a point where this value is taken on be ¢,. Let a point where the minimum 
of | z(t) | overn St S n + 1 is taken be t, . Then either z’(t,) = 0 or else 
z’(t) does not change its sign over (n,n + 1). Suppose the latter is the case. 
Clearly 


n+l 

a(n + 1) = 2(n) + / x'(t) dt. 

Thus 
n+1 
jx t)(+lemi2|f voal. 

Since zx’(t) does not change its sign in (n, n + 1), this inequality yields 

| x(n + 1)| + | 2(n)| = | 2th) |. 
In turn this yields 
(2.6) 2x, = | a’(tr) |. 


This last inequality holds if z’(t.) = 0. Thus it is always true. 
Clearly 


tn 
wi(ty) = 2s) + [ 2" dt 
Thus ; 
. n+l 
le) | Sle) | + [> | 2”"@ ae 


Or using the differential equation (1.1), we get 
| x’(tn) | S | a'(tr) | + [ = | p(t)x(t) | dt. 
If we use (2.6), it follows from the above inequality that 
| x’(tn) | S Qrn + In '€ | p(t) | dt. 
Using this in (2.5) at ¢ = ¢, gives 


(2.7) zr, | + | si | p(t) | a] + ax? > 2C exp [—a ‘a(t,)]. 
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Since a(t) = O(t), it follows that, for an infinite number of n, | p(t) | dt 
is bounded. Thus for an infinite number of n, (2.7) gives y 
a, = Ci exp [—a*a(t,)], 
where C, is some positive constant. The above inequality can be written as 


lim sup | x(t) | exp [Ja *a(t)] > 0. 
t—2 
This completes the proof of Theorem III. 


3. Here we shall give the proofs of Theorems II and IV. It will be convenient 
to assume that in (1.6) a = 1. This can always be done by changing the 
variable ¢ to at in the differential equation. Thus in place of (1.6) we have 


t 
(3.1) [ |e -1 as at. 
0 
Also with no real restriction, since a’(t) = o(1) and since our conclusions concern 
t— o«, we can assume that a(0) = 0 and that 


a’(t) < zo, 0<t< ~, 


Let ¢€ > 0 be a small number and let 


pd = =! tp. 


7 
Let 
oo = 0, t = on{1 + exp [8(37)]}, 
(3.2) tons1 — ton = 30 (n = 0, 1, 2, ---), 
ton — tons = 3m exp [B(ton1) — B(lens)] (nm = 2,3, ---). 
This defines ¢, for all n = 0. 
Lemma 1. Asn— ~, 
tn41 — tn = $4 + Ol). 
Proof. Adding the lower two equations of (3.2) gives 
(3.3) tong — lena = 3m {1 + exp [B(ton1) — B(ten-s)]} (n = 2,3, ---). 
Since a’(t) < 75, it follows that 6’(t) < #5. Thus the equation above gives 
(3.4) tong1 — tana S 4{1 + exp [xo(ten1 — ten-s)]} (n = 2, 3, ---). 
By (3.2), ts = 44{2 + exp [8(}x)]}. Since 6(4x) < yo(}x), it follows that 
ts < 4n(2 +e”), 
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Since i = dn, 
ts — t, < 3n(1 + 07”) < 4n(4) = Qn. 


If we use (3.4), it follows easily that if tent — ts < 10, then so is teny — 
ten-1. Butt; — 4; < 2 < 10. Thus by induction 


lontit — bon < 10 (n = 1, 2, eee). 
Since, for large t, B’(t) = 0(1), clearly 
(3.5) B(ten-1) — B(ten—s) = O(ten1 — tens) 
= 0(10) = o(1). 


Thus (3.3) becomes 
longi — bona = 7 + O(1). 
This together with the fact that tan4: — tn = 32 completes the proof of the 


lemma. 
Let a, = exp [—8(}7)] and let 


(3.6) Aon41 = EXP [—B(ten41) + B(ten—1)] (n = 1, 2,---), 
Qn, = 1 (n = 0, 1, 2, --+). 

Let 

(3.7) g(t) =a,, tmSt < tay (n = 0, 1, 2, ---). 


Lemma 2. For large t 
(3.8) [ \o@ - 11a s a. 
0 
Proof. By (3.2) and (3.6) 


tan+2 g< OaK41 
[1 -o@\a =F 1 - 
0 2 k=0 


A2k+1 
- ; ! — + +» {exp [B(tex41) — B(tx-1)] 
— exp [—B(ter41) + B(tx-1)]} 





2 n 
= F1— 9 4 > sinh (Bln) — Bll). 
ay k=1 


By (3.5) and the fact that sinh z = x + 0(x), x 0, the above equation becomes 








a 


ton+2 a“ 2 
[77 1 = 9 | at = F=f + of) 8am) — BC 
For large n and 6 > 0 this becomes 


a. 11 — ot) | dt < (1 +8)B (lens). 





Les 








bo | 
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If we use Lemma 1, this becomes 
[11-0 \aes 2 +9804 2. 
Since 6’(t) = o(1), this in turn gives 
[11-00 des 01 + 20800. 


If we use the definition of 8(t) and choose 6 sufficiently small, (3.8) follows. 
Thus the lemma is proved. 
Proof of Theorems II and IV. If A, and b, are constant, and if 


(3.9) X(t) = An sin (Ant + ba), 


then clearly z(t) = X,(t) satisfies the differential equation x”’ + ¢(t)x = 0 
over t, < t < tn4:, where $(¢) is defined as in (3.7). Thus in order that 


x(t) = X,(0), tr St < tan (n = 0, 1, 2, e+e) 


satisfy the differential equation over (0, ~), it is necessary and sufficient that 
z(t) and z’(t) be continuous. This in turn is equivalent to 


(3.10) X n-i(tn) = Xa(tn), Xi-1(te) = Xi (tn) (n = 1, 2, +++). 
Writing (3.10) for n even and using (3.9) give 
Aon-1 sin (en—iton + ben—1) = Aon sin (Genton + ben), 


(3.11) 
Qen—1A2n-1 cos (den—1len + ben—1) = AonAon cos (Genton + ben). 

Let 

Qen—iton + Dona ad Pil (n = 1, 2, +++), 
(3.12) 

anton + bon = pis (n ad 0, 1, 2, see). 

Then this defines b,. Using (3.12) in (3.11) gives 
(3.13) Aon aad Aan (n - 1, 2, ree). 


For odd n (3.10) gives 

Aan SiN (enteny1 + ban) = Aany1 SIN (Gangitensi + dents), 
2nAon COS (Gentony1 + ben) = AensiAeny1 COS (Gentilenti + bony). 
By (3.12), 


(3.14) 


Aenten+i + ben = on (ton41 — ton) + nr. 
From (3.2) and (3.6), it follows that 


Aenlen+i + ben => fF. 
Similarly 
Aeon+ilensi + ben+4t = 0. 
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Using these last two equations, we see that (3.14) becomes 
(3.15) —A2nAon = GoniAon+1 (n = 0, i, 2, nti -). 


Let Ap = 1. Then (3.13) and (3.15) define A, forn > 0. Since (3.10) is satis- 
fied, we have a solution of the differential equation over (0, ~). Since on the 
basis of the definitions of A, , a, , and b, , Xo(t) = sin (t + 47), it follows that 
z(0) = 1, z’(0) = 0. From now on we denote this solution of the differential 
equation by 2;(é). 
Let us now replace (3.12) by 
(3.16) lon + bon = 0, Aon+ilonsi + bon+1 - il (n = 0, a 2, 4 +), 
and (3.13) and (3.15) by 
Aon, = Aont1 (n - 0, 1, 2, “es -), 

(3.17) 

—Qen—1A2n-1 = AonArn (n - 1, 2, , ++). 


Then as above this gives rise to a solution of the differential equation which 
we shall denote by 22(t). By taking Ao = 1 as before, it follows easily that 
x2(0) -_ 0, x2(0) = 1. 
We now consider the growth of z,(t). Clearly 
21 (ten42) = Xon41(ten+2) 
= Aon sin (don+ilon+e + Don+1)- 
By (3.12), Qan+itenge + benat = dr. Thus 
T1(tons2) = Anyi. 
Clearly 
Amst) _ |v As | Annas 
Ao Ao A; Aon ; 
If (3.13), (3.15) and the definition of A, are used, this becomes 
I a 
| 103 +++ Gonsi| 


! 
| Aon41 |= 


From the definition of den, , (3.6), this becomes 
| Azngi | = exp [B(tons1) — B(x). 
Thus 
| Ti(ten+2) | = exp [B(lnt1) — B(37)). 
But 
B(ton41) 2 B(lons2) — Po (leng2 — tent) 


=> Bllons2) — yom. 
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Also B(4r) ~- got. Thus 


| 21(ton+2) | 2 exp [B(tens2) — x] = exp {a — €)a(tons2)4 | e". 
Or 
(3.18) in sup MEA! be 
treo a(t) ra 


Since «¢ is arbitrary, Theorem II follows. 
In much the same way it follows that 


' log | ao(t) | 
ae is 


and Theorem IV is proved. 





2 
T 


4. Here we consider the case where the coefficient in the differential equation 
is a smooth function. Clearly there exists a continuous function ¢;(¢) possessing 
any finite number of derivatives such that 


(4.1) [ \6 - 6@|a = 00"), 1 @, 
t 
Let us consider the differential equation 
y” + oily = 0. 
If x; is defined as in §3, then 
x, + o(t)x: = 0. 


Thus, combining the two differential equations, we get 


(4.2) (y — 1)” + o()(y — m1) = ylo(t) — o(d). 
Consider the equation 
(4.3) x” + o(t)x = fii). 


Then if x; and 22 are defined as in §3, 


x(t) = | x(d2a(e) — ae(ai(s)1f(e) dr 
t 
is.a solution of (4.3). [This solution can be obtained by using the method of 


variation of constants, or it can be verified by putting it into the original equa- 
tion.] Thus a solution of (4.2) is 


(44) nl) — 20 = [ txWaels) — aOaG)nlo) — o()ladr. 


By Theorem I 
x(t), x2(t), yr(t), y(t) = O(e*”). 
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Thus (4.4) becomes 
y(t) es x(t) — o( | eto tats) e” | b(r) _ ¢:(r) \ar) 


= of [ &® | o60) — ox |r). 
t 
Or integrating by parts and using (4.1), we get 


yi(t) — x(t) = o( een + / ent Bale) ir) 
t 


r 
—(t—3)a(t) —(r— 
— o(« a(t +/ e (r © dr) 
t 


= rrr) -_ O(e"), 


But this and (3.18) imply that 
log | y:(é) | 


IV 


lim sup s ; 
treo a(t) rs 





Similarly it can be shown that there exists a y2(¢t) such that 
yo(t) — x(t) = Oe **”) 
and thus that 


lim sup log | ya(?) | < ue 
—— a(t) T 


Thus the differential equation 
y” — d(dy = 0, 
where ¢;(¢) is a smooth function, has two solutions y;(¢) and y2(t) which possess 


the extremal properties indicated in Theorems II and IV respectively. 


MASSACHUSETTS INSTITUTE OF TECHNOLOGY. 











REGULAR CURVE-FAMILIES FILLING THE PLANE, II 
By WILFRED KapLAN 


Introduction. The present paper is a continuation of a previous one on the 
same subject." The numbers of the theorems of I will be distinguished by the 
prefacing of the numeral I. 

The problem to be considered here is the classification of regular curve- 
families filling the plane. Two families will be regarded as equivalent if one is 
image of the other under a homeomorphism of the plane onto itself. It is the 
enumeration of the classes of equivalent families which is our goal. 

From I we have the results that the curves of each family F are open curves 
tending to infinity in both directions, that F can be pictured as a system with 
two order relations: C, | C2 | C3 and | C,, C2, Cs3|*, termed a chordal system 
CS(F), and that, moreover, F forms a normal chordal system. This last struc- 
tural feature of the family will serve as the basis of the classification. 

We shall term F; 0-equivalent to F, if F; is equivalent to F, under an orienta- 
tion-preserving homeomorphism. The basic theorem of the classification can 
be stated as follows (see Part 3 below): 


THEOREM. F;, is 0-equivalent to F, if and orily if CS(F;) is isomorphic to CS(F:). 
For any F, CS(F) is a normal chordal system and to every (abstract) normal chordal 
system E corresponds a curve-family F for which CS(F) is isomorphic to E. 





By this theorem the “o-equivalence classes” of families can be enumerated, 
and an enumeration of the equivalence classes can thereby be obtained. This 
latter classification is made more effective by a representation theorem: every 
normal chordal system can be represented by an isomorphic set K of non-intersecting 
chords on a circle. The chordal relations in K are defined in the same way as 
in F. If we let K’ denote the set of chords which is the image of K under 
reflection in a (fixed) diameter of the circle, then the final form of classification 
is thus: F, is equivalent to F2 if and only if K, is isomorphic either to Kz or to K . 
Here K; denotes the set of chords corresponding to F; (¢ = 1,2). The effective- 
ness of this classification lies in the fact that the isomorphism of two sets of 
chords is determined solely by the order of end-points on the circumference. 

‘In Part 1 it will be established that to every abstract normal chordal system E 
corresponds a curve-family F which generates it. The normal subdivision of £ 
into sets \(V.) = Va U 0(V.), where 6(V.) is half-parallel, is used. The course 
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1See Kaplan, Regular curve-families filling the plane, I, this Journal, vol. 7(1940), pp. 
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of procedure is thus: in §§$1.1 and 1.2 the problem of how to verify that two 
normal chordal systems E and E’ are isomorphic is studied, and that problem is 
reduced to the comparison of only two types of triples in each A(V.) and (V4); 
in §1.3 the plan of construction of the family F is described; in §§$1.4 and 1.5 a 
curve-family is constructed to represent each A(V,) of E and in §1.6 the regularity 
of each such family is established; in §§1.7 and 1.8 these families are pieced 
together to yield a regular curve-family F filling the interior of a circle; in §1.9 
the criteria of §§1.1 and 1.2 are applied to show that F is isomorphic to £. 

In Part 2 it will be established that two curve-families F; and F2 generate 
isomorphic chordal systems if and only if they are o-equivalent: §2.1 is intro- 
ductory; §2.2 establishes a homeomorphism between the sets 6(V4,) and 6(V%, 
by means of maps on parallel lines; in §§2.3 and 2.4 “isolating curves” vy}. 
and y*,, are found which cut off suitable neighborhoods w), and w2,, of the 
curves CL, and C2, in 6(V4,) and 6(V2) respectively; in §2.5 the w), and 
and w,,, are adjusted in preparation for a homeomorphism; in §2.6 the home- 
omorphism of 6(V4,) on 0( V2.) is extended, by means of the sets w,, and wx, 
to the boundaries, yielding a map of \(V4) on A(V2,); this is then extended to 
give an o-homeomorphism of F; on F2 , as desired. 

In Part 3 these results will be used to give the classification as described above. 

In the Appendix there will be a brief discussion of the application of the 
classification method to families with many singularities. 


1. Regular curve-families corresponding to normal chordal systems 


1.1. Reduction of problem to case of V U 6(V). In this section we shall 
establish the theorem that to every normal chordal system E corresponds a 
regular curve-family F filling the plane and such that CS(F) is isomorphic to E. 
The precise construction of the family F will be given below. However, in 
order to establish the isomorphism of CS(F) and £, it will be necessary to verify 
that for every triple C, , Cz, C; in F the same chordal relation holds as for the 
corresponding triple in E. Our first step will be to anticipate this difficulty and 
to take advantage of the normal subdivision to show that the verification need 
be made only for a restricted class of triples. (See Theorems 1, 4 below.) 

We shall let E be a fixed abstract normal chordal system, with normal sub- 
division by sets V. of Ey = a; U 4(a;) and by sets V2 of E> = a, U 6*(a)) as in I, 
§3.3. 


Lemma 1. If V is a non-void subset of E for which 5(a) can be determined as a 
single-valued function for all a in V in such a way that 


(1) [a U 6*(a)]-[a’ U &*(a’)] = 0 
for every pair a, a’ of distinct elements in V, then V is cyclic. 


Proof. If a’\a\a” fora, a’, a” in V, then a” C 4(a), a’ C 4*(a) for proper 
naming of a” anda’. This contradicts (1). Hence | a’, a, a’”’ |* for every triple 
in V and V is cyeliec. 
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Lemma 2. Let V,, V2,---, Vp be cyclic subsets of E with 0(V;) determined 
uniquely (¢ = 1, 2,---, p) Ay = rus If (Vi) and X(Vi4i1) are adjacent with 


common foment k; for «= i, 2, ,p — 1, andif we k; are distinct, then the 

set V = > Vi; - > k; ts either void, in which case > \(V;) = E, or else V is 
i=1 i=l 

cyclic and 


o(V) = > 0(V,) U > ki, X(V) = > xv). 


Proof. Suppose that p = 2 and that V is not void. Let V; = k, U ms a;, 


V2=h U >) bi, with 0(V;) = 6(k:)-J] 8(a;) and 0(V2) 8*(ki)-[] 8(b,). 
l 7 l 
By Theorem I.27 


(1) fa; U 6*(a,))-[ay Ust(ay)] =0, ji, 
(2) [b, U 5*(b,)]-[by U 8*(by)] = 0, L#I, 
(3) a; U 6*(a;) C (hy), 

(4) [b: U 8*(b,))-[6(k1) U Ay] = 


From (3) and (4) follows 
(5) [a; U 8*(a;)]-[b, U s*(b,)| = 0. 
(1), (2) and (5) imply by Lemma 1 that (V; U V2) — & is eyelic and 
(Vi U V2) — ky) = J] 8(a,)-T] 8(6,) 
= JJ 4(a,)- TT] 8(6,)- (6&1) U 8*(&y) U A] 
[5(k:)- [J (a,)] U [8*(h)-T] 6(6,)) U bs 
6(V;) U a(V2) U ky 


II 


unless (V; U V2) — k, has only one element a, e.g., in Vi. In that case 


6((Vi U Vs) — ky) = O(a) = 8(a) = (8(a)-5(ky)) U8*(k,) Uk, = 0(V1) U 0(V2) Uy 
if we define (a) as 6(a). 
Finally we have 
A(V) => > a; U ps b, U 6(V;) U 0(V2) U ky = A(V;) U (V2). 


Thus the theorem holds when V is non-void and p = 2. If p = 2 but V is void, 
then Vi; = Ve = ky, (Vi) = Ay U &(ky), (V2) = ky U 8*(k,) and A(V,) U 
\(V2) = E by Theorem 1.26. Thus, in either case, the theorem holds for p = 2 


apne ct cement a eo 
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Now suppose the theorem established for p = r. Thenletp=r+1. Let 
—1 
W-= > Vi- > k; and suppose that W is not void. We then have 


o(W) = > 0(V) U > kj. 
Further, since the \(V;) are adjacent, 
6(V1) C (ki), 0(V2) C S*(ki) C S(ke), ++ , 
0(V,) © 8*(k,1) C 5(k,), O(Vr41) C 8*(K,) 
for proper choices of 5(k;). We hence have 
5(k;) C 5(ke) C +++ © b(k,); ki CS S(ke), ke C S(ks), «++ , kya © S(k,), 


whence 0(W) C 6(k,), while 0(V,4:) C &*(k,). Thus A(W) and A(V,4:) are 
adjacent. Applying the theorem for the case p = 2, we obtain that the set 
V = (WUV,,,:) — k, is either void, in which case 


r+1 


= (W) U XVi41) = ys MV) U AV) = > Vi), 


or else cyclic and 


r+1 


MV) = (W) UAV 41) = > MV), 


r+l 


0(V) = 0(W) U &V,4:) Uk, = 2X a(Vi) U yy ky. 


Hence the theorem holds for p = r + 1 when W is not void. If W were void, 
then V, = k,_,, whence k, = k,_, , contrary to the assumption that the k; are 
distinct. Therefore this case cannot arise. By induction we now conclude 
that the theorem holds for all p. 


Lemma 3. Under the assumptions of Lemma 2, the chordal relations for each 
P 
triple a, b, c in the set > A(V;) are determined by the chordal relations of triples 
1 
in each of (V1), (V2), «++ , (Vp). 


Proof. Suppose p = 2. Then the only case requiring discussion is when, for 
example, a and b are in A(V;), cisin (V2) ande#k. Ifa =k,,thenbC 6(k), 
c C 6*(k,), whence b|k,|candb|a\c. Ifa #k,,b ¥ k,, then we have both 
(1)b| ki | cand (2)a|k\ec. By Axiom 3.4a|k,|bisnottrue. If (3) k,|a|b, 
then (1) and (3) give, by Theorem I.17,a|b{|c. If (4) ki: | 6 | a, then (2) and (4) 
give, by Theorem I.17, c|b|a. If (5) | ki, a, b|*, then (1) and (5) give, by 
Axiom 3.2, [a, c, b] ~ [k:, a, 6]. Hence in all cases the relation for a, 6, ¢ is 
determined by that for a, k; , bin \(V,). Thus the theorem holds for p = 2. 





t 
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Suppose now that the theorem has been established for p = r, and set 
W= 2 V; - > k; as above. Then, since \(W) is adjacent to A(V,4;), the 


chordal ‘oes’ in A(V) = A(W) U X(V,41:) are determined by those in \(W) 
and A(V,4:) individually, hence in (Vi), A(V2), --- , A(Vr41) individually. 
Thus the theorem holds for p = r + 1 and, by b for all p. 

Lemma 4. The chordal relations in Eo are determined by those in the sets \(Va) 
individually. 


Proof. Let a; , a2, a3 be three distinct elements of Ey , not all in the same 
A(V.). Leta; C A(Va;) (¢ = 1, 2,3). Let ao be the largest sequence such that 
we have 


Q = a,rA1,A2,°**,Ar, = 0, 
G2 = Go, M1, M2,°** » Ms, s 2 0, 
G3 = A, M1, ,°** 4M, t= 0. 


Suppose first that r > 0, s > 0,¢ > 0. Then the possible situations are 
exemplified by either \y ¥ wi, w. = 1 Or Ay ¥ m1, wi ~ 11, A ~ %. In each 
of these two cases, let a, be the largest sequence such that 


G2 = ay, M,, M2, +++, Me, o = 0, 
G3 = 2s, %, Ne, +++, Me, 720, 
4 = MH, Mi, M2, *** » Muy u20. 


Then, by the normality of Z, the sets 


WwW, os Versa ste pees, ~ ~~ Vas ? 


ee 


satisfy the conditions of Lemma 3. Hence the chordal relations in A(X,) = 
o+t+1 


> A(W,) are determined by those in a certain set of \(V_) individually. 


1 
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Similarly the sets X, and 
X2 = Vega tes***te=' ’ 


X; —- ee a ’ 


eee eee eee wee eee eens 


Xx Vewa ’ 

Xuti — Ves ’ 

Xu+e aad @gAi » 

cece ccccceeccscees . 

X upr+t = @g Ay Agee Ay = Vn 


satisfy the conditions of Lemma 3. Hence the chordal relations in A(Y) = 
utr+l 


> (X,) are determined by those in sets \(X1), \(X2), «++ , A(Xusrqs) indi- 


1 
3 
vidually, hence in the sets \(V.) individually. Since A(Y) includes > A(Va;) 
i=1 


and hence a; , a2, a3, the theorem is established forr > 0,s > 0,¢ > 0. If 
one of these indices = 0, we deduce the same result by a simplification of the 
above method. 


TuroreM 1. Let E be the normal chordal system considered above. Let E’ be 
a second normal chordal system, subdivided normally by sets V, for «& A, and by 
sets V.. for a in A*, with 


> MVi) = Bo =a: VU day), DOV") = Bo” = a U 8*(a)). 


Let f(a) = a’ be a one-to-one transformation of E on E’ such that f is an iso- 
morphism of each \(V.) on (V4), of each (V2) on V2"). Then E is isomorphic 
to E’. 

Proof. Since f(A(V.)) = \(V..) for all a, necessarily f(c.) = c, and similarly 
f(cz) =c,". By Lemma 4 the chordal relations in E are determined by those of 
the \(V..) individually (and the way in which they are adjacent). Similarly those 
in E> are determined by those of the (V2). Ey and E> are both sets \(V) to 
which Lemma 3 can be applied. Hence the chordal relations in E = Ey U ES 
are determined by those in Ep and E} , hence ultimately by those in the \(V.) 
and \(V2). The same condition holds for E’ relative to the V, and Vv". But 
the ranges of a are the same in both Ey and E; and in Ep and E;*, and f is an 
isomorphism on each \(Vq) and (V2) with f(ca) = ca, f(cz) = c.. Hence 
the chordal relations for triples in E are the same as those for the corresponding 
triples in EZ’. Thus £ is isomorphic to E’. This proves the theorem. 

We shall apply this theorem below after the curve-family F corresponding to E 
has been constructed. By means of it we are able to determine, only by com- 
paring the sets \(V.) with the corresponding sets \(V.) in E’ = CS(F), that E 
is isomorphic to E’. 
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1.2. Simplification of the problem in a \(V.). We express \(V.) as cq U 
> ca,x U >> d? (with di = cq) as in I, §4.1. 
Notation. Vz will denote the set of all elements ca,, such that | ce , Can, a7 |* 


for some d; ; Vz will denote the set of all ca, such that | ¢e, Caz, @¢ | for 
some dy . 


TueoreM 2. Vi-V, =0. ViU Vaz = Va — ca. 


Proof. If | Ca, Can, di, | and | Ca, Car, dr, |*, With tf < &, then c, | d7, | d?,, 
whence by Axiom 3.2 [ca , Caz, d/,] ~ [Ca , Caz, @,]. Hence Vi-Vz = 0. The 
second equation follows from condition (6) of normality. The theorem thus 
follows. 


TueoreM 3. The definition can < Ca,mfor | Ca, Ca,k 5 Ca,m | introduces a simple 
ordering in Vi. The definition can < Cam for | Ca, Ca,k, Ca,m| introduces a 
simple ordering in Va. Further Can < Ca,t < Ca,m implies | Ca, Cat, Cam | for 
Ca,k » Cat Cam in Ve, implies | Ca,r, Ca.t, Cam | SO Ca,k 5 Ca.ty Cam in Va. 


Proof. Take Caz, Cam in Va. Then |¢a, Cat, Ca,m|'- Hence either 
Can < Cam OF Com < Can. If Cae < Ca,t, Cat < Cam, then | Ce, Con, Cet|"; 
| Ca, Cat Ca,m|', Whence, by Axiom 3.1, | Ca, Cat, Cam| > i€., Cat < Cam + 
Further, by Axiom 3.1, | ¢ax, Ca.t, Ca.m|» The case of Vz is treated in the 
same way. 

We now renumber the c,,, by allowing k to take negative values in such a way 
that the elements of Vi are the ca, for k =.1, 2, 3, --- , of Va are the ca, for 
k = —1, —2, —3,---. The range of k may of course be finite, infinite or 
void in each case. 

The possible types of triples in \(V..) can be then indicated as follows: (1) df, , 
dj, , dts ; (2) Cat, Ca,t» Ca,m With (a) k, l and m > 0 or (b) k, l and m < 0; 
(3) Cat Cat, Cam, With k > 0,1 < 0 and (a) m > 0 or (b) m < 0; (4) di, 
Ca,k » Ca,t, With k > 0,1 < 0; (5) d?,, can and ¢a,, with (a) k and 1 > 0 or (b) 
k andl < 0; (6) di, , d?, and ca. with (a) k > 0 or (b) k < 0. 

From the given structure of \(V.) certain restrictions are put on these rela- 
tions, as follows: the relations of type (1) are determined by the relative sizes 
of t, , t2, ts ; for the relations of type (2) and (3) necessarily | Ca,x , Ca,t; Ca,m|'3 
for those of types (4) and (5) with 4 = 0 | do, cax, Ca,|°, With tf, > O 
| di, , Ca,k 5 Ca,t | OF Ca, | df, | Ca,2 (by Theorem 1.28). 


Lemma. If, in addition to the restrictions on chordal relations in \(V.) implicit 
in.its definition, the following relations are known: (a) all those for triples ca , 
Cat, dt and (8) all those for triples Cax, Ca,t, Ca,m Such that k, l, and m have the 
same sign and such that B(ca.) = B(Ca,) = B(Ca,m), then the remaining relations 
in (V_) are uniquely determined. 





Proof. From (a) it follows that for each c, it is known whether k > 0 or 
k <0. Further the sets B(c,,,) and the element d@,, are thereby given. 

The relations of type (1) are implicit in the definition of A(V.). 

Consider a triple of type (2)(a). If B(cax) = Blea.) = B(Ca.m), then by (8) 
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the relation is known. Assume then that this condition does not hold. It 
follows from Theorem 3 that, when we have determined the order relations 
in V;, then all relations in Vi are known. We can therefore restrict attention 
to a pair such as Caz, Cain Vi. There are the following cases: (i) tan < tat; 
(ii) tax = ta, = t*, with d® C B(ca,) and d? € Bica,:). In case (i) choose t 
so that tan < to < ta. Then | Ca, Cae, 1, | and Ca | d%, | ce,:, from Theorem 3 
and Theorem I.28 respectively. Hence, by Axiom 3.2, | ca, Ca,:, Ca. | and 
Ca,k <Ca,t- In case (ii) the same reasoning applies with ¢* replacing &. Hence 
all relations of type (2)(a) are determined, and similarly for those of type (2)(b). 

Consider a triple of type (3)(a). From the result of the preceding paragraph 
we are given whether ¢a,4 < Ca,m OF Ca,m < Ca,x. Suppose (without restricting 
generality) the first case. Then (1) | ca, Car, Ca,m|'. Choose t& > max 
(tam, ta,1). Then | Ca, Ca,m, dt, |* and | Ca, Cat, dt, |". Hence, by Axiom 3.1, 
| Ca, Ca,m 5 Ca,t|'. This and (1) give, by Axiom 3.1, | Caz, Ca,m,Ca,1|'. Hence 
in the case (3)(a) the relation is determined, and similarly in case (3)(b). 

Consider a triple of type (4). There are the following cases: (i) d7, C B(cax), 
F Blca,:); (ii) df, F Blcax), C Blca,); (iii) d?, C Blcax), © B(ca,i); (iv) 
d?, € B(cax), GE Blca,:). In case (i) we have t; > 0 and | ca, Caz, di, |"; 
Ca | di’, | Ca,2, Whence, by Axiom 3.2, cax|d7, | Ca,z. Case (ii) is treated in the 
same way. In case (iii) | ca , Caz, 41, |", | Ca  Ca,t, Gt, |» Whence, by Axiom 3.1, 
| Cat, Af, ,Ca,2|*. In case (iv), if 4: = 0, then take & > max (tox, fa,1). Hence 
|do, can, €%,|*, | do, Cat, d¢,|~, whence, by Axiom 3.1, | ¢a,:, do, Cas |” 
If t; > 0, then ca | d?, | Cat, Ca | dr, | Caz. We know that cas | d?, | Ca. Or | Cae 5 
di, ,¢a,{*. But Caz | dt, | Ca,: contradicts Axiom 3.4. Hence | a,x, di, , Ca,r |*- 
Thus, by Axiom 3.2, [ca,z, di, , Cai] ~ [Cat » Ca» Cat] ™ [Car , Uo , Ca,i]. Hence, 
by the case t; = 0 above, | ca,x, di, , Ca, |". Hence in case (4) the relations are 
determined. 

In case (5)(a) we can assume Ca,x < Ca,1, Whence | Ca, Ca, ;Ca,t |’. This covers 
the case t; = 0. Suppose t; > 0. There are then three cases: (i) d*, C B(ca,.); 
(ii) d?, © Blca,x) and & B(ca,); (iii) d?, E& Blcax). In case (i) we have 
| Ca» Ca,, a, |*, whence, by Axiom 3.1, | ca,x, Cat, 4%, |". In ease (ii) we have 
| Ca, Caz, dr, |” and cq | d?, | ca,2, Whence, by Axiom 3.2, ¢a,x | df, | Ca... In case 
(iii) we have ca | df, | Caz, Ca | d?, | Caz, Whence, by Axiom 3.4, ¢a,x | di, | Ca,2 is 
not true. Hence | ca, df,, Ca,| and, by Axiom 3.2, [cax, di,, Cai) ~ 
[Ca.k» Ca, Ca,t]. Hence | Cex, di,, Ce,2| . This covers the case (5)(a). Case 
(5)(b) is treated similarly. 

Consider a triple of type (6)(a). We can assume 0 < t; < t, the case t; = 0 
being covered by the information (@). We have then c, | d;,|d?,. There 
are (by Theorem 1.40) the following cases: (i) d7, C B(ca,x); (ii) d?, E Blca.x), 
d?, < B(cax); (iii) d7, F Bcax). In case (i) we have | ca , Caz , 7, |", whence, 
by Axiom 3.2, cax|d?,|\d?,. In case (ii) cal di, |cax and |Ca, Can, a7, |”. 
Caz | di, | df, contradicts Axiom 3.4. df, | ca,x | d7, would imply Ca | Cax | di, , by 
Axiom 3.3, and this is a contradiction. dj, | df, | ca, would imply cq | di, | Ca,x 5 
and this also is a contradiction. Hence | cax, di, , d?, |*, whence, by Axiom 
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3.2, [a,x ’ di, ’ d?,] [Cat » Ca, di, and | Ca,k » di, ’ d?, iF In case (iii), 
Ca | di, | Caz , Whence, by Theorem 1.17, d7, | d*, | cax. This covers case (6)(a). 
Case (b) is covered similarly. The lemma is now established. 


TueoreM 4. Let (Va) = ca U So can U , d? and \(V‘,) be subsets in the 
normal subdivisions of chordal systems E and E’ respectively. Let f(a) = a’ be 
a one-to-one transformation of (Va) on (Vu) with f(ca) = Cx, f(Cak) = Car, 
f(d?) = di". If further [a; , a2 , as] ~ (f(a), S (a2), f(as)] for each triple a, , az , as 
of types (a) and (8), then f maps \(Vq) isomorphically on \(V 4). 

This theorem, together with Theorem 1, will be used to simplify the verifica- 


tion of the isomorphism between E and the curve-family to be constructed 
below. 


1.3. Intuitive outline of procedure. We shall in the following sections con- 
struct a regular curve-family F corresponding to the above abstract normal 
chordal system E. However, instead of taking the family as filling the plane, we 
shall take it as filling the interior of the circle and in such a way that each curve 
joins a pair of points on the circumference, no two curves having a common 
limit point. 

If we consider a set V, in EZ, we see that its structure is that of a set of chords 
in the circle such that no one chord separates any two others of the set. Such 
a set, with the addition of certain points on the circumference, forms a simple 
closed curve G. The elements of 0(V.), regarded as curves, would then have 
to lie in the interior of the region bounded by G. Their limit points will lie on 
the gaps in G left by removing the chords of V4. 

We can make the situation simpler by assuming that the curves of 6(V,) and 
the chord c, all cross just once the radius perpendicular toc,. If we let P bea 
point varying along that radius and ¢,(P) and g2(P) be the angular coédrdinates 
of the limit points of the curve through P, then, as P moves from the mid-point 
of c. towards the circumference, ¢;(P) and g2(P) change monotonely. (P) and 
¢2(P) have discontinuities when one chord or several chords of V,. must be 
skipped over. 

Our first step in the construction will be then to determine two monotone 
functions ¢; and g. whose discontinuities correspond to the gaps determined by 
the chords of V,. These functions will place the limit points of the curves of 
6(V,) and leave gaps in which we can place the chords of V.. The joining of 
the limit points of the curves of @(V,) in such a way as to get curves of a regular 
curve-family is then established by a limiting process. 

In this way a family corresponding to \(V,) can be set up, with a bounding 
diameter as the element C,;. On the other side of this diameter we construct 
\(V7) in the same way. Then in the segments of the circle determined by the 
chords of V,; we fit in the A(Vi,.). Proceeding indefinitely in this way we fill 
out the interior of the circle with a regular curve-family of the desired structure. 
(See Figure 1.) 
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1.4. Preliminary construction of curves corresponding to c, U 6(V.). 

Notation. Let 0 < t < ~. Y(t) (or Ya(to)) will then denote the set of 
all ca, in Vz (or Vz) for which t.,, = & and d7, C B(ca,x). Za(to) (or Za(to)) 
will denote the set of all ca, in Vz (or Vz) for which tz, = t and d%, € B(ca,x)- 

Derinition. If Y(t) U Za(to) (or Ya(to) U Z(t) is non-void, then d%, is a 
discontinuity with respect to Vi (or Va). If Yi(t) ¥ 0 and Zi(t) = O (or 
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Y(t.) ~ O and Zz(t) = 0), then df, is a left discontinuity. If Y%(t) = 0 and 
Zit.) # 0 (or Yat) = O and Zz(t) ¥ 0), then df, is a right discontinuity. 
If Y(t) ~ O and Z2(to) ¥ 0 (or Vato) ¥ O and Zz(to) ¥ 0), d%, is a bilateral 
discontinuity. 

Let g(t) be a real function of tin 0 S t < ~. A value & will be termed 
respectively a discontinuity, left discontinuity, right discontinuity, or bilateral 
discontinuity of g(t) according as ¢ is discontinuous at & , discontinuous at t 
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but continuous to the right at é& , discontinuous at & but continuous to the left 
at t& , or discontinuous on both sides of t . 


Lemma. There exist real, monotone strictly increasing functions g(t) and ga(t) 
inO0 St < © whose discontinuities are precisely at the values t such that df is a 
discontinuity with respect to Vi, and V, respectively and that t is a left, right, or 
bilateral discontinuity of ¢2(t) or ga(t) according as df is a left, right, or bilateral 
discontinuity with respect to Vand V; respectively. Further, these functions can 
be so chosen that 

lim ga(t) = lim gat) = ~, ¢a(0) = ga(0) = 0. 
t—*e te 

Proof. There are at most countably many discontinuities d/,, with respect 
to Vi. Number the corresponding set of values of ¢ as t, (i = 1, 2,---), 
where the range of ¢ may be infinite, finite, or void. Then let tpi (t) = 0 for 
0<t<t,, =l1fort, <t < ~; let *yi(t,) = 1,0, or } according as d/; is a 
left, right, or bilateral discontinuity with respect to Vz. Now set 


ei) =t+>D af. 





g(t) then has the desired properties. 

To obtain ¢a(é), we number the discontinuity values t.,, with respect to Vy 
as t, (¢ = —1, —2,---) and proceed in the same way. The lemma is thus 
established. . 

Suppose now that g(t) and g2(t) are chosen as in the lemma. Then choose a 
sequence 8, of points on 0 S t < ©, everywhere dense on that infinite interval, 
and further including all points t, (¢ = +1, +2,---). Let Wi(@) (n = 
1, 2,---) be the function equal to g(t) for t = 0, 1, 2,--- and for ¢t = 
8, 8,+-++,8,, and varying linearly between these values. Similarly, let 
“yi(t) be the function equal to ga(t) fort = 0,1, 2, --- and fort = 8; , 8%, +++ , & 
and varying linearly between these values. It follows from a theorem of 
Lebesgue’ that lim *y2(t) = ¢i (0), lim y(t) = ¢a(t). Further, since ¢i(t) 


and ¢,(t) are monotone strictly increasing, *y2(t) and w(t) are monotone 
strictly increasing, and are, moreover, continuous. 

Construction of curves D* . Corresponding to each element d? we 
now define a curve Df. The curves D? will fill the region eT <<) 
0 <S y < ©& (which we shall later map homeomorphically on a 
semicircle). For each ¢ the curve D* is defined as the graph of the 
function y = f(x) in —1 < x < 1, where f7(0) = ¢, ff(l — 2") = 
yi), ff(—-1 + 2°") = Wild) (n = 1,2, ---) OS t < @) and f?(x) varies 
linearly between these values. It follows immediately that lim f7(x) = ¢2(d), 

zl 


lim f(x) = ga(t). 


2 See E. Borel, Lecgons sur les Fonctions de Variables Réelles, Paris, 1928, pp. 97-98. 
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1.5. Construction of curves of V, — cz. The curves D? have limit points 
(+1, vi(t)) and (—1, g2(t)) on z = landz = —1. Since gt and ¢, are mono- 
tone functions, these limit points do not in general fill the lines x = +1, but 
leave gaps which are half-open intervals. If, for example, the function & = ¢2(t) 
is discontinuous to the left at ¢, , then lim g,(t) = Eo is less than £ = ¢i(t’). 


t—-ti-0 
The half-open interval [es , £4) then lies outside of the range of gi(t). But, by 
the above lemma and the definitions of §1.4, this occurs precisely when Yi (t',) ¥ 0. 
Similarly, if Z2(t2) ¥ 0, then there is a gap (£4 , &4] in the range of ¢2(t), where 
EL = lim gi(é);if Ya(ta) ¥ 0, there is a gap [ns , Nz) in the range of na = ¢a(t); 


t—+ti+0 
if Z.(t,.) ¥ 0, there is a gap (n, , #4] in the range of na = ¢a(). 

If any of the sets ytcti), Zi(ti), Y(t), Za(t,) isnon-void (i = +1, +2, --- ), 
we then represent its elements by corresponding curves C,,x in the corresponding 
gap on z = lorz = —1 left by the range of (1, &.) or (—1, 92). For example, 
if Y(t) ¥ 0, then Yi(t),) is, by Theorem 3, a simply-ordered set of elements 
Caz 0f Ve. To each c,,, we then choose an open interval C.,0n 2 = 1, interior 
to the interval ES <y< t.. Further, we carry out these choices for all ca, 
in Y<(t‘,) in such a way that the corresponding intervals C,,, are pairwise dis- 
joint and that, if we order the C,,, by the size of the y-codérdinates of their mid- 
points, then Cin < C..1i8 equivalent to ¢a,x <¢a,:. This construction is possible 
since the cz, form an at most countably infinite set. It can be carried out 
similarly for all Zi(t,), Ya(ti,), Z(t) for the corresponding gaps. Since the 
gaps themselves do not overlap, the resulting intervals C,,, will never overlap 
each other, and no C,, intersects a D7. We shall further assume the C,, 
chosen less in length than constants ¢., > 0. The precise value of the ex 
will be indicated below. 


1.6. Further information on the curves D7 and C,,.. 
TureoreM 5. For each fixed a the curves Df fill the region —1 < x < 1, 
Osy< a, 
Proof. Consider the half-strip 0 < z < 3,0 S y < ~. The curves Df 
> 


therein join the points (0, ¢) and (4, *yi.(é)) by straight lines. *y4(¢) is mono- 
tone increasing and lim *yi,(t) = ~, *¥i(0) = 0. The equation of each line 
t-*e 


can be written as 
(1) t(1 — 2x) + 2*yi (Oz = y. 


But for fixed z in 0 S z & }, the left side of this equation is a monotone increas- 
ing continuous function of t which — ~ ast— » and = O fort = 0. Hence 
it takes on each value y in 0 S y < = just once. This shows that through 
each point of this half-strip passes one and only one curve. The same argument 
applies to each half-strip 1 — 2" < x $ 1 —2"",0 S y < ~, where each 
line on a D? joins (0, 7,(t)), where r, = *W2(t), to (0, tay:(t)), where tay. = 
*y2""(t), since 7,4: is a monotone increasing function of 7, , and similarly to 
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each half-strip —-1 + 2"""" S$ x S$ —1 +42". Hence through each point of 
the region —1 < x < 1,0 S y < © passes one and only one D7. This com- 
pletes the proof. 


Lemma. Let a curve-family ® be given by curves C, : w = g(f, u) (a Sf Sb; 
ce S u & d) in the (f, w)-plane, where g(¢, u) is for each u continuous in ¢, and 
g(a, u) = u. Let & fill the closed region T: a S ¢ S b, g(f, c) Sw S gif, d). 
Then there is a homeomorphism defined on T, leaving { invariant, taking the C,, 
onto parallel lines w = constant. 


Proof. The equation w = g(f{, u) determines u as a single-valued continuous 
function of f andwin IT. For through each point (f , w) passes a unique C, . 
Further, given any e > 0, the curves C, with | u — u| < e fill a strip contain- 
ing (fo , wo) inits interior. Hence, for 6 sufficiently small and > 0, | ¢ — fo | < 6, 
|w — wo| < 6 implies |u — w| < ¢. Thus uw is a single-valued continuous 
function A(f, w). 

We then make the transformation on [: ¢’ = {, w’ = h(f,w). This trans- 
formation is one-to-one and continuous, hence a homeomorphism, and takes 
lr ontol’: a S ¢’ S$ b,c Sw’ S d;each curve C,, becomes the curve C,, :w’ = u. 
The lemma thus follows. 


TueoreM 6. To each closed interval I lying on Dg or on a C.x corresponds a 
point set G lying in —1 < x < 1,0 < y < @ and such that the set GUI = H 
can be mapped homeomorphically on a regiona S § S b,c Sw S d 380 that the 
inverse image of each line § = constant, ¥ a, is an arc of a curve D? , of § = a 
is I. Further, if I is on Dg , and (2 , yo) is any point such that (xo , 0) is interior 
to I and yo > 0, then G can be chosen to include (x» , yo) as interior point. 


Proof. If I lies on Dg , let I be given by a S$ x Sb, y = 0. Let (20, yo) 
be given with a < x < band y > 0. Let Df, be the curve through (2 , yo) 
in virtue of Theorem 5. Take t, > and let Gbe the regiona S<r5b,0<ys 
f7,(x). Through each point of H = G UI then passes one and only one D? . 
The conditions of the above lemma hold and the desired homeomorphism is 
obtained. 

If I lies on a C,,., then suppose, for example, that C,, is in the interval 
fo <y < ¢,onz = land that J is the subinterval y Sy S yi. For N suffi- 
ciently large we then have sy = ¢, and *yi(t,) = &. Let m be the largest 
integer less than ¢', and, if any of the numbers s; , 82, +++ , 8y—: fall in the in- 
terval (m, t',), let s,, denote the largest one. Otherwise let s,, = m. Let 
for j = 2,3,--- 8,; be the s, of smallest index n; > N to fall in the interval 
(Sn;-,, ta). We have then s,; < s,,,, and, since the s, are everywhere dense, 
lim 8,; = 8v = t.. Further, for n > N we set 
jm 


h, = max (max (*y2**(t) — *y2()), 0) 
for ¢ restricted so that £2 S *yi"'() S &. For n + 1 not equal to an n; we 


must have h, = 0, since *y2*"(t) = *W2(é) in the interval &j, Sts t. , where 
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nj, is the largest n; < » + 1. This follows from the very definition of *y2(é) 
and the fact that 
*yilsn,.) = e2(6,,) < Eb. 
If n + 1 = nj, we have 
O Sha S Wa (8054) — WalSn;) = GalSnjs:) — GalSn,)- 


It follows that 


iM 
> 
IA 


x 
= > [yo (sn;+1) at ¢a(Sn,)] 
j= 


(1) 


IIA 


lim [ea(Sn;4,) aa ga(Sn,)] _ g — ¢a(8n,)- 

Is 

Finally, if we refer to the curves D? , we see that h"/2”™ is an upper bound 
for the slope of the curves D? in the rectangle 


1-3°$251-7""",2.595 &- 


r 


Now let g(x) be the function equalto >> (h, + 2°") for z = 1 — 27” and 


n=N+1 
varying linearly between these values. If we take g(1) as lim g(x) (which 
z—1—0 


exists, by (1)), then g(x) becomes monotone increasing and continuous in the 
closed interval 1 — 2“ < x $1. 

Next, for any point (1, &) of the interval J let g:(z) = g(x) — g(1) + &. Hence 
lim g:(x) = & Then for n sufficiently large be < g(x) <& forl—2"<s 


21-0 
xz <= 1land(l,onJ. The curve y = g;(x) then meets each curve D? at most 
once. For the slope of y = g;(x) is always greater than that of a Df at any 
point of the rectangle. 

If we now apply the above lemma to the curves y = g;(x) in the region [ 
which they fill for (1, &) in J and 1 — 2-" S x S 1, then a homeomorphism 7, 
leaving z invariant maps them on the lines y = constant, for y in J. Under 
T, each part of a curve Df in T becomes a curve meeting each line y = constant 
at most once, hence a curve of the form z = @(y). In particular, the curve 
xz = 6*(y) through z = 1 — 2", y = y is defined for allyin J. Through each 
point of the region T; : 6*(y) S x J 1, yw S y S y: then passes a curve x = 
6(y) or the curve z = 1 (i.e., the interval J). A second application of the lemma 


therefore gives a homeomorphism 72 under which the curves x = @(y) and I 
become the lines z = constant. Set ¢ = —z,w = y, and the theorem is 
established. 


1.7. Construction of the family /. ‘Thus far we have indicated the construc- 
tion of a set of curves for each MV.) of E. This set consists of a set of curves 
D? filling the half-strip -—1 < 2 < 1,0 S y < = and a set of intervals Ci. 
on the boundaries z = 1 and z = —1. We shall now map each such half-strip 
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on a certain region of a circle. By doing this successively for Vy), all A(Vi.x), 
all A(Vi.4.2), «++ , we shall obtain a family of curves filling a semicirele. 

For \(V;) we perform the mapping in two stages, as follows. We first per- 
form the homeomorphism 7, : x’ = x(1 + y*)%, y’ = y(1 + y*)™ on the half- 
strip -—1 S$ z £ 1,0 S y < «. This maps the half-strip on the semicircle 
0 < y' < (1 — 2”) minus the point 2’ = 0, y’ = 1. The line -1 S$ z S$ 1, 
y = 0 becomes the diameter —1 S 2’ S 1, y’ = 0. The lines zr = +1 and 
x = —1 become the ares 0 S 6 < 32,7’ = 1 and 3x < @ Sz,7’ = 1 inthe 
corresponding polar codrdinates. Hence the curves Di have as images curves 
Di joining points of these two arcs. The curves C,, have as images open 
subares C,,, of the two ares. Let C,,, denote the corresponding chords, minus 
end-points. 

We now perform a further homeomorphism. The chords C,,, plus the 
points of the semicircle not on the C,,, form an are r’ = g,(6’) joining the two 
ends of the diameter. Our homeomorphism is now taken as 7:: 6 = 6, 
r = r’g,(6’). This maps the semicircle plus interior on the set 0 S r S g,(8), 
0 < 60-7. The ares C,, become the chords C,,, the diameter C, (or D}) 
remains fixed, becomes the curve C,, the curves D} become curves D} joining 
points of the circle r = 1. 

We now represent each \(V;,,) in the same way as a family of curves in the 
segment bounded by C;,, , the elements ¢;,,,, becoming ¢} >rds C;,.,; in the seg- 
ment. A(Vi,«) is thus represented by curves filling a region g:(@) S r S gi x(@), 
where @ is restricted to the interval determined by C,, and r < 1. 

Proceeding in this way, we fit curves corresponding to each \(V.) in the semi- 
circle, the c, being represented by chords C,. A similar process is carried out 
for the \(V2) in the lower semicircle. In all cases the homeomorphism of the 
half-strip —1 S$ x £ 1,0 S y < = is analogous to that for \(V) above, except 
that in all cases it must be chosen to preserve orientation. 

We thus obtain a family F of curves C in one-to-one correspondence with 
the elements c of FE (see Theorem 1.39). It remains to be shown that F actually 
fills the interior of the circle, that F is regular, and that F is isomorphic to E. 


Il IA 


1.8. Proof that / is a regular family filling the interior of the circle. We first 
remark that the numbers ¢.,, and ¢%, (see §1.5 above) have not yet been fixed. 


THEOREM 7. 
circle. 


For proper choice of the €4 and «&,, F fills the interior of the 


Proof. Denote by G, the region g.(@) S r S gax(@) (r < 1, @ on the are 
determined by C,,.) in which are the curves of F corresponding to A(V,..) and 
by G, the region 0 S r S g,(@) in which lie the curves corresponding to \(V;). 
Similarly denote by G* , the region gx (0) Fe ga (8) corresponding to (Ve) 
and by Gf the region 0 S r S gi(@) corresponding to \(V7). The curves of F 
actually fill the regions G, and G® , as follows from Theorem 5. 

We now choose the €.., and Af so small that the chords C,.,. and Cc. , are so 
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small that g.(@) > 1 — 2°", g2(@) > 1 — 2", where m, n respectively are the 
numbers of elements in the two sequences a. We must now show that the set 
> G. U ¥ Gt coincides with the interior of the circle. 

Suppose the G, did not fill the interior of the upper semicircle. Let P be a 
point of that interior and not in > G,. Since P is not in G,, it lies in some 
segment bounded by a chord Ci. Repeating this reasoning we find that there 
is a sequence k, (n = 1, 2, ---) such that P is in the smaller segment bounded 
by C1.4;.4).---.4, for every n. Since g,(@) > 1 — 2°", this implies that the dis- 
tance of P from the origin is greater than 1 — 2" for every n. This is impos- 
sible if P is interior to the semicircle. Hence the set >> G, covers the interior 
of the upper semicircle, and similarly the set }> Gz covers the interior of the 
lower semicircle. 


THEOREM 8. F is regular. 


Proof. Consider an interior point P of aG,. From Theorem 6 we conclude 
that there is an r-neighborhood of P (one of whose sides is an interval J on 
C.). 

If P is on a C,.x, then choose J, an interval of C,,,, to contain P. There is 
then, by Theorem 6, an r-neighborhood U; in G, one of whose sides is J and one 
Us in Ga, one of whose sides is J. From the construction of F, U, and U2 
have only J in common. Hence 0, U U, is an r-neighborhood. 

The cases when P is on C; or on the lower semicircle are handled similarly. 
Hence F is regular. 


1.9. The chordal relations in F. The family F has been constructed as a set 
of curves filling the interior of a circle. Each curve C has exactly two limit 
points, which are distinct and lie on the circumference. No two curves have a 
common limit point. If we regard the interior of the circle as homeomorphic 
image of the plane, then we can introduce the chordal relations in F just as in 
the case of a family filling the plane. Let T be a fixed o-homeomorphism of the 
interior of the circle on the plane. For each triple C; , C2, C; of F we then 
assign the chordal relations of 7'(C:), T(C2), T(Cs). 


TueoreM 9. If C; is a curve of F with limit points P; and Q; (¢ = 1, 2, 3), 
then C2|C,| C3 is equivalent to the condition that the limit points, if properly 
named, lie in the order Ps; , P; , P2 , Q2 , Qi , Qs.on the circumference. |C,,C2,C3\* 
is equivalent to the condition that the limit points can be so named that they lie in 
the order P,, Qi, P2, Qe, Ps, Qs on the circle, and that this order determines a 
positive orientation of the circle. 


Proof. Suppose C2|C:|C3;. Then 7T(C2) C D(T(Ci)), T(Cs) C D*(T(Ci)) 
for proper choices. Let A(C;), A*(C1) be the sets T~'(D(T(C,))), T~'(D*(T(C))). 
Then C; C A(C,), C3 C A*(C,). If we name P, and Q, in a fixed way, then C2 
must lie on one are P,Q, , C; on the other. Hence the other limit points can be 
so named that the final order is P; , Pz , Qe , Q: , Q; , Ps , as desired. Conversely, 
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if such a naming is possible, then C. C A(Ci), C3 C A*(Ci), whence 
T (C2) | T(C;) | T (Cs) and Cy | Ci | C3 ° 

Suppose |C,, C2, C;|*. There is then a positively oriented closed curve 
T(M,)T(M:2)T(M;)T(M;) through the points 7(M,) on 7(C;), T(Mz2) on T(C:), 
T(M3) on T(C;) and not meeting 7(C;), T(C:), T(C3) otherwise. (See I, §2.5.) 
The inverse image of this curve is a positively oriented curve M,M;M;M, meet- 
ing C,, C2, Cs; only at M,, Mz, M;. The existence of such a curve implies 
that C, , C. , C3 determine circular ares P,Q; , P2Q2 , P:Qs which do not overlap 
and which, in the order given, follow the positive orientation of the circle. The 
limit points can thus be named as stated in the theorem. Conversely, if they 
can be so named, then C,; | C2| C3, C3! Ci | C2, C2|Ci| Cs are all impossible 
by the first part of the theorem. Hence | C;, C2, C3|*. But | Ci, C2, C3 |~ 
implies by the previous reasoning that C,, C2, C3; determine circular ares 
P,Q: , P2Q2 , PsQ; following the negative orientation of the circle. This contra- 
dicts the given naming of the limit points. Hence |C,, C2, C;|* and the 
theorem is established. 


Turorem 10. The sets W. = Ca U >> Cu, and WE = CRUD CE, 
determine a normal subdivision of F. 


Proof. Consider first the curves of the upper semicircle. These form a set 
F, = C, U &(C,), by the definition of 6(C,) (I, §3.2) and the preceding theorem. 
The curves C, and C,,, of W. are chords of the circle and are the images of the 
line y = 0 and of intervals on x = 1,z = —1 of the half-strip -1 Sr 1,08 
y < «. It follows that no one of these chords separates any two others. 
Hence, by the preceding theorem, | C,, C2, C; |* for any three curves of W, . 
Thus each W, is cyclic. 

For each C,,x , 5(Ca,4) denotes the curves of one of the two segments bounded 
by Ca... We shall fix the choice by requiring that 6(C,,,) does not include C, . 
We then have 


0(Wa) = 5(Ca)+[] 8*(Can), 


where this equation serves as definition of 6(W.) in case W, contains only C, . 
It immediately follows that \(W.) and \(W.,,) are adjacent. 

Each set \(W.) is homeomorphic image of the curves D? and C,. in —1 S$ 
zx<=1,0 <s y < «. It follows from Theorem 1.29 that D?, | Df, | Df, is 
equivalent to; < h < hort; < 4 <t,. Hence the Df inO St < @ are 
half-parallel. 

Since each 6(W,,) fills the interior of G, , we must have Fy = >: \(W,). 

Conditions (1)-(5) of seminormality are thus verified. To verify condition 
(6) we take any curve C,,, of W. — C.. By our construction of the curves 
D? and C,, , the interval C,,, lies below the limit point of Din on x = lor 
x = —1 (according to the case). Hence no one of the three curves C, , Cax, 
D*._,4: can separate the other two. Hence, by Theorem 9, | Ca , Ca. , Di, ,+: |*. 
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Condition (6) thus holds. Hence Fy is seminormal and similarly Fo = 
C, U &*(C,) is seminormal. Thus F is normal. 


THEOREM 11. E is isomorphic to F. 


Proof. The elements C of F have been constructed to be in one-to-one cor- 
respondence with those of EZ. It remains to verify that this correspondence 
preserves the chordal relations. By Theorem 1, we need only show that the 
relations are preserved in each A(V,). By Theorem 4, we need only show that 
in each A(V,) and corresponding \(W,.) the relations are the same for correspond- 
ing triples of types (a) or (8). 

Consider a triple of type (a). Suppose, for example, ca, C Va. The 
interval C,., then lies on z = 1. Further, a limit point of a curve D7 onz = 1 
lies above C,,, according as df C B(ca,x), i.e., | Ca, Caz, d¢|*. But the fact 
that D? has limit point on z = 1 above C,,, implies that the limit points of the 
curves C, , Ca, , Dif , in that order, follow the positive orientation on the circle. 
Hence, by Theorem 9, | C. , Ca, D7 |*. If, on the other hand, the limit point 
of D7 on x = 1 lies below C,,, , then d? € B(cax), and hence cq | d? | ca. The 
image D? of Df on the circle will then separate C, and C,,., whence 
C, | D? | Ca. Thus for triples of type (a) the relations are the same. 

For a triple of type (8): Ca.x, Ca,t, Ca,m assume, for example, that k > 0, 
1 > 0,m > Oand that all are in the same set Y Z(t). They are then represented 
on « = 1 by intervals C,. , Ca.1, Ca.m in the same order as the Ca,x , Ca.» Ca.m 3 
that is, if can < Ca.t < Ca.m, then C,, lies below C,.., which lies below Ca,m . 
By Theorem 3, | Ca, , Ca,t; Ca,m|'- By the construction of F, the chords C., , 
Ca,1, Ca,m follow the positive orientation of the circle, whence | Ca, Car, 
Ca,m | . Thus, in this case, the relations of type (8) are invariant, and the same 
reasoning holds for the other cases. 

We thus conclude that each \(V,.) is isomorphic to the corresponding \(W,) 
and similarly that each \(V~) is isomorphic to the corresponding \(W2). Hence 
E is isomorphic to F. 

We now finally obtain 


THEOREM 12. Corresponding to every normal chordal system E there exists a 
regular curve-family F filling the plane with CS(F) isomorphic to E. 


The family F here is the image of the above family F under the homeomor- 
phism 7’ of the interior of the circle on the plane. 


2. O-equivalence of isomorphic curve-families 


2.1. The equivalence and o-equivalence classes of curve-families. Let /; and 
F, be two regular curve-families filling the plane. fF; is termed equivalent to 
F, if there is a homeomorphism of the plane onto itself transforming each curve 
of F, onto a curve of F,. This equivalence is reflexive, symmetric and transi- 
tive. Hence the curve-families are grouped in equivalence classes. 

We now make a finer subdivision. F; is termed o0-equivalent to F2 if there is 
an 0-homeomorphism of the plane onto itself transforming each curve of F; 
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onto a curve of F,. The o-equivalence also divides the set of families into 
classes, the o-equivalence classes. Each equivalence class is then the union of 
two (possibly coinciding) 0-equivalence classes. 

THEOREM 13. If F; is 0-equivalent to F, , then CS(F;) is isomorphic to CS(F2). 

For the chordal relations, as defined in I, §§2.4 and 2.5, are invariant under 
an o-homeomorphism. 

In the present section we shall establish the converse of Theorem 13: if 
CS(F;) is isomorphic to CS(F2), then F; is o-equivalent to F;. From Theorem 
1.38 and Theorem 12 it will then follow that the o-equivalence classes are in 


one-to-one correspondence with the isomorphism classes of normal chordal 
systems. 


2.2. Map of 6(V) onto parallel lines. We suppose given two regular curve- 
families F; and F, filling the plane, and further that ZE' = CS(F;) is isomorphic 
to E* = CS(F:). Let f(C’) = C* be a fixed isomorphism of E' onto E’. 

By Theorem 1.38, E’ is normal. Suppose then Z’ divided into two subsets 

= C; U D(C}) and E)* = Ci U D*(C}) and that E} is seminormally sub- 
divided by cyclic subsets V), for a in A and E}* by cyclic subsets Vi" for a 
in A*, 

It then immediately follows that Ais) = E} = Ci U D(C}) is seminormally 
subdivided by the subsets f(V) = V% , since seminormality is defined wholly 
in terms of the chordal relations, and f preserves these relations. Similarly 
f(E0*) = E;* = Ci U D*(C}) is seminormally subdivided by the sets V2" = 
S(Va ). 

For simplicity, we shall from this point on use only those indices which are 
necessary to distinguish the elements or sets involved. Thus V will stand for 
any fixed one of the sets V1, Vi", V2, V2". A pair V’, V’ will mean a pair 
in which all other indices coincide. 

Consider then a fixed \(V.) = C, U > Caz U > D7. Omitting the index 


a, we write this as \(V) = Cy) U > C,U D, (with Do = Co). We assume the 
C;,, numbered as in Part 1, so that k >0 peatien C.c V",k <OimpliesC, Cc V™. 


THEOREM 14. There is an extended cross-section T from a point Po of Cy to ~ 
in 0(V), crossing all D, of \(V) and no other curves of F. 


Proof. If V has more than one element, then choose D(Cy) to include @(V) 
and each D(C,) to include 6(V). Then 6(V) = D(Co)- II D(C,). Otherwise 
6(V) = D(Cy) for one choice of D(Co). Any curve C of D(C) which can be 
joined to the point Py C Cp by a curve not meeting V — Cy is in 6(V). This is 
trivial if V — Cy is void. If there is a C, in V — Co, then neither C | Co | Cy 
nor Cy|C,|C is true. Hence, by Theorem 1.28, C Cc 6(V). 

By Theorem 1.32 the curves C,, if infinite in number, tend uniformly to 
infinity. Hence a small cross-section from Pp» to a point Q; of D(C;) will meet 
no C, and thus Q; lies on a curve D;, of @(V), 4 > 0. Let then r be the least 
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upper bound of all values ¢ such that there is a cross-section PoQ with Q 
on D, ° 

Suppose r < «. Then take Q, on C,. A sufficiently small neighborhood 
of Q, will be in D(Co) and in all D(C,), hence in 6(V). Thus we can draw a 
cross-section Q2Q,Q; in 6(V), with Q2 on D,, , Q2 on D,, , and, for proper number- 
ing, fg << 1+<its. (See Theorem 1.29.) Further, if # <t < 7, then D,, | D,| D,, 
whence D, crosses Q2Q,Q;. By definition of 7, there is a 4 with h < ty <r 
such that there is a cross-section PoQ, , with Q, on D,,. There is then, by the 
corollary to Theorem 1.30, a cross-section Q.Q,. Since Cy | D:, | D:, , PoQiQ,-Qs 
is a cross-section. This contradicts the assumption that 7 is the least upper 
bound. Hence r = ~. 

We can thus choose a sequence 0 < th < h <p <+++ < t, < +++ with 
lim ¢, = © such that there is a cross-section PoQ, with Q, on D,,. By the 


corollary to Theorem I.30, there are then cross-sections PoQ;, Q:Q2,---, 
QnQnii,++:. These together form an extended cross-section Tl = PoQ,Q2 --- 
Q.Qnii--- in 0(V) UC,. By Theorem I.29T must cross all D,in0 < t < ~, 
hence meets only those curves. 

I must tend to infinity. For if T has a limit point, it cannot be on a D,, 
must hence be on a C,. By condition (6) of normality, | Co , C; , D, |* for t 
greater than some fixed ¢’. But Cy | D,| Di,, for s > 0, whence C; | D: | Di. , 
and hence I could have no limit point on C,. Hence I tends to infinity. 


Coro.iary 1. 6(V) forms an open simply-connected point set whose boundary 
is V. 

Proof. By the above theorem and Theorem 1.37, @(V) is an open simply- 
connected set whose boundary is cyclic. Since 0(V) = D(Co)-[] D(C;), the 
boundary of 6(V) must consist precisely of the curves of V. 


Coro.LLaRy 2. Theorem 1.41 holds for the \(V) under consideration here. 


For the proof, as given in I, depends only on the facts of Corollary 1 and on 
the fact that the set A(V) is obtained from a normal subdivision. 

Remark. It can be further shown that [ tends properly to infinity and 
hence, from Corollary 1, that any normal subdivision of a curve-family is ob- 
tained by the method of I. 


TueoreM 15. There exists an o-homeomorphism T mapping Cy U @(V) on 
the half-strip -1 <4 < 1,0 S y < & 80 that each curve D, is transformed onto 
the line y = t. 


Proof. Choose T as in Theorem 14. [lisa curve z = z(t), y = y(t)inO S 
t << «. We can extend I to a larger extended cross-section I’, on which the 
parameter ¢runs from —1 to ©. The theorem is then proved in the same way 
as Theorem 1.30. We first obtain a map onto the parallel lines filling the 
half-plane y 2 0, and an elementary transformation reduces this to the half- 
strip desired. 

We remark that it is possible by this theorem to map each 6(V') on the cor- 
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responding 6(V’) o-homeomorphically so that the curves D} become the curves 
Di. However, this homeomorphism will not in general transform the boundary 
curves C; onto the corresponding boundary curves Cz. In the following 
paragraphs we shall ensure that the homeomorphism can be so chosen as to be 
extensible to the boundary. 


2.3. Isolation of the curves C;. We denote here by {, the value of ¢ previously 
denoted by tax . 


THEOREM 16. A correspondence can be set up between the curves C; and curves 
H;,, with the following properties: (a) to each C, of V corresponds one H;, ; (b) 
each H;, is an open curve, tending to infinity in both directions, and lying wholly 
in O(V); (c) He-He = 0; (d) Hi-Dy = 0; (e) Hi-Dysir = 0; (f) Ce | He | Ce 5 
(g) Ce| He| He; (bh) Ce| He| Dy; (i) Ce| He| Dysr; (j) Ce | He | Co; (k) 
(Co, Hi; , Dus] ~_ (Co, Ci ’ Dus); (1) [Hx , Hy ’ Aye’) sisal (Cy ’ Cr ’ Ce); (m) 
(Co, He, Hee] ~ (Co, Ce , Cu}; (n) [Dasa , He, Her] ~ (Co, Ce, Ce}. ~Through- 
out k, k’, and k”’ are assumed distinct. 


(Remark. The chordal relations have meaning in (f) --- (n) by virtue of 
(b) --- (e) and Theorem I.25 as applied to general families of non-intersecting 
curves.) 

Proof. For convenience we renumber the C; temporarily as a simple sequence 
Cy (p’ = 1, 2,---). We define H, thus: By applying a suitable o-homeo- 
morphism of the plane onto itself we can assume that C;, is the line y = 0, 
— © <2 < o, and that @(V) lies in D(C,) taken as y > 0. The curves C, 
tend uniformly to infinity. It follows that the distance of the point (z, 0) on 
C, from the set 

(V—C) UD, U Dass 


is positive, equal to a number r(x) > 0, where r(z) is a continuous function 
of x. Hy, is then chosen as the curve y = $r(x). The curve H, in the original 
plane is then obtained by applying the inverse of the homeomorphism. 

Suppose we have defined the curves H, for p = 1,2, --- ,n. Then, as above, 
assume C,,,; is the line y = 0, — ~ <2 < »,andthat 6(V) liesiny >0. Then 
take r(x) as the distance of (z, 0) from the set 


(V — Cu) UDA, UD,,,, U Dy, a3 
1 


and H,,4; as the curve y = $r(x). Apply the inverse transformation to obtain 
the curve in the original plane. 

The set of all H, (p = 1, 2, ---) will then be completely defined by induction. 

Properties (a) and (b) then hold, and also (c), (d) and (e), since these condi- 
tions are invariant under a homeomorphism. Further, by the construction, 
H, separates C, from each of H, , Hz, --- , Hpa, Ds, , Di41, Co and from all 
Cy with p’ # p. Thus (f), (h), (i), (j) hold and (*) C,| H,| Hy for p” < p. 
If p’ > p, then by (f) C,-|H,|C, and by (*) C,-|H,»|H,. Hence, by 
Theorem 1.17, C,| H,| H,-. Thus (g) holds. 
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We next verify (k). Hx | Co | Ds,+41 is impossible, by (b). If Co | Diss | Ax, 
then (i) and Axiom 3.3 give Cy | Di,4:| Cz. This is impossible since Dz,4,; C 
B(C,).. If Co| Hi | Dusi, then this, with (i) and (j), contradicts Axiom 3.4. 
Hence | Co, Hi, Duy |*. This and (i) give by Axiom 3.2 [Cy, Hi, Dia] ~ 
{Co, Hk, De,+1). 

We now verify (1). If H. | Hy | Hy , for example, then by (g) Cy | Hx: | He’ 
and C,| Hy | H,. These three relations contradict Axiom 3.4 and similarly 
there is a contradiction if Hy, | H. | Hy or Hy | Hye | Hy. Thus | Ay, Ay, 
Hy © This and C.| Ay | He give by Axiom 3.2 (1) [Hx , Hy: , Ay] tad 
[C;. 9 Hy ) Ay), with 1Ci, Hy, Aye: x Similarly Cy | Hy | Ay gives (2) 
[Cx , Hy: ’ Ay] ad [Cy ’ Cee ? Ay, with | Ci, Cer ; Aye ar and again 
Cer | Herr | Cer gives (3) (Ce, Cer, Herr] ~ (Ce, Cer, Curr], with | Ce, Ce, 
Cy |*. Combining (1), (2), and (3), we obtain [H;, Hx, Her] ~ (Ce, Cx, 
C;-], and (1) is established. (m) and (n) are established in the same way, by 
means of (j) and (i) instead of (g). The proof of the theorem is thus complete. 

The curves H; enable us to isolate neighborhoods of the curve C;. How- 
ever, in order to ensure that these neighborhoods have a simple structure, we 
improve the choice of the H, by means of the following theorems. We shall 
assume the H; chosen fixed. 

DEFINITION. A curve 7; will be said to zsolate the curve C; of V if it has the 
following properties: 

(Isl) y, is an open curve tending to infinity in both directions; 

(Is2) +; lies wholly in 6(V); 

(Is3) vn: Hi; = 0 and Cx | v%e | Hi, ; 

(Is4) if D(yz) D Cy and D(C) D vz. , then the closed region w, = C, Uy, U 
D(y.)-D(Cx) can be mapped o-homeomorphically on the region 

W:0s28 (y +1)", -— © <y< @, 
so that the inverse image of each line z = constant > 0 in W is on a curve D, 
of 0(V), of ze = OisC,. 


THEeorEM 17. Let the curve y, isolate the curve C;, of V. Then in the region 
W of (Is4) yx has as image the curve x = (y’ + 1). The point (1, 0) has as in- 
verse a point P,, which divides y, into two extended cross-sections o, and wr. Ye 
intersects precisely those curves D, of 0(V) for t in an interval [to , t,) as in Theorem 
1.41. 


Proof. Since x = 0 has as inverse C,, z = (y* + 1) must have as inverse 
the rest of the boundary of w; , i.e., y,. Let Q, be the inverse of (0, 0), PiQ: 
the inverse of the straight line segment joining (0, 0) and (1, 0). Any subare 
of P,Q, containing neither P; nor Q; is then a cross-section. If P,Q, itself met 
a curve of F twice, then, from Theorem I.8, the same would hold for a subare 
not containing P, or Q,. This cannot arise, hence P,Q, is a cross-section. 
Thus the inverses of x = (y’ + 1)", y = O and of x = (y’ + 1)", y S Oare 
extended cross-sections o, and p,. By Theorem 1.41 and Corollary 2 to 
Theorem 14 P,Q, meets only those D, of 6(V) of an interval [&, t). Hence 
the same holds for o; and yx . 
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THEeorEM 18. Let C; be a curve of V, To an extended cross-section joining Cy 
to « in 0(V), and € a given number > 0. A curve 7, can be found so that: (a) it 
isolates Cy ; (b) ve-To = 0; (c) the length of the interval [ty , t,) of t for which yx 
meets D, is less than e. 


Proof. Suppose D,, C B(C;,). Then draw a cross-section P’Q, joining P’ 
on Dy in 60(V) to a point Q, on C,. By Theorem 1.41, t’ < t. By Theorem 
14, a point Po on Cy can be joined to P,, by a cross-section. By Theorem 1.30, 
the set S formed by the curves D, in 0 < t < t, plus C, can be mapped o-home- 
omorphically on a strip0 S$ x S1,-—*“ <y < »,so0 that C, becomes z = 0 
and the curves D; become the lines t = & — t. 

Now H; lies in 0(V). By (h) of Theorem 16, Cy | Hi | Di. If Co | Di, | Ax, 
then Cy | D:, | C; , and this contradicts D,, C B(C,). Hence H;, lies in S and 
has image H; in the above strip. Let I) be the image in the strip of the part 
of Ty in S. 

Let now r(y) denote the distance of (0, y) from the set H;, UT). Since Ip 
tends to infinity, I) can have no limit points on x = 0 and the same holds for 
H,. Hence r(y) > 0 and is continuous. Now set 


a 

om * Sit Dae for ye & 0, 
— € ° 

¢(yo) = OG + D min, r(y) for yo < 0. 


Then let yi denote the curve given by x = ¢(y) and 7, the inverse image of yi. -Yz 
is then an open curve. 

Now ¥: lies wholly in @(V) and approaches the boundary of S in both direc- 
tions. It cannot have limit points on any curve of V — C,, for then C; could 
be joined to points arbitrarily near Cy or a C;, with k’ # k without crossing H; . 
This is impossible by (f) and (j) of Theorem 16. By (h) we see that y, does 
not approach D,,. Hence yz tends to infinity in both directions. 

No are can be drawn connecting points on C;, and H, and not crossing ¥: . 
For the image of such an are would have to lie partly in the set 0 S x < ¢(y). 
But no point of z = 0 can be joined to A; in the strip without crossing 7; . 
Hence the image arc would have to tend to the boundary of 0 S z S ¢(y). 
This implies, as in the preceding paragraph, that the inverse image tends to 
infinity in the plane, and we have reached a contradiction. Hence C; | yx | Hx. 

‘If now D(x) D C, and D(Cx) D yx, then the region wo = C, U 
vz U D(vx)-D(C;) has as image the set 0 S x S g(y), —~ <y < w. For 
the inverse image of the region 0 < x S ¢(y) is a region whose boundary con- 
sists precisely of y, and C, , which hence must coincide with a, . 

An elementary transformation now transforms the region 0 S z S ¢(y) 
onto the region W:0 S x S (y’ + 1) so that each line x = constant becomes 
a line x = constant and the curve x = ¢(y) becomes the curve x = (y* + 1)™. 

Conditions (Isl), (Is2), (Is3), and (Is4) are now satisfied, hence +, isolates 
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C,. Further y; does not meet Ty. Since g{y) < «, 7. meets only lines x = ¢t 
for |t — t. | < «€, hence y, meets only curves D; for |t — &| < «. 

In case D,, & B(C;), we proceed in the same way, with D,,,, playing the réle 
of Cy and condition (i) of Theorem 16 replacing (h). Thus Theorem 18 is 
established. 

We now apply the theorem, remarking that the inverse under 7 (of Theorem 
15) of alinex = »%, 0 S y < ©, where » is a constant with | »%| < lisa 
curve Ty of the type described. We then choose for each C; in V an isolating 
curve 7; not meeting the inverse of r = »,. The precise choice of the constants 
vz Will be indicated below. 


2.4. Properties of the +; . 


THEOREM 19. The curves y; satisfy all the conditions of Theorem 16, if through- 
out H;, is replaced by yx . 


Proof. Since C; | vx | Hk , if we choose D(H;,) to include C; , then y, C D(HA;,), 
while by Theorem 16, (f) --- (j), Cer, Her, Dy, Duii, Co all lie in D*(H). 
Hence ; fails to intersect any of these curves. Applying Theorem 17, we 
obtain (1) Cx |ye| Cu, (2) Cele | Her, (3) Cel ve| De, (4) Cel ve | Dan, 
(5) Ce |ve|Co. From (2) and (f) we conclude y; | Hi | Cy. This and Hy: | 
ver | Ce give that y, and yx do not intersect and further Cy || ve. It is 
now seen that (a) through (j) all hold with H; replaced by y,. Since (k) --- (n) 
are derived from (a) --- (j), they must also hold with H; replaced by y,. Thus 
Theorem 19 holds. 

We shall refer to Theorem 19 (a), (b), -- - as meaning Theorem 16 (a), (b), --- 
with H; replaced by the isolating curve y: . 


THEeorEeM 20. If the subcurves o, and yu, are properly named, then the image 
of vy. under the homeomorphism T of Theorem 15 is a curve x = gx(y) defined in 
the interval [tox , t), whereby gi(y) is a two-valued function (s.(y), mx(y)) with 
ono re = &(Y¥), we or = my) and 


—1 < se(tox) = me(tor) < 1, 
—1 < aly) < my) < 1 for y in (tx, &), 
lim s.(y) = lim my) = k/|k|, 
yt, yt, 


|| <|gey)| <1, 
and s,(y) and m,(y) are continuous in the interval [tor , tk). 


Proof. Since y, C 6(V) and by Theorem 17, it follows that o, and yu, have 
as images curves x = s;(y) and x = m,(y) defined and continuous in the interval 
[tox , t.) and meeting only for y = t&. Hence, if o; and yu, are properly named, 
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si(y) < mz(y) for y # to, . Also lim g.(y) = +1, since 7; tends to infinity in both 
yt, 

directions. Since y, does not meet the inverse of x = », we must have lim 

y-te 


se(y) = lim m(y) = +1 and || < | ge(y)| < 1. 
y-te 
Suppose k > 0, whence C, C V*, | Co, Cz, Dui |* and, by Theorem 19 


(k), | Co,ve, Dass |”. If lim gs(y) = —1, then a triangle MoM,M,,4: through 
yte 
points Mj: x = »%, y = 0, M;,: the point with minimum y-coérdinate on 


x = g(y), and M,4:: « = m,y = t& + 1 has negative orientation. Since 7 
is an o-homeomorphism, this implies | Co , yz, Dz,4: |, and a contradiction is 
reached. Hence lim gi(y) = 1 = k/|k|. Similarly, if k < 0, lim g(y) = 


yt. yt. 


—1 = k/|k|. The theorem is thus established. 


THEOREM 21. (a) wo — C, C O(V). (b) we-ox = O fork # k’. (c) The 
image of w, — C, under T is the set s.(y) S x S m(y) for y in [tox , te). 


Proof. Since Co | vx | Cx, if D(Co) D Cy, then D(Co) D Dix.) D D*(C,). 
Hence w, C D(Co). Similarly wo C D(C,-) for k’ # k. Also, by definition, 
w, — C,.C D(Cy). Hence aw, — C; C 0(V), and this gives (a). (b) follows from 
Theorem 19 (f) and (g) by a similar reasoning. 

From (Is4) it follows that the image of w, — C; under T is a set bounded by 
x = gx(y) and including the line segments y = constant joining r = s;(y) and 
x = my). Hence T(@, — Cx) is the region s:(y) S x S m(y), y in [tx , &). 
This gives (c). 


2.5. Adjustment of the transformations 7', 72. The transformations 7", T? 
of Theorem 15 (see the convention on superscripts in the fourth paragraph of 
§2.2) are not in general such that the two curves x = gi(y) and x = gi(y) coincide 
for each k. In the present section we shall indicate how the choices of both 
the yi and yj and 7” and 7° can be fixed in such a way that x = gi(y) and x = 
gi(y) coincide. 

We consider first the case k > 0. We then specify the values of the constants 
v, , Which will be the same for F; and F,. If C; is defined, we take » so that 
4 < », < 1, and then y; and vy; under the restrictions first that yj does not meet 
the inverse under 7" of the line = » and that yj does not meet the inverse 
under T° of « = »;, secondly that the corresponding intervals [f; , ti) and [#, , 
t?) are the same. This latter is possible by virtue of the fact that it=-t=t 
by the isomorphism of F; and F2 , that ti: < t, or t); > t, according as , < t, or 
ti: > t, respectively by the isomorphism and Corollary 2 to Theorem 14, and 
finally that ¢},; and ¢; can be taken arbitrarily close to 4, by Theorem 18. Thus 
we can write fj; = th = ta. 

Next (if Cz is defined) we choose a constant m, 2 < vw, < 1, and further 
larger than both gi(t) and g(t). Then choose y3 and 3 so that they do not 
meet the respective inverses of z = »,0 < y < «, further so that tie = the = 
toe, 2 = t = t, and also so that te ¥ tm. 
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In general, if we have defined 7 , --+ , yp, then we choose v,4; so that 1 — 
2?" < vp. < 1 and so that py: > gi(top), Ypii > go(top). Then choose 
vyi41 and 7,41 not to meet the inverses of zr = vp, 0 S y < & and so that 
to.pit = tne = bo.pir, tear = bear = tour, While t,p41 ¥ toe fork = 1, ---, p. 

With these choices fixed, we then see that x = g,(y) lies to the right of z = »% , 
while the line x = 4, lies to the right of the point Px: y = tke, © = ge(tox). 
Further lim »%, = 1, reas > vm, and ty, A tx fork # k’. These relations hold 


ko 
for allk = 1, 2,---. 

For k < 0 we proceed in a similar way, choosing the constants v_; , v_2, --- 
and the curves y',,7'2, --:,v71, 772, -°++, 80 that —1 + (1/2) > »% > —1, 
that v1 < gi (tox) and m1 < gi(tox), and that x = g,(y) lies to the left of z = »% , 
while lim ve = —1, -1 < ve, le = toe = toe, he = Gf but tox ¥ toy fork ¥ k’. 

Turorem 22. If k’ ¥ k’, k’/|k’| = k’'/| k’’ |, and y is such that both gi-(y) 
and gi(y) are defined, then either 


se(y) S mir(y) < seer(y) S mir-(y), 


(si-(y) S mi-(y) < se-(y) S mer-(y) 
or else 


sey) S mer(y) < sey) S mi-(y). 


Proof. Casel. k > 0. We can suppose (without restriction) that k’ < k’’. 
Suppose first that % # t». The two intervals [fx , tk) and [tox , t&-) must 
overlap. If tx is contained in [t,--, &-), then, by the above construction, 
gir(tox’) > gke(lox). By continuity this must hold for all y in the common 
interval, since the curves do not intersect. If t is contained in [tx , &), then, 
as y — ty , gi-(y) — 1, while gt--(y) — gir(te) < 1. Hence near t gi-(y) > 
gi(y) and from continuity this holds throughout. Next, if one but not both 
Of tox , te is contained in [ty , &), then either & or tox is in [tx-, te). This 
returns us to the previous case. If both to, and & are in [tox , tk), then near 
tke gi (y) > gk-(y) and by continuity this holds throughout. Thus in all these 
cases the order of the points is determined purely by the intervals involved and 
the fact that k’ < k’’. It follows that the points z = gi-(y) and x = gi-(y) 
lie in the same order, for any y in the common domain of definition of gi-(y) 
and gi(y) (which is the same as the common domain of gi-(y) and gi--(y)). 

Next suppose t = t-. The only possible cases are tox < ty , tows < tke 
or else tox > te, tox > te. Consider the first of these cases. Suppose 
tox < tome < te. At tox we must then have either gi(toe) < si-(loe) S 
mir (tor) OF gerr(tore) > me-(toxr) 2S ser(toee). For if sp-(tow) < gker(tor) < 
mi(tox), then by Theorem 21 (c) a; contains y,-. This is impossible by the 
fact that w,--w. = 0, by Theorem 21 (a). 

If gi-(tox) < gk-(tox-), then it is possible to find a closed curve through the 


pe < mir(y) < sie(y) S me(y), 
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points (gi? (tox), 0), (gi (tox), tox’), (ger»(tox’), tox’), meeting the curves = 0, 
x = gi(y), and x = gi--(y) only at these three points, and lying wholly in the 
half-strip |x| < 1,0 < y < «. Moreover, such a curve has positive orienta- 
tion. Applying the inverse of 7’ and the definition of the chordal relations, we 
obtain that | Co, vir, vi |*. By Theorem 19 (n) [C}, vi:, ver] ~ (C3, Ch, 
Ci]. It follows that we can have gi-(tox’) < gt-(tox) only if | Co, Ch, Che |*. 

Similarly we find gi-(tox:) > gi-(tox) only if | C}, Ci, Ci |". It thus follows 
from the isomorphism that gi-(toe) < gi-(tox) according as gi-(tox) < gk-(tox). 
By continuity the same condition holds for any y in the common interval. 
Thus, under the assumption tx < tx < ty, the desired inequalities hold. 
Exactly the same type of discussion holds if tox» < tox < te. 

A similar discussion holds in case to > t and ty > ty. Thus in all 
cases under Case I the inequalities hold. 

Case II, k < 0. The same reasoning holds, and thus the theorem follows. 


TuEoreM 23. 17" can be so chosen that it satisfies Theorem 15 and further 
that gi(y) coincides with gi(y) for all k. 


Proof. CaseI, k > 0. We shall first make certain extensions in the domain 
of definition of the curves gi(y) and gi(y) so that the inequalities of Theorem 
22 continue to hold, with the exception of a possible equality instead of in- 
equality in certain cases. 

We make these changes in two stages. First (A) suppose gi(y) has interval 
of definition t&: S y <4. It may happen that (Al) some other curve x = 
gi(y) crosses the line y = t between z = gi(t:) and z = 1. (It will then 
actually cross the line, since tx * tu.) If so, we set 6: = 0 and leave gi(y) 
unchanged. The same situation then holds for gi(y), by Theorem 22, and again 
there is no change. If this condition fails to hold, then there are two possibili- 
ties: either (A2) for 6 sufficiently small no curve gi(y) (k > 1) meets the rec- 
tangle f, — 6 S y S tn, gilt) S x S 1, or (A3) no such 6 can be found. In 
the first of these cases we leave the curves gi(y) and gi(y) unchanged at this 
stage and take 6, = 0. 

In case (A3) we choose 6; > 0 so small that the following properties hold: 

(a) no other curve gi(y) meets the line segment x = gi(to:), fr — 6: S y S tu; 

(b) no other curve gi(y) meets the line segment x = gi(tu), t: — 6 S y S tu ; 

(c) there is a curve gi, (y) crossing the line y = to — 6; in the interval gi(t) < 
xz < 1 and no other curve gi(y) crosses the line in the interval gi(f) <2 < 
gk, (y); 

(d) for the same k; , gi,(y) has the analogous property for gi(y). 

In order to find this 5, , we first restrict 6, to be so small that at least (a) and 
(b) hold. This is possible since the curves gi(y) and gi(y) tend uniformly to 
the boundary. Next let gi(y) be the gi,(y) crossing the line y = 1,0 < 2 < 
gi(t:) with maximal value of z, or else, if there is no such gi,(y), set gi(y) = 0. 
¢vi(y) will be determined in the same way, and the index ky will be the same in 
both cases, by Theorem 22. We now restrict 5, further to be so small that 
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to: — 5: S y S te lies within the interval of definition of ¢i(y) and further so 
small that no curve GY) crosses the region gily) srs gitar); ti —-h Sy Sty 
and that no other gi(y) crosses the region gily) Sz S gilt), mi —i Sy St. 
Finally, since infinitely many curves g;(y) meet the rectangle f. — 6: S y S tu, 

gi(t) < x < 1, we can take 4, further so small that a gi, (y) crosses the line 
y = ta — 6, 9i(n) S$ x S 1, witht — 5 ¥ tox, , and that no other gi(y) crosses 

= t — 6, between x = gi(t) and x = Gi, (tox). It follows from Theorem 22 
that, with the same 6, and k, , the function g;,(y) has the same properties rela- 
tive to gi(y). The conditions (a), (b), (c), (d) are now satisfied. We now ex- 
tend the definition of gi(y) by setting gi(y) = gi(tu) fort — 6 Sy S tu, 
and similarly gi(y) = gi(to:) in the same interval. Further we set si(y) = 
mi(y) = gi(y), si(y) = mi(y) = gi(y) in this interval. 

In case (B) th < t:, then we have the analogous discussion for cases (B1), 
(B2), (B3). 

Now we extend this process by induction to all curves gi(y) and gi(y). Thus, 
if it has been carried out for k = 1, 2, --- , r — 1, then we consider g}(y) and 
g:(y). The discussion is then exactly as with gi(y) and gi(y), except that in 
each reference to the other curves gi(y) and gi(y) for k < r the curves as extended 
under (A3) or (B3) will be meant. 

As a result of this, we obtain a new family of curves gi(y) and gi(y) whose 
definition intervals are [t, + 4, , t.), with 6, 2 0, so that no two curves intersect 
and the inequalities of Theorem 22 still hold. Finally, as a result of those 
changes under (A3) and (B3), for the new end-points fj = fx + 6 the only 
possible cases are (Al) and (A2), (B1) and (B2). 

We now carry the extensions one stage further. All references will be to the 
curves as they stand after the above extensions. For gi(y) in case (Al) we 
choose gi,(y) as the curve g:(y) crossing y = % between x = gi(f) and z = 1 
with minimum value of z. gi, (y) will have the same property relative to gi(y). 
We next choose 6 > 0 so small that no other gi(y) crosses the region h, — 6 < 
y < ty, gi(fx) S x S gi,(y) and no other gi(y) crosses the region in -S Sy 
in, gilm) S2xsg 2 (y), 5 being also taken so small that gi,(y) is defined in 
in — 8 Sy S i. We then extend gi(y) and gi(y) by setting 


si(y) = mi(y) = gily) = ol si,(y) + (1 = >") gi(tos), 


si(y) = mi(y) = gily) = 


. 7 4 2 ly) + (1 - a>) gi (tor) 


for i; — 6 S y S ti. The extensions to the functions lie within the above 
regions and on the extensions gill) S gily) < gi,(y) except for y = In — 6, 
when gi(y) = gi,(y). Similarly gi(y) < gi,(y) except that gi(f — 6) = gi, (Za — 
5). The inequalities of Theorem 22 thus continue to hold, with a new inequality 
at one point, namely, at the new end-point of the interval of definition of gi(y) 


and gi(y). 





a a a 
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so In case (A2) we proceed similarly, replacing gi,(y) by the function ¥;(y) = 1. 
tor For the new functions g}(y) and gi(y) we then have gill: — 6) = gill — 8) = 1. 
o1: Since no curve gi(y) (for k > 1) crosses the rectangle h; — 6 < y < in, gi(fn) S 
ol» x = 1, and similarly no gi(y) crosses the rectangle &: — 6 S y S in, gi(fu) S 
ine x & 1, we conclude that the inequalities of Theorem 22 still hold. 
ses In cases (B1) and (B2) we proceed in the same way. 

22 We now extend this process by induction to all curves gi(y) and gi(y) for 
la- k > 0, as above in cases (A3) and (B3), using at each stage the already ex- 
ex- tended curves for the lower indices. Inasmuch as the values x = gi(fox) = gi(tox) 
tor , tend to 1 as k — , and on the extensions to the curves x = gi (fy), the exten- 
31), 
hus, 
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rsect 
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sions (if infinite in number) tend uniformly to the boundary x = 1. Further the 
order relations of Theorem 22 will continue to hold. (See Figure 2.) 

Now as a result of these extensions the set of curves x = gi(y) forms a set of 
curve ares, each of which joins either a point on an are to a point on another 
ora point on the line = 1 to a point on an arc, and there are no free end- 
points in z <1. Further the intersection points of the arcs are either countably 

above infinite or finite, and, if infinite, tend tox = 1. At each intersection point at 

_— 46, most a finite number of arcs meet. It follows that these ares divide the region 

(la — 0<2< 1,0 y < @ into an at most countably infinite number of connected 

uality regions. The same holds for the curves x = gi(y). 

f gily) The interior of each region determined by the x = gi(y) has the structure 

g(y) < x < y(y), where ¢(y) and ¥(y) are continuous functions in the same 
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finite or infinite y-interval. That ¢(y) is continuous and well-defined follows 
since on each of the curve arcs z is a continuous function of y. To determine 
g(y) we take any point (xo , yo) of the region under consideration and let (¢(yo), 
yo) be the boundary point to the left of (xo , yo) on the line y = yo. If g(yo) = 0, 
then g(y) = 0. If g(yo) ¥ 0, then the rest of the boundary z = ¢g(y) can be 
obtained by following along the curve are through (¢(yo), yo) letting y increase 
and decrease indefinitely. If a multiple point is reached, then the continuaticn 
arc is chosen to have maximum possible value of x. If, as y approaches a value 
yi , ¢(y) approaches 1, then g(y) ceases to be defined beyond y; (above or below, 
according to the case). 

¥(yo) can be defined (in the same interval as ¢g(y)) as the function equal to 1 
if there is no curve arc meeting y = yo to the right of (zo , yo) and as equal to 
the minimum possible z-coérdinate of such a curve are when it exists. y(y) 
is then necessarily continuous when less than 1. If ¥(yo) = 1, then y¥(y) re- 
mains continuous. For otherwise the curves x = gi(y) would have a limit 
point on y = yo, % <2 <1. Since the x = gi(y) tend uniformly to 1, this is 
possible only if some x = gi(y) crosses the segment, contrary to assumption. 

Since the functions ¢(y) and ¥(y) are continuous, they must form the whole 
boundary of the region. 

Now the same discussion holds for the regions determined by the x = gi(y), 
and, moreover, the regions are in one-to-one correspondence with those of the 
gi(y) in accordance with the inequalities of Theorem 22. 

We can now obtain an o-homeomorphism of the setO0 S<z7S51,0Sy< = 
on itself by the transformation: 


(9 =; 
|2 = Ofors = 0,2 = 1 forz = 1; 


si(y) for z = s.(y); 


& 
ll 





mi(y) for z = m(y); 


& 
ll 


with Z varying linearly with x between these values. This transformation 
leaves each line y = yo invariant, is also monotone increasing and continuous 
in x for fixed y = yo, hence gives a homeomorphism of each line y = yo onto 
itself, and is therefore one-to-one everywhere. Further it takes each region 
¢(y) < x < y'(y) determined by the gi(y) onto the corresponding one ¢’(y) < 
xz < W(y) determined by the gi(y). Since the ¢'(y) and y'(y) are continuous 
functions, and 7 varies linearly between ¢'(y) and y'(y), 7 is a homeomorphism 
in each region plus boundary. T is thus a homeomorphism on the region 
0<2<1,0sy < ~, and, since 7 = y, also on the boundary z = 1. Tis 
also an o-homeomorphism. 

In a similar manner in Case II, k < 0, an o-homeomorphism T of the region 
—-1s2250,0 Ss y < ~ on itself can be defined leaving the line x = 0 and 
each line y = mu invariant and transforming all the z = gi(y) for k < 0 on the 
corresponding x = gi(y). The resulting transformation 7 on the whole half- 
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strip —1 S$ x $ 1,0 S y < = is then single-valued and an o-homeomorphism 
of the set on itself. 

The transformation TT’ can now be chosen to replace the original choice 
of 7’, and Theorem 23 is established. 


2.6. Map of F; on F2. Weassume the transformations T of Theorem 15 and 
the +; are now fixed so that Theorem 23 holds. 


Lemma. Let W be a homeomorphism of Cy onto the line y = 0, -1 <x <1 
such that the homeomorphism T'W of Co on itself preserves orientation on Cy. 
Then there exists an o-homeomorphism T of Co U 6(V) on the strip -1 < x <1, 
0 < y < & such that T = T along each y, , T = W along C, and the image of 
each curve D, is the line y = t. 


Proof. By Theorem 20, | | < | gu(y) | <1. Also | 1 — (1/2!*!) | < | |}. 
Hence the distance r(x) of a point (x, 0) on y = 0, —1 < x < 1 from the point 
set formed by all the curves x = g,(y) is greater than 0. The function y = (2) 
in —1 S x S 1 defined by 


° 


1 — 2% 


¥(%) = —5— min r(z), 20; 
2 Oszs29 
li-z. 
V(x) = —~— min r(z), % = 0, 


2 zos750 


is continuous, monotone strictly decreasing for x = 0, monotone strictly in- 
creasing for x < 0, and no curve x = g;(y) intersects the set 0 S y S ¥(z), 
—-ls2zs81. 

Since 7T~'W preserves orientation on Cy, the “transposed” transformation 
T(T'‘W)T"* = WT" of —1 < x < 1, y = O onto itself must also preserve 
orientation and can be extended continuously to the end-points, which it leaves 
fixed. Such a transformation can be extended to the set 0 S y S ¥(x), —1 S 
x = 1 so as to leave each point of the curve y = (2) fixed and in general to 
leave y invariant. We write the extended homeomorphism as 


T: 2 =¢(z,y), y=y. 
If we define 7° as the identity outside of this set, then 7° becomes an o-homeo- 
morphism of —1 < x S$ 1,0 S y < = onitself. The product 7 = 7°7 then 
coincides with 7 along each y,, 7(D,) is the line y = t and along C), T = 
TT = WT'T = W. 

TuEoreM 24. There is an o-homeomorphism of each set w, on the corresponding 
set we such that the image of each arc of a curve D} in wh is an are of the curve D? 
and that the image of yi is yi, of Ci is Ci, of of is of, of us is ue. 

Proof. By condition (Is4) and Theorem 17, w; and w can both be mapped 
o-homeomorphically on the set W: 0 S x S (y° +1)", —” <y < ~ so that 
each line x = constant > 0 in W is an image of an arc of a D,, of r = Ois Cy. 
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Further, by construction, the intervals [ty , t) are the same for y; and ¥;. 
Hence by suitable choice of the o-homeomorphisms of we and w, on W we can 
obtain that each are D} in w; has the same image x = constant in W as the 
are D7. If we show further that o; and o%, us and yu; have the same images, 
then the theorem will be established. 

Now az is defined as the inverse of x = s:(y), uz of x = mi(y), o: of x = sk(y), 
pi of x = mi(y) (without the extensions to these functions temporarily intro- 
duced in the proof of Theorem 23). From Theorem 21 it follows that the set 
si(y) < x < m(y) can be mapped o-homeomorphically on W minus the line 
xz = 0 so that x = gi(y) becomes the curve z = 1/(y’ + 1), and so that each 
line y = t becomes a line x = constant. The set s;(y) S x S m,(y) can simi- 
larly be mapped on W minus the line x = 0. Further, si(y) = si(y), mi(y) = 
mi(y), by Theorem 23. Since both of these above homeomorphisms preserve 
orientation, we conclude that s;(y) and si(y) have the same image, i.e., either 
z= 1/(y +1), y 2 Oorz = 1/(y’ + 1), y S 0, and that m(y) and mi(y) 
have the same image. Hence o; and o; have the same image, u; and yu; have 
the same image. The theorem is now established. 


TurorEeM 25. There is an o-homeomorphism of \(V') onto d(V*) taking each 
Ci onto C? , C} onto C? , Dt onto Di . 


Proof. Under 7", the set (A(V’) — > wi) U >) vi: is mapped o-homeo- 
k k 


morphically on the strip —1 < x4 < 1,0 S y < @ minus the sets s;,(y) < @ < 
m.(y). By Theorem 23, under 7”, (A(V’) — > wi) U » yi is mapped o-homeo- 
E k 


morphically on the same set. In both cases the curve D; has as image the line 
y = t. It follows that (7°) "7" takes (A(V') — > wi) U SS yi o-homeomor- 
phically onto (A(V?) — >> w) U > vi and takes Di onto D?. Further the 
image of each y; is yi, and, furthermore, of o: is ok, Of ue is ue. 

By Theorem 25, there is an o-homeomorphism of each w; onto w;. More- 
over, this homeomorphism coincides with (7°)7" along o; , since o; meets 
each D} at most once, at a point P} , and each point P} on ok has image P? on 
D? under both transformations. Thus they coincide along o;, and similarly 
along ut, hence on y;. But y; is the boundary of w; in 6(V’). Hence by 
Theorem 21(b) the transformation (T°)~‘T" can be extended to be single-valued 
over all the sets w: U Ci, becomes an o-homeomorphism of \(V*) onto (V’) 
with the desired properties. 


THEeoreM 26. F; can be mapped o-homeomorphically on F2 by a transforma- 
tion T such that T(C’) = C* = f(C') for each curve C’ of FP. 


Proof. By Theorem 25, there is an o-homeomorphism 7’; of \(Vi) onto (Vi) 
preserving curves of the family. There is a similar transformation 7. of each 
(Vi) onto the corresponding (Vix). (Vj) and A(Vi,.) overlap only along 
the curve Ci. Hence 714-7; defines a homeomorphism of Ci, onto itself. 
Since C}.. is an open curve tending to infinity in both directions, and since 71, 
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and 7, both are o-homeomorphisms, 77:7 must leave orientation invariant 
on Cis e 

T1,x is defined by means of an o-homeomorphism 7}, of Ci. U @(Vi,,) onto 
the half-strip -l1<2z2<1,0 S y < @ and an o-homeomorphism Ti. of 
Ci. U o(Vix) onto the same strip. Thus 71, = (T? «) Tix on the set 
(A(V1 +) ee > oI, x») U > ot. .. Further 77,.-7, = W defines a transformation 
of Ci, onto y = 0, —1 < x < 1 with the property that 


(Tin) W = (Tig) *T2aT: = (Tra) 1: 


leaves orientation invariant on Ci. It follows, by the lemma proved above, 
that we can replace T},, by a new o-homeomorphism 7}, which has all the 
properties of T},, plus the property that Ti}, = WalongCi,. If we assume 7), 
chosen as this T},, , then along Ci. : Tix = TixT1, or T1 = (Tia) Tit = Tix. 

Making these restrictions on the T},,, we conclude that the transformation 
T, can be extended to a homeomorphism of the set (Vi) U >> A(V},,) onto 
(Vi) U > (Vi), taking each curve C’ onto the curve C® = f(C'). Pro- 
ceeding by induction and making similar restrictions on the T, , we see that 
there is an 0-homeomorphism 7’ of Ej onto E> with TC )=C=f(C'). The 
same reasoning gives an o-homeomorphism 7* of Ej* onto E3* with T*(C") = 
C? = f(C'). Ej” and Ej have the one boundary curve C} in common. Another 
application of the above lemma enables us to assume that 7 = 7* along C} . 
Hence 7 can be extended to an o-homeomorphism of the plane onto itself, 
taking F; onto F,. Theorem 26 is thus established. 

We now conclude 


THEOREM 27. If two regular curve-families filling the plane determine iso- 
morphic chordal systems, then they are o-equivalent. 


3. Classification of the curve-families 


3.1. Abstract classification. Let § be the set of all o-equivalence classes 
(see §2.1) of regular curve-families F filling the plane. The relation of iso- 
morphism groups all normal chordal system £ in disjoint isomorphism classes 
&. Let € be the set of all classes &. On the basis of Theorem 1.38 and Theorems 
12, 13, 27 we conclude 


THEOREM 28. There is a one-to-one correspondence w(F) = & between the sets 
& and € such that, for any F in ¥ and any E in & = w(F), CS(F) is isomorphic 
to. E. 


We have remarked in Part 2, §1 that each full equivalence class ‘F* of curve- 
families generates in general two different o-equivalence classes, F and ‘Ff’: 
F* = FU’. The families of one class, e.g., F’, are obtained by applying one 
fixed non-orientation-preserving homeomorphism 7 (for example, 2’ = 2, 
y’ = —y) to the families of the other class, ‘f. Such a transformation will 
leave invariant the relations C,|C2|Cs; but will replace |C:, C2, C3!" by 
|Cy, Cz, C3|~. In special cases it may happen that the class § is invariant 
under such a transformation, in which case {fF = fF’ = fF*, 
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We can now introduce a broader equivalence among the normal churdal sys- 
tems, letting two be congruent if they are isomorphic or if one is obtained from 
the other by a one-to-one transformation which leaves the relation a|b|c 
invariant, but replaces | a, b, c|* by | a, b, c|". We then obtain a one-to-one 
correspondence between the congruence classes &* of normal chordal systems 
and the equivalence classes ‘F* of regular curve-families. 


3.2. Classification by explicit chordal systems. We first point out that, asa 
result of Theorem 27 and of Theorem 12 and its proof, we can assert 


THEOREM 29. Let F be a regular curve-family filling the plane. There is an 
o-homeomorphism of the plane onto the interior of the unit circle such that the 
family F is transformed onto a regular family F; of curves filling the interior of the 
circle and with the property: each curve of F; has a unique pair of limit points on 
the circumference, no two curves have a common limit point. 


For the family F; of curves constructed in the proof of Theorem 12 has the 
stated property. This family could, moreover, be constructed to have a chordal 
system isomorphic to any given chordal system, in particular to that of F. By 
Theorem 27 we can now map F o-homeomorphically on F; . 

If we now join the end-points of each curve of F; by a chord, we obtain a 
family of chords in the circle. No two of these chords can intersect, for then the 
end-points of one curve of F; would separate the end-points of the other curve 
and the corresponding curves would have to intersect. By Theorem 9 we can 
immediately introduce the chordal relations in the set of chords in terms of the 
order of their end-points. This gives a chordal system. It is further iso- 
morphic to CS(F). We have therefore 


THEOREM 30. To each normal chordal system corresponds an isomorphic ex- 
plicit chordal system. 


We can thus replace the abstract normal chordal systems by the concrete 
explicit normal chordal systems. It remains to determine when two such explicit 
chordal systems are isomorphic or congruent: 

Derinition. Let A and A’ be two point sets on the circumference of the 
unit circle. Let f(P) = P’ bea transformation of A on A’. f will be said to be 
monotone if f is one-to-one and if for every ordered triple P; , P2, Ps; of points 
in A the two triangles P,P2P; and P{P:P3 have the same orientation. 


THEOREM 31. Let K, and Kz be two explicit chordal systems of the unit circle: 
x+y’ =1. Let A;be the set of end-points of the chords of K; (i = 1,2). Then 
K, and Kz are isomorphic if and only if there is a monotone transformation f of 
A, on Az such that the image of a pair of end-points of a chord of K, is always a 
pair of end-points of a chord of Kz. K, and Ke are congruent if and only if Ky 
is isomorphic either to Kz or to the image Kz of Kz under the transformation x’ = 2, 
y’ = —y. 





~~ » 
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This theorem follows from the expression of the chordal relations in terms of 
order of end-points, as in Theorem 9. 

Theorem 31 can be regarded as the basis for an equivalence (or o-equivalence) 
criterion for curve-families. If we imagine an associated isomorphic explicit 
chordal system K for each family F, then two families F; and F: are equivalent 
(or o-equivalent) according as the corresponding systems K, and Ke satisfy the con- 
gruence (or isomorphism) conditions of Theorem 31. 


APPENDIX. Applications of the classification theory to the cases with 
singular points 


1. The fact that we have made a certain classification of regular curve-families 
filling the plane, or, what is the same thing, the sphere with one singularity, 
enables us to attack the case of families on the sphere with many singularities. 
We give here an illustration. 

DeFIniTion. An n-cyclic chordal system is a chordal system E which is iso- 
morphic to a subset A(Vi1) = V; U 6(V,) of a normal chordal system E, , where V; 
is a cyclic subset of the system £, . 

The class of n-cyclic chordal systems can be studied in detail by means of the 
general theory of normal chordal systems. 

Now take as our example a regular curve-family F filling the sphere with the 
exception of a closed set A of singular points. Further we assume there is a 
closed curve T on which all points of A lie and that the complementary set 
T — A onT is composed of curves C, (n = 1,2,--- ) of F. Theset A need not 
be countable. We assume it contains at least two points. 

To analyze the possible structure of such a family we first consider one region 
R bounded by f. (The theory for the other region is the same.) 

First we map [ plus R homeomorphically on a circle I’ plus interior R’. 
Next we join the end-points of each arc C;, to obtain a chord Ki,. Then (as 
in the proof of Theorem 12) we transform I’ plus R’ homeomorphically onto the 
set R” bounded by the curve I’ formed by the chords K‘, and the set A’. The 
subset Fy of F inl U R is thus mapped homeomorphically on a curve-family F4 
filling the interior of the curve I’ plus the chords K,,. We extend F5 to a 
family filling the interior of the circle simply by filling out the segments bounded 
by the Ki, by chords parallel to Ki,. The result is a regular family filling the 
interior of the circle. 

We conclude that the curve-family F5 is n-cyclic. But Fo is a homeomorphic 
image of Fy. Hence the structure of Fo is the same as that of an n-cyclic 
family, to which our previous theory can be applied. 

The following converse can be established, by means of recent results of 
Adkisson and MacLane (see this Journal, vol. 6(1940), p. 216 ff.): given any 
n-cyclic chordal system E = V + 6(V), whose “boundary” V is isomorphic to 
the set V’ of chords K},, then there is a regular curve-family F filling R plus the 
C, whose structure is that of E; i.e., Fo is isomorphic to E. 
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2. Generalization. Suppose now that we have a regular curve-family F filling 
the sphere except for a closed point set A which lies on a closed set I such that 
each component region R; of the complement of T on the sphere is a simply- 
connected region bounded by a closed curve T; C T and that fr — A is formed 
of curves of F. To each region R; UT; can then be applied the same reasoning 
as above. We obtain again n-cyclic families. 
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THE FRACTIONAL DERIVATIVE OF A LAPLACE INTEGRAL 
By C. V. L. Smrrx 


Introduction. The integral 
(1) [ ean, 
0 


where a(é), a function of the real variable ¢, is of bounded variation in (0, R) 
for every positive R, has been exhaustively studied by D. V. Widder [9, 10, 11, 
12]."| In the present paper, we shall consider the integral 


(2) [ e*? da(t), 
0 


where a(t) is as described above, and p is a positive constant, restricting our- 
selves to the case where z and a(t?) are real. 
In the case of the integral (1), a(t) is said to be normalized if 


(3) a0) =0, af) = t+) + a(t—) 0 <t<«), 


In the present case, we may also take a(0+) = 0. For let B(0) = 0, 8) = 
a(0+) for 0 < ¢, and set a*(t) = a(t) — B(t) for O S ¢t. Since the integral 


(4) [ ” &*P da(t) 





is obviously convergent for all real x and has the value zero, it is clear that 
wherever the integral (2) converges we have 


(5) | e'? dalt) = I et? da*(t). 
0 0 


The function a(t) will always be taken as satisfying the conditions (3) and the 
condition a(0+) = 0; and any function satisfying these conditions will be said 
to be normalized. 

The derivatives of the function defined by a convergent integral of the form 
(1) are given by the integrals ({9], p. 702) 


(6) (-1 | e *'t da(t) (k = 1,2,---), 
0 
which leads one to expect that, if p is non-integral, (2) is either the fractional 


derivative of order p of (1) or its negative. Integrals of the form (1) con- 


Received May 15, 1940. 
! Numbers in brackets refer to the bibliography at the end of the paper. 
47 








48 Cc. V. L. SMITH 


verge fore < x < ~,c being a constant ([9], p. 700), so that neither the Riemann 
nor the Weyl definitions’ of the fractional derivative are applicable in the 
present case. However, it is possible to define fractional differentiation in such 
a way that (2) is (—1)~™ times the p-th derivative of (1), where m is the greatest 
integer which does not exceed p. We first define fractional integration by the 
formula 


(7) el? {f(z)] = ia) i] * (wu — 2) *f(u) du 


in case the integral converges. Now let m be the greatest integer which does 
not exceed p, and set y = p — m. We define the p-th order derivative of f(x) 
as the negative of the (1 — v)-th integral of the (m + 1)-th derivative, that is, 
as follows: 


() Dif) = pty [ was" wu 


This definition is justified in the case of functions defined by integrals of the 
form (1), for here ({11], p. 119) f(x) = o(x™*) as x becomes infinite for k = 
1, 2, --- , and hence, if p is a positive integer, we have v = 0, and 


(9) Dzise)) = —[ f*(u) du = $2). 


It will be shown that if g(x) is the function defined by a convergent integral of 
the form (1), and f(x) is the function defined by the corresponding integral of 
the form (2), we have 


(10) f(z) = (-1) ™ Di lg(a)] 
and 
(11) g(x) = 12 [f(z]. 


For negative values of p, the convergence of (1) does not imply that of (2), 
as we may see by taking 


du 
ullog u/(1 + u)}?’ 


and so we obviously cannot obtain (2) by a fractional operation on (1). It is 
for this reason that we have omitted a consideration of the integral (2) in the 
case where p is negative. 

In the second part of the paper, a means of inverting the integral (2) is found. 
To do this, we employ the operator ({11], p. 117) 


(13) Lid(f(a)) = — (‘) s(t) O0<t<o;k=1,2,---), 


2 For the Riemann and the Wey! definitions of fractional integration, upon which the 
definitions of fractional differentiation depend, see, for example, [13], pp. 222, 224. 





(12) a0) =0, ali) = [ 0<t, 
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by means of which the inversion of (1) has been effected. In the present case, 
the inversion formula is found to be 


(14) a) = tim | “u* Lealf(a)) du (0 <t<»), 


if a(t) is normalized in the sense we are using. 

In the third part of the paper, we shall find sets of necessary and sufficient 
conditions that a function may have an integral representation of the form (2) 
with a(t) belonging to various functional classes. 


Part I 
1. General properties. An integral of the form (2) is said to converge for a 
value of z if for that value 


R 


(1.1) lim e *'t? da(t) 


Row “0 


exists. By an important theorem on the Stieltjes integral ({3], p. 11), we may 
write 


(1.2) [ " dali) = [ * 6 a(t) 0<R<~), 
where 

(1.3) a0) =0, a) = [ u? dau) 0 <t<«), 
Hence 

(1.4) [ cP da(t) = I e* da(t) 


for all values of x for which the limit (1.1) exists. The integral 
(1.5) [ e ** dat) 
() 


being of the form (1), either converges for all values of x, or diverges for all 
values of x, or there exists a number c such that (1.5) converges for c < z and 
diverges for x < c, the number c being said to be the abscissa of convergence of 
(1.5) ([9], p. 700). By (1.4), it is clear that the same statement can be made 
about the. convergence of (2). 


THEOREM 1.1. Let p be a positive constant, and let a(t) be a function of bounded 
variation in (0, R) for every positive R, then the integrals (1) and (2) either both 
converge for all values of x, or both diverge for all values of x, or have the same 
abscissa of convergence. 
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Suppose (1) converges forz > c. Given e« > 0, we have 


8 
(1.6) lim e “** da(t) = 0. 
‘ae R 


For t > p/e, the function t’e “ is bounded and monotonic decreasing, and so, 
for R > p/e, we have the inequality 


| 8 | | T | 
(1.7) | e “tt Pe" da(t) < R’e ** sup | e dat) | 
\"R | RST<SS|4R | 
by the second law of the mean for Stieltjes integrals.’ By (1.6) and the fact 
that R’e~“ is monotonic decreasing, it follows that the right side of (1.7) ap- 
proaches zero as R and S become infinite. Hence (2) converges for r = c + 2e, 
where ¢ > 0 is arbitrary, and so for x > c. 
On the other hand, let (2) converge for zx > c. For e > 0 we have 
8 
(1.8) lim | e “**'#da(t) = 0. 
R,S-o YR 
S>R 


But for R > 0, 


8 8 
[ et dll | in if errr dal) | 
(1.9) ‘pr 
< R” sup | oP dal) 
RST<S\Y9R 
by an application of the second law of the mean for Stieltjes integrals. By 
(1.8), it follows that (1) converges for z = c + ¢, and so for z > c. 

If (1) converges for no value of z, then clearly (2) converges for no value of z. 
For if (2) were to converge for z > c, (1) would converge there also. Similarly, 
if (2) converges for no value of z, the same is true of (1). 

If (1) converges for all z, let z» be an arbitrary fixed value of xz. It follows 
from what we have just proved that (2) converges for z > 2, and hence for 
all values of z, since 2 is arbitrary. Similarly, if (2) converges for all values 
of x, so does (1). 

Finally, suppose (1) has the abscissa of convergence c. Then by our argu- 
ment above (2) converges for z > c, so that the abscissa of convergence of (2) 
is c; where c; S c. But we cannot have c,; < c, for in that case (1) would con- 
verge for c; < x < c, and this is contrary to hypothesis. Hence we must have 
¢ = c. Similarly, if c is the abscissa of convergence of (2), then c is also the 
abscissa of convergence of (1). 


Coro.iary 1.11. The abscissa of convergence of (2), if it is positive, is given 
by ((9], p. 704) 
log | (0 


(1.10) c = lim sup — = 


t--2 


3 We are using the lemma on page 6 of [1] with a slight change in notation. 
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Coro.iary 1.12. If a constant y exists such that 
(1.11) | a(t) | < e” (0 St<»), 
then (2) converges fory < x. (See [9], p. 703.) 

Coro.uary 1.13. If (2) converges for x = x > 0, then a constant K > 0 
exists such that 
(1.12) | a(t) | < Ke’ (0 St < ~), 
(See [9], p. 703.) 


2. The fractional derivative and integral. 

DEFINITION 2.1. Let p be a positive number. Then the letter m is to desig- 
nate the greatest positive integer which does not exceed p, and the letter » is 
to designate the difference p — m. 


DEFINITION 2.2. The fractional integral of order p > 0 of a function f(z) is 
defined by the equation 


(2.1) ells] = gh [ w- 2's au 


provided the integral converges. 


DEFINITION 2.3. The fractional derivative of order p > 0 of a function f(x) 
is defined by the equation 


(2.2) oD?(f(x)) = a [ (u - a) fu) du 


provided the integral converges. Here m and » are used in the sense of Defini- 
tion 2.1. 


THEOREM 2.1. Let a(t) be a function of bounded variation in (0, R) for every 
positive R, and such that the abscissa of convergence of the integrals (1) and (2) is c. 
Let g(x) be the function defined by the integral (1), and let f(x) be the function 
defined by the integral (2). Then f(x) is given by the equation 


(2.3) f(x) = (—1)™ .Dz(g(z)) (c<2< @). 


It must first be shown that the fractional derivative exists. We have ({9], 
p. 702) 


(2.4) gg” (u) = (-1)"" [ et" da(t) (c<u< ), 


where g'"*”(u) = o(u~”") as u becomes infinite ({11], p. 119). If0 <p <1, 
we have m = 0 and vy = p. It is clear, then, that the integral 


(2.5) [ (u — x)" g*” (u) du (c<2< ~) 
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is absolutely convergent, so that the fractional derivative of order p of g(z) 


exists force < 2 < @. 
We first consider the case wherec 2 0. By an application of Stieltjes integra- 
tion by parts ((6], p. 539) we obtain the following equation: 


R R 
[ et dalt) = oR” a(R) + [ e “(ut™*™*? — (m + 1)t”)a(t) dt 
(2.6) “° : 
(c<u<0,0<R< ~~). 
Making use of Corollary 1.13, we obtain, upon allowing R to become infinite 
in (2.6), 


(2.7) [ et dalt) = [ ° “ut — (m+ Di"laldt (e<u< @), 


Setting u = z + y in (2.5) and making use of (2.7), we obtain the following 
equation for ,,D2(g(z)): 


D2(9(z)) eo tae If y*” dy g e (ute emt (8) dt 


(2.8) +2 I y’ dy if e (tt mt) (1) dt 


— (m + 1) . y’ dy [ ger at (c< 2 < @), 


Now let x > c be an arbitrary, but fixed, value of z, and let z, be such that 
c <2, <2. By Corollary 1.13 it is clear that for x = 2 each of the iterated 
integrals on the right of equation (2.8) remains convergent if its integrand is 
replaced by its absolute value. Therefore, by an application of the Fubini 
theorem ((7], p. 347), we have the following equation 


2D2(g(2)) onze = i [ to) dt [ yay 


(2.9) + 1% [ e 70" e™*? (4) dt [ ey” dy 


— (m+ » | et a(t) at [ ety ay| 
which becomes, when the integrations with respect to y have been performed, 


=D2(g(2)) lens, = to [re x c singin 


(2.10) * a 
+ ari — | et a(t) dt — (m + 1)T(1 — ») I e 7 a(t) at], 
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But ['(2 — v) = (1 — »)F(1 — »), so that, if we perform the division by ['(1 — ») 
in the right member of (2.10) and collect terms, we obtain 


nae 2(g(x)) leary = (—1)™ Ls [ e ** alt) dt — p [ e 7°?" a(t) a| 
or f eae 


Since zo is an arbitrary number greater than c, the truth of the theorem follows 
from (2.11) in the case where c is non-negative. 

Now suppose c is negative. Here we cannot pass from (2.6) to (2.7) as in 
the previous case. However, we have 


g(x) = f: e*da(t) = [ eet eet daly) = f' e = da(t) 


(2.12) 

(c<2< o), 
where 
(2.13) a0) =0, BW) = l e™ dau) 0 <t<~), 


so that 8(t) is of bounded variation in (0, R) for every positive R and is such that 
(2.14) [ Fda) | 


converges forz —c > 0. Weset y = x — cin (2.14), and designate the func- 
tion defined by the resulting integral by G(y). In a similar fashion we obtain 
F(y) from f(z). Since the abscissa of convergence of the integrals defining G(y) 
and F(y) is zero, we have, by the first part of the proof, 


(2.15) (—1)” Di [G(y)] = Fy) O<y<»). 
We have F(y) = f(x), where y = x — ¢, since 


I e =! # dg(t) -_" [ ete dp(t) - I e *'t? da(t) 
(2.16) , : 
O<y=2-c< 2), 


and similarly G"*?(y) = g\"*?(z) (0 < y = x — ¢ < ~). Furthermore, 
we have 


{: (u es y) ”G™"*” (u) du nt [ (u = s + ce)’ G*"*” (u) du 


(2.17) «© 
- / (u - a) g"*(u)du O<y=2-—c < @), 
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From (2.15), (2.16), and (2.17), we obtain (2.3) in this case also. This completes 
the proof. 

THEOREM 2.2. Let a(t) be a normalized function of bounded variation in (0, R) 
for every positive R, and such that the integrals (1) and (2) have the abscissa of con- 
vergence c. Let f(x) be the function defined by the integral (2), and let g(x) be the 
function defined by the integral (1). Then g(x) is given by the formula 


(2.18) g(x) = o12(f(zx)) (c<4< ~). 


We first consider the case c 2 0. The integrals 
R 
(2.19) [ \tas@) |e O <R< ak =1,2,-+-) 
() 


all exist (for Lx,:(g(x)) see the introduction, (13); see [12], p. 251). In (2.19), 
set k = m+ 1 and R = (m + 1)/zx where c < 2, and introduce the variable u 
by setting u = (m + 1)/t. Thus we are assured of the convergence of the 
integral 


(2.20) [Sioa [a (<2<@). 
Now consider the integral 
(2.21) [w-wu-2 wy @<zsuK<). 


In (2.21), introduce the variable \ by the equation 

(2.22) y=XANu-2z)+2 

so that (2.21) becomes 
1 

(u — 2)" [ yw — a)" ad = (u — 2)" Bo, 1 — ») 
i) 


(2.23) 
(c<rSu< ), 


The integral 
(2.24) / 


converges, as we may see (([2], p. 429) by multiplying the integrand of the con- 
vergent integral (2.20) by the bounded monotonic factor [(w — x)/u]". Hence 
the integral 


(u — x)” 


aT gu) [du (<2 < a) 





oo (m+1) oo 
(2.25) [ EO! LP Ge, wu - wry - dy <2 < @), 
where 
(2.26) G(u, y) = C cu > = 
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is convergent. Therefore, by the Fubini theorem, we have 


tas a 1—- v) [ (u a a)" g"*? (u) du 


= (-1)” r¢ _ mf G(u, y)(u — yy — 2)?" dy 





(2.27) 
_ — [ (y — x)” ‘ay [ (u a y)’g™*” (u) du 
(c<2< @), 
so that, since 


(2.28) By 1-9 = a — 2 , "a = 2 


I(p + 1 — ») m! ‘ 





we finally obtain the equation 


ot [ (u — 2)" g"* (u) du 
(2.29) 


(-1)" p-l * (u 7 y)” (m+1) 
~ "ye [ (y — x)” dy ; Ta-» 2 (u) du. 


Since g‘” (u) = o(u~") as u becomes infinite for n = 1,2,--- ({11], p. 119), it is 
clear that the integral on the left of (2.29) can be integrated by parts m times 
in succession. ‘Therefore, since g(«) = a(0+) ({11], p. 120) and we are taking 
a(0+) = 0, we have 


(2.30) a [ (u — x)"g"*? (u) du = [ g'(u)du = —g(x) (c<2r< @), 


From (2.30), (2.29), the definitions of fractional integration and differentiation, 
and Theorem 2.1, we obtain (2.18) in the case c 2 0. The theorem can be 
established for the case c < 0 by the method used in the proof of Theorem 2.1 
for this case; the details need not be given here. 


3. The derivatives of f(r). 
THEOREM 3.1. The derivatives of a function f(x) defined by a convergent integral 
of the form (2) are given by the equation 
(3.1) f(a) = (-1' | e 7 tt? da(t) (c<zr< w;k=1,2,---). 
() 
The proof, which the reader will have no difficulty in supplying, will be 


omitted. 


Corouiary 3.11. Under the conditions of Theorem 2.1, the derivatives of f(x) 
are given by the formula 


(3.2) f?(@ = (-1)" D3(g™ (2) (c<2< w;k=1,2,---). 
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The proof, which follows exactly the same method as that of Theorem 2.1, 
need not be given here. 


Coro.uary 3.12. Under the conditions of Theorem 2.2, the derivatives of g(x) 
are given by the formula 
(3.3) g(x) = wl? [f (x)] (c<x<w;k=1,2,---). 


The proof follows the same method as that of Theorem 2.2, and will not be 
given here. 


4. The order of f“’(x) as x becomes infinite. 


TuHEeoreM 4.1. If f(x) is the function defined by a convergent integral of the 
form (2), then 


(4.1) f(x) =o(a*”") (tx w3k = 0,1,2,---). 
By Theorem 2.1 and Corollary 3.11, we have 
1 aie 
(k) , = / 7 v) (k+m+1) 
(4.2) If @\s ra —» J. (u-2)"\g (u) | du 


(c<z < 0o;k =0,1,2,---). 
Since g‘” (uw) = o(u") as u becomes infinite for n = 1, 2, --- , we can, for any 
particular value of k, given an e > 0, determine 2 such that 
(4.3) If? @) |< [ w-aytwt™ du (mw <2< ©). 
T(1 —_ v) z 


By the change of variable u = z/A, we obtain 


C) 1 
me / (u—2)’u du =r" | (1 — rv) nr a 
J z 0 


=a2’*Bil—»v,k +p). 
From (4.3) and (4.4), (4.1) immediately follows. 


5. The uniqueness of a(t). 


TueoreM 5.1. If f(x) has two representations of the form (2), where p is the 
same positive number in both cases, 


(a) f(z) = [ e *'t? dex(t) (C<2r<~), 
(5.1) ‘a 
(b) f(z) = I e* 1? das(t) (<2<~), 


where oy(t) and a(t) are normalized functions of bounded variation in (0, R) for 
every positive R, then 


(5.2) a(t) = a(t) (0St< @). 
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We recall that a normalized function, in the sense in which we are using the 
term, satisfies conditions (3) of the introduction, and the condition a(0+) = 0. 
Hence, if we set y(t) = a(t) — ae(t), then y(t) is also a normalized function, 
and we clearly have 


(5.3) [ cP dy(t) = 0 (<#<@). 
From this it follows, if we set 

(5.4) a0) = 0, a = [ wayw 0 <t<@), 
that 

(5.5) [ ‘ e *‘dp(t) = 0 (c<2a< @), 


Then §(t) vanishes except on a set of measure zero ([9], p. 706), and therefore, 
since clearly @(¢) is a normalized function, it follows that 8(t) vanishes iden- 
tically. But we have 


t t 
(5.6) [ avw = [ was = 0 0 <t<~), 
1 1 
so that y(t) = y(1), and hence, since we must have y(1) = y(0+) = 0, the 
truth of (5.2) follows. 


Part II 


6. The inversion formula when a(/) is absolutely continuous. If a(¢) is abso- 
lutely continuous in (0, R) for every positive R, then 


(6.1) a(t) = [ o(u) du OO <t< o), 


where ¢(¢) is integrable in the sense of Lebesgue in (0, R) for every positive R. 
Then we may write ((6], p. 665) 


R R 

(6.2) [ et? da(t) = | et’ p(t) dt O<R< ~~), 
0 0 

Provided c < z, the integral on the left of (6.2) approaches a limit as R becomes 


infinite. Hence the same is true of the integral on the right of (6.2), and the 
following equation holds: 


(6.3) [ et? da(t) = [ et’ g(t) dt (c<2< @), 
0 


Conversely, if ¢(¢) is integrable in the sense of Lebesgue in (0, R) for every 
positive R, and if 


(6.4) [ e *'tp(t) dt 
0 
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exists, even as a Cauchy-value, for c < x, then we may define a(t) by equation 
(6.1), and write (6.2), from which (6.3) follows because in this case the integral 
on the right of (6.2) approaches a limit as R becomes infinite. 

We first obtain an inversion formula for integrals of the form (6.4), and then 
proceed to the case of the general integral of the form (2). Both inversion 
formulas involve the operator L;,:(f(z)) which has been defined in (13) of the 
introduction. 


THEOREM 6.1. If f(x) is the function defined by a convergent integral of the 
form (6.4), where $(t) is of class L in (0, R) for every positive R, then 


(6.5) lim t°Le(f(x)) = oO 


at all points of the Lebesgue set (cf. [8], p. 364) of o(2). 
If we set “o(t) = y(t), then we have 


(6.6) fe) = [ ” 6 W(0) dt, 


where y(t) is of class L in (0, R) for every positive R. In this case the inversion 
formula is ({11], p. 122) 
(6.7) lim Lr(f(z)) = WO) = Po 


at all points of the Lebesgue set of y(t), and hence evidently at all points of the 
Lebesgue set of ¢(t). The theorem clearly follows from (6.7). 


7. The general case. 


TuHEorREM 7.1. If f(x) is the function defined by a convergent integral of the 
form (2), where a(t) is normalized, then 


t 
(7.1) a(t) = lim [ uu? Leal f(a) du 0 <t<~). 
kao 0 
Let ¢t be an arbitrary positive number, which will be fixed in the course of the 
argument. Let c be the abscissa of convergence of (2), and let c, be the greater 


of the two numbers c and zero. Then JZx,.(f(z)) will certainly exist for 0 < 
ustandk > ct. The expression u “L,,.(f(z)) has the value 


(7.2) w* Deal f(z) = a (:)" [ etuu yt daly) O<ust;k> al), 


where we have substituted for f” (k/u) its value as given by Theorem 3.1. The 
right member of equation (7.2) may be written in the form 


(7.3) u Ke [ ee [| daly) O<u<t;k> al). 
kl Jo ute : , 
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If Stieltjes integration by parts is applied to the integral in the expression (7.3), 
we obtain 


(7.4) af < (y) 2 eed EF (0 t;k t) 
di wa | aw sle uk y <u<t}k > cat). 
The function 
(7.5) gto 
* ykte 


is homogeneous of degree zero, and possesses continuous first partial derivatives 
for0 S y < ~,0 <u < o. Therefore, by Euler’s theorem, the following 
equation holds: 


ou ukte 


k+p k+p 
(7.6) yo fem =| + wt. leo | =0 Osy< ~;0<u< ~), 
In consequence of (7.6), (7.4) becomes 


77m | LJ) nee~t a ky/u 
(7.7) a | a(y)y 4 | ay O<u<t;k> ai). 


Now let 6 be a positive number such that 0 < 6 < }¢. Since 
a B= | —_ tky- (k+eule" 


(7 8) wea utte yktet2 


sy<~;0 
wu Sy<2%;0<u< »o), 





it is easy to see that 


k+1 —ky/un | 
(7.9) i am au [ a(y)y*? LA k | dy (0 <6 < 3t;k > at) 


du | ukte 





converges. Hence, by the Fubini theorem, we can change the order of integra- 
tion in the convergent integral 


k+1 —ky/u 
(7.10) “T e au [ a(y)y**?- . k |au (0 <6 < }t;k > et) 


u*® +p 





and obtain, making use of (7.2), the equation 


Fs Ket! ail evel 
SP ee OM fo [ Se au 
(0 <6 < 3t;k > cil). 
If the integration with respect to u in (7.11) is carried out, we get 





' Bee tet 
I uw? Daw f(2)) du = [° ae YP aly) dy 


7.12 KO —ky/s ss 
(7 ) = “Gi oe yj aly) dy 





(0<6 <}t;k> at). 
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We shall eventually allow 6 to approach zero in (7.12). It will first be shown 
that 


(7.13) a “| uLa( f(a) | de (k > eat) 


exists. 
Consider the function g(x) of Theorem 2.1. The integral 


7.14) [ y” |g (y) |dy (k > at;n = 1,2, --+) 
t 
converges ({12], p. 251). Furthermore, the function of y defined by the integral 


(7.15) [ (a— ayn a (k/t Sy < @) 


/ty 


is monotonic increasing and bounded. Therefore the integral 
c) 1 

7.16) [vr ie@ia [ a-yatra — &>ad 
k/t k/ty 


converges ((2], p. 429). If we set \ = 2z/y, then the integral (7.16) assumes 
the form 


(7.17) [ | g**™* (y) | dy [ (y — x) 2" ** "dz (k > qt). 


By an application of the Fubini theorem to the integral (7.17) we obtain 


o 


(7.18) ‘. ghtet ax | (y _ x)” | g**™*) (y) | dy (k > at). 


Setting x = k/u in (7.18), we get 
Yr... fee” kV” | e+m+) 
(7.19) °F Eke &- du y—-) |g (y) | dy (k > et). 
0 U klu Uu 


By Corollary 3.11, the convergence of the integral (7.13) follows from the con- 
vergence of (7.19). 

We now consider the second integral on the right of (7.12). Since a(0) = 
a(0+) = 0, it is clear that given ¢ > 0 we can determine 7 > 0 such that 
|a(y)| < «if 0 < y S 7; while by Corollary 1.13, if y is a constant greater 
than c, , a constant M can be found such that | a(y) | < Me™” for0 Sy < @~. 
Hence we can write 


n —ky/é 


| peti pe oes nit Ket e k+p-1 
ar ge Vay) dy| Se | ge vw 








(7.20) 





ri C) e tls neat t 
vy e—- . 
+M i [ yee Y dy (0<s<j;k> wy), 





) 


S 
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Since 
(7 21) e tus = e thus, otkuls < en tens teu ls (n <y< 20 ) 
. = — , 
and since 
ad e tls 
rr y** —1 _Té + p) 
rs gee Y dy < [°* gee Y dy ete (0 <4), 


o —ky/s ets 


(7.22) [ a ery dy S a iy exp [—y($k/6 — y)]y"*" dy 














—jkn/d pe —hkn/é 
" I'(k 

< oe I exp [—y(4k/5 — y)]y“*? "dy = ened (k > 2y8), 
the inequality (7.20) leads to the inequality 

yr C) et y/é - 

Kl do yer Y y ‘aly) ay 
(7.23) 

e'(k + p) e ts MY(k + p)k*** | 
< ps Gk — "KI (0 <5 < }t;k > 2yd). 


From this it follows that for any particular k we have 


” et hl eo kuls * T'(k + p) 
(7.24) im my I a yt?  o(y) dy Se. tibet (k > yt), 








where ¢ > 0 is arbitrary. Therefore 


yr o —ky/d 


(7.25) lim = | = ¥*'aly) dy = 0 (k > yt), 


sot Kk! Jo dkte 


so that, by (7.12), we have the equation 





t - | a Co) e tut btp-t 
(7.26) [ wrn@)dau = [ Seva dy — (&> vd. 
If we set y = tu, the integral on the right side of equation (7.26) becomes 
k+1 Co) 
(7.27) er [etal atu) du (k > v0) 


which can be written 


k* (k _ 1)* [ e te u*" [(tu)’e™ a(tu)] du 


E- 1 &- Di 





(7.28) 


= in’ kk «Dy aly(2)] (k > yt), 


where 


(7.29) v(x) = [ eure“ a(u)] du (x >), 
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t being, as it has been throughout the proof, a fixed positive number. The in- 
version formula for the integral (7.29) is ({11], p. 121, Theorem 3)* 


(7.30) lim Lirasly(z)] = Peat), 


and consequently 


™ . t 
a lim 
from which, by (7.26) and (7.28), we obtain (7.1) for the particular value of t 
under consideration. The positive number ¢ was, however, arbitrary, and so 
it is clear that (7.1) holds for0 < t < o. 


Lrasy(x)) = a(t) 


8. A second method of inversion. Using the notation of Theorem 2.2, we 
have, by Corollary 3.12, the equation 


(8.1) g(x) = ol(f"(x)) (€<r<o;k=1,2,---). 
Now let the operator Li,.(f(x)) be introduced by the definition 





8.2) Tas) = GPF)” (arts @Memn O<t< @5k = 1,2,-->) 


By (8.1) we have 
(8.3) Li. (f(x)) = Le,e(g(z)) (0<t< ~;k=1,2,---), 
and from this two theorems on inversion can be deduced immediately: 


TuHeoreM 8.1. If f(x) is the function defined by a convergent integral of the 
form (2), a(t) being normalized, then 


(8.4) a(t) = lim [ Li u(f(x)) du (0<t< ~~). 


TueoreM 8.2. If f(x) is the function defined by a convergent integral of the 
form (6.4), then 


(8.5) $0 = lim Li(f(@)) 


at all points of the Lebesgue set of $(t). 


These two theorems follow immediately from the properties ({12], p. 249; 
[11], p. 122) of the operator L;,.(g(x)). 

It is possible to state the theorems of Part III in terms of the operator 
Li,.(f(z)); and in fact this method was formerly used by the author, but the 
methods of the present paper are simpler. Consequently, the operator 
Li,(f(x)) will not be used in what follows. 


4 In this case, the function ¢(u) is u’e“/ta(u), which clearly satisfies the conditions of 
the theorem. 
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Part III 


9. The representation theorems. Part III will be devoted to the problem of 
representing functions by integrals of the form (2) and (6.4). The theorems on 
the possibility of such representations will be stated in terms of the operator 
Lx,(f(x)). Tt will be found upon comparison that, if we set p = 0, the results 
here established reduce to those previously found ([{12]; see the results tabulated 
on pp. 246-247) on the representation of functions by integrals of the forms (1) 
and (6.6). We must first, in the following section, state a theorem upon which 
our developments will be based. 


10. The uniqueness theorem. We state a theorem due to D. V. Widder, 
who will publish a proof in a work now being prepared. For a proof of the 
theorem under different hypotheses on the behavior of f(x) and its derivatives, 
see [11], p. 140. In the reference cited it will be noticed that instead of the 
conditions (b) and (c), the condition 


Mk! 


ISP @|< Faq O<2< @;k=0,1,2,---) 


is imposed. 


THEOREM 10.1. If the function f(x) satisfies the conditions 
(a) f(z) is of class C® in (0 < x < @), 

(b) f(z) _ o(x *) (x Oe k= 0, 1, 2, “a igi ); 

(c) a constant c > 0 exists such that 


f(a) =O") («> 0+;k = 0,1,2,---), 
then f(x) is given by the equation 


(10.1) f(x) = lim l E e Lal f(x)) dt (O<2< @). 


11. Two inequalities satisfied by L,,.(f(z)). The inequalities established in 
this section will be useful in the proofs of the representation theorems. 


THEOREM 11.1. Let f(x) be the function defined by a convergent integral of the 
form (2), and let g(x) be the function defined by the corresponding integral of the 
form (1). Then a positive number Mo can be found, independent of t and k, such 
that (see Definition 2.1) 


(11.1) | l wo? Dal f(2)) du < My , Lgm.(g(2)) do 


O<t< o;k> ct), 
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where » is a positive number which does not exceed (m + 2)t, and 
(112) |wPLaa(fla)) du S Mo [7 |Laymrsa(g(2)) | 
(0<t< o;k>«a/2). 
In the course of the proof of Theorem 7.1,’ the existence of the integral 
(11.3) [ |u ” Leu( f(a)) | du (O<t< ~;k>«l) 


was demonstrated. Making use of (7.13)—(7.19) and Corollary 3.11, we readily 
obtain the equation 


(—1)***4 
(k — 1)!keT(1 — ») 


C) 1 
.| "i an du [ (1 ais d) atte ad 
kit k/(tu) 





“u* Lew f(a) du = 
(11.4) 


(0<t< o;k>«ql)’ 


and the inequality 


1 
(k — 1)!keT(1 — ») 


C-) 1 
.f PF he | ” \du [ (1 ed vr" a, 
kit k/(tu) 


|u ?Leulf(x)) |\du < 





(11.5) 


(0<t< ~;k>«al). 


In the integrals on the right of (11.4) and (11.5), we set u = (k + m + 1)/w 
and multiply and divide by (k + m)!. As a result we obtain 


(k + m)! 
(k — 1)!keT(1 — v) 





[ wrt) du = 


on t(k+m+1)/k 
[Esme vale, w) dw 
O<t<~;k>at), 
and 
‘a (k + m)! 
| lu *Leulf(x)) |du < ee ee 
(11.7) eer ae 


(OO <t< ~;k> qb), 


5 See (7.13) through (7.19). As in the proof of Theorem 7.1, c; is to be the greater of 
the two numbers ¢ and zero. 





Wl 


(1. 


/w 


dw 


dw 


xt), 


r of 





FRACTIONAL DERIVATIVE OF LAPLACE INTEGRAL 65 


where the function of w, 
1 

(11.8) yal, w) = | (1 — aah an (0 <Sws (Ete+1),) 
kw/[t(k+m+1)] 

is positive, monotonic decreasing and bounded, and such that 

(11.9) 0 S vi(o, w) S ve(o, 0) = BIL — », k + p). 


An application of Bonnet’s theorem ((6], p. 618) to the integral on the right of 
equation (11.6) gives us 





(11.10) | uw" Lr f(z)) du = $ aig nny p) [ Lieym+i,w(g(x)) dw 


(0<t< ~;k>af), 


where 0 S$ 9 (Etet?) t. By (11.9) and the fact that (k + m+ 1)/k s 


m + 2, we get from (11.7) the inequality 
t 
[wr ta n(90@)) | du 


' <M (m+2)t 
(11.11) 5 ETT te LM easmsnn(o(a)) ld 





OO <t< w;k>at). 
By an application of Stirling’s formula we obtain 
(k + m)!B(1 — v, k + p) 
(11.1%) (k — 1)!keT(1 — v) 


where M, does not depend on k. From (11.10), (11.11) and (11.12), (11.1) and 
(11.2) follow directly. 





= M, 


12. The representation theorems: the case where a(t) is bounded. The re- 
maining sections of Part III will be devoted to the representation theorems, 
that is, the theorems on the possibility of finding a representation of the form (2) 
for a function f(z). In this section we shall consider the case where the repre- 
sentation is such that the function a(t) in the integral (2) is bounded in 
(0St< @). 

ConpiTIon A. A function f(x) will be said to satisfy Condition A for the posi- 
tive constant p if and only if 

(a) f(x) is of class C” in (0 < x < @), 

(b) f(~) = 0, 


(c) a positive constant M exists such that 


R 
[crt se@))at| = M (0 <R< x;k=1,2,---), 
| “0 | 
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(d) a positive function N(R) exists forO < R < = such that 


[ \t? Les(f(x)) | dt < N(R) 0 <R< ~;k=1,2,---). 


The theorem that follows is stated in terms of Condition A. 

THEOREM 12.1. A necessary and sufficient condition that f(x) can be repre- 
sented by an integral of the form (2) inO <x < =, where p is a positive constant 
and a(t) is a normalized function of bounded variation in (0, R) for every positive R 
and is bounded in0 Ss t < ~&, is that f(x) should satisfy Condition A for the 
positive constant p. 

The condition will first be shown to be sufficient. In (c) set u = k/t, so that 
(c) becomes 
(12.1) [ (<1) “(u)du' < M O0<R< ~;k=1,2,---) 

' Jere ke(k — 1)! ing ; eile 
Making use of (12.1) and (b) of the hypothesis,’ we can readily establish the 
following end-conditions: 

(a) f(x) = o(@*”) (ec ~;k =0,1, 2,---), 
(b) f(z) = O(@” *”) (x > 0+;k = 0,1,2,---). 


From (12.2) it is evident that f(x) satisfies the hypotheses of Theorem 10.1, 
so that we have 


(12.2) 


(12.3) f(x) = lim e** Lat(f(x)) dt O<2z< ~), 
kw 40 
By (c) of the hypothesis the functions 
t 
(12.4) o(0)=0, ax(t) = [ i? Tp w(f(z))du 0 <t < o3k =1,2,---) 
0 


are defined for 0 S t < , and 
(12.5) ja(t)|}| SM (Ost < ~;k=1,2,---), 


while by (d) of the hypothesis, if u,(¢) denotes the variation of a(x) in 
(0 Ss zx &S 2), we have ((6], p. 605) 


(12.6) 0s u( = [ |u ?Lewlf(z))|du ss N@) OSt< ~;k =1,2,---), 


so that the a;(¢) are of uniformly bounded variation in (0, R) for every posi- 
tive R. It follows from (12.4) that we have 


(12.7) [ et da,(t) = [ e Lal f(x)) dt O<z< ~;k=1,2,---), 
0 0 


6 The argument, which is similar to one used in [11], will not be given. 








OSi- 


e+), 
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so that, by (12.3), we obtain the following equation: 


(12.8) f(z) = lim | et’ dax(t) O<2< ~), 
ko 40 
Since, by (12.5) and (12.6), 
| ox(t)| = M 0 StS1;k =1,2,---) 
(12.9) ’ 
ux(1) s N(1) (k = 1, 2, ++), 


it is possible ([5], p. 265) to find a subsequence {a:,.(¢)! of the sequence {a,(t)} 
such that lim a,,,.(¢) exists for 0 S ¢ < 1; the limit-function does not exceed M 


ko 
in absolute value, and is of total variation not exceeding N(1) in 0 < ¢ < 1. 
Now consider the interval (0, 2). By the previous argument, we can find a 
subsequence {ae,(t)} of the sequence {a;,.(f)} such that lim a,(t) exists for 
ko 


0 < t S 2; the limit-function does not exceed M in absolute value, and is of 
total variation not exceeding N(2) in 0 S ¢ S 2. Proceeding in this way, for 
every positive integer n we can find a sequence {a,,x(t)} which is a subsequence 
of {an—s,4(t)} and such that lim an, (t) exists for 0 S t S n; the limit-function 


does not exceed M in absolute value, and is of total variation not exceeding 
N(n)in0 St Sn. The sequence {a;,,(t)} therefore approaches a limit a(t) 
for all non-negative values of ¢, and a(t) is of bounded variation in (0, R) for 
every positive R and is such that 


(12.10) |a(t)| < M (0 St < o). 


It is furthermore clear that a(0) = 0. 

Now let x be a fixed positive number, and let « > 0 be given. For R > p/z 
the function e *“R’ is monotonic decreasing, and so, by the second law of the 
mean for Stieltjes integrals (cf. [1]) and (12.5), we obtain 


i] 


eden (t)| <7 R sup | daxa(t)| $ 2Me**R’ 


R<S<o YR 
(12.11) 
(R > ?sk = 1,2, +), 
x 


so that Ry can be found such that 
(12.12) / cP daslt)|<e (R> Rk =1,2,-:-). 
R 


Now let R be a number greater than Ry. Since the functions a;,,(é) are uni- 
formly bounded and uniformly of bounded variation in (0, R), we obtain, by an 
application of the Helly-Bray theorem ([4], p. 15), the equation 


R R 
(12.13) — [ "Pda ff) = [ et? da(t). 
0 0 


ko 
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We now write 

eo R eo 
[ et? dan s(t) - | et dox(t) =| et? dax x(t) 
0 0 R 


O<R< ~;k=1,2,---), 


(12.14) 


so that, for R > Ry, we have 


if F | 
‘[ et? dax.(t) — [ et dars(t)| <« 
(12.15) as ; | 


(Ri < R < ~3;k =1,2,---). 


Now holding R fast, we let k become infinite in (12.15). By (12.8) and (12.13) 
we obtain 


(12.16) | f(x) - [ et dalt)| Se 
| 0 

forevery R > Ro. It follows that 

(12.17) f(z) = lim [ ef da(t) = [ et? da(t). 
Raw 40 0 


Since z is an arbitrary positive number, it follows that (12.17) holds for all posi- 
tive z; we have a(0) = 0, and we set a(0+) = Oand a(t) = 3[a(t+) + a(t—)], 
as we may without changing the value of f(z), so that a(t) is normalized. 

Now suppose that f(x) has the representation, and define g(x) as in Theorem 
2.1. Obviously f(z) satisfies (a) of Condition A, while by Theorem 4.1 it is 
clear that f(z) satisfies (b) also. Furthermore, it is known that a constant M, 
and a positive function N(R) exist such that ({12], p. 272) 


R | 
Lye(g(x)) dt| < My O0<R< ~;k=1,2,---), 


(12.18) 


l | Lee(g(x)) | dt < Ni(R) 0 <R< ~;k=1,2,---). 
Hence, by Theorem 11.1, we obtain the inequalities 
| l ; t?Le(f(z)) a s Mo) Lavmsss(g(e)) dt < My-M:=M 
O0<R<«;k=1,2,---), 
ak "| C* Les S(@)) dt < Mo | — =r 


< Mo-Ni((m + 2)R) = N(R) 
OO <R< ©;k=1,2,---). 


Condition A has therefore been shown to be necessary. 





is | 
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13. a(t) of bounded variation in (0 < t < ~),. 


ConpiTion B. A function f(x) will be said to satisfy Condition B for the posi- 
tive constant p if and only if f(x) satisfies Condition A for the positive constant p 
with the function N(R) bounded. 


THEOREM 13.1. A necessary and sufficient condition that f(x) can be repre- 
sented in (0 < x < &) by an integral of the form (2), where a(t) is a normalized 
function of bounded variation in (0 S t < ~) and p is a positive constant, is that 
f(x) should satisfy Condition B for the positive constant p. 


Theorem 13.1 follows readily from Theorem 12.1. The proof will therefore 
be omitted. 


14. The general case. In the present section we deal with the case where a(t) 
is merely of bounded variation in (0, R) for every positive R. 


THEOREM 14.1. A necessary and sufficient condition that f(x) can be repre- 
sented in (0 < x < &) by an integral of the form (2), where a(t) is of bounded 
variation in (0, R) for every positive R and p is a positive constant, is that, for 
every e > 0, f(x + €) should satisfy Condition A for the positive constant p. 


Suppose f(z) satisfies the condition. Then for e > 0 we have 
(14.1) fleto= [ e*edadt) 0 <2< «) 
0 

by Theorem 12.1, where a,(¢) is a normalized function of bounded variation in 
(0, R) for every positive R and is bounded in (0 S t < «~). Then by replacing 
x + ¢ by z we obtain the representation 

(14.2) f(z) = [ e*' da(t) («<2 < @), 
where we have set 


(14.3) d=t. a [ e da,(u) 0 <t< ~), 


the function a(t) clearly being normalized. By Theorem 5.1 we see that a(t) 
is unique, and hence does not depend on ¢; and since e > 0 is arbitrary, it is 
clear that (14.2) must hold for (0 < xz < ~), 

Now suppose that f(x) has the representation. For each e > 0 we have 


(14.4) f(i<+60 = [ et da,(t) (-e<2r< a), 
where 


(14.5) a.(0) = 0, a,(i) = { e ™ da(u) (0<t< @), 
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By Corollary 1.13 we can find a constant K, such that | a(t)| < Ke for 
(0<t< «). By Stieltjes integration by parts we get 


t 
0 


(14.6) a(t) = e“alt) + [ et a(t) dt 0 <t<~«). 
From this we readily obtain the inequality 


t 
(14.7) a(t) | < Kee! + Kee [ ott ay 0 <t< «) 
0 


which becomes 
(14.8) | a,(t)| < Kee + 2K(1 — e*) (0<t< om), 


so that a,(t) is bounded in (0 S t < ~). Hence, by Theorem 13.1, it follows 
that for each « > 0 the inequalities (c) and (d) of Condition A are satisfied by 
the function f(z + «€). Since (a) and (b) of Condition A are obviously satisfied 
by f(z + «), it has been shown that the condition is necessary. 


15. Completely monotonic functions. A function f(x) is said to be com- 
pletely monotonic in (0 < z < ~) if 


(15.1) (—1)‘f (x) = 0 (k = 0,1,2,---;0<2< oo). 
Our next two theorems will deal with the representation of completely mono- 


tonic functions by integrals of the form (2). The theorems will be stated in 
terms of the following conditions: 


Conpition C (C’). A function f(x) will be said to satisfy Condition C (C’) 
for the positive constant p if and only if 

(a), (a’) f(x) ts completely monotonic in (0 < x < @), 

(b), (b’) f(~) = 0, 

(ce) the integral 


[ x” f(x) dx 


is convergent, 
(c’) the integral 


[ x” f(x) dx 


7s convergent. 


Lemma 15.1. Let f(x) be of class C' in (0 < x < ~); suppose that f(x) = 0 
and f'(x) = 0, and that the integral 


(15.2) [ f(x) de 
0 
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converges, a being a positive constant. Then the following equation holds: 
(15.3) [ f*fls)ds = —" [ 2°f'(x) dz. 
0 a 4g 
We have, if A > 0, the inequality 


(15.4) j ; 2°42) dx = f(A) i 2" ‘dx > f(A)A* Ea > 0. 


If, in (15.4), we allow A to become infinite, or to approach zero, the integral on 
the left will approach zero, since the integral (15.2) converges. Hence we have 


(15.5) lim 2x* f(x) = lim 2*f(z) = 0. 


z—0+ z—20 


Now suppose that 0 < a < 8 < ~; by integration by parts we obtain 
B a a B 
(15.6) [pede = LO) — £IO) 1 sopra as, 


In (15.6) we allow a to approach zero, and 8 to become infinite. By (15.5) and 
the convergence of the integral (15.2), we see that the integral in the right side 
of (15.6) approaches a limit, and that (15.3) holds. 


Lemma 15.2. Let f(x) be of class C' in (0 < x < &). Suppose that f(x) = 0 
and f'(x) < 0, that lim x*f(x) exists, and that the integral 


(15.7) [ x" f"(x) dz 
0 
converges, a being a positive constant. Then equation (15.3) holds. 


In this case also, we can write equation (15.6), and from it obtain 
8 a a 8 
(15.8) -'f x’f'(xz) dz = a _ = + / x” f(x) dz. 


By the convergence of the integral (15.7) the right side of (15.8) approaches a 
limit as a approaches zero. The integral in the right side of (15.8) is clearly 
non-negative and non-decreasing as a decreases, and so must either become 
infinite or approach a non-negative limit as a approaches zero, while by hy- 
pothesis a‘f(a) = 0. Hence it is clear that 


(15.9) lim ; x” f(x) dx 


a—0+ “a 


exists. It then follows that lim a’f(a) exists also, and we have 
a—0+ 


8 B 
(15.10) —1 [ z'f'(a)de = + lim a*f(a) — “fe + [ a* f(a) de. 
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In (15.10) we allow 8 to become infinite. From the convergence of the integral 
(15.7) and the existence of lim 6’f(8) it is clear that the integral in the right side 
Bo 


of (15.10) must approach a limit, and so we have 
wa lk ‘ ” Pr had 
a5.) 1 [ 2p(@)de =* [lim o*f(a) — tim 6°f()] + [2° f(a) dz. 
a 4 Qa a-0+ B20 0 


We must show that both lim z*f(z) and lim z*f(x) are zero. Suppose that 
z—0+ rz 


lim z*f(z) = A > 0. Then a positive number 2 exists such that z* f(z) = 


3A /z for x S x, and this implies the divergence of the integral in the right side 


of (15.11). Hence lim z*f(x), which is evidently non-negative, must be zero. 


That lim z*f(z) = 0 is shown similarly, so that (15.3) follows from (15.11). 


20+ 
THEOREM 15.3. A necessary and sufficient condition that f(x) can be repre- 
sented in (0 < x < ~) by an integral of the form (2) where p is a positive constant 
and a(t) is non-decreasing and bounded in (0 S t < ~) is that f(x) should satisfy 
Condition C for the positive constant p. 
Starting from (c) of the hypothesis, we obtain, by making k successive 
applications of Lemma 15.1 with a = p, the equation 
eo o 1 io) a 
15.12 [ Yi [ at te\(_1)*¢ (2) der 
oe: 5 ere ey. otsons 
(kK = 1,2,---). 
In the integral on the right of equation (15.12) we set x = k/t, then we divide 
both sides of the equation by #°(k — 1)! and multiply both sides by T'(k + 
p)/T(p); since 
I'(k 
(15.13) (k + p) = p(p + 1) sae (p + k- 1) (k = 1, 2, bl -), 
I'(p) 
the result of these operations is the equation 
Tk + p) : p-l [ - 
‘ — dz = °L d k= vee) 
(15.14) c—Dier@ 4 7 f(x) dx = | *Lea(f(a)) de (k = 1,2,---) 


Since for a completely monotonic function we must have 


(15.15) Li, A f(z)) = | Lec f(x)) | (0<t< ~;k =1,2,---), 
and since by (11.12) we can find a constant My, > 0 such that 
rk+p) _ (k+m)!r(1 — »)P(k + p) 


ke(k—1)! (kK —1)!keTQ — vk +m+41) 


nen (k + m)!B(L — v, k + p) 
—_ -_ _ then 298 — p < = eee 
(k — 1)!ker(1 — v) SM 1,3, ), 
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we derive from (15.14) the inequality 

M. f°” 
T(p) Jy 
It follows from Theorem 13.1 that f(z) has the representation 


(15.17) [ |€° La (f(z)) |dt s x’ 'f(z)de=M, (k=1,2,---). 
0 


(15.18) f(x) = [ et? da(t) (0<z< o), 


where a(t) is a normalized function of bounded variation in (0 S t < @), 
Since by Theorem 7.1 we may write 


te 
(15.19) hits <n eilais ie tie / CLiAf(e))dt O<h<bh<~), 
ko ty 
it is clear, by (15.15), that 


(15.20) a(t) — a(t) 2 0 O<t<k#< )., 


From Theorem 7.1 and (15.15) it follows that a(t) = 0, so that, since a(0) = 0, 
(15.20) holds for (0 S 4) <%< «&). Hence a(é) is non-decreasing and bounded 
in (0 S t < @) as the theorem asserts. 

Now suppose that f(z) has the representation. By Theorem 3.1 we have 


(15.21) (—1)'f(z) = [ et ’dat)2>0 O<2r<x%;k=1,2.---), 
0 

since a(t) is non-decreasing, so that (a) of Condition C is satisfied. By Theorem 

4.1 it is clear that (b) of Condition C is also satisfied. 


Since a(t) is bounded and non-decreasing in (0 S t < &), it is of bounded 
variation there, and so, by Theorem 13.1, a constant Ko exists such that 


(15.22) [ [O° Li e(f(z)) |dt S Ko O<R< «;k=1,2,---). 


Since the integral on the left of (15.22) is a bounded, non-decreasing function 
of R, we infer the convergence of the integral 


(15.23) [ ” VP yal f(a)) | & = 1,2,---), 


We now consider the integral (15.23) written for k = 1. Remembering that 
—f'(x) = 0, and setting ¢ = x’, we obtain the convergent integral 


(15.24) I ” a [-s"(a) ae. 


By Theorem 4.1, we see that lim 2°f(z) = 0. Hence, by Lemma 15.2, we con- 


zo 


clude that (c) of Condition C is satisfied. This completes the proof of the 
necessity of the condition. 
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THEOREM 15.4. A necessary and sufficient condition that f(x) can be repre- 
sented in (0 < x < «) by an integral of the form (2) where p is a positive constant 
and a(t) is non-decreasing in (0 S t < ~) is that f(x) should satisfy Condition C’ 
for the positive constant p. 


From (c’) of the hypothesis, it is evident that the integral 
(15.25) [ x” f(x) dx 


converges, where 7 is an arbitrary positive number. Suppose h > 0; then the 
function [(z — »)/z]’” is bounded and monotonic in (7 + h S x < ~), being 
increasing if 1 < pand decreasing if 0 <p <1. If the integrand of the con- 
vergent integral 


(15.26) / : 2 f(x) da 


is multiplied by [(z — )/z]’"’, the resulting integral will converge ([2], p. 429). 
Furthermore, the integral 


(15.27) [O @-ws@az 


obviously converges since 0 < p and f(z) is continuous in (0 < z < ©). Hence 
the integral 


(15.28) / : (x — 9)” f(x) dx 


converges.’ In (15.28) we set y = x — n and ¢,(y) = f(y + 7), and so obtain 
the convergent integral 


(15.29) I y”d_(y) dy. 


From the definition of ¢,(y) we get 
(15.30) (—1)'6,"(y) = (-D'F°Y + 2) 20 (—n<y < ~;k =0,1,---), 


so that ¢,(y) is completely monotonic in (—n < y < @), while obviously 
¢,(~) = f(x) = 0. Hence ¢,(y) satisfies Condition C, and by Theorem 15.3 


we have 
(15.31) é(y) = [ et dB,(t) 0 <y<~), 


where £,(t) is bounded and non-decreasing in (0 S ¢ < «). In (15.31) we set 
y = xz — nand 


(15.32) a(0) = 0, a(t) = [ e" dp,(t) (0O<t< ), 


7 Note that we have actually proved this only if p ¥ 1; but for p = 1 the integrals (15.28) 
and (15.25) are identical. 
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and obtain 
eo 
(15.33) f(z) = [ e*' dal(t) @<2< e). 
0 


Since 8,(¢) is normalized, it is clear that a(t) is normalized, and a(t) is also 
obviously non-decreasing. By Theorem 5.1 the function a(é) is independent 
of 7, and so, since 7 is arbitrary, the representation (15.33) must be valid for 
(O<2< @), 

Now suppose that f(x) has the representation. Since a(t) is non-decreasing 
in (0 S t < o), it is clear that f(x) is completely monotonic in (0 < x < &), 
so that (a’) of Condition C’ is satisfied, while obviously (b’) is satisfied also. 

If we set o(x) = f(x + 1), we get 


(15.34) ¢(x) = [ et? day(t) (-l<2< oo), 
where the function a;(t) is defined as follows: 

(15.35) a0) = 0, a(t) = [ * €* dau) (<t< @). 
Since by hypothesis f(1) exists, it follows from Theorem 1.1 that 

(15.36) [ e “da(u) — 


converges, and hence that lim a;(¢) exists, so that a(t), which by its definition 


to 
is non-decreasing, must be bounded in (0 S$ t < «). The function ¢(z) there- 
fore satisfies Condition C, so that 


(15.37) [ x” (x) dx 
0 


must converge. If in (15.37) we replace ¢(x) by f(x + 1) and set y = zx + 1, 
we obtain the convergent integral 


(15.38) [ w- vs) ay. 
We break (15.38) up into the sum of two integrals taken over the intervals 
(1, 1 + A) and (1 + h, ©) respectively, h being positive. Multiplication of the 


integrand of the second of these by the monotonic bounded function [y/(y — 
1))’" gives the convergent integral 


(15.39) | al “f(y) dy, 


while the existence of 


1+h 
(15.40) I y” f(y) dy 
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is assured by the continuity of f(y) in (1 S$ y S$ 1+h). Therefore the integral 
(c’) of Condition C’ has been proved convergent, and the necessity of the condi- 
tion has been established. 


16. a(t) absolutely continuous. Our remaining results concern the possibility 
of representing functions by integrals of the form (6.4). The proofs will not be 
given, as they offer no difficulty and can readily be supplied by the reader. For 
the sake of brevity, we shall summarize the theorems in a table. In each case 
it must be remembered that f(z) is of class C® in (0 < x < &) and that f(#) = 
0, that p is a positive constant, that ¢(¢) is of class L(O, R) for every positive R, 
and that the given condition is necessary and sufficient for the representation 
of f(x) by an integral of the form (6.4) with ¢(¢) as described. 


THEOREM 16.1. |¢(t)| S$ Min (0 St < ~), M being a constant; 
| ¢*Le(f(z)) | s M 0 <t< o;k =1,2,.--). 
THEOREM 16.2. 9(¢) is of class L(0, ~); 


lim t?| Lime f(x)) — Ln e(f(x)) | dt = 0. 


m2 40 
no 


THEOREM 16.3. (t) is of class L’(0, ©), where p is a constant and p > 1; 
[ \t "Li e(f(x)) |\?dt = M (M aconstant;k = 1, 2, ---). 
0 


THEOREM 16.4. (t) is of class L(O, R) for every positive R; for every positive 
€, f(x + €) satisfies Condition A, and the function defined by 


t 
lim | w *Le,u(f(x)) du, 
k—o 40 


which exisis for every positive t, is absolutely continuous. 
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PROJECTIONS IN MINKOWSKI AND BANACH SPACES 


By ANDREW Sosczyk 


Introduction. In his now classic Théorie des Opérations Linéaires Banach 
proposed the following problem: Given any closed linear subspace of a Lebesgue 
function space L, (or of a sequence space l,), 1 < p # 2, does there always 
exist a complementary closed linear subspace? Or, equivalently, does there 
always exist a projection on any closed linear subspace of L, or of l,? The 
question has recently been answered, in the negative, by F. J. Murray [6].’ 

Bohnenblust [3] investigated projections of n-dimensional Minkowski spaces 
on (n — 1)-dimensional subspaces, with a view toward illuminating the question 
of the existence of projections in general Banach spaces. In this paper we take 
further steps in this direction.” 

We first obtain, after necessary preliminaries to later general considerations 
(§1), in §2 the results of Murray by a briefer method, and in addition quanti- 
tative information which Murray did not obtain. In §3 we discuss orthogonal 
projections, and apply the results to obtain further quantitative information. 
Various generalizations of l,-spaces are then introduced. In §4, we study a 
class of Banach spaces S, of which the elements are infinite sequences x = {2;}, 
and which have the following symmetry property: If z = {2;} is any element 
of S, then {| 2; |} is also an element of S, and || {z;} || = || {| 2: |} ||. These 
spaces include Banach space es with a base |X;} having the corresponding sym- 
metry property: if z = > 2,X; is the expansion of an element, then >| xi |X; 

i=l i=l 


is an element, and | D> x; |-X; ||. In any space S 


i=l 
norm || x ||2 is introduced on a certain dense linear subset, and it is shown that 
if a projection exists for every closed linear subspace, then the Euclidean radii 
of the unit sphere of S in certain directions must be bounded both from 0 and 
from «. In particular, if for a space S these directions are “minimal” o 
“maximal”, this is sufficient to require the space to be isomorphic to Hilbert 


, a Euclidean 


space. 
In §5, we study a type of spaces S which are generated by two-dimensional 
norms, in particular, spaces defined by a sequence pe , ps , Pa, -- + Of exponents. 


These spaces specialize to l,-spaces in case p = p, = p3 = ---. Finally, in §6, 


Received May 23, 1940; presented to the American Mathematical Society, September 5, 
1939. 

1 Numbers in brackets refer to the bibliography at the end of the paper. 

2? The writer wishes to acknowledge his indebtedness to Professor Bohnenblust, both 
for suggesting the original problem of this investigation, and for stimulation and help 
received in our many discussions, 
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we study Orlicz spaces, or spaces of sequences in which the norm is defined 
by a monotone function M(t). An Orlicz space specializes to an l,-space in 
case M(t) = |t|”. For general popsp; - - - and Orliez spaces, it is shown likewise 
that if a projection exists for every closed linear subspace, the space must be 
isomorphic to Hilbert space. 

Our results strongly suggest the following general conjecture: A Banach space, 
such that there exists a projection on every closed linear subspace, the norms 
of the projections being uniformly bounded, is isomorphic to a Hilbert space. 

Throughout we have restricted our attention to the case of real linear spaces; 
no essential changes are necessary to extend all of the results to the case of 
complex linear subspaces of complex linear spaces. 

We now recall to the reader certain definitions and a theorem found in 
Banach’s book [2], and explain some conventions of our terminology and 
notation. 

A transformation or operation 7, defined for every element of a normed 
linear space, is called linear if and only if it is additive, homogeneous, and con- 
tinuous (= bounded). Two normed linear spaces are isomorphic ({2], p. 180) 
if there exists a one-to-one transformation 7 between the spaces which is linear 
in both directions. The spaces are equivalent if in addition | T| = | T'| = 1. 

A Banach space is any complete normed linear space. It follows from Theo- 
rem 5, p. 41, of Banach [2] that for two Banach spaces to be isomorphic, it is 
sufficient that the transformation 7’ be one-to-one and linear in one direction. 

Two norms || z || and || z ||; on the same linear space are isomorphic if for all x 


Ci-|| x || = || rlh S Ce-||z 














’ 


where C,; > 0, C2 > 0. If any two norms on the same linear space are iso- 
morphic, the topologies defined by the two norms are equivalent. By a Banach 
norm on a linear space we mean of course a norm which makes the space a 
Banach space. By the theorem of Banach already mentioned, it follows that 
in order that two Banach norms || z |! and || z ||; on the same linear space be 
isomorphic, it is sufficient that there exist C > 0 such that the inequality 





C-\|x|| S |lzlh 


is satisfied for all z. We shall have occasion to use this fact in }. 

A Minkowski space is any finite-dimensional normed linear space.’ Corre- 
sponding to any choice of linearly independent elements of the space, a system 
of codrdinates may be introduced. The norm in any Minkowski space is iso- 
morphic with the Euclidean norm of any such coérdinate system. By the 
Bolzano-Weierstrass theorem, a Minkowski space is of course complete and so 
a Banach space. 

General Banach spaces will usually be denoted by B or L, and closed linear 

* Historically, Minkowski was led to introduce these spaces by his researches on quad- 


ratic forms and the theory of numbers. Banach’s generalization to infinite dimensionality 
came some years later. 








80 ANDREW SOBCZYK 


subspaces by B, orl. A general n-dimensional Minkowski space will be denoted 
by l,. The following notations are the same as those used by Murray in [6], 
with extensions to include additional cases which we ‘wish to consider. The 
Minkowski spaces of sequences r = (21, +++ ,2n), With the norm defined by 


z, | qi r, 1s Pp < @, 
1 


4 
Il 


oo 
Il 


max | 2; |, p= %, 


will be denoted by l»,, and l.,, respectively. The Banach spaces of infinite 


oO 
sequences x = {2z;} such that > | 2: |” is convergent, with norm 
1 


ell = Colary™, lSp<», 


will be designated as 1, = l,,,, ; and the Banach space (m) of all bounded se- 
quences z = {2;}, with norm 


||| = Lub. | a, p= 2, 


asl, = l,,,... By L, and L,, we shall mean respectively the Banach space of 
measurable functions‘ x(t) on a finite or infinite interval such that / | a(t) |? dt 


is finite, with norm 


lel=(fi 20 rat)”, lsp<; 


and the Banach space (M) of almost everywhere bounded measurable func- 
tions z(t), with norm 


|| « || = true max | 2(é) |, p= ©, 


1. Projections and involutions. A projection in a Banach space B is any 
linear operation P in the space which is such that P’ = P. (In particular, 
P may be the identity or the zero operation.) The range of a projection P is 
the closed linear subspace consisting of all elements ze B such that Pr = z. 
In order that two linear operations P and P’ in a given Banach space be pro- 
jections on the same subspace, it is obviously necessary and sufficient’ that 
P’P = P, PP’ = P’. 

An involution in a Banach space B is any linear operation LU’ in the space 


‘ By ‘‘function’”’ we mean here an equivalence class of functions, two functions belonging 
to the same class if and only if they differ only on a set of zero measure. 

5 We verify the sufficiency as follows. Let lp and lp’ denote the ranges of P and of P’. 
Then P’P = P implies lp’ D lp , PP’ = P’ implies lp D lp’ ; and for any z elp = lp’, 
Pz = P's =2. (Or P’PP' = PP’ = P’, (P’)? = P’; similarly P? = P.) 
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which is such that U? = I (where J is the identity operation). The subspace 
of an involution is the closed linear subspace of all elements x e B which are 
such that Ux = x. We observe first the close connection between projections 
and involutions. 


THEOREM 1.1. A n.s.c. (necessary and sufficient condition) that there exist a 
projection of a space B on a subspace B, is that there exist an involution U in B 
having B, as its subspace. To any projection P corresponds an involution U 
given by the equation U = 2P — I; and to any involution U corresponds a pro- 
jection P given by the equation P = 3(U + 1); the subspaces of P and of U are 
identical. 

Proof. Suppose P exists, and lett U = 2P — I. Since P? — P = 
P(P — I) = 0, we obtain [3(U + I)|[A(U — D] = 0, or U? = I. Conversely, 
if U exists and P is defined by P = 3(U + J), then P? = P. Since U = 
2P — I, if Pis bounded, U is bounded, and| U| £2|P|+1. If U is bounded, 
P is bounded, and | P| = 3|U+J7| = 4(|U| +1). 


THEOREM 1.2. Let V be a linear operation. If P = 3(I + U) is a projection 


on a subspace B, , then a n.s.c. for P’ = 3(I + U + V) to be a projection on the 
same subspace B, is that 


UV = —VU = V. 


Remark. In the finite-dimensional case, where linear transformations are 
represented by matrices, the condition of Theorem 1.2 implies that the trace 
of the matrix V = UV = —VU is zero. 

Proof. Suppose P and P’ are projections on the same subspace. Then PP’ = 
P’ and P’P = Pjor} (72+ U)\7 + U+4+ V) = 30+ U0) +3(V + UV) = 


477 + U + V), or UV = V; in the same way V = —VU; and the condition 
is necessary. 
Conversely, if UV = —VU = V, then since P is a projection, }(J + U) 


I+U+V)=30 + U) + 2(2V), or PP’ = PSR + U + V+ U)~) = 
3(I + U), or P’P = P; and the condition is sufficient. 

We shall find it more convenient to deal with involutions than with projec- 
tions. Accordingly we introduce certain quantities for involutions which are 
analogous to quantities which Murray defined for projections. (See [6], p. 140.) 

DEFINITION 1.1. Let be a subspace of an n-dimensional Minkowski space I, . 
By K(l) we denote the minimum of the norms of all possible involutions of I, 
in l. “An involution U whose norm | U’ | = K(\) is called a minimal involution. 
We denote by K(l,) the maximum of K(I) over all subspaces | C 1,. Corre- 
sponding K’s are defined for closed linear subspaces of general Banach spaces 
by replacing “maximum” and “minimum” respectively by “l.u.b.” and 
“9 1.b.”, with the understanding that K and K may take on the value +. 
(By K(B:) = +2 we mean that no involution exists in the subspace B, .) 

We retain Murray’s C and C notation for the precisely similar quantities for 
projections. By Theorem 1.1, if K(B,) = ~, then C(B,) = @; ie., if no 
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involution in the subspace B, exists, then no projection on B, exists; and con- 
versely. 


Lemma 1.1. For any Minkowski space l,, , if l is a subspace, 


(K() — 1) $C) S (KY + 1); 
and 
4(K(l,) — 1) S C(l,) S 4(K(L,) + 1). 


This lemma is a consequence of Theorem 1.1. 


Lemma 1.2. Given any closed linear subspace | of a Banach (Minkowski) 
space L. Then C(L) = C(l); and if l is any closed linear subspace of 1, C(h) 
in L = C(l) inl. 


This lemma is obvious, since |; , being closed in I, is also closed in L; and if a 
projection of L on |, exists, it is in particular a projection of 1 on l,. 


Lemma 1.3. If 1, and l, are conjugate Minkowski spaces, 
C(ln) $ Cl.) +1 and Ril.) = Kil). 


Proof. Let f be a functional on I, and let (f, x) represent the value assumed 
by f for the element xz. Then zel,, fel,. Suppose / is a subspace of I, . 
Then the set of all f el, such that (f, z) = 0 for all z el is a subspace I(L) 
of l,. If U is any involution in 1, U* the adjoint operation, then —U* is an 
involution in I(.), and| U | = | U*|. Therefore K(l) = K[l(L)], and K(l,) = 
RKil,). That C(l,) < C(l,) + 1 now follows from Lemma 1.1. 


2. Projections in the spaces /, and L,. Although considerations similar to 
those introduced in this section will be used later for more general spaces, so 
that possibly this section could be incorporated into a later section, we con- 
sider the 1,-spaces separately to show how easily our methods yield the results 
of Murray. We believe also that our methods afford an improved insight into 
the situation as regards projections in I, . 

Following Murray, we approach the spaces |, by considering the n-dimen- 
sional spaces l,,,. Murray showed that the existence of a subspace | C l, 
such that C(l) = = is implied by lim C(l,,.) = © (or lim C(lpn,) = © for 


any subsequence {n;} of {n}). His proof that the limit is « used the sequence 
of spaces {l,,3»} (v = 1, 2,3, ---), together with a certain sequence of subspaces 
{I’}, I’ < l,.» for each »v, the dimension of each I’ being k, = 2”. For these 
subspaces, however, K(l’) does not have the maximum possible value |i.e., 
Kil’) < K(l,s-)]. Our proof uses similarly the sequence of spaces {l,.2°}, 
together with a system of subspaces {/’} of a different nature, for which the 
dimension k, is 2” = 4n, and for which K(l’) does have its maximum value. 
Note that for Murray’s subspaces, the ratio of the dimension of I” to that of 
the corresponding space l,,, is (?)’, which approaches 0 as y — «, while for our 
subspaces the ratio is constant and equal to 3. By our more appropriate choice 
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of subspaces, we are able not only to show much more briefly that the limit is 
2, but also to discuss the precise rate of growth of C(l,,n). 


THEOREM 2.1. In any space l,, (1 S p S @) of dimension n = 2’, van 
integer, there is a subspace | such that 


R(lp.) > KD = n"?"; On) = CY) = 3(n'""”” — 1). 


Proof. Consider the set of matrices {8,} defined inductively as follows: 


IV 


Bi = (; a . By = Bp» with +8; substituted for +1. 


For any n = 2’, the matrix U = n°, is a symmetric orthogonal matrix, i.e.’ 
an (orthogonal) involutoric matrix. Therefore if z = (21, +--+, tn), 2 €lp.n? 
the linear transformation’ defined by y = Uz is an involution in l,,. . 

As noted by Murray, by conjugate spaces it is sufficient to consider only 
the case of p < 2. (Lemma 1.3.) A direct proof for the case of p > 2 is as 
easy as the proof which follows for p < 2. 

Let I be the subspace of U, where U = {u;;} = n 48, as above. Let Y; = 
(1, 0,---, 0), Y2 = (0,1, 0,---,0),---, Yn = (0,0,---,0, 1). We now 
make use of the remark following Theorem 1.2. If U + V is any involution 
in 1, where V = {v,;}, we must have trace (V) = 0, and therefore for at least 
one k, x, 2 0. Since V = UV and U is symmetric, x. = ym Urdizr = yo UiKVir 


: i 
Also since U? = I, 1 = }o uiua = yw uxt. By Hélder’s inequality, for 
‘ i 


any k such that »,,. 2 0, we have 


1s1+ m= > > Wik (Wir + Vik) $ ies | { Wik + viz} || 


= gt tle (\(U+V)¥ || s nt Ve | U+V\, 


or] U+V|2n'?*. Thus K()) 2 n'?". The second statement of Theorem 
2.1 follows by Lemma 1.1. 


The existence of subspaces of 1, for which there are no projections may now 


®‘ If a and 8 are any two symmetric or orthogonal (unnormalized) matrices of +1’s, 
then the matrix obtained by substituting +8 for +1 in @ is respectively a symmetric or 
orthogonal matrix of +1’s; its order is the product of the orders of aand 8. The verifica- 
tion is immediate. Thus since 8; is symmetric and orthogonal (unnormalized), 8, is like- 
wise; and with the normalizing factor n-$, U = n-48, is an orthogonal matrix, so that 
y = Uz is an orthogonal transformation in l»,, . 

A n.s.c. for orthogonality of a matrix U is that U’ = U-', where U’ is the transposed 
matrix (the transposed conjugate matrix in the complex case). Therefore if U is or- 
thogonal, U symmetric (Hermitian) implies U = U~!, or U? = I; conversely U orthogonal 
and involutoric implies that U is symmetric (Hermitian). 

7 In any expression of the form y = Uz we think of z = (x, +++, 2) as a “column 
matrix’’, i.e., a matrix of n rows and one column (although for convenience the 2;’s are 
written in a horizontal row). Then y = (ym, ++: , ya) is the column matrix obtained by 
multiplying the column matrix z from the left by the matrix U, according to the usual rule 
for matrix multiplication. 
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be seen as follows. We regard l, as the sum of a sequence of subspaces {1,2}, 
where vy > ~«, and the I,» do not intersect, except in the 0 of l,. We define a 
closed linear subspace | of 1, as the sum of the sequence of subspaces {l”} given 
by Theorem 2.1. (This process is described in detail later, in a more general 
situation; namely, in the proof of Theorem 4.2.) That there exists no projec- 
tion for the subspace | is implied immediately by Theorem 2.1 and the following 
lemma of Murray. 


Lemma 2.1. (Murray.) Given a Banach space L with a closed linear subspace 
M on which there exists a projection P of norm 1; let N be the corresponding com- 
plementary subspace to M. Let | be any closed linear subspace of L which is such 
that if x el, then x = y + z, whereyeM-l,zeN-l. Let l; be the closed linear 


subspace M-l. Then C(l,) S C(I). 


For the proof of this lemma, the reader is referred to p. 140 of [6]. 

As pointed out by Murray, the space I, is equivalent to a closed linear sub- 
space of the function space L, , so that the existence of a subspace / C 1, such 
that C(l) = « implies the same for the space L,. (Lemma 1.2.) That 
lim C(l,.,) = © follows from Theorem 2.1, since by Lemma 1.2 C(Ip,») is 
monotone. 


The discussion above has included the cases p = 1 and p = ~.° 


3. A closer estimate of C(I,,.). The affine ratio p. In Euclidean space or 
in Hilbert space, a n.s.c. that a projection P be an orthogonal projection is that 
| P| = 1 (excluding P = 0); and such a projection exists on every closed linear 
subspace. A similar statement is true for involutions. The projection P cor- 
responding according to Theorem 1.1 to an orthogonal involution U’ is an orthog- 
onal projection, and conversely. 


8 In the case p = ~, the space 1, = (m) is equivalent to the closed linear subspace of 
L., = (M) determined by the functions y;(t) = 1 for 2-' S$ ¢ S 2-**!, otherwise yi(t) = 0 
(i = 1,2,--- ). Just as in the case of finite p, Theorem 2.1, Lemma 2.1, and Lemma 1.2 
imply the existence of subspaces l’ C (m) such that C(I’) = Cl{(m)] = ~, andl” SI, 
l’’ ¢ (M), such that C(I’) = C[(M)] = @. 

The spaces (co) of sequences convergent to 0, and (c) of convergent sequences, are 
subspaces of the space 1, = (m). Both (c) and (co) contain all of the spaces l..,, as sub- 
spaces, and exactly the same considerations as used above for the case of l,-spaces yield 
the results that there exist closed linear subspaces lo C (co) and 1 C (c), such that C(lo) = 
Cl(co)] = ~ and C(l) = Ef(c)] = ~. Moreover, in (m), lo Cl Cl’, and ly and | are addi- 
tional closed linear subspaces for which C(lp) = C(l) = @. 

Finally, we remark that the spaces (C) of continuous functions on [0, 1], and (C)? of 
functions having a continuous p-th derivative on (0, 1], likewise contain closed linear sub- 
spaces for which there are no projections. This result follows for (C) by the preceding 
paragraph and Lemma 1.2, since (C) obviously contains a closed linear subspace equivalent 
to (c). (The result for (C) is implied also by our previous results and Lemma 1.2, in view 
of Theorem 9, p. 185 of [2].) The result follows for (C)? from that for (C), since according 
to Theorem 7, p. 184 of [2], (C)? and (C) are isomorphic. 

The above remarks dispose of all of the blanks in row (7) of the table on page 245 of [2]. 
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For a given Banach space B, it may be possible to introduce a Hilbert norm 
|x |/2 in such a way that, for all z ¢ B, the inequalities 


lz lle S || z]| SC-l| x |e 


are satisfied, where || x || is the given norm. (This is always possible when the 
Banach space is a Minkowski space.) In such a case we may consider orthogonal 
projections with respect to the Hilbert norm; and they are projections with 
respect to the given norm. By the norm | P | of an orthogonal projection P we 
shall mean the norm of the corresponding projection in the given Banach 
(Minkowski) space. Similarly for orthogonal involutions. 


THEOREM 3.1. Given a Banach (Minkowski) space which, in addition to the 
given norm, admits a Hilbert norm as above. Then, if P = 4(U + I) is any 
orthogonal projection in the space, 

IP|S3+2C and |U| 

Proof. For all x 

|| Ux |? < C*-|| Ux ls = C*.(Uz, Uz) = C*.|| x || s C*-|I 2 II, 
or |U | S C; and 
[P| =3U+7| SHU +1) 53410. 

DEFINITION 3.1. Given any Banach space B. If it is possible to introduce 
a Hilbert norm as above, we define p as the g.l:b. of C over all possible ways 
of introducing a Hilbert norm. Otherwise we take p = «©. The quantity p 
will be called the affine ratio of the space B. 

If p is finite, the Banach space B is isomorphic to either Euclidean, ordinary 
Hilbert, or a hyper-Hilbert space; and conversely. If the space B is isomorphic 
to ordinary Hilbert (or Euclidean) space, it may be shown’ that the g.l.b. of 


WA 


® The verification of the statement is as follows. For a Hilbert norm || z ||, , let C, be 
the smallest constant such that || 2 j|, S || xz || S Cn-|| x || for all z. Choose a sequence 
of Hilbert norms || z ||, such that lim C, = p. By separability we have a countable dense 


no 








subset {z,} in B; for each k and n || zx |\n S || ze}! S Cn-|| ze ||,. For a fixed k, and 
any subsequence {ni} of {n}, the || zx ||,; are a bounded sequence and therefore they contain 
a convergent subsequence. Hence by a diagonal procedure we may extract a subsequence 
{ni} of {n} such that for every k, lim || z¢ ||,; exists; let this limit be denoted by |] 2» ||. . 
io 

Change notation so that the sequence {n;} becomes {n}. Then for any z ¢ B, 
| |] ae [Je — |] a Ile | S|] — ae [le + | Il te ble — |] ze Ile’ | + |] te — 2 | In’ 

S 2 || 2 — ze || + | || te lle — || ze IIe” |, 


so that {|| z ||,} is a Cauchy sequence and therefore a convergent sequence; let its limit 
be denoted by || 2 ||2. Obviously || x ||, is a norm defined on B, such that || zx ||, S 
\||}2 || Sp||a|\2. The n.s.c. for a Hilbert norm of von Neumann and Jordan [5] is that 


lle-—ylPh + lle+y lt = 2(|| 2 | + lly Il). 


This condition is satisfied by || x ||, for all n; therefore it is satisfied by || z ||: , and || 2 ||, 
is a Hilbert norm. 
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Definition 3.1 is actually attained, i.e., that it is possible to introduce a Hilbert 
norm || z |{2 such that for all ze B 


| x lle S || z|| S p-|| 2 |[e. 

It may easily be shown also that if p (finite or «) is the affine ratio for a 
Banach space B, and if f is the affine ratio for the conjugate space B, then 
p = p. 

CoROLLARY TO THEOREM 3.1. For any Banach (Minkowski) space L, 

C(\L)S4+%40 and K(L) <p 

This corollary will enable us to verify that the lower bounds of Theorem 2.1 
are essentially the best possible estimates of the quantities C(l,,,) and K(lp,.). 

THEoreM 3.2. If n = 2”, K(lp.) = n'"?', and 

gn” — 3S O(n) Sn" "4400 (LS ps @)’ 


Proof. In any space l,,,, let us introduce a Hilbert norm by 
Il z lle = (2 | x: |°)', where z = (11, +++, 2n), 2€lp,n- 


Consider first the case p < 2. Then we have the inequality (>> | z;|’)' < 
(> | 2; |’)'”.° Also, applying Hélder’s inequality 


D abs S (Lo | a; |") (0 |b |") ( + ; a '), 
with q’ = 2/p, we obtain 


(Qo | ae”) = 2 (1-| a |”) Sn (DL | a |”)? 


or 


(DX | 2s /?)? sn? 4.(D> | 7) 


Thus || z |p S || z|| S$ C-|| a ||2, wheren'’”! = C = p. Therefore by Theorem 
2.1 and the above corollary, we have 


nll" = Ri(ly2). 


For q > 2, by Lemma 1.3 K(l,,,) = Rl, n), Where p' +q = 1. Thus if 
p is the affine ratio for 1,,.,/ = p = n' = nl Therefore for any p in 
the range 1 S p S ~, we have p = nel — Rilpa). Lemma 1.1 now implies 
the statement concerning C(l,,n). 

THEOREM 3.21. In any space l,,, of dimension n such that there exists a sym- 
metric orthogonal (unnormalized) matriz of +1’s of order n, the statements of 


” For this inequality see e.g. Bohnenblust, Functions of Real Variables (Princeton 
Notes), Ann Arbor, Mich., 1937, p. 19. 
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Theorem 3.2 are true. In particular, Theorem 3.2 is true if n is 12, or 12-2’, 
vy an integer. 


Proof. The proof of Theorem 2.1, on which Theorem 3.2 depends, obviously 
requires only the fact that 8, in U = n-°8, is a symmetric orthogonal (un- 
normalized) matrix of +1’s. Therefore to prove Theorem 3.21, by footnote 
6 we need only to exhibit a symmetric orthogonal (unnormalized) matrix of 
+1’s of order 12. The following is such a matrix, where + and — represent 
respectively +1 and —1. 


+++ 4+ 4+ 4+ 4+ 4+ + + 4+ + 
+++ +++ ----- - 
+++ ---4+ +4 -- - 
+ +--+ --+4+-4+ 4+ -- 
++ -+4+--+4+--+- 4 
++ ---+--+ - 4+ 4 
+-+-4+---4+ + - 4 
+ -++---+4+-- 4+ 4 
4+ -+--++4+--4+ 4+ - 
+ --++4+-+4+-+4+-4+- 
4+ --+-4+-+ ++ - - 
+ ---+ +++ --- 4 


Paley has shown” that an orthogonal (unnormalized) matrix of +1’s, or even 
three orthogonal rows of +1’s, is possible only if the order n is divisible by 4 
(except n = l and 2). He conjectures that such a matrix is in fact possible for 
any order n which is a multiple of 4. The above matrix shows that the addi- 
tional requirement of symmetry is not sufficient to force n to be a power of 2, 
as might have been expected. It may be that a symmetric matrix likewise is 
possible whenever n is a multiple of 4. 

In consequence of Theorem 3.2, we have the following asymptotic relationship: 


2C (lpn) ~ K(Ipn) ~ nl? , 
The following two theorems, in which are obtained a still more precise esti- 
mate of C(l,,,), and the exact values of C(l,,,) and C(l.,.), are of interest. 


THEOREM 3.3. In any space ly, (1 < p < ©, p # 2) of dimension n = 4’, 
there is a subspace | which is such that 


n't < C(I) < C(lp.») < } + niet 


mR. E. A. C. Paley, On orthogonal matrices, Journal of Math. and Phys., Mass. Inst. 
Tech., vol. 12(1933), pp. 311-312. 
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Proof. Let us define a set of matrices {a,} as follows: 


for each successive vy, a, is defined by substituting +a; for +1 in a,,.” Then 
for any n = 4’, the matrix U = na, = {u;;} is involutoric,” and P = (J + 
LU’) is a projection on the subspace | of the involution U’. 

Consider first the case p < 2. Define {Y;} as in the proof of Theorem 2.1. 
Let >.’ denote summation over i omitting j. Then for every j, by the ortho- 


gonality of U’, 


\| PY; || = || AU + U)Y; || = 410 + wd” + DD? | was [PT 





=— 1/p 
= i| a + n*)? + n ] > Lin-n?]"? - Lyle | 


nip 


1/p—4 


We show by contradiction that C(l) > $n For suppose that C(l) S 
An? Then by hypothesis there exists a projection P’ = 3(1 + U + V) 
such that || P’Y;|| < || PY;|| for all 7, We may suppose furthermore that 
the v;;’s in V = {v;;} are as small as desired, since if P’”’ is any projection such 
that || P’Y;|| < || PY; || for all j, the projection P’ = P, = tP” + (1 — t)P 
has the same property for any ¢ in the range 0 < ¢ S 1. 

Writing out |! P’Y; ||" < || PY; ||", we have 


Lp ayy |? DD | way |? > | LA ys His |? HD | way +e”. 


Also 


| wi; + ve |? = |r -sign uy + ven ?-n en |? =n? | 1 + vyuyn|?”. 


By use of the mean value theorem, it may be easily proved that (a + x)” > 
a’ + pa’ 'r, fora > 0,|2| <aifx <0,p> 1. Applying this inequality, 
we have 


(1+n°)?+ a-~! >| Ltn? + v4 |? +0? DY [1 + v4-ugn |? 


nip i 





‘ Per =i —* 
> (1+) + p-v;-(1 + ny? + a + pn? > visuss, 


12 The matrices {a,} and {8,} have been previously considered. See e.g. J. E. Littlewood, 
On bounded bilinear forms, Quarterly Journal of Mathematics (Oxford series), vol. 1(1930), 
p. 172, and the reference to Paley already cited. 

18 See footnote 6. 
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or 
O > pol +n)? — pn osuj + pn? DO vijuis. 
Summing over j and remembering that U is symmetric and that u;; = n° 
for all 7, we obtain 
0> pi(l + n°)?" — n'”] trace (V) + pn’ trace (UV) = 0, 


by Theorem 1.2. This is the desired contradiction. 
We consider now the case p > 2. For each 7, we define X; = (sign ua, - 
sign win). Then || X;|| = n'”. By the orthogonality of U, 


|| PX; || = 3||(U + DX;\| = 30" | sign wis |? + (n’ + 1)7]"” 


3(n — 1) + (rn? + 1)"J"? > Hn” + nj”? > Br, 
or || PX; || > 4n*”?.|| X; ||. Thus | P| > 3nh*”, 

We show by contradiction that C(l) > 43n'"?. For suppose that C(l) < 
4n*?_ Then, from the previous paragraph, by hypothesis there is a projec- 
tion P’ = 4(1 + U + V) such that, for each j, || P’X; ||’ < || PX; ||’. Writing 
this out, using the above equality for || PX; || and the previous inequality 
derived from the mean value theorem, we have 


(n — 1) + (n+ 1)” > || + U + 'V)X; ||’ 
= |ni + > vy Sign uy + 1)? + = | sign uj + > Vex Sign Uji |” 
> (ni + 1)? + pn) + 1)" 2 oy sign ue + (n — 1) 
+ 2 (p sign ujx- > Ver SIEM Uji), 
where 2 denotes summation over k omitting j. Transposing (n’ + 1)? + 


(n — 1) from the last to the first member of these inequalities, summing over j, 
and using the symmetry of U’, we have 


0 > pni(n' + 1)”' trace (VU) + p > XY dS exw sign Uje SIN Uje. 
7 k i 
Now since 


Dd Dd ox sign uj = n' trace (VU) = DS sign uj,- D> vj sign uj = 0 
. 8 i ‘ 


2 


by Theorem 1.2, we may allow the k-summation in this inequality to include 
k = j, and by the orthogonality of U’ we then obtain 


0> DD Dd D ow sign up sign ug = > DO vu sign ug sign uj 
i k i ; ; 
- p> nvg = n trace (V) = 0 


by Theorem 1.2. This is the desired contradiction. 
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THEOREM 3.4. In any space l,,n or lo. of dimension n = 4’, v an integer, 
there is a subspace | which is such that 


C(l) = Cllin) = C(len) = } + 3n' =} 

The dimension of the subspace is }n + 3n' = 34” + 42”. 
The proof of Theorem 3.4 is omitted, since the main part of the proof is 
similar to the proof of Theorem 3.3. The dimension of the subspace / is the 


trace of the matrix (na, + J). Similarly, the dimension of the subspace of 
Theorem 2.1 is $n. 


| 

~ 
+ 
tim 
.~) 


Nl~ 


4. Symmetric sequence spaces. In the remainder of this paper we study 
Banach spaces of sequences more general than the spaces I, . 

An infinite sequence x = {z;} in which all but a finite number of the co- 
ordinates z; are zero will be called a “finite” sequence. We shall use the briefer 
notation z = (z,,---, 2) for the “finite’’ sequence zx = (%1,--+, tn, 0, 
0,---). For any infinite sequence {z;}, let {xi}, denote (a71,---, 22, 0, 
0, ---) = (a1, --+,2n). The set of all “finite” sequences, with the usual rules 
of operation for sequences, is obviously a linear space; let this linear space be 
denoted by S;. 

Suppose that we are given any norm || z ||’on S;. Define a second norm by 
\|2 || = max \| {ai}, ||’ for each x e S;. A Banach space then arises in the 

n> 


following manner: We add to the normed linear space S; all infinite sequences 
x = {z;} such that l.u.b. || {x;}, || is finite, and we define || z || to be the value 
lsn<@ 

of this expression. By the properties of the norm on S;, the set of finite and 
infinite sequences so obtained, with norm || z ||, is a normed linear space S. 
A proof that S is complete, and so a Banach space, may be obtained by repeti- 
tion in greater generality of a classical procedure (that used, for example, to 
show the completeness of the sequence spaces I,).'* This general completeness 
proof is omitted here, since the procedure is so well known. 

Remark. If we are given any two norms || z ||; and || 2 |\; on Sy, which are 
isomorphic, with constants C; and C2 , then obviously the corresponding Banach 
spaces contain the same infinite sequences, and on the common linear space 
the Banach norms are isomorphic, with the same C, and C2. 





™“ For this procedure, see e.g. Bohnenblust, op. cit., pp. 96-97. 
Because of the redefinition of tke norm in S;, obviously || z|| = lim|| {zi}.||. If we define 


|| z|| = 1.u.b. || {zi}. ||’ only for infinite sequences z¢ S, and || z|| = || z||’ for all ze S,, then 
the triangle property of the norm is not necessarily satisfied by || z || on the extended space 
S. If S’ is any Banach space of infinite dimension, and if {X,} is any sequence of linearly 
independent elements of S’, then the linear subspace of all'finite combinations aX isa 
space S;, and the closure 5, of S,; in S’ is equivalent to a separable Banach space of 
sequences. But for z = {z:}«5,, it is not necessarily true either that l.u.b. || {zi}. || is 
finite, or that lim |! {2ebn || exists and > 0. 
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THEOREM 4.1. Jf two Banach spaces of sequences, which correspond to two 
norms on S; in the way described above, contain the same sequences, they are iso- 
morphic. The isomorphism is given by the identity transformation in the common 
linear space of sequences. 


Proof. Let || x ||, and || z |\2 be the two Banach norms on the common linear 
space of sequences. Define a third norm || z || = |! 2||; + |! 2/2. Then the 
definition of the norm || x || cannot be extended to include any sequences out- 
side of the common linear space, since for any such sequence the |.u.b. expres- 
sions which define || x ||; and || z |\2 are not finite. Therefore by the general 
completeness proof mentioned above, || z || isa Banach norm. Since || z ||; S$ 
|| a || and || z |l2 S || 2 ||, the theorem now follows from a remark in the intro- 
duction, based on Theorem 5, p. 41 of Banach [2]. 

A norm || z || defined on the linear space S; may have one or both of the 
following properties: 

(1) For every ze S;, 


I] al] = |] Gi, +++, an) |] = |] (lanl, +++, | anf) Il. 
(2) For every z « S; , for each permutation (nm; , ne, «++, M,) of (1, 2, --- , nm), 
\| (a1, te, +++, tn) || = 1} Gins  Mens *** 5 Mad 


The norm || x || in a Minkowski space l, of sequences r = (2, --- , 2.) may 
have corresponding properties (fixed m in case of l,). In case a norm has 
property (1), it will be called symmetric; if it has property (2), it will be called 
permutable. The Banach space S arising from a symmetric or permutable 
norm on Sy will correspondingly be called a symmetric or permutable sequence 
space. 

In any sequence space S, the subspace of sequences in which all coérdinates 


are zero except those in the 7; , 72, --- , t, positions is an n-dimensional Min- 
kowski space. We shall use the notation [(%, i, ---, t,) to denote such a 
subspace. 


Lemma 4.1. For any sequence {x;| of a symmetric sequence space, or of a space 
S; or Ll, with a symmetric norm, if the numerical value of one coérdinate is increased, 
the norm does not decrease. Thus there exists a projection of norm 1 on any Min- 
kowski subspace (i; , 12 , «++ , tn). 


Proof. Let x = (41,22, +++, 2n) be any sequence such that x; 2 0 for all 7. 
Suppose Az; > 0. If x, > 0, let 


b = Ar(2r, + An),  ¢ = 2x(2r, + An)", 
x’ = (—%%, 22, +++, Zn), a+ Ar = (4 + Am, 22, -++, 2a). 
Then b + c¢ = 1, —ba, + c(2, + Axi) = x, and ba’ + e(x + Ar) = x. Thus 
(b +c) || x|| = || br’ + e(a + Az) || Sb] 2’ || tell 2+ Ar||; 
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or, since || x || = || 2’ ||, || || = ||a+ Av||. Ifa =0, 
2 || (0, t2, +++ , nm) || S || (Ati, te, +++, tn) || + || (—Ami, ze, +--+, tn) || 
, = 2|| (Am, 22, +++, Xn) ||. 


This is sufficient to verify the lemma. The projection of norm 1 is the projec- 
tion obtained by taking as the image of each sequence x = {z;} the point 
(vi, , +++ , ti) Of the Minkowski space. 

By Lemma 4.1, for any symmetric norm || z ||’ on S;, the second norm || z || 
in the definition of S coincides with the given norm on S; ; and for any x = 
{xi} of S, lim || {2;}, || exists, and || 2 || = lim || {z;}, ||. Moreover, every 


sequence x = {2;} such that this limit exists belongs to S (by the definition of S). 

A Banach space B is said to admit a base ({2], p. 110) when there exists a 
countable sequence {X;} of elements of the space such that every element 
x e B may be uniquely represented in the form 





a=) 24;,X; (iLe., if s, = >> 2;:X;, lim || 2 — s,|| = 0). 

i=l i=1 noo 
By the triangle property of the norm, | || z || — || s, || | S || 2 — s, ||, and thus 
for every x ¢ B, || x || = lim || s, ||. Thus a space B with a base is essentially 


a sequence space which arises from a normed linear space S; by the addition of 
certain infinite sequences x = {z;} such that lim || {z;}, || exists, taking || 2 || 


to be the value of this limit. If in B we define a second norm by || 2 ||; = 
lu.b. |! {xs}n ||, || {| and || 2 ||, are isomorphic on B. Thus B is isomorphic 
lgn<o 


to a closed linear subspace of our space S which would arise from the norm of 

Bon S;. If the norm in B is symmetric on S;, then B may be identical with 

our space S, or equivalent to a (proper) closed linear subspace of S. The latter 

case occurs, for example, when the norm on 5; is || z || = max | z;|. The space 
+ 


S is then the space of bounded sequences (m) = l,,, while the space B is the 
space (co) of sequences convergent to 0. 

For a Minkowski space l, of sequences x = (21, --- , 2n), or for a norm on 
S;, obviously without loss of generality we may normalize so that 


| {55} || = 1 for all 7. 


In this case if the norm on S; is symmetric, the sequences X; = {6;;} are base 
elements of norm 1 for the smallest closed linear subspace B of S which con- 
tains the subspace S; (i.e., B is the closure of S; in S). 

Suppose that we have a symmetric Minkowski space I, of sequences z = 


16 It may easily be shown that B with the norm || z ||, is complete, as is stated by Banach 
({2], p. 111). The isomorphism then follows by Theorem 5, p. 41 of [2]. The space B with 
norm || z ||; is closed in S, since obviously completeness and closure are equivalent for 
subspaces of a complete space. 








—_—_—_——> ™ 
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(ti, +++, 2x), normalized as above. In addition to the given norm, let us 
introduce a Euclidean norm by || x |/2 = (>> 23)’. The unit sphere for the 
Minkowski space is then the boundary of a convex region in the Euclidean space. 
Choose rectangular coérdinate axes in the Euclidean space so that the coédrdi- 
nates of any sequence (2, --- , Z,) are at the same time its rectangular coérdi- 
nates. The unit sphere for the conjugate Minkowski space l, is the set of all 


points y = (y1,---, yn) such that y(x) = > yi; is a functional of norm 1. 
1 
By the definition of the conjugate space, we have Hélder’s inequality 


{y, x) = || y I|’= || w ll, 


where || y ||’ denotes the norm of the functional y(z) = (y, z) = Dd yi. 
1 


Lemma 4.2. Given any normalized symmetric Minkowski space of dimension 
n = 2”. Let a Euclidean norm be introduced as above. Then there exists a sub- 
space in which every involution has norm 


n' n* 


U+V| 2 max i , oo. 

an [all A 

Proof. Let U be the orthogonal involution of §2, U + V any other involu- 

tion in the same subspace. Then, as in the proof of Theorem 2.1, since 
trace (V) = 0, we have for at least one k 


1s1l+vue = Do wie (Wi + vu) S n* || X1|I’+|| (U + V)Y: ||, 


| where X; = (1,1, ---, 1). 


where Y; = {5%}. Therefore 


U+Vi2z\\U+W¥el| 2 25. 


Since trace (VU) = 0 by Theorem 1.2, for at least one 7 we have >» Vii 


sign uj; 2 0. If as in §3 we let X; = (sign uj, --- , sign uj,), then by Lemma 
4.1, || (U + V)X;|| 2 | Lvs sign uj: + n’ |, and hence || (U + V)X;|| 2 n°. 


Therefore 


|| X3 || Xsll |] Xa] 

Suppose that we are given any normalized symmetric sequence space S. In 
addition to the given norm on the subspace S; , let a Hilbert norm be introduced 
by || z | = (> a). Then in any Minkowski subspace lU(i; , i2, --- , in), the 
convex unit sphere has a minimum and maximum Euclidean radius. The cor- 
responding directions in the Euclidean space will be called minimal and maximal 
directions. 
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THEOREM 4.2. Given any symmetric sequence space S, which has the following 
properties: 

(1) For any xeS;, ||xz|| S || 2 |\2 (where || x|\, is the Hilbert norm on S; 
introduced above). 

(2) For any n and any choice of i,’s, in the Minkowski space (i; , ig , «++ , in), 
X, = (1, 1,---, 1) ts the maximal direction. 
Then, if a projection exists on every closed linear subspace of S, S must be iso- 
morphic to Hilbert space. 

Similarly if || x || 2 || x ||, and if (1, 1, --- , 1) is the minimal direction. 


Proof. If || x || and || z ||, are isomorphic on S;, the space S is isomorphic 
to Hilbert space (by the remark preceding Theorem 4.1). Suppose that || z || 
and || z |, are not isomorphic. We divide the coédrdinates (x, --- , Zn, +++) 
into blocks as follows: S; consists of x, , x2 ; S2 consists of zs through Zen, , 
where nz = 2”, v. being chosen sufficiently large so that in the space 1(3, --- , 
2+ m), (n2)*/|| Xin, || 2 2, where Xi,n, = (1, 1,---, 1); +--+ ; Se consists of 
Tsingt---tng-, through Le4nq+...4n,, Where nm, = 2”, » being chosen sufficiently 
large so that in the space 1(3 + me + «++ + Mea,+++,2 + Me +--+ + Mm), 
(nx)*/|| Xin, || 2 &, where Xi,., = (1, 1,---,1);---. This is possible since 
if || x || and || z ||, are not isomorphic on S;, they are not isomorphic on any 
subspace of S; obtained by omitting a finite number of coérdinates. 

We now define a closed linear subspace / of S as follows. The elements of | 
are those sequences of S whose coérdinates in the block S; , for every k, are 
coérdinates of the extreme subspace determined by the matrix 8,,. There 
exists no projection on this subspace.’® For by Lemma 4.1, there exists a pro- 
jection of norm 1 of S on the Minkowski subspace of the codrdinates in S, , 
so that for each k we may apply Lemma 2.1. By Lemma 4.2 and the construc- 
tion of the S,’s, this yields C(l) 2 k for each k, or C(I) = @. 

A similar construction and argument may be given for the case || z || 2 || 2 ||2 
and (1, 1, --- , 1) the minimal direction. 

The hypotheses of Theorem 4.2 evidently may be weakened. For any sym- 
metric sequence space, let 7:,, denote the Euclidean radius of the convex unit 
sphere of (1, 2, --- , n) in the (1, 1, --- , 1) direction: and let r;,, denote the 
Euclidean radius in the (1, 1, --- , 1) direction of the conjugate Minkowski 


space tol(1,2,---,),asin Lemma4.2. Then if y(z) = a > x; is a functional 
1 


of norm 1 on [(1, 2, ---, n), l/rin = perpendicular Euclidean distance from 
the origin to the hyperplane y(x) = 1. We may now state the following 
theorem. 


THEOREM 4.3. In any symmetric sequence space, if there exists a projection on 
every subspace, it is necessary that n*/|| X;,n || = Ti,» be bounded as n — ~, where 
16 If B is the closure of S; in S, or any space intermediate between 5, and S, it follows 


by this same argument that there is a closed linear subspace / C B such that there exists 
no projection of Bonl. Cf. footnote 8. 





i ii) i... 
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Xion = (1, % tes 1) in l(1, 2, seey n). It is also necessary that n'/|| Kui \|’ - 
, 
Ti,» be bounded asn > ~. 


Proof. Suppose that n'/|| X;,, || is unbounded. For any fixed h > 1, let 
Xian = Xin + Xin, where X,,, = (1, 1,---,1)inlh+1,---,h +n). 
Then by Lemma 4.1 


(n+h) —(n+h)_ (nth) 
| Xansal] ~ || Xanll nt || Xanll’ 


so that n'/|| X,.. || is unbounded. Thus for any k, there is an n such that 
n/\| Xin || > 2'-k. Let » be such that n, = 2* <n S$ 2m. Then 


(nm)? a (=) _ > (™) tt > (™) 2h >k 

|| Xavne || M/ || Xavng || n/ \| Xan\| n 
by Lemma 4.1. In this argument, first choose h = 1 andk = 1. This yields 
an n; such that n}/|| Xi,,, || 2 1. Then, choosing h = n, and k = 2, we obtain 
an nz such that n}/|| X ny.ng || 2 2. By induction we see that there is a sequence 
{mz} such that, for each k, nb/|| Xing || 2%, where hi = m + ++» + mo. 
Therefore, as in the proof of Theorem 4.2, we may construct a subspace on which 
there exists no projection. 

The second statement of Theorem 4.3 follows by Lemma 1.3. 

For permutable symmetric sequence spaces, 1/rj,. = Ti..." Thus for these 
spaces, Theorem 4.3 states that for the existence of projections it is necessary 
that the Euclidean radius of the convex unit sphere in the (1, 1, --- , 1) diree- 
tion be bounded both from 0 and from ~ asn— o. 











5. Spaces defined by a sequence of two-dimensional norms. We consider in 
this section a class of symmetric sequence spaces which arise from norms on 
S; defined as follows. Let || 21,22 \\2, || 21, 22|\3,--- be amy sequence of 
symmetric two-dimensional norms. Then a symmetric norm on SS; is defined 
by || (x1, 22) || = |] (er, 22) |e, || Ger, 22, xs) || = || |] (er, 22) Ila, aa [ls, || mr, 
Xe, X3, Xs) || = || || || (er, xe) |l2, as |\s, 2a |la, ete. A norm for a Minkowski 
space 1, may be similarly defined, given any n — 1 two-dimensional norms. 





Lemma 5.1. Given any Minkowski space lL, defined by a sequence {|| 21 , 22 ||} 
of two-dimensional norms (i = 2, 3,---,n). The conjugate Minkowski space 
1, is equivalent to the space defined by the sequence {|| 21, x2 ||;} (¢ = 2,3, --- , n), 
where, for each i, || x1, 22 ||; is the conjugate norm to || 2, 22 ||; 


Proof. The proof is by induction. By Hélder’s inequality, as in Lemma 4.2 
if Z y:z; is any functional on l,, 
1 
(yiti + Yo%2) S || yr, yo||’+|| 21, 22 ||; 
17 For in these spaces, if y(x) = a i a; and b-X,,, are of norm 1, then obviously the 
1 


hyperplane y(z) = 1 has the point b-X;,, for a point of contact with the unit sphere. 
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and if 
n—l 
ym YiXi 
1 


S || ++ Ilys, ye lle, yslls, -++,Yn—allm—ael] ++ || |[ar, zelle, 2s lls, «++ tna |lea, 


then 
> < |i , ’ i 
is Wits S || +++ || lyr, Yo\lo, Ys lls, *-* 5 Yn—a||n—a 


: || sail || || T1, Xe \l2, X3 lls, eee, Ln-1 \|_,—1 + YnIn 
, | 
Ss || i oes | Ilys, ye lle, ys \\3, ooo oe Iln-|| shite || {| aa, 22 \\2, 2s |\s, sia Tn ||n- 
The lemma follows since, for any {y:}, obviously there exists {2z;} such that 
equality is attained in Hélder’s inequality. 

An important particular case is that of the pypsps --- spaces.'® Such a space 
is the Banach space S obtained from the norm on S; defined as above, with 
lan, te lle = (| anf?" + | ae |?")"" = || 21, ze ||,, for each n, where {p,} is any 
sequence such that » = p, 2 1 forall n. In any pops --- space we define 
a Euclidean norm || z ||, on the linear subspace S; as usual by 


liz|k = (Dai 


Lemma 5.11. If in a popsps --- space the p,’s all satisfy p; S 2, then 
|| « || 


IIA 


|| x ||s I] 2 Ilpepepe--- « 


If pi = 2 for all i, then 


IV 


I| x || 
The proof of the lemma is by induction. We use the inequality 
(Qo af?) = (Daz), — Spr, ai 2 0." 


Suppose p; S 2. Then, as a special case of the inequality, || 2, x2 ||: S || 21, 
%2 ||p, for each 7, and 


|| x ||2 [| © Ilpppaze:-- « 


lle, %3 |l2 S || || 1, 2 ||2, 2s ||p, Ss || || v1, 22 |lpp , 2s |, 


l| || aa, x2 
by Lemma 4.1. If 
| +++ || tr, te |le-++ , tna lle S || + |] tr, Ze [lpg +, Lea |lppa » 
then, by the special case of the inequality and Lemma 4.1, 
I] |] +++ {fare [le +++ tna lla, tn {le Sl || ++ || er, ae lle ++ tna fle, tm Ilo 
S ll {] --+ ll ar, re [lpg ++ » Pua [lpm » Tm Ip - 


1 The norm for the popsp, --- spaces was suggested to me by Dr. J. W. Tukey. 
19 A reference for this inequality is given in footnote 10. 





ti 
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This proves the first statement of the lemma. The proof for the case of the 
p's 2 2 is similar, with the inequality signs reversed. 

We consider first the popsps--- spaces where the p; S 2. For such a 
Pop3ps --- space, there will be sequences {C,} of constants such that in the 
Minkowski subspaces I(1, 2, --- , n), for each n, 


| x lle S || |lpe---m, S Cn || x Ile 
for all x e€l(1, 2, --- , n). 


Lema 5.12. If there exists a set of C,’s which are bounded as n — ~, the 
PopsPs +++ space is isomorphic to Hilbert space. 


This lemma foilows from the remark preceding Theorem 4.1. 


Lemma 5.2. in any popsps +--+ space, p; S 2, the smallest possible C,’s satisfy 
the difference system 


C2 —- Cz. = 1, C, = 1, wher ae es 


Proof. By Hélder’s inequality (a,b; + asbe) S (a? + af)". (bf + bg)" 
or (a, b) S |la|\p-||b|\p (p+ = 1), if p = 2/pe, (af?-1 + 2z?-1)' s 
(ai + 23)*- 2"? = (ai + 23)'-C2, Cp = 2" = || 1, 1 ||, and if 2/piyr = p, 


{{.--{aP? + .0e + xp} Peralre + ofits} teers 
< {cp + \| x er? + opey') eer 
(|| x \|3e + ai, )irate Meets , ((pats-2/G-parn) + 1) i -tet Pett 
= (Cet + 1). || a llega) = Cryr-|| 2 llaeen , 
where || x || = || {zi}e|le. Thus 
Cs = (C3? + 1)" = [I] 1, 1 [les + 1’ = |] 1, 1,1 [lee » 
Crs - (|| 1, 1, => 1 ine -es + ~~ = \| 1, 1, ie al 1 llee***ea3 » 


IIA 


and for all n, C, is given by Ci" — Ci=, = 1, if C; = 1. For each k, Ci4: as 
above is the least possible constant, since at each stage there is a value of 2441 
for which equality is attained in the Hélder’s inequality. 


Lemma 5.3. A n.s.c. that the C,’s in the solution (1, C2, C3, ---) of the differ- 
ence system 


Ce —_ Cc, = 1 


oo 
be bounded is that there exist a constant K such that the series > as K “ is convergent. 
2 


A sufficient condition is that there exist « > 0 such that, for all n, s,/log n > «. 
If the p,’s (and therefore the s,’s) are monotone, 1 S po S ps S --+ S 2, the latter 
condition is also necessary. 
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Proof. Let C, = exp (en), Cn = log C, , and let s, = w, log n. Then 
exp (Ca-Wn log n) — exp (Cn-1-Wn log n) = n°" — nt" = 1, 
By the mean value theorem (since dn*/dx = n* log n), 
n* log n-(CnWn — Cn1Wn) = 
or 


1 1 
Cp — Co = ———_ = =— » where C,-1W,n S EF S Cn Wn. 
N-W,-logn N° +Sp 





Summing the members of the last equality, we have 


k k 1 
GC = > (crn ms Cn—1) - } ™ z 
2 27 





Also 











N”+8y T Cr s-tn 

If the C,’s are bounded, so are the c,;’s, and this inequality implies that 
> (K**-s,) is convergent for some K. Conversely if }> (K*-s,)”' is con- 
cae for some K, the C,’s are bounded. For suppose they are unbounded. 
Then by the second half of the last inequality, > (C%"_1-S,) is divergent. But 
also by hypothesis, for a sufficiently large N, 


ee = > La 


K"".s, 





sn 
Cra: "Sn 


(the C,’s are monotone), and we have a contradiction. 
Since s, 2 2 and 2” > s, for all n, we have 


1 1 1 1 
Lm, < UR Lae < D ers, 

Therefore the condition that there exist a K such that > (K*"-s,) is con- 

vergent is equivalent to the condition that there exist a K such that > K™"™ 
is convergent. 

To verify the second statement of Lemma 5.3, suppose s,/log n > e > 0 for 

all n, and that the c,’s are unbounded. Then since w, > e¢ for all n (s, = 

w, log n), and c,1w, S &, for sufficiently large n we have > 2. Therefore 


Cn — Cn-1 = (n*-8,)' <n”, and c& = > (Cn — Cn) < > n’. This is a con- 








00 
— . —2- 
tradiction, since > nm 1s convergent. 
2 
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Finally, in case the p,’s are monotone, we have 2 S s S s; S--- S @. 
Let us compare the solutions of the system Ci" — Cit, = 1 with those of the 
system D*" — Di") = 1 (D, = 1, s: = &). Obviously D, S C, for all n, and 
D** = n. Therefore if the C,’s are bounded, n'" = D, < C, < K, or s,° 
log n < log K, s,/log n > 1/log K for all n. 

Examples may be easily constructed to show that the condition s,/log n > 
e > 0 is not necessary in the general non-monotone case.” 

In the following theorem we do not assume that p; S 2. 


THEOREM 5.1. Given any pepsps--- space. A necessary and sufficient condi- 
tion that a sequence x = (21, X2, ---) belong to the space is that > 22"/(K”"- pn) 
2 


be convergent for some K. Thus the given popsps --- space and any other popsps - 
space obtained by rearranging the p,’s in any manner contain the same sequences 
correspondingly rearranged. 


Proof. The proof is similar to the proof of Lemma 5.3. With any sequence 


x = (x, %2, ---) we associate the difference system C2?" — C2", = x2", C, = 
x,. Obviously the C,’s are monotone; and if x belongs to the popsp, - - - space, 
lim C,, = || x ||. Let C, = exp (c,); in the same way as in the proof of Lemma 
no 


5.3 we obtain 














Pn Pn Pn 
=e sat *. Cr Cn—-1 ~ =e > * Cn-1 Pn s 2 s Cn Pe . 
Pn z Pn 
Cr" Dn nop, Crra-Prp log n log n 


The first statement of Theorem 5.1 follows from this. The given pops, -- - 
space and any rearranged popsp, -- - space of course contain the same sequences 
correspondingly rearranged since any series of positive terms may be rearranged 
in any manner without affecting the convergence or sum of the series. 

CoROLLARY TO THEOREM 5.1. Given a@ popsps--- space. Then any rear- 
ranged popsps --- space is isomorphic to the given space. The isomorphism is 
given by the identity transformation in the common linear space of sequences. 

This corollary is a consequence of Theorem 4.1. 

THEOREM 5.12. Given any popsps--- space. The space contains those and 


only those sequences x = |x;} for which there exists ak > 0 such that > (kx,)”™ 


n=l 


2 One such example is as follows. Choose a subsequence {nx} of {n} such that 


wo 





=A<»., 
qj log m 


Let {n} — {nz} be {m;}. Define s,, = log log nz , 8m; = 2logm;. Thenif K =e, 


pa ee +04<4tLi<s, 
i m 





» K* k log m F 


so the C,’s are bounded. But since s,, = log log ne = wy log ne, We = Sn,/log me — 0. 
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is convergent. If the p,’s are bounded, the space contains those and only those 
sequences x = {2;} such that > xh" is convergent. The latter characterization is 
not sufficient in any case wide the p,’s are unbounded. 

Proof. Suppose a sequence {z;} is such that >. (kz,)”" is convergent. Then 
if K = k', >) 22"/(K™-p,) is convergent. If >> x2"/(K”"-p,) is convergent, 
> 2?"(2K)-™™ is convergent since 2”* > p,;. This proves the first statement, 


by Theorem 5.1. 
If the p,’s are bounded, obviously » (ka,)’* < & implies >> 22?" < o. 


Suppose the p,’s are unbounded. Choose a subsequence {pn} such that 
Puixy 2 log k/log 2. Define a sequence {a,} by 


1 


fiPace) 9” an = 0 otherwise. 


ank) = 


Then 2’ > Q'e*/le? — exp (log k) = k, so that 


IA 

M 

| 
A 
8 


aup sp,’ and Lar = Damp s 

But } (2a,)" = >t = «©. Thus the sequence x = {2a,} satisfies the 

cutiitien z. (kr,)™ < x (with k = 4), but not the condition >> 2?" < =. 
This verliies the last sentence of the theorem. ; 

The sequences {z;} such that re is convergent have been studied by 

W. Orlicz [7]. Orliez does not seanapilon. however, the possibility of introducing 


a norm so that the class of sequences becomes a Banach space. 


THEOREM 5.121. Given a popsp, --- space, such that 1 <= p < p, for all n. 
A n.s.c. that the pepsps --- space be isomorphic to l, is that there exist a constant 
k,0 <k <1, such that >> k" is convergent, where rn = Pn/(Dn — Pp). 

n=1 

This theorem follows by Theorem 4.1 and a theorem of Orlicz ({7], Satz 3, 
p. 205). 

THEOREM 5.122. A n.s.c. that a popspy--- space be isomorphic to (m) = l, 
is that there exist ak > 0 such that >, k”* is convergent. If the p,’s are monotone, 
this condition is that there exist « > 0 such that for all n, p,/log n > € (as in Lemma 
5.3). 

This theorem follows by Theorems 5.12 and 4.1. 


Lemma 5.4. Given any popsps --- space (some p;’s > 2 and some S 2). Let 


those p;’s which > 2 be relabeled qz, q3, --- ; and let those which S 2 be labeled 
P2, Ps,-+-:. The given space is isomorphic to Hilbert space if (and only if) both 





or 





lOSse 


the 
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the popsps--- subspace and the q2qsqs--- subspace are Hilbert spaces (or one 
Hilbert space and the other finite dimensional). 


Proof. If in the given space the first exponent p. S 2, then by the popsp, - - - 
subspace we mean the subspace of sequences z = (2,, 22, --+-) in which all 
coérdinates are 0 except those which correspond to po, ps, --- , and the one 
coérdinate which precedes pe ; by the geqsqi - - - subspace we mean the subspace 
of sequences in which all coérdinates are 0 except those which correspond to 
gz, 4s, +++ ; and similarly if in the given space the first exponent > 2. Let 
Ly denote a sequence of the popsp, --- subspace, z, a sequence of the qeqsqs - - - 
subspace. Then any sequence x of the given space may be expressed as x = 
2p +2x,. By hypothesis we have || x, |\2 S || zp || S K-|| xp |\p and || x, |\s = 


i = 


|| tq || 2 k-|| xq |\2- Obviously || xp || + || 2 || = || tp + xq || = max (|| zp ||, 


|| a, ||). Therefore for any finite sequence x we have 
2K|| xp + xq ||2 = 2K(\| xp ||2 + || ae la)’ S KCl zp |l2 + || ae ll) 
2 R\| Xp |e + || Ze |l2 2 || ee || + || ee || S |] e+ re || S H(i] ep || + |] ee II) 
S| xp lla + h-|| xy |I2) S ER(|| xp | + || ze |l)? = $4 2p + ze || 
or 
2K]|| x» + 24 |l2 = || to + xa || 2 $hll ty + ze [le ; 


and by the remark preceding Theorem 4.1 the same inequalities are true for 
any infinite sequence xz of the given space. (Conversely, if the given space is 
isomorphic to Hilbert space, the popsp,--- and gegsqs --- subspaces are iso- 
morphic to Hilbert or Euclidean spaces, since they are closed linear subspaces 
of the given space, and since, as is known, any closed linear subspace of a 
Hilbert space is either a Hilbert or a Euclidean space.”) This verifies Lemma 
5.4. 


Lemmas 5.1, 5.3 and 5.4 imply that any popsp, --- space is isomorphic to 
Hilbert space if there exists k > 0 such that > k* is convergent, where sj = 
1 
lpr — 3. (= Oif ps = 2) 


21 The question arises here as to whether a popsp, --- space may be isomorphic to Hilbert 
space, the 1-1 correspondence for the isomorphism being some other than the identity cor- 
respondence of sequences of the popsp,s --- space and of the space lz, , while at the same 
time the identity correspondence is not an isomorphism (or cannot be defined because, no 
matter how the codrdinates in the popsp, --- space are rearranged, the popsp, --- space 
and l2,,, contain different sequences). Later results of this section show that the answer 
is negative (since if such a situation were possible we could find a popsp, --- space having 
a projection for every closed linear subspace, but such that || 2 ||pep3--- and || x ||, would 
not be isomorphic on the subspace S,). In fact it may be shown that if pi S 2 or p; = 2 
for all i, and if the pepsp, --- space is isomorphic to Hilbert space, then the identity cor- 
respondence defines an isomorphism for which the affine ratio is a minimum. Strictly, 
however, in the present discussion ‘‘isomorphic’’ in Lemma 5.4 means isomorphic in the 
restricted sense that the identity correspondence is the isomorphism. 
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THEOREM 5.2. Given any popsps--- space. If there exists a projection on 
every closed linear subspace, the space must be isomorphic to Hilbert space. 


Proof. We consider the popsp,--- and the qeqsq4 --- subspaces, as in the 
proof of Lemma 5.4. If projections exist on every subspace of the given space, 
the p,’s and the g;’s must converge to 2. For if there were an infinite number 
of p,’s S p < 2, or an infinite number of g,;’s 2 gq > 2, in the subspace deter- 
mined by these p,’s or g;’s we should have 





tlle 2 lltllp or |lz|l Sllzlle, 
and therefore 
nt ni 1 :) 
— > , for p's, — = 1 — —}, 
UI Xs les = Ul Xr lle ( eee Di 


so that by Theorem 4.3 we could construct a subspace on which there could 
exist no projection. If p, = 2, Cas: = Cn ; 80 the popsp,s --- subspace is Hilbert 
space if and only if the subspace determined by the p,’s which < 2 is Hilbert 
space. Since lim p, = 2, it is possible to rearrange the p,’s which < 2 in mono- 


no 
tone order, 1 S pn, S Pr, S +--+ < 2. By Lemmas 5.1, 1.3, and 5.4, and the 
corollary to Theorem 5.1, it is now sufficient to consider only the case of a 
Popsps --+ space, where 1 S po S ps S --- < 2. In such a popsp, --- space, 
suppose a projection exists on every subspace. Then by Theorem 4.3, it is 
necessary that 

ni a n} = plat 
| 


|| Xijn ||’ io || Xin ll» 
be bounded as n — ©. But ifn"? < K, (p,' — 4) log n < log K, or 





log n < log K, > 


ns ae > log K for all n. 





By Lemmas 5.12, 5.2, and 5.3, this requires the space to be Hilbert space. 
By Theorem 5.12, the underlying linear space for any popsp,s -- - space con- 
sists of those and only those sequences x = {2z;} which are such that there exists 


k > Osuch that >> (kr,)”' < «. An alternative way of defining a norm for 
2 
this linear space is as follows: The unit sphere consists of all sequences such that 
> 2? = 1. (Let p, = pe. As usual 2?‘ means | 2; |'.) By use of Hélder’s 
1 


inequality (x + y)’ S 2” ‘(x” + y’), it may be easily verified that this unit 
sphere is convex. The norm is defined for all sequences by the homogeneity 
property of the norm: if x = {z;} is any sequence of the space, there exists k 


such that >> (ka;)”* = 1, and || x || =". Consider this norm on the subspace 
1 


S;. Ifx = {z,} is any sequence such that lim || {2;}, || is finite, then for each 





Ce 
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n, || {as}n || = Ka’, where || {kari} n ee (kpx;)”*, and l.u.b. k;’ is finite 


i=1 
(lim = l.u.b. since the norm is mene Therefore there exists ak,0 < k < 
n 2 
k,n, and >. (ka;)"* < 1 for every n. Thus >> (kx,)”* < «, and x = {z;} be- 
i=1 1 
longs to the underlying linear space. Therefore, by the general completeness 
proof (§4), the new norm is a Banach norm, and is isomorphic to the pepsps - - - 
norm. In virtue of the isomorphism, we obtain 


THEOREM 5.3. In any pipep; --- space of sequences, with norm 


|x || = 1 where x = {2;}, > (ka,;)"* = 1, 


k ’ 
if a projection exists on every closed linear subspace, the space must be isomorphic 
to Hilbert space. 

We return now to the consideration of spaces defined by a general sequence 
of two-dimensional norms || z, y ||, || z, y||°,---. Suppose we are given 
such a space in which it is possible to construct, by the method of Theorem 4.3, 
a subspace on which there exists no projection. Then either n'/|| X;,, || or 

n'/|| Xi, ||’ is unbounded as n > . Bi Lemmas 1.3 and 5.1 we may assume 
without loss of generality that it is n’/{| X,,, || which is unbounded. 


THEOREM 5.4. (Comparison ames Suppose we are given a space de- 
fined by || x, y ||, || x, y ||, «++ , the two-dimensional norms being normalized 
so that || 1,0 || = ||0,1||° = 1 for all i. Suppose further that we are given a 
second space defined by ||, y ||°”, Ila, y |”, -- +, where || 1, 0||“” = |/0, 
1 ||? = 1 for all i, which is such that there exile a constant c, such that for all i 


II x, cy I = fz, yl 2 Ia, II”. 


Then if by the method of Theorem 4.3 it is possible to construct a subspace in the 


second space on which there exists no projection (i.e., if n'/|| Xi» ||” és 
unbounded), the same is true for the first space (i.e., n/|| Xen ‘etal 
unbounded.) 

Proof. Let C. = || Xi ||%""”. Then C: = || 1,1||° < 2, Cs = || || 1, 
1 ", 1||% = ||C:,1||[" s < lI C2, 1||®’. We show by induction that C, < 
I --- || ICs, 1 ph 1 ||", ..-, 1 ||’. For suppose that Cx < || --- |I Ca, 
1 he a... Then : since C, = || Cra, 1|| s || Cra, 1 or" this 
hy sail ‘ead Lemma 4.1 imply the desired inequality for C,. Also since 


II 2, ey || = || 2, y ||’ and || 1,0 || = 1, 
C. =< || eee || C2, 1 yo > | 1 ‘eal | a a | Ce, c —. ica ’ boned 
c || Xan "(eect + | C2 Ba c| 


IIA 
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by the triangle property of the norm. Therefore 


ni ni ni 


~~ > = 
|| (2,3,---,n) = i ((2,3,+++,n)) ’ 
C. = || Xi.al| "— €|| Xiel| ™ +1C,—e| 








and this implies the theorem. 


THEOREM 5.41. (Localization Theorem.) Suppose we are given a space de- 


fined by || x, y ||, || 2, y ||, +++, where || 1,0 || = || 0, 1|/ = 1 for all i, 
and a second space defined by \| x,y ||", \\ 2, y \\“°”, «++ , where also || 1,0 || = 
|| 0, 1 ||? = 1 for all i. Suppose further that there exists an ¢€ > 0 such that 
for each i 

ey =| ir gf lel <e 


i.e., for each i the corresponding two-dimensional norms coincide (uniformly) in 
any neighborhood, however small, of (1,0). Then if by the method of Theorem 4.3 
it is possible to construct a subspace in one of the spaces on which there exists no 
projection, it is likewise possible in the other space, no matter how the two sets of 
norms may differ outside of the «neighborhoods of (1, 0). 

Proof. This theorem follows immediately from Theorem 5.4, by taking 

—i 

c=e 

By Theorems 5.4 and 5.41 we are able to obtain in particular obvious gen- 
eralizations of the result of Theorem 5.2 for popsp, - - - spaces. 

If in a popsy, --- space all of the p,’s are equal, p = po = ps = --- , the space 
is of course 1,. A space for which the defining sequence of two-dimensional 
norms consists of a single norm taken repeatedly will be called a repeated space. 
By Theorem 5.41 in particular if the norms which define two repeated spaces 
coincide in a neighborhood of (1, 0), then if in one space it is possible by the 
method of Theorem 4.3 to construct a subspace on which there exists no projec- 
tion, the same is true in the other repeated space. 

For a repeated space for which the defining two-dimensional norm || z, y || 
has the properties 

(1) || 1,0]| = || 0,1 || = 1, 

(2) |! 2, y |le $ || 2, y|| for all x, y, where || x, y |l2 = (2° + y’)', 

(3) || 2, y\|| = |ly, || for all 2, y 
it may be shown that a n.s.c. that the space be isomorphic to Hilbert space is 
that there exist an a > 0 such that || z, y|| S || az, y ||, for all 2, y; ie., that 
the curvature (if it is defined) of the curve || z, y || = 1 at (1, 0) be finite (and 
a similar condition if (2) is replaced by (2’): || 2, y|\2 2 ||2, y||). Thus if 
any two norms with properties (1), (2), (3) coincide near (1, 0), then if one of 
the corresponding repeated spaces is isomorphic to Hilbert space, the same is 
true of the other; and the Hilbert space character of such a repeated space, like 
the non-existence of projections (by our method), depends only on the behavior 
near (1, 0) of the two-dimensional norm which defines the space. 


wa! 
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6. The spaces of Orlicz. An l,-space consists of all sequences x = {2x;} such 
that >> M(zx,) < «x, where M(u) = |u|’. For the Orliez spaces the function 
1 


| u |” is replaced by a more general monotone function. 
An N-function (Orlicz [8]) is any convex, continuous, monotone increasing 
function M(u) defined for 0 S u < ~ such that M(0) = 0. A n.s.c. that the 


class of sequences x = {2;} such that }> M(| 2; |) < © bea linear space is that 
i=1 

the N-function M(u) have the property 

(Ae)’ M([2u] S hM{[u] for 0S u < Ww (h > 0). 


By means of N-functions with additional restrictions, Orlicz defines Banach 

spaces of sequences and functions in which the norm has certain desired proper- 

ties. We consider here only spaces of sequences. Instead of Orlicz’s norm, we 

introduce a norm which is analogous to the norm of Theorem 5.3, as follows: 
oo 

The unit sphere is the set of all sequences z = {z;} such that >> M(| 2; |) = 1; 
1 


and the norm is defined for all sequences of the space by the homogeneity norm 
property, i.e., for any sequence x = {2;}, 


where » M(k\2;|) = 1. 
1 

We verify that the unit sphere is convex, so that we do in fact have a norm: 

If {z;} and {y;} are any two sequences of the unit sphere, by the convexity of 


of M(u), for each 7 


u(is¢a!) < M(x) + Mm) 
2 2 





so that >> M(3| 2: + y: |) < 1; convexity of the unit sphere follows since M (u) 


i=l 
is monotone. By §4, our norm is isomorphic to Orlicz’s norm whenever Orlicz’s 
norm is defined. 


THEOREM 6.1. Given any Orlicz space of sequences defined by an N-function 
M(u) with property (A:)’. If there exists a projection on every closed linear sub- 
space, the space must be isomorphic to Hilbert space. 


Proof. The Orlicz space is a symmetric sequence space. Suppose a projec- 
tion exists on every subspace. If in any subspace I(1, 2, --- , n) we introduce a 


Euclidean norm by || z |J2 = (>> | 2: Py, then by Theorem 4.3 the Euclidean 
1 


radius of the unit sphere in the (1, 1, --- , 1) direction must be bounded from 0 
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and from ~ asn— ~. Leta, be such that nM(a,) = 1. Then the radius 
is n'a, , and we have 


n'a, < K, a, < K : = M(a,) = M (4). 


= ni? ni 
For any u such that 


1 1 n 2 1 
—— sus . = —— S$ 3h ° 
(n + 1)§ ~ lal n+ i* = n+1> M(Ku); 


hence there exists a k > 0 and uw , such that ku” < M(u)for0 S u<w. We 
also have 0 < ¢ < n'a, for all n. This implies similarly that there exist a 
ki > Oand w such that kyu” = M(u)for0 Su<u,. Wenow use the following 
theorem of Birnbaum and Orlicz: Suppose M(u) and N(u) are any two N-func- 
tions. In order that every sequence x = {x;} which is convergent with M(u) 
be also convergent with N(u), it is necessary and sufficient that there exist 
numbers a > 0 and b > 0 such that 


N(u) S b-M(u) for0O Susa 





({4], Satz 5a, p. 5). Therefore any Orlicz space in which projections exist con- 
tains the same sequences as Hilbert space l,, and Theorem 6.1 follows by 
Theorem 4.1. 
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THE FREDHOLM THEORY OF INTEGRAL EQUATIONS 
By F. SmIrHies 


1. Introduction 


1.1. Let us consider Fredholm’s integral equation of the second kind: 
(1.1.1) x(s) = y(s) +r | Ks, 0 2(d at, 


where the integration is taken over a fixed interval (finite or infinite), and the 
range of the variable s is the same interval. If k(s, ¢) is continuous, and the 
interval of integration is finite, the solution is given by Fredholm’s famous 
formulas (see [3]'): 


(1.1.2) fa = fd + a / d(s, t;) y(t) dt. 


To describe the symbols appearing in (1.1.2) and in similar formulas we use 
the following notation. Let M, be the determinant whose elements are k(u; , 
u;) (t, 7 = 1, 2,---,m). Let N, be the determinant obtained by replacing 
the elements on the main diagonal of M, by zero. Let M7%(s, t) be the deter- 
minant obtained by bordering M, thus 


k(s, t) k(s,u) +++ k(s, un) | 
k(m , t) | 





k(un , t) | 


and let N* be obtained similarly from N,. In this notation we have 


d(a) = 1 =r f ku, u) du +X ff atedu du Me 588s 


2 
dle, 0) = Me, - » | urs, t) du: + 5 lf Mts Oded — «s+, 


provided that » is not a zero of d(A). The series are convergent for all finite 
complex values of i. 

In the present paper I wish to discuss the solution of the equation (1.1.1) 
when all we know about k(s, ¢) is that it is a measurable function of (s, ¢) and 
that 


l/ | k(s, t) Pdsdt < @. 


Received July 5, 1940. 
1 Numbers in square brackets refer to the bibliography at the end of the paper. 
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The interval of integration may now be finite or infinite. In this case the 
diagonal terms k(u, , u,) need not even be measurable functions, so some modi- 
fication of the formulas will be necessary. It was shown by Carleman [1] in 
1921 that if these diagonal terms are replaced by zeros in d(A) and in d(s, t; A), 
the solution is given by the formula (1.1.2) so modified, the series still being 
convergent for all complex values of }. His proof uses some rather difficult 
inequalities, and assumes a considerable part of the theory for continuous 
kernels k(s, t). 

In 1928 Hille and Tamarkin ((7], [8]) showed that the integral equation can 
be transformed into a system of linear equations in an infinity of unknowns, 
whose solution can then be expressed in terms of infinite determinants. This 
solution can then be translated into Carleman’s form. 

In this paper I shall discuss another approach to the problem. Carleman 
approximates to the given kernel by a continuous one, and Hille and Tamarkin 
represent the given equation by a system of linear equations in an infinity of 
unknowns; the method followed here will be to approximate the given equation 
by a finite system of linear equations in a finite number of unknowns, or, in 
other words, to approximate the given kernel by a ‘‘degenerate” kernel. The 
solution obtained is equivalent to that given by the modified Fredholm formulas, 
but it is expressed in terms of the iterates of the kernel and their traces. Such 
expressions are to be found in the literature, but very little attention seems to 
have been paid to them, in spite of the fact that they give the only form of the 
solution that transforms in an obvious and trivial way under an arbitrary 
unitary transformation of the Hilbert space of functions of integrable square. 
A formula of this kind is given in the Encyklopiidie article of Hellinger and 
Toeplitz [5], and another is hinted at there. A solution in such terms is given 
in a paper by Michal and Martin [10], but in a setting so abstract that it is 
impossible to obtain really powerful results; for instance, they are unable to 
show that the series obtained are convergent for all values of the parameter X. 


1.2. The main result of the present paper is contained in Theorem 5.5, 
where the solution in terms of the iterated kernels and their traces is given. In 
the following theorems the statements about the convergence of the series 
are progressively strengthened, and in Theorem 5.8 it is shown that this solution 
can be translated into the form given by Carleman; we therefore have a new 
proof of Carleman’s results. 

We shall find it convenient to use the notation and terminology of the theory 
of linear transformations in Hilbert space (cf. Stone [11] and Julia [9]); in 
Chapter 2 we shall prove a number of preparatory lemmas in this theory, most 
of which do not appear to be given in the existing literature. Chapter 3 deals 
with the Fredholm theory for a finite-dimensional unitary space; in Chapter 4 
the modified formulas are introduced, and some necessary inequalities are 
proved, and in Chapter 5 the results are extended to the general case, and the 
main theorems mentioned above are reached. 
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We have confined ourselves to proving that the solution is given by our for- 
mulas when the modified Fredholm determinant 6(A) does not vanish, and have 
not gone into the question of solutions of the homogeneous equation. The 
well-known results can in fact be obtained by easy modifications of the familiar 
methods. 


2. Preparatory lemmas 


2.1. We shall be considering bounded linear transformations defined through- 
out a Hilbert space § (Stone [11], p. 3) or a finite-dimensional unitary space 
M (Stone [11], p. 16). We shall in general use Stone’s notation and terminology, 
except that we write || z || = (z, z)'. The treatment as given will apply to 
complex spaces, but the results obtained hold also for real Hilbert space and 
for finite-dimensional Euclidean spaces, the necessary changes in the proofs 
being quite insignificant. 

It is important to remark that every finite-dimensional linear manifold of 
§ is closed, and is therefore a finite-dimensional unitary space. (Cf. Stone 
[11], p. 19.) 


2.2. If A is a bounded linear transformation, and J is the identical trans- 
formation,’ we can form polynomials oJ + 4A + --- + \,A" with complex 
coefficients; these can be added, subtracted and multiplied like ordinary poly- 
nomials, and can be multiplied by complex numbers. In particular, we can 
form determinants involving these polynomials, and we shall have frequent 
occasion to do so. 

We shall denote the bound of A, i.e., the least number A such that || Az || S 
d || z || for allze H, by | A|. We then have 


|wA| = |u|-|Al, |A+B\/S|A|+|Bl, |AB| S|A|-| Bl, 


for arbitrary transformations’ A, B and arbitrary complex u. 
If {A,} is a sequence of transformations such that 





|A,-— A|—0 (n— @), 


we say that {A,} is uniformly convergent to A, and that A, — A uniformly as 
n— ©. It follows from the completeness of Hilbert space that, if | Am — A, | 
— 0 as m, n — ~, then there is a transformation A such that | A, — A |—-0 
asn— oo. If A, — A uniformly, and B is an arbitrary transformation, then 
BA, — BA uniformly, and A,B — AB uniformly. 


2.3. Ifthe value of (Az, y) is given for ail z, y « §, or even for all the elements 
of a complete orthonormal set {z.}, then the transformation A is completely 
determined (cf. Stone [11], pp. 63, 88). The adjoint transformation A* of A 
is defined by the relation (Az, y) = (x, A*y), holding for all z, ye $. A* is 

2 We define A° = J; this convention is consistent with the ordinary laws of algebra. 


3 We shall usually omit the words ‘‘bounded linear’’, since we shall not have occasion 
to consider any other kind of transformation. 
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again a bounded linear transformation defined throughout 5, and A** = A. 
Since 





A | sap sup | (Az, y) |, 
\|z|{-|{y][s2 
we have | A*| = [A |. 


2.4. If {x2} is a complete orthonormal set, we define the matrix of A with 
respect to it as [das], where 
Gas = (Azg , Za) (a, B = 1, 2, ree). 


If A has the matrix [a,s] and B has the matrix [b.s], then the matrix of \A 
is [Adas], that of A + B is [das + bas], and that of AB is 


[> Gay bys] } 
y=1 


the matrix of A* is [cas], where Cas = Giga. 
If (z, t2) = & and (y, Za) =a (a = 1, 2, ---), we have 


(Az, y) = 2X, Gas ts fla - 


2.5. If A has the matrix [as], and 


ca) 


|| A |? = 2X des I < @, 


p= 


A is said to be of finite norm. || A || is called the norm of A, and is independent 
of the particular orthonormal set used in its definition. (Cf. Stone [11], p. 66.) 
We have || uA || = |#|-|| A ||, |] A* |] = || 4 Il, 


||A+ Bll S |All + || Bll, [AB] S All lB. 


In particular, || A" || < || A ||"(m = 1,2,---). If {A,} is a sequence of trans- 
formations of finite norm such that || A, — A || ~0as nn — o, then A is of 
finite norm, and we say that {A,} is convergent in norm to A and that A, ~ A 
in norm asn — «. If {A,} is a sequence of transformations of finite norm 
such that || An — A, || ~0as m,n — ~, there is a transformation A of finite 


norm such that || A, — A || ~Oasn— ~. 
Since, by repeated application of Cauchy’s inequality, we have | (Az, y) | S 
|| A ||-{| 2 ||-|| y ||, it follows that | A | S || A ||, and that convergence in norm 


implies uniform convergence; the converse statement is false. 


2.6. Lemma. If A is an arbitrary transformation and K is of finite norm, 
then AK and KA are of finite norm, and || AK || S |A|-||K ||, || KA|| Ss 
| A |-|| K |]. 





oo a" 





nt 
6.) 
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We write @ag = (Arg, La), kag = (K2g, 2a). Then the matrix of AK is 
[> ay kyl. 
y=1 
By the definition of | A |, 


De | De er hys | S| A [PD | bra (6 = 1,2, ---). 
< 


e=l y= 





Hence 
}s | p Gary kyp |” Ss | A ‘ LX | Keyp |; 
ap=1 y=1 8,y=1 
i.€., 
|| AK |? =| A P-|| K |, || AK || S$ |A|-|| K|l. 
Finally, 
|| KA || = || (KA)* || = || A*K* || S | A*|-|| K* || = | A]|-|| Kl. 


Corotiary. If K, — K in norm, and A is arbitrary, then AK, — AK in 
norm, and K,A — KA in norm. 


2.7. If A = BC, where B and C are of finite norm, we define the trace of A as 


(A) = Do daa = Do bapa 
a=1 a,p=1 
Since 
[7(A) PS DO | bas? Do | cee’, 
a,p=1 a,p=1 


(A) is finite, and | 7(A)| S || B||-||C ||. The trace of A depends neither on 
the way A is resolved into a product BC nor on the orthonormal system used 
in the definition. 

The definition is extended to transformations that can be expressed as the 
sum of a finite number of such products by means of the equation 


T(Ay + Ase) = 7(Aj) + 7(Ag). 


We have 
7(BC) = 2X, basCsa = (CB), 7(A*) = 7(A). 


If A, — A in norm and B, — B in norm, then 
| 7(A,Bn) — 7(AB) | 
= |7[(A, — A)(B, — B)] + 7[A(B, — B)] + 7{(An — A)B] | 


< ||A.— A ||-|| Bs — Bl] + || A |I-|] Ba — Bll + |] An — A |]. || Bl] 9; 
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i.e., T(A,B,) — 7(AB). If A is of finite norm, then 7(A") exists when n = 2, 
and 

| (A) | = | (A"-A)| S| AI]. 

2.8. If E is any space in which a Lebesgue measure and a Lebesgue integral 

can be defined, it is well known that the complex-valued measurable functions 
x(t), defined in FZ and such that 


[ \n0fa<«, 
E 


form a Hilbert space.‘ In particular, this is so if Z is a measurable subset of 
positive measure of p-dimensional Euclidean space and the measure function 
is ordinary p-dimensional Lebesgue measure. We denote the Hilbert space by 
V(E) or’. If re®’, y eX, then 

(i) x = y if and only if z(t) = y(t) for almost all ¢, 

(ii) x + y corresponds to x(t) + y(d), 

(iii) Ax corresponds to Azx(t), and’ 

(iv) (2, y) = | xov® dt. 

The transformation y = Kz defined by* 


y(s) = | k(s, t)x(t) dt, 


where k(s, ¢) is a measurable function in the space E X E such that 


IL. | k(s, t) P dsdt < , 











A || = || A||". 


° ° ° ° 2 
is a transformation of finite norm in %, and 


KP = [feo Faded, 


Conversely, if K is a transformation of finite norm in %’, then there is a function 
k(s, t) determining the transformation in the way just described. The function 
k(s, t) is called the kernel of K. If K and L have the kernels k(s, t) and lU(s, t) 
respectively, then 

(i) K = L if and only if k(s, t) = Us, t) for almost all (s, 2), 

(ii) K + L has the kernel k(s, t) + U(s, 0), 

(iii) XK has the kernel Ak(s, 4), 

(iv) K* has the kernel k(¢, s), 


(v) KL has the kernel | k(s, u)l(u, t) du. 





‘In certain very special cases, they form a finite-dimensional unitary space. 

5 We omit the range of integration when no ambiguity can arise. 

6 Equalities and inequalities between functions will in general be understood to hold 
almost everywhere. 
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We denote the kernel of K” by k,(s, t). The trace of KL is given by 
+(KL) = | / k(s, Ut, 8) ds dt. 


2.9. Lemma. Let A be a bounded transformation in @, and let K and L be 
transformations of finite norm with kernels k(s, t) and I(s, t) respectively. Write 


a(s) = qT | k(s, t) rat}, b(t) = {f | U(s, t) |? as) 


Let KAL = G, and let g(s, t) be the kernel of G.". Then 
| g(s, t) | S| A |-a(s)b(d) 
for almost all (s, t). 


For almost all ¢, l(s, ¢), regarded as a function of s, defines an element I, of &. 
Let ze, y e @, and write A*z = z, Al; = p:, pi(s) = p(s, t). Then 


(ALy, x) = (Ly, A*x) = (Ly, z) 


= | fue, oxtejulo as a 
= [ vat f ust) as. 
Now 
[ weet) ds = , 24, A*2) = (Als, 2) 
= (m, 2) = / p:(s)2(s) ds = / p(s, t)x(s) ds. 
Hence 


(ALy, x) = / y(t) dt | p(s, t)x(s) ds 


uj | | p(s, t)x(s)y(t) ds dt; 


consequently p(s, t) is the kernel of AL. Since, by Lemma 2.6, AL is of finite 
norm, we have 


[[\v@o Pasa < . 


7 The transformation G is of finite norm, by Lemma 2.6. 
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Now write K*z = w. Then 


(KALy, x)= (ALy, K*z) = (ALy, w) 


= II p(u, tw(u)y(t) du dt = IJ p(u, t)y(t) du dt | k(s, u)ax(s) ds 


a | | ze)y(t) dsdt / k(s, u)p(u, t) du. 


Thus the kernel of G = KAL is 
g(s, t) = / k(s, u)p(u, t) du. 


Hence, for almost all (s, ¢), 


| g(s,t)| s { | | k(s, u) |? au} { | | p(u, t) |’ au} 


= a(s)-|| pe || S a(s)-| A |-|| Le || 
4 
- a(e)-||-{ 1s, t) Pas} = | A|-a(s)b(2), 
the required result. 


3. Transformations in a finite-dimensional space 


3.1. Let M be a p-dimensional unitary space, and let [x1 , z2, --- , 2p] be a 
complete orthonormal set of vectors in It; we keep it fixed throughout this 
chapter. Since MM is finite-dimensional, every linear transformation K is 
bounded and of finite norm. 

If K has the matrix [kas] (a, 8 = 1,---,p), and K” has the matrix [k%3’ 
(n > 1), we write 


a Pp 
o1 = 1(K) = p> Ran, o, = t(K") = > ks. 
We may regard o; as being 7(/K), if we wish to conform with the treatment 
given in §2.7; the identical transformation J is of finite norm in M. 

We also write det K = det [kag]. The polynomial g(x) = det («J — K) is 
called the characteristic polynomial of K; we denote its zeros by 1, 2, +--+ , Kp, 
repeating them according to their multiplicity. 

The numbers o1 , 02, --+ , det K, x1, ke, +++, kp, and the polynomial ¢(x) are 
all independent of the particular orthonormal system [x , 22, --+ , Zp] used in 
defining them. 


3.2. Lemma. If g(t) is an arbitrary polynomial with complex coefficients, then 
the zeros (repeated according to their multiplicity) of det (xI — g(K)) are g(x) 
g(kz), ee g(kp). 
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For a proof, see, e.g., Courant and Hilbert [2], p. 19. 


3.3. LEMMA. 
Pp 
~_= “4 = 1, y tee) 
1s a p> kK (n 2 ) 
We have 
P 
(3.3.1) g(x) = II (x — ka) = det («J — K). 
a=l1 


Equating the coefficients of x” in (3.3.1), we obtain 


P Pp 
) Ke = a Rise = di. 
a=1 


a=1 


If we apply this result to K” instead of K, and use Lemma 3.2, the required 
result follows. 


3.4. We now consider the equation 
(3.4.1) (I — A\K)z = y, 


where K, y and ) are given, and z is to be determined. If 


Pp p 
t= 2 tate, y=. nate, 


ne a (3.4.1) is equivalent to 
this P 
C is (3.4.2) fe = ta tA p> kasts (a = 1,2,+--, P), 
aay If \ is not the reciprocal of a zero of g(x), (3.4.2) has a unique solution which 
can be written in the form 
Pp 
(3.4.3) &, = [d(a)]" p> dag(d)ng (a sad 1, 2, iia »P)s 
_ where d(A) = det (J — AK). When d # 0, d(A) = A’g(A’), and d(0) = 1. 
Equation (3.4.3) may be written still more concisely as 
adhe x = [d()I"DO)y, 
> Kp» 
where D(A) is, for each value of \, a linear transformation in 2. 
) are It can easily be verified that, for arbitrary z, y « M, 
ed in 


[0 bs & 
then (3.4.4) (DQ)y,z)=—-—| ™ 
g (x1) rot iia 


| 
. 
| 
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3.5. These facts may be summed up as follows. 
TuHeorEM. If d(\) ¥ 0, the equation 
(I —\K)r = y 
has the unique solution 
x = [d(a)] ‘Dy, 
where D(d) is defined by (3.4.5), and 
d(A) = det (J — AK). 


3.6. Both d(A) and D(A) are polynomials in \; we may write them formally 
as power series: 


(3.6.1) d(x) = yar’, D(a) = > D.’, 


where the coefficients D,, are linear transformations in 2. Our next task is to 
obtain explicit expressions for d, and D, . 


3.7. THEOREM. 


dy => 1, d, = (=) Pe (n = 1, 2, ) 
n! 
where 
1. n-l1 0 0 0 
o2 o1 n—2 0 0 
P, = ea 
On-1 Oon-2 On-3 Ol 1 
on On-1 on-2 sos 02 01 
We have 


d(x) = I —" 


Hence, if | \ | is sufficiently small, 








d’(d) ca cel . Ka 
d(a) a=1l 1— Kad 
Pp 2 
<a > ts 4°. 
a=1 n=0 
Now, by Lemma 3.3, 
n+l 
Ka = On+i- 
a=l 





is 
Ww 


(3 


W 





lly 


; +), 
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Consequently 


d’(r) _ 
(3.7.1) _—* > suack*. 


We also have 
d(s) = > d,r’, 
n=0 
so that 


d(x) = p> (n + 1) dnyid’. 


Combining the last three equations, we obtain 


(3.7.2) u (n+ Ddryadr” = — 2 dnd” 2 > gen d". 

Equate the coefficients of \" on the two sides of (3.7.2); this gives 

(3.7.3) (n + 1) day = — > Am F941 (n = 0,1, ---). 
m+q=n 


Solving the first n of these equations shows the truth of Theorem 3.7. 


3.8. THEOREM. 


; «71» 0 
(-1)"| K 
(3.8.1) D, = <1 | K? P. (n = 0, 1, 2, ---). 
K* 








To prove this we go back to the fact that, when d(A) ¥ 0, the unique solution 
of the equation 


(I —\K)zr = y 


is given by x = [d(A)] ‘D(A)y. If we substitute this solution in the equation, 
we obtain 


Da)y = dA)y + AKDA)y. 
This holds for arbitrary y « M; hence 
D(a) = d(d)I + AKD(A). 
In this equation we replace d(A) and D(A) by the expansions (3.6.1), so obtaining 
(3.8.2) > \"D, = > A"d,I + ™ \"KD,. 
n=0 n=0 n=0 


We recall that these apparently infinite series are in fact finite. 
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Now equate the coefficients of \" on the two sides of (3.8.2); this gives 


(3.8.3) Do - I, D, — d,1 + KD, (n = 3, 2, ih ). 


Denote the expression on the right side of (3.8.1) by Z, (n = 0, 1, 2,--- ). 
Then Ey, = I; when n 2 1, we see by expanding the determinant in terms of 
its first row that 


oe < n(-1) KE. ire: 


Thus £, satisfies the recurrence relation (3.8.3), and Ey = I = Dy ; hence 
D, = E, (n = 0,1, 2, --- ). 
This is the required result. 


4. Modification of the formulas 


4.1. The discussion in Chapter 3 deals satisfactorily with transformations in a 
finite-dimensional unitary space. The results are not yet, however, in such a 
form that it is possible to extend them at once to transformations of finite 
norm in Hilbert space. For an arbitrary transformation K of finite norm, the 
trace 


(4.1.1) 7(K) = > Kaa 


does not in general exist; the right side of (4.1.1) is not necessarily convergent. 
In order to make the extension of the results possible, it will therefore be neces- 
sary to make some slight modifications in the formulas of Chapter 3. 


4.2. THrorEM. If d(d) ¥ 0, the equation 
(I — \K)t = y 
has the unique solution 
x = [6)]AA)y, 
where 
(A) = e"d(A), —- A(A) = DA). 


This follows at once from Theorem 3.5. 


4.3. The function 6(A) is an integral function of \; we can therefore write 


5(A) a > 5nd”, 
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the series being convergent for all \. Similarly, each element of the matrix 
A(A) can be expanded in an everywhere convergent power series in \; we express 


this fact symbolically by writing 


A(A) = > And", 


n=0 


where, for every value of n, A, is a linear transformation in I. We must now 


obtain explicit formulas for 6, and A, . 


4.4. THEOREM. 6 = 1, 


_(-0 


n! 


Q, 





where 
| O n-1 0 --- QO 
| 2 0 n—-2 «-- @ 
op SAF os Mpls 


| On-1 on-2 Tn-3 eee 02 
on On-1 on-2 ae a o3 


(n = 1, 2, ), 
0 0 | 
0 0 
0 0 
0 1 | 
02 0 


Since 6(A) = e”d(A), it follows from equation (3.7.1) that, when | d | is suffi- 


ciently small, 


a’) _ 


(4.4.1) 8) =ot+ dn) 


8(A) 


—(o2r + or” +:- -). 


This differs from (3.7.1) only by the disappearance of the term in o,;. Hence 
we can obtain the coefficients 5, simply by replacing o; by 0 in the formulas 


for d,. This gives the required result. 


4.5. THEorEM. Ay = ZI, 








I n O 
| 
a. = (on) * 
n! CK Qn 
K" | 





0 


| 
(n = 1,2, ---). 


This is proved by the same argument as Theorem 3.8; the fact that genuinely 


infinite series are now involved makes no difference. 


Corotiary. 1(KA,1 — 6:1K) = —né, (n = 1, 2,---). 


4.6. We now require a number of inequalities; these will be used when we go 


over to the Hilbert space case. 
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Lemma.’ Let f(z) be an integral function of the complex variable z = re’, so that 
fi) = > an2” 


for all z, and suppose that | f(z) | S g(\z|) = g(r) for allz. Then, for allr 2 0, 
|@n| Sr “g(r) (n = 0, 1, 2, «++ ). 


4.7. Lemma.” If A has the matrix [dag], then 





Pp oP 
|det A? < TJ Do | aus)’. 
a=l1 s=1 
4.8. LEMMA. 
jn in 
e” || K || ~ 
|6.| S - nin (n = 1, 2, ) 


This holds also when n = 0, if we adopt the convention that in this case the 
right side stands for 1. We may suppose that || K || # 0; for if || K || = 0, 
then 5, = 0 (n = 1), and the lemma is trivial. We have 


(A) = e”d(a) 
Pp 
= exp (A >> kaa) det (I — AK). 
a=1 


It now follows from Lemma 4.7 that 
|8(A) |? S {| exp (Aku) |? (| 1 — Aku {? + | Ais |? + +++ + | Map |’)} ++ 
{| exp (AKpp) I? (| Api |’ + | AK pe |? Hoe} | 1 — kp \’)} 


Pp Pp 
= [I fexp [28¢0kec)][1 — 29(Vboa) + | p> | kas |")}. 
We now use the inequality 1 + a S e*, which holds for all real a. This gives us 


1a)? S I exp [29%(Akue) — 29(dkua) + | »> \ Kap [7] 


exp [| |*-|| K ||]; 
i.e., 
| 5(A) | < exp [3 | \|?-|| K ||’. 
We next apply Lemma 4.6 to the integral function 6(A), obtaining 
| 3. | Sr" exp [27° || K ||’) (n = 0, 1,2, ---) 


8 See, e.g., Titchmarsh [12], p. 84. 


® This is Hadamard’s inequality; see, e.g., Hardy, Littlewood and Pélya [4], pp. 34-36. 
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for allr => 0. Take r = n'|| K ||; then 





j,| 5 CIE (n = 1,2,---) 
This is the required result. 
4.9. LEMMA. 
|An| < — et ok S .) 


To make this hold for n = 0, the right side must then be taken to be e’. 
We may again suppose that || K || # 0. For arbitrary z, y e M, we have, by 
equation (3.4.5), 


(A(A)y, 2) = e*(D()y, 2) 
0 bh <ta t, 
Pp 
= — exp (A > kaa) | ™ 
a=1 eee I _ XK 
Np 
Take || z || = 1, \{y|| = 1. Then, using Lemma 4.7, and going through the 


same process as in the proof of Lemma 4.8, we obtain 
| (AQ)y, x) Ps et MEI 
Hence, for arbitrary z, y « Mt, 
| (AA)y, 2) | SAPNA & |] I y II. 


Now apply Lemma 4.6; we get 








}+4n K n 
ny 2)| SE ely = @=1,3)---) 
for any x, y « Mt; consequently 
}+in n 
[an | s — Se (n = 1,2, ++) 


This is the required result. 


5. The formulas in Hilbert space 


5.1. We now consider transformations K of finite norm defined in Hilbert 
space. We choose a complete orthonormal set [z; , x2, --- ], which will be kept 
fixed throughout; we have 


KI? = Do | hes’ 
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where 
kag = (Kx, La) (a, 8 = 1,2,---) 
We recall from §2.7 that 7(K") exists when n 2 2, and write 
7(K") = on (n = 2,3,---). 
Then 
|on| S& || K ||” (n = 2,3,-+-). 


5.2. If p is any positive integer, we define the transformation EZ, by the 
equation 


E, (2 ta%) = Li fata. 


E, is defined throughout §, and EZ, = E,. In the usual terminology, E, is 
the projection on the closed linear manifold M, determined by 2 , 22, +--+ , Zp- 

We write E,KE, = K, (p = 1, 2, --- ); then 
Kap (a,8 = 1,2,---,p), 

(Kp2z, La) saad 
(a > porB > p). 
We also write on,» = 1(K>). 

We may equally well regard K, as being a linear transformation in the finite- 
dimensional unitary space I, ; the whole theory of Chapters 3 and 4 can then 
be applied to it. This point of view makes no difference to the values of || K, || 


Or on,» ; the only change is that the réle of the identical transformation I is 
played by E,. 


5.3. Lemma. Define K, (p = 1, 2,---) as in §5.2. Then 


(i) lim || KZ — K" || =0 (n = 1,2, ---), 
po 
(ii) lim || Kp || = || A" || (n = 1,2, --+), 
pa 
(iii) lim Tn,p = Gn (n nad 2, 3, +++), 
p-o 


(iv) for arbitrary z, y € §, 


lim (K} 2, y) = (K"z, y) (n = 1,2,---). 
po 


We begin by remarking that 


P 
| Kp ||? = ZX, | hes P< 2» | kas |? = || K |I, 


— «p= 





fo 


in 
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so that || K> || < || K,|\" s || K ||" for all n; secondly, 


a Pp 


JK — Kyl = 2) |haal?— 20 | kes | 
a, p=1 a,p=1 
—0 (p— ~). 
We now prove (i) by induction. Suppose that 
|| K"" — K3*|| +0 (p> «). 
Then 
|| K" — Kj || $ || K* — K""K, || + || K™"K, - K> | 
S || K\|""|| K — Ky|| + || K"* — K3™ |I-1| Koll 
— 0 (p— ~), 


since || K, || is bounded. This disposes of (i). 
The remaining statements of the lemma now follow rapidly. We have, first, 
[I] "Il — IK Il | = || K" — K5 || 0 (p— ~), 
Next, 
| On sa On,p | -” | 7(K") = 7(K; | 
— 0 (p—- ) 
by (i) and §2.7. Finally, 
| (K"z, y) = (K>2, y) ; = | ((K" — K>)2, y) 
= || K* — K3|l-llzll-il yl 
—0 (p— «). 


5.4. Lemma. Let K be of finite norm, o, = 1r(K") (n = 2,3,---). Define 
5, and A, by the formulas of Theorems 4.4 and 4.5 respectively. Then 


5 = 1, An = TI, 
(5.4.1) A, = 6,0 + KAja = 6.0 + Arik (n = 1,2,---), 
(5.4.2) r(ApuK — 6:41K) = 7r(KAn1 — 61K) = —néd, (n 
Alse 


Il 
— 
tb 

~ 

. 

~ 


ée” || K ||" ‘A | < ett |) K ||" 
nin ’ ia2| = nin - 








|6.| s 


The ‘identities are immediate. To prove the inequalities, we proceed as 
follows. 

Define K, (p = 1, 2, --- ) as in §5.2; if we regard K, as a transformation 
in M, , we can define 6,,, and A,,, (n = O, 1, 2, --- ) in terms of the theory 
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of Chapter 4. We then extend the domain of definition of A,,, to the whole of 5 
by the equation 
An.p = E,An,pEp. 
By Lemma 4.8, 
e || Kyl" — e* || K ||" 


| 5n,p | is = nin — nin 


(n = 1, 2, +++); 





and by Lemma 5.3, 6:,» > dn (p > ©). Hence 
e” || K ||" 


| dn | Ss nin 


Thus the first inequality of the lemma is proved. 
For arbitrary z, y € §, 
| (An,pt, y) | _ | (EpAn,pE pr, y) | 
= | (An,»E pr, Epy) | 
S | An,» |-|| Bye ||-|| By |, 
where | A, | is defined with respect to the domain M,. Hence 
| (Ant, y) | S | Any |-|] 2 |I-Il y Il 


We also remark that, if 


t= ne y= 2 rake, 


a=1 


then 
(Epz, y) = i bate Di fafa = (x, y) (p— 20). 


It follows from this and from Lemma 5.3 that 


(An,pt, ¥) — (Ant, y) (p— 2) 


for all n. Now, by Lemma 4.9, 


| (An»t, y)| S raeedtr laa 


411K, II" 
< g SON Kol 2. Aly 
ett K n 
< stad F iell-lig le 
Letting p — ~, we obtain 
K 
(daz, y)| ¢ © AI ial W iedl-ligll 





~~ = me =. » 


Th 





5 


0). 
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for arbitrary z, y € 9; i.e., 
gn+4 n 
e K 
ats YE 
and this is the required result. 
We now come to the main theorem of the paper. 
5.5. THroremM. Let K be a transformation of finite norm, and let 6, and A, 
be defined as in Theorems 4.4 and 4.5. Put 


(5.5.1) 5(A) = > 42", 
(5.5.2) A(a) = Aan" 


Then the series (5.5.1) is convergent for all X, so that 6(X) is an integral function 
of d; for each value of d, the series of transformations (5.5.2) is uniformly con- 
vergent, and A(d) is a bounded transformation. Finally, if do is not a zero of 5(A), 
the equation 
(5.5.3) (I — K)z = y 
has the unique solution 

A(Ao) 
5.5.4 = ey, 
(5.5.4) 7 = 50) 4 


The statements about the convergence of the series follow at once from the 
inequalities of Lemma 5.4. Also 


AQ) | SD 4a [lal 


co jnt+} n n 
5 SKIN 


ae n=0 nin 





so that A(A) is a bounded transformation. 
We now recall that A, satisfies the recurrence relations 


A = TI, A, = 6, + KA, = A.J + AK (n = 1,2,---). 
Hence 


(I — %K)AQs) = z (I — \K) Aad? 
= > (An — AoAngi + AoSngil)Ao 


=1(1+ 3 bad?) 
= 3(u)I. 
Similarly A(Ao)(I — AoK) = 8(Ao). 
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Now, if 5(Ao) ¥ 0, and 


 _ Aro) 
z= Bro) 2 


we have (I — AoK)az = (I — AoK)A(Ao)y/5(Ao) = y;i.e., x is a solution of (5.5.3). 
On the other hand, if 5(A9) # 0, and 


| y = (I — 0oK)z, 
then 


AQ) 
5(o) 


i.e., [5(Ao)] A(Ao)y is the unique solution of (5.5.3). This completes the proof 
of the theorem. 

It should be noted that the recurrence formula (5.4.1), which ensures that 
(5.5.4) gives a solution of (5.5.3), is proved without using the fact that 
o, = 1(K"). It follows from this that the actual values of the constants o, 
are immaterial, provided only that they are chosen in such a way that the series 
(5.5.1) and (5.5.2) are convergent for all values of 4; what we have shown is 
that this can be brought about by taking o, = 7(K") (n = 2,3,---). Never- 
theless, the field of choice for the sequence {¢,} is not so wide as one might 
imagine; for, if the series (5.5.2) is to converge for all values of A, the zeros 
of 6(A) must cancel all the poles of A(A)/4(A), and the latter expression is inde- 
pendent of the way in which we choose the sequence {c,}. It is, however, 
possible, for instance, to replace any finite set of these constants by zeros, or 
by other constants chosen at random, without affecting the convergence of 
either series. 

We shall now discuss the convergence of the series (5.5.2) rather more closely. 


y = A(ro)(I — oK)2/8(do) = 2; 


5.6. THEoreM. For all values of i, 


A(A) = 6(A)J + AH(A), 


where 
(5.6.1) H() = > A, ", 
n=0 
H, = KA, = A,K (n = 0,1, 2,---), 


each H,, is of finite norm, H() is of finite norm, and the series (5.6.1) is convergent 
in norm. 


We have 
A, = 6,J + KA,-1 (n = 1, 2,.---). 








rent 
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Hence 


AQ) = > A,r" 


n=0 
= (> 6, A") + > KA," 
n=0 n=l 


= 6) +4 D Aad’, 
n=0 
the series being uniformly convergent for each X. 
Now, by Lemma 2.6, 
||A" Ha || = || A" KA, || 
[A |"| dn |+|| K || 


KI al, 
nin . 


IIA 
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oO 00 
the series >> || \"H, || is therefore convergent, so that >> H,A" is convergent 
n=0 n=0 


in norm, and H(A) is of finite norm. This completes the proof. 
Since H, is of finite norm, the equation y = H,z can be written 


y(s) = [ hal, dx a, 


where / / | ha(s, t) > dsdt < ©. We shall now use this fact to tighten up our 


results on the convergence of the series for the solution still further. 


5.7. THEorEM. If 5(Ao) ¥ 0, the solution of the equation 


(5.7.1) x(s) = y(s) +20 | Rs, Da(d at 

can be written in the form 

(5.7.2) a(s) = y(s) + me / h(s, t; do)y(t) dt, 
where 

(5.7.3) h(s, t;\) = > d” h,(s, 2), 


the series being convergent for almost all (s, t); furthermore, 


[| | ha(s, t) ?dsdt < (n = 0, 1, 2, ---), 
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and, for almost all (s, t), 
ho(s, t) = k(s, t), 
| hi(s, t) | S e* || K||-| k(s, ) | + a(s)b(d), 


jn n 
(5.7.4) |ha(s, t) | < = 1k(s, #) | 
jn n—1 
* Gye a(s)b(t) (n= 2,3,---), 
where 


4 4 
e(s) = {fixe ‘) rat, b(t) = {ie t) ras}. 


By Theorem 5.6, 
HQ) = > A,»’, 
n=0 
where 
H, = K, H, = KA, = 6,K + KA,1K (n = 1, 2,---). 
Hence 
h,(s, t) = 5nk(s, t) + gn(8, t), 


where go(s, t) = 0, and, when n 2 1, g,(s, ¢) is the kernel of the transforma- 
tion KA,_1K. 
By Lemma 2.9, 


| gn(8, t) | Ss | An-1 | -a(s)b(t) (n = 1, 2, sot a ) 


for almost all (s, t). The inequalities (5.7.4) now follow from Lemma 5.4. The 
series (5.7.3) is therefore convergent for almost all (s, ¢); since its partial sums 
are dominated by an expression of the form 


A|[| k(s, t) | + a(s)b(O), 
the fact that (5.7.2) gives a solution of (5.7.1) can indeed be verified directly 
by term-by-term integration. 
We conclude by showing that the formulas obtained in this paper are equiva- 
lent to the modified Fredholm formulas introduced by Hilbert to deal with 


certain discontinuous kernels and used by Carleman in the general case. (Cf. 
Hilbert [6] and Carleman [1].) 


5.8. THrorem. Let h,(s, t) be the kernel defined in Theorem 5.7. Then 





(5.8.1) h,(s, t) = — | wee [ xi, t) du, --+ dun, 


n 





\ 
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and 


(5.8.2) oe. [-- .[N, du, - (n = 1,2,---), 


n! 


the N’s being defined as in §1.1. 


Denote the expressions on the right sides of (5.8.1) and (5.8.2) by g,(s, 0) 
) and ¢, respectively, and let G, be the transformation whose kernel is g,(s, ¢). 
, Clearly 


ale 6 | k(s, u)k(u, t)du = hy(s, 0), 


aq =O = 4. 


Now we have, for n = 2, 3,---, 


H,, = KA, = K(6,1 a KA,_1) = 6,K + KH,.1, 
i= - 1 (Kae-1 “= 5, K) = ; (Aya seni 5,1 K). 
n n 
). We shall show that G, and e, satisfy the same recurrence formulas. 


The formula 


,=-- : 1(Gra _ én. K) 
n 





adi is obvious by inspection. 
Secondly, we have 
.) an(s, ) = egk(s, ) + <I” f... PNT, 0 du ++ du 
‘he 
ms o (— ao 
= e,k(s, t) + qn(8, t), 
say. To evaluate q,(s, 1), we expand the determinant by its top row. As 
1 readily seen, all terms in the expansion of q,(s, t) are equal so that 
tly 
~— gn(s, t) = énk(s, t) + / k(s, u)gna(u, 0); 
‘ith , 
Cf. that is, 


G, = 6K + KG,4. 


This is the required result. 

Consequently we have e, = 6,, G: = H,, and G,,, e€, satisfy the same recur- 
rence formulas as H, ,5,. We must therefore have H, = G, , 6, = «, for all n, 
and the theorem is proved. 
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PSEUDO-NORMED LINEAR SPACES 
By J. P. LASALLE 


Hyers [2]' introduced the concept of pseudo-normed linear spaces (p.l.s.’s) 
and showed that such spaces are equivalent to linear topological spaces (l.t.s.’s). 
Throughout the present paper we shall deal with p.|.s.’s, as it is in general more 
convenient, though it is to be remembered that what we prove for p.l|.s.’s ap- 
plies also to |.t.s.’s. The terms used which are not defined are those for 1.t.s.’s 
(see [3]). For instance, when we speak of a convex p.l.s., we mean that the 
l.t.s. that is equivalent to the p.l.s. is convex. In this paper a necessary and 
sufficient condition is given that there exist a non-null linear functional on a 
p.Ls., and also it is shown that the set of all linear functions on a p.l.s. to any 
other p.Ls. is itself a p.l.s. It is then shown by example’ that there do exist 
p.Ls.’s on which no non-null linear functional can be defined. 


1. Let T with elements z, y, --- be a p.l.s. with respect to a strongly partially 
ordered space [2] D; that is, 7 is a linear space such that there exists a real-valued 
function n(x, d) defined on TD which satisfies the following postulates: 

(1) n(x, d) = 0; n(x, d) = O for all d e D implies x = 8, where @ is the zero 
element of 7; 

(2) n(ax, d) = | a| n(x, d) for all x e T, d e D, and a real; 

(3) given » > 0, e « D, there exist 6 > 0, de D such that n(x + y, e) < 9 
for n(x, d) < 6 and n(y, d) < 4; 

(4) d > e implies that n(x, d) 2 n(z, e). 

n(x, d) is called the pseudo-norm of z with respect to d. 

Let ad represent the association of a positive real number a with an element 
deD. Define’ 1-e = e, a(Be) = (aB)e = (Bae, E = [ad;deD, a > 0] and 
n(x, ad) = an(zx,d),fora,8 > 0. Then £ isa strongly partially ordered space 
with e; = é2 , é:, 2 € E, if n(x, e:) = n(x, ee) for allz e T, and e; = eg if n(x, e;) = 
n(x, e) for all xe T. This is consistent with the definitions already given. 
n(x, e) is a pseudo-norm of x with respect to e; that is, n(x, e) satisfies postulates 
(1)-(4). This modified pseudo-norm gives a more convenient statement of 
(3), namely, 

(3) given e ¢ E there exist f « E such that n(x + y, e) S n(x, f) + n(y, f) for 
all z, ye T; 


Received August 5, 1940. The author wishes to thank Professor Michal for his help 
and guidance. 

1 The numbers in brackets refer to the bibliography at the end of the paper. 

2? The author is indebted to the referee for this example. For another example see 
Theorem 1 of [1]. A proof of Theorem 1 of [1] can be given if we use Theorem 4 of this 
paper. 

3[xz; ] denotes the set of all z’s having the property following the semicolon. 
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and in the remainder of the paper 7’ shall denote a p.l.s. as modified above. 
Also for xe T, e€ E, U.(e) is defined by U.(e) = [y; n(x — y, e) < 1], and 
U,(e) is denoted by just U(e).* 

We can immediately state the following theorem: 

THEOREM 1. A necessary and sufficient condition that a p.l.s. T be locally 
bounded is that there exist an e) ¢ E such that given e ¢ E there exists a real number 
a > 0 such that ae 2 e. 


By virtue of Theorem 1 and a theorem by Hyers,’ Kolmogoroff’s normability 
criterion may be stated in the obvious manner. 


THEOREM 2. A necessary and sufficient condition that a p.l.s. T be normable 
is that there exist an e) € E satisfying the condition of Theorem 1 and in addition 
n(x + y, &) S n(x, eo) + ny, eo) for all x, ye T. 


2. THEoREM 3. A necessary and sufficient condition that there exist a non- 
null linear functional defined on a p.l.s. T is that there exist a convex open set 
containing the zero element and properly contained in T. 


Proof. Necessity. Let F(x) be a non-null linear functional which exists by 
hypothesis. Then by Theorem 1.3 of [3] there exists an e « E such that | F(x) | S$ 
n(x, e). Define S = [z; | F(x)| < 1). Then given mS, define 6 = 
1 — | F(ao) |, and é > 0, since F(x) <1. | F(x) | S| F(a — 2x) | +] F(a) |, 
since F(x) is additive, and | F(r)| S n(a — 2, e) + | F(a) |. Consider 
ze U;z,(6 ‘e), that is, n(v» — z, e) < 6. Then | F(xz)| < 6 + | F(a) | = 1 
and x « S, that is, U.,(6'e) C S; and hence by Theorem 1.2 of [3], S is open. 
@ is evidently contained in S, and since F(z) is non-null, there exist x e T, x é S. 

Consider z e (1 — a)S + aS (0 < a < 1); that is, z = (1 — aja; + am, 
a, t¢€S. Then | F(x)| S (1 — a@)| F(m)| + a@| F(a2)| < 1, and hence 
(1 — a)S + aS CS, and Sis convex. Therefore S is an open convex set con- 
taining the zero element and properly contained in 7, and the necessity is 
proved. 

Sufficiency. Let S be the convex open set that we assume to exist, @ € S, 
ST. Since @is contained in S, we see by Theorem 1.2 of [3] that there exists 
aneeE such that U(e) C S. Hence given z e T we see by (2) of the definition 
of the pseudo-norm that, for \ > n(z, e), n(a/rA, e) < 1. That is, z/A e U(e) 
or xeAU(e) CAS. 

Define F(x) = g.l.b. [A; \ > 0, xe AS]. We see that F(x) is then defined 
for each xe 7. Moreover, F(x) has the following properties: 

(a) F(ar) = aF(r),a20,reT. 

(b) F(a + y) S F(x) + F(y) for all z, ye T. 

(ec) F(x) S n(z, e) for all ze T. 

4 The set of all U(e), e « E, is equivalent to a fundamental neighborhood system of T 
as a l.t.s. See [2], Theorem 1. 

5 See [2], Theorem 2. If n(z, e) satisfies the triangular inequality, then U(e) is convex 
and also open. 








of T 


ivex 





PSEUDO-NORMED LINEAR SPACES 133 


In order to show that F(x) satisfies (a) let reAS, A > 0. Then axe adS. 
Hence, if a > 0, then F(ax) S aF (x). Conversely, if az «AS for A > 0, a > 0, 
then z €X\a@ 'S, and F(x) S a ‘F(ax). Then we have also aF (xr) S F(ax), and 
hence F(ax) = aF(x) forreT,a > 0. If a = 0, then F(axr) = 6, and (a) is 
satisfied by F(x). 

Next consider (b). If ze aS, ye 8S, a > 0, 8 > 0; then, since S is convex, 
(a + B) "(x + y) ea(a + B)'S + Bla + B)'S CS, and z + ye(a + B)S. 
Hence F(x + y) S F(x) + Fly). 

Finally, we show that F(x) has property (¢c). As we have shown before, for 
every \ > n(z, e), x eAU(e) CAS, and hence F(x) S A for every \ > n(z, e). 
Therefore F(x) S n(x, e) + ¢ for every « > 0, or F(x) S n(z, e) forall xe T. 

There exist by hypothesis z « 7, x ¢ S, and for such z, F(x) > 0. The suffi- 
ciency then follows from Theorem 1.9 of [3], which is a generalization of a 
well-known theorem of Banach. 


Lemma 1. Given e « E, there exists an open set which contains the zero element 
and is contained in U(e). 


Proof. By (3’) there exists an f e E such that n(x + y, e) S n(z,f) + n(y, pf. 
Let x e U(f), so that n(x, f) < 1, and let 6 = 1 — n(z,f). Then, if y « U.(s''f), 
n(y, e) S n(x, f) + n(x — y, f < n(x, f) + 6 = 1; that is, U.(8-f) Cc U(e), 
and z is not a limit element (see [3]) of the complement of U(e). Hence since 
I(U(e)) = U(e)-C((CU(e))’) (see [4], p. 4), U(f) C I(U(e)),*° and the lemma is 
proved. 


Lemma 2. The convex hull of an open set is an open set. 


Proof. Let S be the open set and denote the convex hull of S by Seny. Let 
Xo € Scony ; that is, z = > aw;, a > 0, x €S, > a; = 1. Since S is open, 


i=l 


we see by Theorem 1.2 of (3) that for each x; there exists a U,,(e;) « S. Hence 


® aiU,,(e:) & Sconv, and since U,(e) = x + U(e) for all reT, ee E, we have 


on 
ee (e) = % + > ale) Therefore U,,(a;'¢:)) C Seow (@ = 1, 
i=l 
2,---,m), and by Sateen 1.2 of [3] Sconv is open. 

By the above two lemmas and Theorem 3, we may prove the following 
theorem. 


THEOREM 4. A necessary and sufficient condition that there exist no non-null 
linear functional on a p.l.s. T is that, for every e¢ E, U(e)conv = T; 1.€., given 


ee E, every element x eT can be represented as x = Dd az; , where a; > 0, 
=I 

D a; S 1, and n(x;,e) < 1 fori = 1,2,-++,n. 

i=1 


6 CS denotes the complement of S, J(S) denotes the interior of S, and S’ denotes the 
derived set of S. 
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Proof. Necessity. Let no non-null linear functional exist on JT. Then as- 
sume that there exist an ee Z and an reT such that ré@ U(e)cony. Now by 
Lemma | there exists an open set Ss C U(e), 0€ Sp. Then (S¢)conv is by Lemma 2 
a convex open set and x é (S¢)eony © U(e)conv. But then by Theorem 3 there 
does exist a non-null linear functional on 7. This is a contradiction, and the 
necessity is proved. 

Sufficiency. Let U(e)conv = T for every e¢ E. Then assume that there 
exists a non-null linear functional defined on 7. But then by Theorem 3 there 
exists a convex open set Spy C 7’ such that 6¢S,, Ss # T. Since @ € Ss, we see 
by Theorem 1.2 of [3] that there exists an e e FE such that U(e) C S,. Hence 
U(e)conv © Se # T, since Sp is convex. This is a contradiction, and the suffi- 
ciency is proved. 

An example (see footnote 2) of a p.l.s. on which there exists no non-null 
linear functional is the space of measurable functions on the real open interval 
(0, 1) as given by Hyers (([2], p. 624). Let D be the open interval (0, 1) with 
ordering as usual, and the pseudo-norm n(z, d) is defined by 


n(x, d) = g.l.b. [lu.b. | x(é) |] 
m(S8)2>d tes 


for x e 7’, de D, and S a measurable subset of (0, 1). 
Let x be any element of T and d any element of D, that is,O <d<1. Letn 
be the smallest integer such that n > (1 — d)' (n = 2). Define 2,(t) = nz(t) 


for (¢ — 1)/n S$ t S i/nand 0 otherwise. Since z;(¢) is zero on a set of measure 


1—n'>d,n(z;,d) = 0 < 1, fori = 1, 2,---, while >> n‘x(t) = x(0), 


i=l 
dn" = 1. Hence z(t) € U(d)eony , and therefore U(d)conry = T for all de D. 
i=1 
Evidently this holds if we associate positive real numbers with the elements 
of D, since n(2z; , a(d)) = an(z;,d) = 0, fora >0. Therefore, by Theorem 4, 
T is a p.l.s. such that there exists no non-null linear functional on T. 


4. Aset S C T is said to be bounded if given e ¢ E there exists a number a(e) 
such that n(x, e) S a(e) for allzeS. Let Br be the set of all bounded sets S 
in T such that @e€ S. If S,¢ Br, S.¢ Br, then S, + S.¢ Br, aS, ¢ Br, a real, 
and every finite set containing the origin isin B;. Bris clearly a strongly par- 
tially ordered space with S, = S; if S; C S,. 

Let T and 7” be p.l.s.’s with respect to EF and E’, and let F be the linear set 
of all linear functions on T to T’, let # represent the zero element of F, i.e., 
the null function on T to T’. For ®eF it evidently follows by Theorem 1.3 
of [3] that (x) carries bounded sets into bounded sets. Define W to be the 
set of all pairs w = (e’, S), where e’ « E’ and Se B,. Since E’ and Br are 
strongly partially ordered spaces, so is W with w, > we if e: > e:, Si = Se. 
Define M (4, w) = l.u.b. n(®(z), e’), which exists for every © « F and every w e W. 

zeS 
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THeoreM 5. F isa p.l.s. with respect to the strongly partially ordered space W 
and with pseudo-norm M (4, w). 


Proof. In order to prove the theorem we must show that M(4, w) satisfies 
(1)—(4) of $1. 

M(®, w) is defined for all ® « F and w « W; M(, w) = 0 by definition; and 
by (1) of the definition of a p.l.s. M(®, w) = 0 for all we W implies & = 3, 
since given x e T there exists an S e By such that re S. Thus M(4, w) satisfies 
(1) of §1. 

Next consider (2). Clearly M(a®, w) = | a|-M(%, w). Also we can define 
aw = (ae’, S) = (e’, aS) for a > 0 and obtain M(4, aw) = aM (4, w). 

(3’) follows from (3’) for the property of n(#(z), e’). 

(4) is evident from the definition of M(#, w) and property (4) of the pseudo- 
norm n(®(z), e’). 


TueoreM 6. If T’ is convex, i.e., the pseudo-norm satisfies the triangular 
inequality for all e’ ¢ E’ (see footnote 5), then F is convex. 


Proof. This is clear since then n(#(x) + (x), e’) S n(@(x), e’) + 
n(#2(zx), e’), and hence by definition M(4; + & , w) S M(#,, w) + M(4,'w), 


Coro.iary 1. The set of all linear functionals on T, a p.l.s., is a convex p.l.s- 
with respect to the strongly partially ordered set Br. 


Coro.uary 2. If there exists a bounded open set S in T, @¢€ S, then the set 
of all linear functionals on T is a normed linear space. 


Proof. This follows from Corollary 1 and Theorem 2, since B, then satisfies 
the conditions of Theorem 2. 
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MONOTONE TRANSFORMATIONS OF NON-COMPACT 
TWO-DIMENSIONAL MANIFOLDS 


By VENABLE MartTIN 


1. Introduction. The object of this paper is to give an extension of results 
of Roberts and Steenrod.’ The generalization in Part I over the results of 
Roberts and Steenrod consists in removing the assumption of compactness on 
the manifold, but replacing it by the assumption that the continua are compact. 
In this case we obtain a complete characterization of the image space of the 
manifold. Specifically, we define an A-space with identifications (see §§7 and 
10 below) and prove that if G is an upper semi-continuous collection of compact 
continua filling a 2-manifold, then G is an A-space with identifications; and con- 
versely, if S is an A-space with identifications, then there is a 2-manifold M 
and an upper semi-continuous collection G of compact continua filling M such 
that G is homeomorphic to S (see Theorem 5, Part I). In addition, we are able 
to prove under more restrictive hypotheses that G is a manifold (see Theorems 
1 and 2), and under still different hypotheses that G is an A-space without 
identifications (see Theorems 3 and 4). 

In Part II neither the manifold nor the continua are assumed to be compact, 
but the image space is assumed to be metric and the characterization of the 
image space is effected only in the case in which the manifold has a finite 1-dimen- 
sional Betti number. Moreover, we do not show that the characterization is 
complete in the sense that any space satisfying the restrictions of the charac- 
terization is a monotone image of a 2-manifold. 


Part I 


2. Notation. Throughout this paper M will denote a 2-dimensional manifold 
without boundary; G@ will denote an upper semi-continuous collection of con- 
tinua filling M; G will also be used to denote the topological space whose points 
are the continua of this collection, with an element g of G defined as a limit 
element of a sequence of elements g; , ge, --- of Gif and only if there is a point 
of g which is a limit point of the point set g: + ge + .---, where gi ¥ g 


Received September 2, 1940; presented in part to the American Mathematical Society, 
December 29, 1938. The author wishes to acknowledge the assistance of Professor J. H. 
Roberts in the writing of this paper. 

1 J. H. Roberts and N. E. Steenrod, Monotone transformations of two-dimensional mani- 
folds, Annals of Mathematics, vol. 39(1938), pp. 851-862. This paper will be cited as MT. 
As part of the introduction to the present article we assume a reading of the introduction 
and of the statements of the lemmas and theorems of MT. In particular in Part I we shall 
speak of upper semi-continuous collections of continua or of monotone transformations 
as is convenient, without always calling attention to the equivalence of the two points of 
view. 
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(¢ = 1, 2, --- );g org, will denote an element of G; g, will denote that element 
of G which contains the point p of M; R(S) will denote the mod 2 1-dimensional 
Betti number of the set S. 

When we choose to view the problem as a problem of monotone transforma- 
tions, we shall let G denote a metric space onto which M is mapped by a mono- 
tone transformation f. In this case the upper semi-continuous collection fill- 
ing M, each element of which is an inverse image set under f of a point in G, 
will be referred to as the collection to which f gives rise and will again be denoted 
by G. This need cause no confusion when it is remembered that the upper 
semi-continuous collection is homeomorphic to the image space.” In Part I the 
continua of G will be assumed to be compact; in Part II some or all of the con- 
tinua of G may be non-compact except where the context clearly implies the 
contrary. By a 1-sphere we mean a simple closed curve; M°, will denote the 
interior of the manifold-with-boundary M,. We shall use ¢ to denote the 
metric function in the space M, and p to denote the metric in G; S¢(g, a) and 
Su(p, a) will denote, respectively, the sphere in G of radius a about g and the 
sphere in M of radius a about p; if no ambiguity is possible, the subscripts M 
and G may be omitted. 


3. Lemma 1. If M is non-compact, then M = M, + Mz + ---, where for 
every n M,, is a compact manifold-with-boundary, the boundary being a finite set 
of mutually exclusive 1-spheres, C} , Cz , --- , Cz, , and the following properties 
hold: 

(1) CTC’ = O gf either i ¥ jorn#k; 

(2) M°.,, contains M, ; 

(3) for every n > 1, no proper subset of the set of 1-spheres C} , Cz , --+ , Ci, 
bounds a compact manifold-with-boundary which contains M,_, in its interior; 

(4) for every i and every n, C? separates M; and 

(5) if Y is a compact subset of M, then there exists an integer n such that M,, 
contains Y. 


The proof of this lemma is omitted.’ 

We shall sometimes have occasion to speak of a decomposition of M into 
M, + M, + --- satisfying the first three and the fifth properties of Lemma 1 
but not necessarily satisfying the fourth property. This weaker form of the 
lemma we shall call Lemma 1’. 

We now state without proof the following lemma which is intuitively accept- 
able and which, in view of Lemmas 1 and 1’, follows without great difficulty 
from a Principal Theorem on the topology of manifolds.* 


2 See footnote 1. 

3See B. v. Kerékjarté, Vorlesungen tiber Topologie, Berlin, 1923. The proof follows 
immediately from § 5, pp. 172, 173 of this book. Condition (5) of the lemma is a consequence 
of conditions (1), (2) and (3), but we find it convenient to formulate the lemma as above. 

4 See Kerékjart, loc. cit., pp. 170, 171. 
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Lemma A. Suppose that 

(1) G is an upper semi-continuous collection of continua filling the manifold M, 
and G is itself a manifold; 

(2) M = Wi + W.+--- andG = G+ Gi + G.+ --- , where these decom- 
positions are in accordance with Lemma 1’; 

(3) M = Ws + We +--+ + Wan + --+ is a decomposition of M in accord- 
ance with Lemma 1; 

(4) forn = 0, 1, 2, --- , G, is homeomorphic both to Wns; and to W3n42 ; 

(5) Wens2 contains G, and G, contains Won4: ; 

(6) W3ni2 — Wensi consists of a finite number of open cylinders; and 

(7) af T,, is a component of Wsnis — Wansi, then that component of Gris — Ga 
which is contained in T,, is homeomorphic to T, . 

Then it follows that M and G are homeomorphic. 


Lemma 2. Given any integer i, there exists an integer n; such that if g-M; ¥ 0, 
then M?,, contains g. 


Proof. Suppose the lemma is false. Then there exists an integer 7 such that 
for every integer n there is an element g, such that M%, does not contain ga 
and g,-M; # 0. Then there is a point p in M; which is a limit point of 
gi + g2 + --- , but which is not a point of g; + ge + --- , and hence g,, the 
element which contains p, is a limit element of g: + gz + ---. Choose k so 
that M? contains gy. Then by the definition of upper semi-continuity, g, is a 
limit element of those elements of the sequence gi , gz, --- each of which lies 
in M;.. But there is only a finite number of such elements, and this contra- 
diction proves the lemma. 


4. Notation. Throughout the rest of Part I, n; will denote the smallest 
integer having the property stated in Lemma 2. Likewise, if A is a compact 
set, n, will denote the smallest integer such that if g-A + 0, then M 4 , contains g; 
and if g is an element, n, will denote the smallest integer such that M < con- 
tains g. Further, M; will denote the compact manifold without boundary 
obtained from M; by fitting 2-cells onto the boundary curves of M;. Finally, 
by an integral subset of M we shall mean a subset A of M which has the property 
that if an element of G intersects A, then it lies wholly in A. 


5. THeoreM 1. If G contains at least two elements and R(g) = 0 for each g 
of G, then G is homeomorphic to M. 


Proof. The method of proof will be to construct decompositions of M and G, 
M=W,+W2+---,@=G+G,+ ---, which satisfy the conditions of 
Lemma A. It will then follow by Lemma A that M and G are homeomorphic. 
As the first step in the proof we note that G is a manifold. To prove this we 
need only show that G is locally a plane at each of its elements. But this is 
proved exactly as in the proof of Theorem 1 of MT. 

Now let M = M,; + M2; + --- in accordance with Lemma 1. Let A; denote 
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the set of those elements of G each of which intersects a boundary curve of M, . 
A; is a closed and compact set. Let B, denote A; plus those elements of G each 
of which lies in a compact component of M — A,. Then B, is a compact con- 
tinuum containing M,. Now M — B, has only a finite number of components, 
D,, De,++-,D,. Modifying slightly the notation of Lemma 1 of MT, we 
write D; — K; = Hi + Hi +---+ Hi, @ = 1, 2,---,p). Let Ri = 


Pp si P 
B,+ > >° 4H}. Since R, is an open set containing B, , it follows that there 


i=1 j=1 
is a positive number a such that R,; contains S¢(B,, a). 

Now let W2 denote that manifold-with-boundary which is a subset of M and 
whose boundary curves are the 1-spheres '} which form part of the boundaries 
of the cylinders H} (i = 1, 2, --- , p;j = 1,2, --+,8,). To each curve I} we 
attach a 2-cell E} , thus obtaining the manifold W3 (see §4). Now F} = E} + H} 
is a plane. We define an upper semi-continuous collection X} filling F} as 
follows: 

(1) the elements of G which belong to Se(B; , a) are elements of X} ; and 

(2) the remaining points of F} are elements of X} . 

Then it follows from results of R. L. Moore’ that X} is a plane. Hence it 
follows that there is a simple closed curve C;; in that part of X} which arose from 
Se(B,, a) such that C;; separates the cylinder H} between Tj and B,. Thus 
C;; is a simple closed curve both in the space X} and in the space G. Moreover, 
there is a simple closed curve d;; in the space M which separates the cylinder 
Hi between B, and C;;. We define W, as that manifold-with-boundary which 
is a subset of M and whose boundary curves are the 1-spheres d;;. Then W; 
and W: are homeomorphic and condition (6) of Lemma A is satisfied. 

Now we define Gp as that subset L of G which fills the integral compact com- 

P 81 
ponent of M — > > ci;, plus the boundary of L; that is, G@) = L plus the 
i=1 j=1 
l-spheres c;;. We proceed to prove that Gp is a manifold-with-boundary and 
that G is homeomorphic to W.. Let V» denote an upper semi-continuous 
collection filling W2 (see above) and defined as follows: 

(1) every element of Gp is an element of Vo ; and 

(2) for each cylinder H' , we define the elements of Vo filling the plane F} 
of which H} is a subset as the elements of the collection X} which fills F} . 
Then if g is an element of Vo, R(g) = 0. Hence by Theorem 1 of MT, Vo is 
homeomorphic to W:;. But G and W, are obtained from V» and W: respec- 
tively by deleting a finite number (p in each case) of non-overlapping open 2-cells 
whose boundaries are l-spheres. Hence G) is homeomorphic to W:, and W;2 
contains Gp and Gp contains W, . 

Now let m be the smallest integer such that M‘%,, contains W:. We let 
W; = M,,. Let A: denote the set of those elements of G each of which inter- 
sects the boundary of M,,4:, and let B, denote Az plus those elements of G 


5 R. L. Moore, Concerning upper semi-continuous collections of continua, Transactions 
of the American Mathematical Society, vol. 27(1925), pp. 416-428. 
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each of which lies in a compact component of M — A;. Then we define W,, 
W;, and G;, relative to B, just as we defined W,, We: and G relative to B,, 
and we prove that G, is homeomorphic to W, and W,; just as we proved that G) 
is homeomorphic to W; and Wz. Ina similar manner we can prove that if 7; 
is a component of W; — W,, then that component of G,; — Gp» which is con- 
tained in 7, is homeomorphic to 7,;. Moreover, we can continue this process 
by induction in such a way that all the conditions of Lemma A will be satisfied. 
Hence Theorem | is proved. 


6. THroreM 2. If, for each g of G, M — g is connected and has just one 
cylinder of approach to g (see MT, Lemma 1), then G is a 2-manifold without 
boundary, R(G) S R(M), and if M is orientable, so is G. 


Proof. The property of being a 2-manifold without boundary is a local 
property. Hence we need only repeat that, given any element g of G, there 
exists an integer m, such that M,, contains g in its interior. It then follows 
at once from Theorem 2 of MT that g has a neighborhood in G which is a 2-cell. 
Therefore G is a 2-manifold without boundary. 

If R(M) is infinite, then surely R(G) S R(M). Suppose R(M) is finite and 
R(M) < R(G). Decompose G according to Lemma 1, G = G, + G2 +--- 
Then there exists an integer m such that R(M) < R(G..,) (see §4 for the meaning 
of G,,). Now there exists an integer m such that G,, arises entirely from 
elements of G in the interior of M,,. From this and from Theorem 2 of MT it 
follows that R(G),,) < R(Mi,,). But surely R(M),) S$ R(M). These in- 
equalities give a contradiction, and it follows that R(@) S R(M). 

Now suppose M were orientable and G were not. Then we could find a 
1-sphere d on G such that a directrix going around d would come back with the 
opposite orientation. Decompose G according to Lemma 1, G = G; + G2+---. 
There exists an integer 7 such that M; contains in its interior every element g 
of G,, (see §4). Let G be an upper semi-continuous collection filling M,, 
defined as follows: given a point p of M,, , the element g of G) which contains p 
is defined as the element g, of G which contains p or as the point p itself accord- 
ing as g, intersects M; or not. M,, , as a subset of M, is certainly orientable 
and hence G is orientable, by Theorem 2 of MT, and the observation in foot- 
note 10 and the sentence to which it refers in MT. But G) contains d and so 
is not orientable. This contradiction proves that G is orientable, and the 
theorem is complete. 


7. Let g be an arbitrary compact continuum on M and let g’ = g plus all 
2-cell complementary domains of g. Given any positive number e, there exists 
a domain V, containing g’ such that S(g’, e) contains V, and the boundary of V, 
is a finite set of mutually exclusive l-spheres. To prove this statement, we 
note that if it is true for compact manifolds, then it follows readily for a non- 
compact manifold M, since g’ is surely compact. We indicate a proof for a 
compact manifold M, using Lemma 1 of MT. There are only a finite number 
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of components of M — g’, say D,, D., --- ,D,. Using the same modification 
of the notation of Lemma 1 of MT that we used in the proof of Theorem 1, we 
write D; — K; = Hi + Hi+.--- +H), (i = 1,2,---,p). Now we can find 
a l-sphere on every H} which is isotopic on M to I} and lies in S(g’, e). This 
set of 1-spheres bounds the domain V, whose existence was asserted. 

Now let a(g) be the smallest integer such that for every positive number e 
there exists a V. whose boundary consists of a(g) or fewer mutually exclusive 
l-spheres. We call a(g) the order of g. That a(g) is finite for every g follows 
from the argument above, and in fact a(g) = s; + s. + --- + s8,. From the 
same argument we obtain the following 


Lemma 3. Given an element g of G, there exists a positive number e = e(g) 
such that if V. and U, are any two open sets each of which is contained in S(qg’, e) 
and contains g’ and is bounded by a(g) or fewer mutually exclusive 1-spheres, then 
the 1-spheres bounding V, and those bounding U, are both exactly a(g) in number, 
and there is a unique way of pairing them off with the following properties: 

(1) each pair consists of just one 1-sphere from the boundary of each of the 
open sets; and 

(2) the two 1-spheres of each pair are isotopic on M - S(g’, e). 


The number of elements of G which are of order greater than 2 is finite on 
any M;. In fact, if this were false for 7 = % , it would follow from part of the 
argument in the proof of the first part of Theorem 5 of MT that R(M), i.) Was 
not finite. 

Derinition. A d-manifold is a manifold different from a 2-sphere. 

DEFINITION. A continuous curve’ S is called an A-space if it has the following 
properties: 

(1) every maximal cyclic element of S is a 2-manifold; 

(2) if Ji, Je, --- denote the maximal cyclic elements of S which are d-mani- 
folds (J; ¥ J; fori ¥ k), then Ls J, = 0;' and 

(3) if p is any point of S, then there are only a finite number of the com- 
ponents of S — p which are non-compact in S. 


8. THroreM 3. If, for each element g of G, each component of M — g has 
just one cylinder of approach to g, then G is an A-space, and R(G) = R(M). 


Proof. That G is a continuous curve follows from a theorem of Roberts.” 
But with our restrictive hypothesis, this statement can be proved directly with 
little trouble. 

Now suppose that g is an element of G which belongs to a maximal cyclic 


§ A continuous curve is a space which is separable, metric, connected, locally connected, 
and locally compact. 

7 Ls J, means the limit superior of the sequence J;, J2, ---. See C. Kuratowski, Topologie 
I, Warszawa-Lwow, 1933, p. 153. 

8 J. H. Roberts, Concerning metric collections of continua, American Journal of Mathe- 
matics, vol. 53(1931), p. 423, Theorem 1. 
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element X of S. We want to show that g has a 2-cell neighborhood in X. 
Let U be a compact open set in M containing g. Then there is a compact open 
set V of G such that M,,-U contains V and V contains g. We now define an 
upper semi-continuous collection Gp filling Mi, as follows: given a point p of 
M a , the element of Gp which contains p is defined as the element g, of G which 
contains p, or as the point p itself according as g, is an element of V or not. 
Then by Theorem 3 of MT, G is a generalized cactoid. But G and G are 
obviously locally homeomorphic at g since V is an open set about g both in G 
and in G,. Hence every element of X has a neighborhood in X which is a 2-cell, 
and it follows that X is a 2-manifold. 

We observe that the condition (2) in the definition of A-space is a consequence 
of the following 


Proposition 2’. If p is a point of S, then there exists an open set U of S 
such that U contains p and only a finite number of maximal cyclic elements of S 
which are d-manifolds intersect U. 


We proceed to prove Proposition 2’. Let g be any element of G and let g’ = g 
plus all 2-cell complementary domains of g; g’ is a compact continuum. Let 
V. be an open set of M containing g’, with the properties of the V, of Lemma 3. 
It is an immediate consequence of the definition of an upper semi-continuous 
collection that the elements of G lying entirely inside an open set V of M form 
an open set of G. Let b(V) denote the open set of G thus associated with the 
open set V of M. Then b(V,) is the open set U of G whose existence we are 
trying to prove. For, in the first place, if Y denotes the set of maximal cyclic 
elements of G each of which has the following properties: 

(1) it is a d-manifold, 

(2) it intersects b(V.), and 

(3) it arises from elements of G belonging to M — g’; 
then it follows from Lemma 3 that the set Y can contain at most one maximal 
cyclic element for each of the a(g) 1-spheres which form the boundary of V,. 
And secondly, by R. L. Moore’s results’ we know that any maximal cyclic 
element of G arising from a 2-cell complementary domain of g must be a 2-sphere. 
Hence Proposition 2’ is proved. 

The proof that G satisfies condition (3) of the definition of an A-space is 
highly analogous to the proof of Proposition 2’. Finally, the proof that 
R(G) s R(M) is similar to the proof of that inequality in Theorem 2. 


9. THEeorEM 4. Every A-space is the monotone image of a 2-manifold. 


Proof. Let Ji, Jz, +--+ be those maximal cyclic elements of the A-space S 
which are d-manifolds, as in the definition of an A-space, and let P’ be the cut 
points of S which belong to J; (7,7 = 1, 2,---). Let W%; be the components 
of S — Pi which are compact cactoids, B;; the component of S — P?, which 


®R. L. Moore, Concerning upper semi-continuous collections, Monatshefte fiir Mathe- 
matik und Physik, vol. 36(1929), pp. 81-88. 
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contains J; — P? , X}; the components which contain d-manifolds # J; , and 
Y;{; the remaining components, where the range of a, b, and c is the set of posi- 
tive integers (we shall prove presently that the ranges of b and ¢c are finite for fixed 
iandj). LetWi;=Pi+Wi;+Wi;t+---,X,j=P+Xi;t+Xit---, 
and Yi; = P} + Yi; + Y?; 5 

W;; is a compact cactoid. For if U is a compact open set about P? , it follows 
from condition (2) of the definition of an A-space and the local connectedness 
and local compactness of S that only a finite number of the sets Wf; have points 
not in U. Hence W;; is compact and the fact that W;; is a cactoid follows im- 
mediately from the definition of an A-space. 

There is only a finite number of the sets X!; for any given pair i, j. For 
suppose there were infinitely many. Then from condition (2) of the definition 
of an A-space and the fact that S is locally compact, it follows that the diameters 
of the sets X$ ; for fixed i and j are bounded away from zero, say are all > 3e > 0. 
Hence each set X? ; + P? contains an are « from P} to some point q not in 
S(P?, e). Let U be a compact open set such that S(P} , e) contains U and U 
contains P}. Let 2d be the distance from P? to S — U, and let 2 be a point 
of c such that the distance from P! to 2 is d (b = 1, 2,---). Since U is 
compact, the points 2 have a limit point z. But then it can be shown that S 
is not locally connected at xz. This contradiction proves that there is only a 
finite number, say b;;, of the sets X?;. 

Now each of the sets Y{; + P? is non-compact; for since it does not contain 
a d-manifold it is a cactoid, and would be a W%; if it were compact. Hence by 
condition (3) in the definition of an A-space, there is only a finite number, say 
c;;, of the sets Y{; for any fixed pair 7, j. 

Now if F is a non-compact cactoid, then we can write F = F; + F2 +---, 
where, for every n, F, is a compact cactoid and F,-F,4; is exactly one point, 
while F,-F, = Oforp >n+1. If we use this fact and the results of Roberts 
and Steenrod, it follows that every non-compact cactoid is the monotone image 
of a 2-manifold. 

Now let K; be a replica of J; , and choose 2-cells E} on K; , in accordance with 
Lemma 3 of MT, corresponding to P? on J;. Let t = bi; + ¢¢; + 1 or bi; + ce; 
according as W;; contains a point ~ P{ or not. Remove from the interior of 
E} t non-overlapping open 2-cells whose boundaries are mutually exclusive 
l-spheres. Let Ni, Ne, ---+ , N.;; be 2-manifolds-with-boundary, the boundary 
of each of which is a single 1-sphere, and such that there is a monotone trans- 
formation which carries N, into Y{; (ec = 1, 2,---,¢;). Likewise, let 
L,, Iz, -++ , Le,; be closed and compact cylinders. Affix the bounding curve 
of each of the sets N, to the bounding curve of one of the 2-cells removed from 
E’ , and affix one of the bounding curves of each of the cylinders L, to the 
bounding curve of one of these 2-cells. If there is still a 2-cell left, that is, if 
t = bi; + ci; + 1, we affix to the boundary of this 2-cell the boundary of a 
closed 2-cell, that is, we replace the deleted 2-cell. 

Now suppose J, is a d-manifold in X/} and Q is a point of J,. There is an 
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are c from Q to P?. Since any compact subset of S intersects only a finite 
number of the J; by condition (2) of the definition, it follows that there is a 
last J; which c intersects before reaching P}. Call this last one J, and let P! 
be the last point of J, on c, where the order of points on c is from Q first to P’ 
last. P! depends only on the choice of J; (the J; containing P? , that is) and J, . 
For otherwise X}! would not be a maximal cyclic element of S. Clearly P? 
is a cut point of J,. When we treat J, as we have been treating J; heretofore 
in the proof, we shall find a set X?j which contains J; , and to it will correspond 
the boundary of an open 2-cell which will have been removed from the interior 
of the 2-cell E}. It is to this boundary that we affix the 1-sphere which forms 
the boundary of the other end of the cylinder Ls, (recall that b; is that value of b 
such that X$! contains J,). 

We go through this procedure first for every Pi (j = 1, 2, --- ), then for 
every P}, P}, +--+. The result is a manifold M which has been obtained from 
a sequence of manifolds K,, Kz, --- by attaching manifolds and by joining 
pairs of the K; with cylinders. 

The monotone transformation 7 is defined over M as follows: T(K; — 
(E; + Ej + --- )) is homeomorphic to J; — (Pi + Pi + ---) @ = 1,2, +++); 
let Vi denote E} minus the 2-cells deleted from E} ; then T(V}) = Pi (i,j = 
1, 2, --- ); the image under 7’ of the cylinder Ly, between E} and E} correspond- 
ing to P} and P! is the common part of the two sets (X?} + Pi) and (X?} + P), 
and this common part is a compact cactoid. The image under 7’ of the mani- 
folds N, attached to E} are the non-compact cactoids Y{;. The image under T 
of the 2-cell attached to E} is the cactoid X;;. Thus it follows that M and T 
are the manifold and the monotone transformation whose existence the theorem 
asserts. 


10. Derinirion. An A-space with identifications is a space which is obtained 
from an A-space S as follows: points P} of S are chosen (i = 1, 2,--- ;j = 
1, 2, --- , k;) in such a way that there is no point of S which is a limit point 
of these points, and then for every i the set of points P} (j = 1, 2,--- , ki) 
are identified. 


THeoreM 5. For any manifold M and any collection G filling M, G is an 
A-space with identifications and R(G) S R(M); and conversely, for every A-space 
with identifications K, there exist an M and G filling M such that G is homeo- 
morphic to K. 


We give only a brief indication of the proof. 

The first part of this theorem is proved by the method used to prove the first 
part of Theorem 5 of MT. In general it will be necessary to make a cut around 
each of a countable infinity of 1-spheres and to affix a 2-cell onto each of the 
lips of each of the 1-spheres which was cut around. But there will be only a 
finite number of these cuts necessary on any M;, and hence the restriction that 
identified points have no limit point is satisfied. 
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The proof of the converse part of the theorem is the same as the proof of 
Theorem 4 except for a slight modification. In order to obtain the identifica- 
tions we introduce 2-cells corresponding to the points to be identified just as we 
introduced the 2-cells E , and we introduce cylinders joining the 2-cells; that is, 
if we have a finite set of points to be identified, we introduce a cylinder joining 
every pair of the corresponding set of 2-cells. Then all these cylinders and the 
2-cells they join will be a single element of the new upper semi-continuous 
collection. 


Part II 


11. Roberts has shown by an example” that the space whose elements are 
the continua of an upper semi-continuous collection filling a 2-manifold, not all 
of which are bounded, need not be metric. In this paper, however, we restrict 
the class of spaces G by assuming that G is metric. We shall say M = M, + 
M, + ---, meaning always that this decomposition is in accordance with 
Lemma 1 of Part I. 


12. Lemma 1. If g is an element of G and a is a positive number, then there 
exists an integer n = n(g, a) such that n~™ < a and such that if h is an element 
for which p(h, g) < n™’, then h-M®, ¥ 0. 


Proof. Suppose the lemma is false. Then for every integer k there is an 
element g; such that p(g, gx) < k™’ and g,-M} = 0. Then g is the limit element 
of the sequence gi, g2,---. But if pis a point of g, then for some integer ky , 
p belongs to Mj, ; and since only a finite number of the elements of the sequence 
i, 92, +++ intersect M;, , p cannot be a limit point of the point set g: + gz + ---. 
Hence no point of g is a limit point of g: + gz + --- , and it follows from the 
definition of limit element (see CC) that g is not a limit element of the sequence 
9:1, 92, +++. This contradiction proves the lemma. 


Lemma 2. If c,, c2,+-- is a fundamental sequence of cuts," and if g is an 
element of G which intersects c, for infinitely many values of k, and if no other 
element of G intersects cx, for infinitely many values of k, then there is an integer n 
such that every element which intersects that component K, of M — c, which con- 
tains Cys, also intersects Cp, . 


Proof. We remark first that it follows from Lemma 1 of Part I and the 
definition of a fundamental sequence of cuts that there is a fundamental se- 
quence of cuts d; , dz, --- which is equivalent to the sequence ¢ , @, --- and 
which has the property that, for every k, d, is a boundary curve of M,. If 
we can prove that there is an integer n such that every element which intersects 
that component J, of M — M, which contains d,,, also intersects d, , then the 
lemma will be proved. 


1” J. H. Roberts, Concerning collections of continua not all bounded, American Journal of 
Mathematics, vol. 52(1930), p. 552. The definitions there given of upper semi-continuous 
collection and limit element are the definitions we employ. This paper will be referred to 
hereafter as CC. 

11 See Kerékjartd, loc. cit., p. 164. 
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For every integer s we define a set H, of G as follows: an element h belongs 
to H, if h-d, ¥ O and p(h, g) S s'. Now the set of all those elements each of 
which intersects a closed and compact set in M is closed and compact in G 
Hence for every s, H, is closed and compact. 

We now prove the following 


AsserTION. If A, denotes the set of those elements of G — H, each of which 
lies entirely in J, , then there exists an integer s, such that A, = O fors > 3. 


Proof. First we prove that if s; > s, then A, contains A,,. Let h belong 
to A,,. Then h lies entirely in J,, and hence afortiort inJ,. It follows then 
that h-d, = 0. Consequently h cannot belong to H,. Hence by definition of 
A, , h belongs to A,. 

Now let } be the number a of Lemma 1. Then there exists an integer k such 
that k > 8 and such that if h is an element for which p(h, g) < k’, then 
h-My #* 0. From this it follows that p(g, Ax) = k', and in fact that 
p(g, As) = k for s = k. 

Now let B denote that set of elements each of which intersects d,4,; but whose 
distance from g in the space G is not less than (2k). B is closed and compact. 
Now there exists an integer v > k such that B-J, = 0. For suppose the 
contrary; let hm be an element of B such that hn-Jm 4~ 0 (m = k + 2, 
k + 3,---), and such that the sequence {hn} converges to the element ho . 
By the definitions of upper semi-continuous collection and limit element it 
follows that ho-di.1 # 0. By the hypothesis of the lemma there is an integer 
b > k + 1 such that ho-d, = 0. But infinitely many of the elements h,, inter- 
sect d, and hence by the definitions of upper semi-continuous collection and 
limit element it follows that ho-d, # 0. This contradiction proves the existence 
of the integer v. 

Now I say that v is the integer s; whose existence we are trying to establish; 
that is, that A, = 0. For suppose h is an element of A,. Let pq be an are 
in J, from a point p of h to a point q of g. Now p(g, h) = k', for we have 
shown above that p(g, A.) = k' for s = k, and we chose v > k. Since the 
set of those elements each of which intersects the connected set pq is connected, 
it follows that there is an element g; which intersects pg and which has the 
property that (2k)* < p(g, g:) < k. Since g:-J, ¥ 0, it follows that g: does 
not belong to the set B, and hence that gi-di4: = 0. Hence g; lies entirely 
in Ji41, and g; does not belong to Hi4,. Then by the definition of A, it follows 
that g, belongs to Axy:. But p(g, g:) < k’, and we saw above that p(g, A.) = 
k” for s = k. This contradiction proves the assertion. 

Now I say that s; is the integer n whose existence the lemma asserts. For 
otherwise there is an element h which intersects J,, but does not intersect d,, . 
Then h lies entirely in J,, and h does not belong to H,,._ Hence h belongs to A,, . 
But we have shown that A,, is vacuous, and this contradiction proves the 
lemma. 


Lemma 3. No compact element of G is a limit element of non-compact elements. 
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Proof. Suppose the lemma is false and let g be a compact element which is 
the sequential limit element of a sequence of non-compact elements h, , he , --- 
Now let U be a compact open set in M containing g. Then no h; lies entirely 
in U. Hence there is a point p of U — U which is a limit point of hy + he + --- 
but which does not belong to h; + he + ---. Then by the definition of limit 
element, the element g, which contains p is a limit element of hi + he + ---. 
Since g is the sequential limit element of h; + he + --- , this means that g, = g. 
But U contains g and hence g does not contain p. This contradiction proves 
the lemma. 


13. Now if R(M) is finite, there is a compact manifold F such that M is 
homeomorphic to F — (p; + po + --+ + px) where p; is a point of F (i = 1, 
2,---,k). Throughout the rest of the paper we shall consider only the case in 
which R(M) is finite, and we shall make the assumption (which, in view of the re- 
mark above, adds no essential restriction) that M = F — (p; + po + --- + px). 
We shall find it convenient to speak of “an element g having p; as a limit point”, 
meaning of course that p; is a limit point in F of the set of points in F each of 
which belongs to the element g. Likewise we shall speak of the sphere S y(p; , a), 
of the distance o(p; , q), ete. 


Lemma 4. Suppose there is a single element g which has p; as limit point. 
Let G, be the collection of continua filling M + p; whose elements are the same as 
the elements of G except that g is replaced by g + pi. Then G, is upper semi- 
continuous and metric, and G, is homeomorphic to G. 


Proof. We need only to show that the element g + p; of G, is a limit element 
of a sequence of elements only if g is a limit element of the same sequence. Let 
hi , he, --+ bea sequence of elements having the sequential limit element g + p; . 
Then by Lemma 2 there is an n such that, for every 7, h; intersects the boundary 
of M,. From this it follows by the theorem of Zoretti that Ls h; (see foot- 
note 7) is connected. Then the element h of G which is the limit element in G 
of the sequence h; , he , --- must contain a point in every neighborhood of p; . 
Hence h = g and the lemma is proved. 

In view of Lemma 4 we are able to assume that there is not exactly one element 
which has p; as limit point. For if there is, we add p; to M and to that element 
which has p; as limit point, and G is not affected thereby. We shall make this 
assumption throughout the rest of the paper. The justification of this assump- 
tion has been the chief purpose of Lemmas 1, 2, and 4. 


14. Lemma 5. If g is a continuum on a compact manifold F, and if F — g 
is connected, then a necessary and sufficient condition that R(g) = 0 is that there 
exist a closed 2-cell in F having g in its interior. 


The necessity of the condition is given by Lemma 2 0f MT. The proof of the 
sufficiency follows from the fact that a continuum with positive Betti number 
lying in an open 2-cell separates that 2-cell. 
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If g is an element of G, we shall denote by g’ the closure in F of that set of 
points each of which belongs to the element g plus all the 2-cell complementary 
domains of that closed point set. 


TuHeoreM 1. Let F be a compact manifold such that M = F — (p, + pro 
+ .-. + pm), where p; is a point of F (¢ = 1, 2,---, k). Suppose that, for 
every non-compact element g of G, R(g’) = 0, and F — g’ is connected and has a 
single cylinder of approach to g’. (See Lemma 1 of MT.) Suppose also that no 
non-compact element of G has both p; and p; as limit point fori # j. Then if 
Q; is the point set of F covered by those non-compact elements of G each of which 
has p; as limit point, it follows that there is a closed 2-cell L; in F whose boundary 
is a simple closed curve and such that L; contains in its interior Q; + p; and such 
that L;-L; = 0 fori ¥ j (i,j = 1, 2, ---, k). 

Proof. If pisa point of M and h, and hz are two non-compact elements such 
that hj contains p and h; contains p, then either hj contains hz or else hz con- 
tains hij. If hi, he, --- is a sequence of non-compact elements such that for 
n = 1, 2,--+ hia, contains h, + p, then there is a limit element h of this se- 
quence which has the property that h’ contains h; + hz + --- , and h is non- 
compact. This follows readily from Lemma 3 and the theorem of Zoretti. 
Hence there is a non-compact element h, such that h’, contains p, and if h is a 
non-compact element for which h’ contains p, then h', contains h’. 

Now we define a new collection G; filling M as follows: 

(1) if p is a point for which there is a non-compact element h such that h’ 
contains p, and if h’, is as above, then h, — (pi + po + --- + px) is an element 
of G, , and 

(2) if p is a point for which there is no non-compact element h such that h’ 
contains p, then the element of G; which contains p is the same as the element 
of G which contains p. 

It is easily verified that G, is upper semi-continuous and metric, that no non- 
compact element of G; separates M or F, and that if we can find 2-cells in 
accordance with the theorem which contain in their interiors the non-compact 
elements of G, , then these 2-cells will contain in their interiors the non-compact 
elements of G. Hence we proceed to prove the theorem for the collection G, 
instead of for the collection G. 

If the theorem is true for the case k = 1, it follows readily for every integer 
k. For the distance from Q; to Q; is positive for 7 # j; and since we can close 
down on the set Q; + p; by a sequence of simple closed curves bounding 2-cells, 
it follows that if we choose simple closed curves which are far enough along in 
these sequences, then L;-L; will be vacuous for i ¥ 7. 

Let us consider the case k = 1 then, and let p, = p, Qi = Q. Letcbea 
l-sphere in F bounding a 2-cell EZ which contains p in its interior, and let go 
be any non-compact element of G which intersects c. Let go be a point of 
¢-go , and let f be a homeomorphism which carries the circle p = 1 of the Euclid- 
ean plane into c in such a way that f(1, 0) = q ; let f(1, @) be denoted by q@ 
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(0 S @ S 2x). Then if g is a non-compact element such that g-c contains @% , 
then g, will denote the element g. This admits the possibility that g. = gp 
even though a ¥ b. If b is any positive number such that b S 2z, then we let 
Ky denote the point set of F covered by p plus every non-compact element that 
may be denoted by g. for some number 0 S x S b. Now suppose that 7 is a 
component of E — K, and suppose every non-compact element which inter- 
sects T lies entirely in T. Let Dy denote the point set in 7 covered by non- 
compact elements. We define Q, as the set Ky, plus every such set Dy which 
has the property that K, contains Dy — D;. Then Q, is a compact continuum 
in F, and Qor = Q. 

Now if R(Q) = 0 it follows by Lemma 5 that our theorem is true. Hence 
suppose R(Q) # 0. 

We now prove 


Lemma A. If W is any closed set of non-compact continua such that there 
exists a 2-cell A in F which contains W + p in its interior, then W + p does not 
separate F. 


Proof. Let t be a homeomorphism which maps A into a 2-sphere S. Now 
if ((W + p) does not separate S, it follows that W + p does not separate F. 
But S — t(p) is a plane and ¢(W — p) is a closed point set in S — t(p) which 
is a sum of mutually exclusive unbounded continua no one of which separates 
S — t(p). Hence by Theorem 1 of CC, ((W — p) does not separate S — ¢t(p). 
Then W + p does not separate F, and the lemma is proved. 

Now let X denote the set of non-negative real numbers which have the prop- 
erty that if x is in X, then there is a closed 2-cell A, which contains Q, in its 
interior. Let Y denote the set of those positive real numbers each of which 
is less than or equal to 27 and does not belong to X. Since G is upper semi- 
continuous, it follows readily that X does not contain a largest number. 

Now if Y is vacuous then there is a closed 2-cell which contains Q., = Q in 
its interior, and the theorem follows. Hence suppose that Y contains a smallest 
number yo. Then there is a non-compact element g,, and a closed 2-cell H 
which contains g,, in its interior. Moreover, there is a positive number v such 
that if V denotes the set of all those non-compact elements h for which p(h, 
Jy.) <= v, then H contains V + p in its interior. Now let w be a non-negative 
number less than yo such that 

(1) if there is a largest number w less than yp for which g, has a meaning, 
then w is this largest number, and 

(2) if there is no such largest number, then w is a number for which g, has 
a meaning and which is such that yo — w is so small that if y > d = w and ga 
is defined, then ga belongs to V. Let V; denote the closure of V — Q.. 

Now by Lemma A, neither V; + p nor Q, separates F. Hence by Lemma 5, 
R(V, + p) = R(Q.) = 0. Then by a theorem of Borsuk” the space of con- 


2K. Borsuk, Uber die Abbildungen der metrischen kompakten Raume auf die Kreislinie, 
Fundamenta Mathematicae, vol. 20(1933), Theorem H’, p. 230. 
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tinuous mappings of V; + p into a 1-sphere is connected, as is the space of 
mappings of Q, into a l-sphere. Also the set (Vi + p)-Q, is connected since 
it contains p and is an integral set. Hence by a theorem of Eilenberg” the 
space of mappings of V; + p + Q, into a 1-sphere is connected. Then by 
Borsuk’s theorem, R(V; + p + Q,) = 0. 

Now let Z denote the closure of Q,, — (Qu + Vi+ p). Then by Lemma A, 
Z does not separate F; also the 2-cell Z contains Z in its interior. Hence by 
Lemma 5, R(Z) = 0. But now as before Z-(Q, + Vi + p) is connected and 
it follows that R(Z + Q. + Vit p) = 0. ButZ+Q+ Vit p= Q,,. 
By Lemma A again, Q,, does not separate F, and so by Lemma 5 there is a 
closed 2-cell containing Q,, in its interior. This contradicts the definition of 
yo and proves the theorem. 


15. Derinition. By a manifold with deletions we mean a space which can 
be obtained from a compact 2-manifold in a finite number of steps, each step 
consisting of the deletion of either 

(a) a single point, or 

(b) an open 2-cell bounded by a 1-sphere, or 

(c) a point p plus a set A of mutually exclusive open 2-cells each of which 
is bounded by a 1-sphere passing through p and such that the limit superior of 
the set of 1-spheres bounding 2-cells of the set A contains no point except 
possibly p. 

We remark that a 2-sphere with a single deletion is either a plane or else the 
domain D plus boundary described in Theorem 4 of CC. The above definition 
was framed so as to permit the application of Theorem 4 of CC in the following 


THEOREM 2. If the hypotheses of Theorem 1 are satisfied, then there exists a 
finite set of spaces Cy, Ci, --+ , C, with the following properties: 

(1) Co is a continuous curve whose every maximal cyclic element is either a 
2-manifold or a 2-manifold with deletions, 

(2) all but a finite number of the maximal cyclic elements of Co are either 2-spheres 
or 2-spheres with deletions, 

(3) C; is obtained from Ci. by identifying just two points of Ci1 (i = 1, 2, 

- , 8), and 

(4) C, is homeomorphic to G. 

Proof. Let Li, Le, +--+ , Ly be the closed 2-cells of Theorem 1 which contain 
in their interiors all the non-compact elements. Then it follows that there 
exist connected open sets V; of G such that fori = 1, 2,--- ,k 

(1) L; contains J; in its interior, 

(2) Vi + Ve +--+ + Vx contains all the non-compact elements, 

(3) the distance from p; to the boundary of V; + p, is positive, 

(4) R(V; + p,) = 0, and 

13 §. Eilenberg, Sur les transformations d’espaces métriques en circonférence, Fundamenta 
Mathematicae, vol. 24(1935), Theorem 3, p. 162. 
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(5) V; contains no element g of G such that R(g’) ¥ 0. 

Now we define a new collection G, filling F as follows: 

(1) Vi + p;is the element g; of G; (i = 1, 2, --- , k) and 

(2) every element of G not lying in V; + V2 + --- + DV; is an element of 
G,. 
Then by Theorem 5 of MT, G; is a space which can be obtained from a general- 
ized cactoid K, by making a finite number of identifications. We may think 
of K, as being obtained from G; by restoring the points of G,; which came from 
identifications of K, to their original multiplicity; that is, by deleting a finite 
number of local cut points of G, and then replacing each of these points multi- 
plicately. Let K be the space obtained from G by deleting from G the same 
(see footnote 14) finite set of local cut points and replacing them multiplicately 
in the same way. Now since K, is a generalized cactoid, it follows that every 
maximal cyclic element of K which contains no point of V; + V2 + --- + Vy 
is a 2-manifold, and only a finite number of these 2-manifolds are not 2-spheres. 
Hence, since G can be obtained from K by making a finite number of identifica- 
tions, if we can prove the following lemma it follows that our theorem is proved 
(where K is the space Cy of the theorem). 


Lemma B. Every maximal cyclic element of K which contains a point of V; 
is a 2-manifold or a 2-manifold with deletions, and all except possibly one of these 
maximal cyclic elements is a 2-sphere or a 2-sphere with deletions (i = 1, 2, --- , k). 


Proof. Case 1. Let A be a maximal cyclic’element of K which is contained 
in V;. Then we define a plane S and an upper semi-continuous collection of 
continua H filling S as follows: S consists of L; — p; plus a 2-cell bounded by a 
l-sphere, the 1-sphere being identified with the boundary of L; by a homeo- 
morphism; each element of V; is an element of H; the remaining points of S are 
elements of H. Then A is a maximal cyclic element of H as well as of K. 
Then by a theorem of Roberts,” A is a 2-sphere or a 2-sphere with deletions. 

Case II. Now let B be a maximal cyclic element of K which contains an 
element of V; and also an element h which belongs to K, as well as to K (see 
footnote 14) and let B, be the maximal cyclic element of K, which contains h. 
Clearly B, contains g; since B contains an element of V;. Now g; is not one 
of the points of K, which is identified to give G,. For points of identification 
of G, arise only from elements which separate the manifold locally, and which 
therefore have positive Betti number; and g; = V; + p;, and R(V; + p,) = 0. 
Herrce there is a neighborhood U’ of g; in K, which contains no point of K, to 
be identified and contains no g; for 7 # 7, and such that every cyclic element 


14 Clearly G — (Vi + V2 + --- + Vi) is homeomorphie to Gi — (git+g2+--- +ge). We 
shall say that an element h of G is the same as the element h, of G:, meaning that they cover 
the same point set in F. 

18 Theorem 2 of the paper referred to in footnote 8. The proof given there actually 
shows that each cyclic element is a 2-sphere or a 2-sphere with deletions, although the 
theorem states only that it is a subset of a 2-sphere. 
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of K, intersecting U, except possibly B,, is a 2-sphere. Then U — g; is an 
open set in K such that the distance in K from V; to the complement of U + V; 
is positive. It follows then that B is the only maximal cyclic element of K 
which contains an element of V; and an element which belongs both to K, and 
to K. Hence we have proved the last statement of the lemma and it remains 
only to prove that B is a 2-manifold or a 2-manifold with deletions. To prove 
this we remark first that if for every j such that V;.B # 0 we can find an open 
2-cell U; in B, whose boundary is a 1-sphere and such that U; is a 2-cell con- 
taining g; but not containing g, (v ¥ j), then the closed set W; in B which con- 
sists of the elements of U; — g; plus the elements of V;-B is a 2-cell with dele- 
tions. For we may imbed W;; in a plane exactly as we imbedded A in a plane 
in Case I and our result follows as it did in that case. But it is trivial that 
such 2-cells U ; can be found in B, , since B, is a 2-manifold. Hence the lemma 
is proved and so is the theorem. 


16. THroreM 3. If M = F — (p, + po +--+ + px), then there exists a 
finite set h, , he, +++, hm of the non-compact continua of G such that if M’ is a 
component of M — (hi + ho + --- + h,,) and G’ is the subcollection of G which 
fills M’, then M’ and G’ satisfy the hypotheses of Theorems 1 and 2. 


Proof. Let h; be an element of G which has as limit point r of the points p; , 
where r is greater than one. Then if A; isa component of M — hi , A: is homeo- 
morphic to a compact manifold minus at most k — r + 1 points instead of 
minus k points. It follows that there are v elements (v S k — 1),hi,he,---, 
h,, such that the following is true: if D is a component of M — (hj + 
h, + .-+- + h.), and if D is homeomorphic to D; — (q@ + g@ +++: + @), 
where D, is a compact manifold and q; is a point of D, (i = 1, 2, --- , s), and 
if h is a non-compact element lying in D, then h has as limit point only one of 
the points g;. Moreover, M — (hi + he +--+ +h.) has only a finite number 
of components; for each of its components is a manifold different from a 2-cell, 
and R(M) is finite. Now let Az denote a component of M — (hi + ha + 20. + 
h,) and let Az be homeomorphic to a compact manifold F: minus a finite set 
of points. Let h,4; be a non-compact element in F; for which F, — Roos is not 
connected. Then each of the components of Fz — h/4: is a manifold with smaller 
Betti number than F;, but no such component is a 2-cell, for h,,, contains all 
2-cell complementary domains of h,4,. Hence we see that there is a finite set 
of elements hy41, hose, «++ » he+e Such that if As is a component of M — (hy + 
hg + +++ + higz) and h is a non-compact element lying in A;, then A; — h’ 
is connected. 

The proof that there is a finite set of elements h,+241, «++, hv+2+w Such that if Ag 
is a component of M — (hi + --- + hiseyw) and h is an element lying in A, 
then A, — h’ has a single cylinder of approach to h’ follows from an argument 
given early in the proof of the first part of Theorem 5 of MT. Finally, it can 
be proved that there is a finite set of non-compact elements hyi24041, +++ » 
he+2+w+y Such that if As is a component of M — (hj + --- + Aiyerw4y) and h is 
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an element in As, then R(h’) = 0. Thus our theorem follows when we place 


m=v+2r+uty. 


TuHEeoreM 4. With only the two hypotheses that R(M) is finite and that G is 
metric the conclusion of Theorem 2 holds. 


Proof. The proof proceeds by showing how the elements contained in the 
set hi + --- + hj, of Theorem 3 are fitted back into the space G. In the first 
place, if A is a maximal cyclic element of G arising entirely from elements of 
hi, then it follows from a theorem of Roberts (see footnote 15) that A is a 
2-sphere or a 2-sphere with deletions. Now h; must be a limit element of K = 
G— (hi +ho +--- +h.) (§ = 1,2,---, m). But by a theorem already 
cited’® G is locally compact, and also K is locally compact. Hence it follows 
from the description of K in Theorem 2 that h; is either a limit point of one or 
more of the open curves arising from a deletion or else is the limit superior of a 
sequence of maximal cyclic elements of K. But the open curves of any com- 
ponent B of K arising from a deletion have a discrete cyclic order; and it can be 
proved that, since G is locally compact, if there is a single open curve c arising 
from a deletion and if ¢ has h; as limit element, then c + A; is a simple closed 
curve; whereas if there is more than one open curve arising from a deletion, and 
if c is one of these curves which has h; as limit element, then there is another 
open curve d arising from this deletion which also has h; as limit element in such 
a way that c + h; + dis a single open curve. It follows that K + hy + he 
+ .-- +h» is a space which satisfies the first three properties in the conclusion 
of Theorem 2, since the additional identifications necessary as a result of adding 
hy + he +--+ + hm to K are clearly finite. And now our theorem follows 
since we have already shown that every maximal cyclic element of G which 
arises entirely from elements of h; is either a 2-sphere or a 2-sphere with deletions. 


Duke UNIVERSITY. 


16 The theorem referred to in footnote 8. 








OPERATION THEORY AND MULTIPLE SEQUENCE 
TRANSFORMATIONS 


By J. D. Him anv H. J. Hamittron 


Consider the problem: To derive sets of conditions on the (J + n)-dimen- 
sional matrix of complex numbers (@m(1) ,m(2),...,m(0;4(1) 4(2),-..,40)) (LU + nm 2 2) 
necessary and sufficient that the l-tuple sequence {om(1),m(2),...,m(0} belong 
to a prescribed class whenever the n-tuple sequence of complex numbers 
{ sxc.) ,4(2),...,42)} belongs to a prescribed class, where 

oo 
Tm) ,m62),.-.,m(D) = ) » Am (1) ,m62),. ++ ,mC) kL) B02)... km) Sed) pe ( 2)... kn). 
kO1) 02), em ed 
This problem was solved in’ H, and He for each of the 256 cases corresponding 
to 16 classes of multiple sequences ranging from that in which the sequence is 
convergent and all partial limits exist and are zero to that in which the elements 
of the sequence are merely bounded for all values of the subscripts which are 
sufficiently large. 

However, these derivations were based exclusively on “classical’’ methods, 
and this fact left open for a time the question of applicability of operation 
methods to multiple sequence transformations. The authors have now suc- 
ceeded in applying these methods in the cases treated in H,; and Hg: and our 
present purpose is to exhibit such phases of this application as may conceivably 
be of value in future investigations of multiple sequence transformations. 

In case 1 = n = 1 we have to deal with the matrix (a) and sequences {s,} 

oO 
and {om} related by the equation ¢, = De amis « The classes of sequences 
which seem to have been of interest here are those of null, convergent, and 
bounded sequences. 

We may remark parenthetically that the determination of “regularity” condi- 
tions on (am%), that is, conditions such that ¢» converge to lim s, whenever the 


ko 
latter exists, constitutes no separate problem, since we need here merely to 
determine conditions on the matrix (b,x) necessary and sufficient that {7,,} be a 
null sequence whenever {s;,} is convergent, where bn: = mi — dm and Tm = 


00 
> bmise , and &, is Krounecker’s symbol. Similar reduction to homogeneous 
k=1 


Received March 8, 1940. 

1H, and H, denote the papers by Hamilton, Transformations of multiple sequences, 
this Journal, vol. 2(1936), pp. 29-60, and Change of dimension in sequence transformations, 
ibid., vol. 4(1938), pp. 341-342, respectively. 
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cases may be made when one considers the several regularity problems involved 
in multiple sequence transformations.” 

The six transformations in which {s;,} is either null or convergent have been 
adequately treated by operational methods in the literature, or at least can be 
so treated by simple extensions of the methods used in, say,’ B, p. 91. If {s,} is 
merely bounded, the situation is more complicated, and, by way of showing 
how such difficulties as arise may be overcome, we treat the sufficiently typical 
case wherein {s;} is bounded and {¢»} is to be convergent. 

The space of points = {s,} under the norm || z || = sup | s | and the usual 


operational definitions is clearly a Banach space, and in it the points x, = {6?} 
(p = 1,2, --- ) and z{x,} constitute a fundamental set,‘ where x{,,} is the sequence 
consisting of 1’s in the k,-th places and 0’s elsewhere, {k,} being the general 
infinite’ subsequence of the natural numbers k. 
To prove this we fix upon z and take R > sup| s, |. Letting n be an arbitrary 
k 


positive integer, we see that, corresponding to each k, there exist exactly one « 
and one A (1 S «x, A S n) such that 
(1) R(« — 1)/n S| %| < Re/n and 2x(\ — 1)/n S arg % < 2rd/n. 


Let now 2z,,, be the sequence consisting of 1’s for those values of k for which 
(1) is satisfied and 0’s elsewhere. It follows that 


|| yy [R(x — 1)/n] exp [2mi(A — 1)/n]a., — 2|| 
can be made as small as desired by taking n sufficiently large, and this fact 
establishes the assertion. 


Since on = y AmkS; is to exist for each {s,} € (m), where (m) is the space of 
k=1 
bounded sequences, we see by B, p. 86, that >> | anx | < 2%. Hence the opera- 
k=1 
tion U,, defined by Um(x) = >> amass is linear, and it is easy to see that || Um || = 
k=1 


> | an |. And since U,(x) = om is to converge for each z ¢ (m), it follows 
k=1 
that U(x) = lim U,,(z) is linear, by B, p. 23, Theorem 4. Hence, by B, p. 80, 


Theorem 5 and p. 79, Theorem 3, the desired set of conditions may be written 
as follows: 


2 See Hamilton, Preservation of partial limits in multiple sequence transformations, this 
Journal, vol. 5(1939), pp. 293-297. 

3 By B we denote Banach, Théorie des Opérations Linéaires, Warsaw, 1932. 

4B, p. 58. 

5 This unnecessary restriction is justified by its convenience. 
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(2) sup 2) | dm | < 5 
(3) lim Gn; = a, exists (k = 1,2,---); 
(4) lim >> am, = Lix,} exists (each {k,}). 


m—co y=l 


We now show that this set of conditions is equivalent to the more elegant 
set which consists of (2) and® the following condition: 


(5) There exist numbers a; such that lim 7. | Qmkz — a, | = 0. 
mo k=1 
An interesting operational interpretation of this equivalence may be estab- 
lished as follows. We consider the Banach space of functionals W which are 
defined for each x ¢ (m) and for which || W || = >> | b, | , where W(x) = >> dys, 
k=1 k=1 


with z = {s}. Conditions (2), (3), and (4) now assert that {U,,,} converges 
weakly to U (B, p. 123, Theorem 2), and condition (5) asserts that {U,} con- 


verges strongly to U. Moreover, (5) shows that U(x) = > Ay; « 
k=1 


Evidently we need only to prove that the set (2), (3), (4) implies the set 
(2), (5). Supposing then that (2), (3), (4) are satisfied while (5) is not, we have 
an e > 0, a subsequence {m,} of {m}, and a sequence {M,} for which M, < 
Mz < --+, such that’ 


M(v+1) M(v¥) o 
|Qm,k — Qe| > 10¢ and (X + YW ) ane — a4) <e 
k=M(v)+1 k=1 k= M (v+1)+1 


Now there are numbers k,, , ky, -++ , ky, for which® M, + 1 S kn < ky 
See SK hey, s Mya and 


| u(y) 


De (an,x,, — %,,) > Be (» = 1,3,5,---). 


u=l 


Let the sequence {&} consist of 1’s in the k,,-th places (u = 1, 2,---, wy; 
= 1, 3, 5, ---) and 0’s elsewhere. Then, for v odd, 


| | jal | M(¥) EJ 
¥ (anys ~ ans] 2 [2 (Oarry,~ 04,)|— (Be +, Sinn — a4] > 26 
| k=l | p= | k=1 k=M(v+1)+1 


and, for v even, 


| © 1 M(¥) CJ 
E (ana — ane) = (De + > Via = a4] <e 


| k=l k=1 k= M (v+1)+ 


® Compare H,, p. 49, no. 21. 

7 For typographical reasons, we use notations of the form M(v) as alternative to M, 
whenever the latter occurs as an index to a summation sign. 

8’ Hamilton, Some theorems on subsequences, Bulletin of the American Mathematical 
Society, vol. 44(1938), p. 298. 
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Hence >> (amz — ax)3, cannot converge, and thus, by (2) and (3), >> amc 
k=1 k=1 


cannot converge. But this contradicts (4), and the proof is complete. 

Passing to the general transformation, in which 1 + n > 2, and confining 
ourselves to the 16 types of sequences discussed in H, , we find ourselves con- 
fronted with the problems (i) of “norming”’ spaces of sequences whose elements 
are unbounded save for subscripts sufficiently large, (ii) of making complete 
the spaces of ultimately regularly convergent sequences, and (iii) of discovering 
fundamental sets in the several spaces. (A double sequence {8,} is said to be 
ultimately regularly convergent if lim s, and lim s, exist for all sufficiently large 


K-20 Ao 

\ and x, respectively; and an analogous definition is made for multiple sequences 
in general. See H,, p. 30.) The remainder of our paper is devoted principally 
to the circumvention of these problems. We make henceforth free use of the 
definitions and symbolism of H, and H, . 

Circumvention of problem (i). The relevant types of sequences {s,} are 
URCRN, URCN, URC, CN, C, UB. Let V represent the generic one of these 
types and W the corresponding bounded type. (Thus if V is URCN, then W 
is BURCN.) 

If {on} « UB, C, CN, URC, URCN, or URCRN, then (ag) and (be) must 
be satisfied, by H, , p. 41, nos. 2 and 4. 

(For double sequences {8s} which are to be transformed into sequences 
{o,»} by means of matrices (a,,.), conditions (ag), (be), and (cz) become 


) Quan = 0 for k > Cy(u, v) (u,v = 1, 2, +++; A= 1, 2, ---) 
a ’ 
; Ayer =0 for A> C.(u, v) (u,v = 1, 2,--- > &2= 1, 2, ---); 
Gx. =O0 for pw,»v,« > Cy (A = 1,2, ---), 
(be) 
Quand = 0 for MK, Y, ’\> é.. (x = 1, 2, o+e)3 
(cs) Qua =O for «>Cy (upvy = 1,2,---; A=1,2,---), 
c 
; Aun = 0 for A> ¢, (u,v = i ae x = 1,2, ---).) 


Fixing upon z = {s;} € V, let s be bounded for k > Q, and take R, > max C, 
(x = 1,2,---,Q,). Define y = {i} thus: & = s; for all k excepting those for 
which A > C, and k > Q., in which case t = 0. Then y e W, and 


, Amk 8 = > Om tk for m > | a 
k=1 k=1 


Hence for a matrix (dmx) which satisfies (a2) and (be), NS V — UB, C,---+, or 
URCRN are NS W — UB, C, --- , or URCRN, respectively. 

If {on} ¢« B, BC, BCN, BURC, BURCN, RC, RCN, BURCRN, RCURN, 
or RCRN, (ce) must be satisfied, by H, , p. 42, no.6. Fixing upon z = {s,} « V, 
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let us define y = {t,} thus: & = s, for all k excepting those for which \ > C,, 
in which case , = 0. Then y ¢ W as before, and 


D amie = Dy Amati for all m. 
k=1 k=1 

Hence for a matrix (@mx) which satisfies (c2), NS V — B, BC, --- , or RCRN 

areNS W —B, BC, --- , or RCRN, respectively. 

Thus problem (i) is circumvented by reducing the problem of finding NS 
V — UB, C, CN, URC, URCN, URCRN, B, BC, BCN, BURC, BURCN, 
RC, RCN, BURCRN, RCURN, or RCRN to the problem of finding NS 
W — UB, C,--- , or RCRN, respectively, with the provision that (a2) and 
(be) are to be added to the latter set in the first six cases, and (¢2) in the re- 
mainder. The space (W) of sequences {s;} of type W is in each case normed 
if we take || z|| = sup|s,|, where z = {s,}. Moreover, it is complete if W 

k 


is B, BC, BCN, RC, RCN, or RCRN, and the solutions of the problems of 
transformation in these cases are, as we shall illustrate by examples, more or 
less straightforward analogues of the one-dimensional problems. 

If W is BURC, BURCN, BURCRN, or RCURN, the space is not complete, 
and we are thus led to seek another solution. 

Circumvention of problem (ii). Let W represent the generic one of the above 
four types, and (W(a)) the subspace of (W) whose points {s;} are such that 
lim s; exists (and is zero for the last two types) forall k® > a. ThenNS W— 


kl—ro 
BURC, BURCN, BURCRN, or RCURN are NS W(a) — BURC,.---, or 
RCURN for a = 0, 1, --- , respectively. 

Thus problem (ii) is cireumvented by reducing the problem of finding NS 
W — BURC, BURCN, BURCRN, or RCURN to the problem of finding 
NS W(a) — BURG, --- , or RCURN for all a, respectively and, if possible, 
simplifying the resulting set of conditions. 

Circumvention of problem (iii). For purposes of clarity, we confine ourselves 
henceforth to double sequences {s,:}. We first introduce the following par- 
ticular sequences: the sequences X,; (k, 1 = 1, 2, ---), all of whose elements 
are 0 excepting that common to the k-th row and the /-th column, which is 1; 
the sequences X; (k = 1, 2, ---), all of whose elements are 0 excepting those in 
the k-th row, which are 1; the sequences X; (J = 1, 2, ---), all of whose elements 
are 0 excepting those in the /-th column, which are 1; the sequence X, all of 
whose elements are 1; sequences of the type Y; (k = 1, 2, ---), all of whose 
elements are 0 excepting those in the k-th row, which are 0 and 1 in arbitrary 
arrangement; sequences of the type Y; (lJ = 1, 2, ---), all of whose elements 
are 0 excepting those in the l-th column, which are 0 and 1 in arbitrary arrange- 
ment; and sequences of the type Y, whose elements are 0 and 1 in arbitrary 
arrangement. 

In view of the nature of the circumventions of problems (i) and (ii) above, 
we see that it suffices to confine our attention to the Banach spaces (RCRN), 
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(RCN), (RC), (BCN), (BC), (B), (RCURN(a)), (BURCRN(a)), (BURCN(a)), 
and (BURC(a)). Fundamental sets for these spaces are the following. (In 
all cases we take || x |! = sup | sx |.) For (RCRN): Xu (k, | = 1, 2, ---); 
(RCN): Xu: (k, l = 1, 2, ---), Xi (&K = 1, 2, ---), Xi (l = 1, 2, ---); (RC): 
same as preceding, with X added; (BCN): Xx. (k, 1 = 1, 2, ---), all sequences 
of the type Y; (k = 1, 2, ---) and of the type Y{ (l = 1, 2, ---); (BC): same 
as preceding, with X added; (B): Xx, (k, 1 = 1, 2, ---), all sequences of the 
type Y; (RCURN(a)): Xx: (k, 1 = 1, 2,---), Xi (kK = 1,2,---, a), Xi (= 
1, 2,--- , a); (BURCRN(a)): Xx: (k, 1 = 1, 2, ---), all sequences of the type 
Y; (k = 1, 2,---, a) and of the type Y{ (l = 1, 2,--- , a); (BURCN(a)): 
Xx (k, | = 1, 2, ---), all sequences of the type Y; (k = 1, 2, --- , a) and of the 
, ’ 1, 2,---, a), Xi (kK = a+ 1, a + 2,---, a) and of the type 
Yj (l= 1,2,--- ,a), Xi (kK =atla+t+2,---), Xi (l=at+l,a+2,---); 
(BURC(a)): same as preceding, with X added. 

We give proofs in a few typical cases. 

Proof for (RCRN). Setting x; = p> Su Xn, we have lim x; = z. 

1 


, oan ‘oo 


Proof for (RCN). We denote lim s,; and lim s; by sj and s; , respectively. 
le 


kaw 
Given ¢ > 0, let i be such that | s..| < efork,l > 7, | si: — si| < efork >i 
(l= 1,2,---), and | a. — s, | < efor! >i(k = 1,2,---). Defining 2; by the 
equation 


i i i 
a = > i Xi+ D si Xit+ 2» (su — 3 — sD) Xu, 
k=1 l=1 ,l=1 


we see that || 2; — r|| < «. 

Proof for (BCN). Given ¢ > 0, let i be such that | s.| < ¢ for k,l > i. 
By our work above with bounded simple sequences, we know that there exist 
numbers r; and c; and sequences Y;, , Yj, of types Y;, Yj, and Xx, (v = 1, 2, 

v(k) 
+, Mju =1,2,---,u,;k,l = 1, 2,---, 2) such that || 2; —- > riYi 
v=1 
a(t) 
and ||zi — >> ctYi,|| < ¢ (k,l = 1,2, ---, a), where 2 and 2{ are the simple 
u=l 


sequences {2x1} (k fixed) and {2%} (/ fixed), respectively. Hence, defining 








<eé 


i v(k) i p(t) 
yi = {ta} = > DD niYn + D Dery: and x = ys + 2» (Ser — ten) Xu, 
ee on i=1 y= l= 


we have || z; — z|| < «. 

We continue with two illustrations of the technique used in applying operation 
methods to multiple sequences by deriving for double sequences {s,:} two of 
the sets of conditions derived by ‘classical’? methods in H,. We shall need 
the following conditions: 


oO 


(a1) D |amaz| << © (m,n = 1,2, +--+); 


k,l=1 


® Compare H, , pp. 35-36. 
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io} 


(b;) D |amur| <A for m,n>B; 
k,l=1 
(ex) 2, | Amn | <A (m,n = 1,2, ---); 
( ) Annkt = O for k>Ci (m,n = 1,2,---;1=1,2,---), 
c 
2. Annkt = 0 for l>Ci (m,n = 1,2,---; = 1,2,---); 
(d;) lim Qmnkt = Ge (k,l = 1,2, ---); 
lim De Omnis = Li (l= 1,2,---), 
(ds) m,n—>oo “i 
lim > Guat = Li (k = 1,2,---); 
mn—-o l=1 
(ds) lim oe Annkl = L; 


m,n—-o k,l=1 


(dy) there exist numbers a,; such that 


lim 2D, | @mnax — anx| = 0 (1 = 1,2, ---), 
lim >) | dma — axe | = 0 (k = 1,2,---); 
mn—-«o l=1 
’ i 
lim Gmnkt = Ain for n> D (k,l = 1,2, ---) 
(e:) pe : r 
lim Qmnxt = Ame for m> D (k, 1 _ 1, 2, i -). 


The transformation RCRN — URC. We first show that (a;) is necessary and 
sufficient that on, exist for each m, n. Holding m and n fixed, we consider 
the additive functional U; defined on (RCRN) by the equation U,(r) = 


DX amnxiser- Since | Us(x)| < ||x]| DO | amnze|, we see by B, p. 54, Theorem 1, 
k=l 


kl=1 ; 
that U; is a linear operation, and that ||U;|| < >> |a@mnx|. On the other 
ki=1 


hand, the sequence € = {&.} for which &; = sgn Gmnx: for 0 < k,l S 7 (sgn 


0 = 1) belongs to (RCRN) with || #|| = 1. Thus || U; || = || Us| || Z|] 2 
| U(z)| = p> | @mnxt|, and we have || U;|| = p> |amnt|. Since U;(z) is to 
-l=1 l=1 


converge for each z e(RCRN), the necessity of (a,) follows from B, p. 80, 
Theorem 5. Its sufficiency is obvious. 





— ~~. eee 


(d 








OPERATION THEORY AND MULTIPLE SEQUENCE TRANSFORMATIONS 161 


It follows that the operation Uma for which Uma(z) = >> dmneiSer is linear, 
k,i=1 
and it is a triviality to see that 


oO 


(6) || Umn || = > | Qmnkt |. 


Condition (b;) is thus seen to assert that the sequence {|| Umm ||} is ultimately 
bounded, a circumstance which follows from B, p. 80, Theorem 5, in view of the 
fact that lim o,,,,, must exist for each pair of sequences {m;} and {n;} for which 


to 
lim m; = limn; = o. 


The necessity of (d;) follows from the facts that X,,¢(RCRN) and that 
U mn(Xxi) = Gmnkl - 

The conditions (a;), (b:), and (d;) insure the convergence of ¢mn = Umn(2x) 
for each 2, in view of B, p. 79, Theorem 3, since, by (b:), the sequence {|| Um;n, ||} 
is bounded for each pair of sequences {m;} and {n;} as characterized above. 

Suppose next that (e:)—and, for definiteness, the first part—is not satisfied. 
Then there exist sequences {k;}, {li}, {ni}, and {m;;} such that limn; = 


tc 


x,t; fails to exist for 7 = 1, 2, --- . 


lim m;; = © fori = 1,2, ---, and lima,, 

je je 

Defining Ui; = Um; jn; , we thus see that lim U;;(Xi,1;) fails to exist for i = 
Ie 

1, 2,---. Hence, by B, p. 24, Theorem 6, there exists a sequence {3} = 

& € (RCRN) for which lim U;;(Z) fails to exist fori = 1, 2,---. Thus om. = 


a 


si 


oO 
= GmnkiSki is not ure, contrary to our requirements. 
kl=1 


The conditions (a;), (b:), and (e:) insure the existence of lim om, for n > B,D 
and of lim om, for m > B, D, by B, p. 79, Theorem 3. 


Finally, then,’* NS RCRN — URC are (a), (b:), (di), and (e:). 

The transformation URC — C. As shown before, we need merely derive 
conditions necessary and sufficient that BURC(a) — C for each a, reduce these 
conditions if possible, and add (a2) and (be). Defining Un, as above, we find, 


as there, that || Uma|| = p> | @mnez| and that (a), (b;), and (d;) must be satisfied. 
,t=1 
Similarly, we establish the necessity of (ds); 
lim Ze Annas = Li (l=a+1l,a+2,---), 
m,n—>o 1 


(dea) = 
lim 20 Gnu = Li (k=at+l,a+2,---); 


m,n—-co l=] 


1% Compare H; , p. 50, no. 43, and p. 58, §7. 
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and 


lim >> amnx,2 = Li({k,} (I = 1,2, --+ , @; each {k,}), 
mn—o y=l 

(7) a 
lim >> ama, = Li({l,}) (k = 1,2, --- , a; each {l,}). 
m,n—-o y=] 

The sufficiency of the conditions (a;), (b:), (di), (dea), (ds), and (7) follows as 
before. Moreover, we find, somewhat as in the case of the simple sequence 
transformation treated above, that we may replace (7) in this set of necessary 
and sufficient conditions by 


lim 20 | @mnaz — aur| = 0 (l = 1,2, ---, a), 
mn—-o k=1 

(dua) = 
lim D | amr — | = 0 (k = 1,2,---,a). 


mn—-o l=1 


But the holding of (de2) and (dy2) for a = 0, 1, --- is equivalent to the holding 
of (de) and (dy). And since (d4) and (b;) imply (de) and (d,), it follows that 
NS BURC — C are (a), (b:), (ds), and (dy). Finally, then,” NS URC > C 
are (a1), (a2), (bi), (be), (ds), and (da). 

Concluding, we mention that in certain transformations involving the exist- 
ence of the limit (or limits) of om, it is a simple matter to evaluate this (or 
these) limit(s) by means of operational methods. Thus in the former of the 
two transformations considered above, we may proceed as follows to find the 


value of og = lim oma. 

Defining U(r) = lim Uma(x), we have o = U(x) = lim U;;(x), whence, by 
m,n—>00 io i 
(6) and (b;), we see easily that U is linear. If, then, we set z; = p> SkiXxKI, 
‘t=1 

we have x = lim z; so that ¢ = lim U(z;). But, by (di), we have U(z;) = 
j Io — 

>> axis. Hence, finally, ¢ = >> aeiSkr « 

kl=1 kl=1 


MicHicAaNn State CoLLeGE AND Pomona COLLEGE. 


11 Compare H,, p. 49, no. 14; p. 58, §7, and p. 38, (.12). 











FUNCTIONS WITH POSITIVE DERIVATIVES 
By R. P. Boas, Jr. 


D. V. Widder has called my attention to the fact that a function having all 
its derivatives of even order non-negative in an interval is necessarily analytic 
there. This is a special case of results which have been stated, without detailed 
proof, by S. Bernstein;’ it is useful in the theory of Laplace integrals.” In the 
first part of this note, I give an elementary proof of the theorem, and a proof, 
by methods differing from Bernstein’s, of Bernstein’s general theorem. This is 


THEOREM 1. Let {n,} (p = 1, 2,---) be an increasing infinite sequence of 
positive integers such that np4,/n, is bounded. If f(x) is of class’ C* ina < x < b, 
and has the property that for each p (p = 1, 2, ---) f°” (x) does not change sign 
ina <x <b, then f(x) is analytic ina < x < b. 


The greater part of this note is devoted to showing that Theorem 1 is, in a 
certain direction, the best possible result. I construct, for any sequence {n,} 
such that np4i/np — ©, a function whose n,-th derivatives are positive in an 
interval, but which is not analytic in the interval. (The case where lim sup 
(Np41/Mp) = ©, lim inf (np4:/n,) < © is left open.) More precisely, I prove 


THeoreM 2. Let {n,} (p = 1, 2,---) be an increasing infinite sequence of 
positive integers such that lim nyii/np = ©. Then there is a function f(x), of 


po 


class C” in —1 < x < 1, such that f(z) > Oin —1 < x < 1, and 
(1) fr'(z) >0  (-1<2<1;p=1,2,---), 
(2) f(x) is not analytic in -1 <2 <1. 


The function f(x) will be defined by means of its development in a series of 
Chebysheff polynomials. 


In Theorem 1, it could equally well be supposed that f(x), instead of having 
n,-th derivatives which do not change sign, is continuous and has n,-th dif- 


Received September 21, 1940; presented to the American Mathematical Society, Sep- 
tember 10, 1940. 

1S. Bernstein, Lecons sur les Propriétés Extrémales et la Meilleure Approximation des 
Fonctions Analytiques d’une Variable Réelle, Paris, 1926, pp. 196-197. 

2D. V. Widder, Necessary and sufficient conditions for the representation of a function by a 
doubly infinite Laplace integral, Bulletin of the American Mathematical Society, vol. 
40(1934), pp. 321-326. 

3 A function is of class C* (n = 1, 2, ---) if it has a continuous n-th derivative; of class 
C* if of class C” for every n. 
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ferences which do not change sign. In fact, the latter hypothesis implies the 
former, by a theorem of T. Popoviciu.* 


1. Proof of Theorem 1. We require Lemmas | and 2, Lemma 3 for n, = 2p, 
and Lemma 4 for general n,. Lemmas 1 and 2 are slight modifications of 
lemmas of E. Landau.’ 


Lemma 1. InO S 2 S hlet f(x) eC” (n = 2), |f(z)| $1, f"@) 2 0. 
Then 


rp Os Gy (n — 1)". 


Let 6 = h/(n — 1). Then 
z,+6 


Garg = fae [dae [fed dens, 


Zn-2 


In the integral on the right, f~ (z,-1) = f‘"- (0) (because f‘”’(x) 2 0), so that 
the right side of (1.1) is not less than 6” f°"). The left side of (1.1) is at 


most 
ir a 
: = 2”. 


1=0 t 


r@s Gy - Gy (n — 1)" 


Lemma 2. In —1 S$ x S 1, let f(z) eC” (n = 2), |f(z)| S$ 1, f(z) 2 0. 
Then in|x| [1 —6(0 <6 <1) 


(1.2) er@s (7) @- 0 


If —1 < & S 1 — 6, Lemma 1 can be applied to f(z + &), as a function of 
z,in0 s z Ss 6. The conclusion is 


(1.3) r@< Gy (n= 1)" 


If —1 + 6 < — S 1, Lemma 1 can be applied to (—1)"f(—z + 6), as a fune- 
tion of z,in 0 S$ x S 6. The conclusion is 


(1.4) f= @) @-2"*. 


Inequalities (1.3) and (1.4) imply (1.2). 


Hence 


4T. Popoviciu, Sur l’approzimation des fonctions convezes d’ordre supérieur, Mathe- 
matica (Cluj), vol. 8(1934), pp. 1-85; pp. 54-58. Another proof has been given by Boas 
and Widder, Functions with positive differences, this Journal, vol. 7(1940), pp. 496-503. 

5E. Landau, Uber einen Satz von Herrn Esclangon, Mathematische Annalen, vol. 
102(1929-30), pp. 177-188; 184-185. 
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Lemma 3.0 In —h S x Sh, let f(z) eC’, | f(z) | S$ A, | f(z) | = B, B/A > 
4/h?. Then | f’(x)| < 2(AB)' in -h S x Sh. 

If |6| S hand x and z + éare both in the closed interval (—h, h), Taylor’s 


theorem with remainder of order 2 yields 


f(z) = ; [f(z + 8) — f(x)] - 5 o"(e +65), O<6<1; 


2A . 8B 
y pes F tae 
IS@ls>t+3- 

If B/A = 4/h’, 2(A/B)* S h, and we may take 6 = —2(A/B)' sgnz. Then 
| f’(x) | < 2(AB)*. 


Lemma 4. In—-hSa let f(x) «C" (n = 2), | f(z) | S Mo, | f(z) | s 


Sh, 

M,. Thenin-hixsh 
k 

if (2) | < 4e** (") ue Mee (k = 1, 2, re oad 1), 


where M’, denotes the larger of M,, and Mynth™". 


Lemma 4 was proved by A. Gorny; H. Cartan has given a similar result.’ 
Proof of Theorem 1 for n, = 2p. Without loss of generality we assume that. 
f(x) is of class C* in —1 S x S 1, and that | f(z) | < 1. By Lemma 2, 


(15) |f?@)|\ < (?) " (Q@p-"" jz] $ 1-4; p = 1,2,-..). 
By Lemma 3, applied to f°?” (x) and f°*” (2), 
| f°” (x) | < 2(7) ° { (2p - 1)? (2p + 1)??*y3 


provided that 





(7) (2p + 1)" - 4 : 
6) (2p — 1) ~ (1 — 8)?” 


this will be true if 2p — 1 = 6/(1 — 4), and so for sufficiently large p. We 
thus have, for large p, 


ft” (2) |s 2(7) ; (2p + 1)(2p)”?", 


6 This is a variant of aknownlemma. Cf. E. Landau, Einige Ungleichungen fiir zweimal 
differentiierbare Funktionen, Proceedings of the London Mathematical Society, (2), vol. 
13(1913), pp. 43-49; T. Carleman, Les Fonctions Quasi Analytiques, Paris, 1926, p. 12. 

7A. Gorny, Contribution a l'étude des fonctions dérivables d’une variable réelle, Acta 
Mathematica, vol. 71(1939), pp. 317-358. 

Cartan’s results are stated by H. Cartan and S. Mandelbrojt, Solution du probleme 
d’équivalence des classes de fonctions indéfiniment dérivables, Acta Mathematica, vol. 
72(1940), pp. 31-49; p. 33. 
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since {(2p — 1)(2p + 1)}? < 2p; or 
(1.6) if?” (x) | < s(#7)" (jz| S$ 1-8). 


From (1.5) and (1.6) 


r@| 3 4(7) ((2|$1-8) 
for all sufficiently large integers k. By Stirling’s formula, it follows that 
‘ f°) /k a 
im awe GP) 8 F 





uniformly in |z| < 1 — 6. Hence f(z) is analytic in (—1, 1), and the radius 
of convergence of its Taylor series about the point z is at least 1/(2e) times 
the distance from z to the nearer endpoint of (—1, 1). 

Proof of Theorem 1 for general n,. Without loss of generality we assume that 
f(z) is of class C® in —1 S z S 1, and that | f(z) | $ 1. By Lemma 2, 


Np—l 
Isr "@ls (5) (n, — 1)""" (\z| S1—6;p = 1,2,---). 
By Lemma 4, for|z| S 1 — dandk = noi, ni +1, , nN» — 2, either 
2 
iG)| 5 4(%) (n, — 1)" 


or 


f(z) | s a( ) (np ws 1)*{(n, nl nyo 


k 
< 4 (4) (np aa 1)*{2re'(n, — 1) pig 


In either case, it follows that 


f”() 1k 2 is ) 
— lim su p 
k! | 6 = %,—; 








lim sup 
kw 


uniformly in |z| S 1 — 6 Hence f(x) is analytic in (—1, 1); and, if lim sup 
(npii/Np) = c, the radius of convergence of the Taylor series of f(z) about any 
point z is at least® 1/(2e’c’) times the distance from x to the nearer endpoint 
of (—1, 1). 


2. Proof of Theorem 2. The function f(z) will be defined by a series of 
Chebysheff polynomials (the 7,,(z) of the following definition). 


8 This value can be improved by use of the estimates, also given by Gorny and Cartan, 
for the magnitude of |f“(0)| under the hypotheses of Lemma 4. 
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DeriniTion. For n = 0, 1, 2,---, 
T,(z) = cos (ncos xz) = 3{[z + V(2* — 1))" + [z — V2’ — 1)]"}. 
For n = 1, 2,.---, 
S.(z) = a[T.(z) + T.«(2)I, 
So(z) = 1. 


Lemma 5.’ 1,,(z) is a polynomial of degree n, in which the coefficient of x” 
is 2""" (n = 1, 2,---). When n is even, | T,(0) | = 1 and T;,(0) = 0; when n 
is odd, T,(0) = 0 and | T.,(0) | = n. 


Lemmas 6, 7, and 8 are well known,” but since I cannot quote explicit proofs, 
I outline proofs here. 


(2.1) 


Lemma 6. Fork = 1, 2,---,n, 
(2.2) | S(O) | sn (n = 1, 2, ++). 
T,,(z) satisfies the differential equations" 
on (2° — ITEP (a) + (2k — VaT(2) = {né — (k — ITE) 
(k = 1,2, -+-). 
For z = 0, we obtain by successive applications of (2.3) 
TY?) = {n? — (k-— 1))}TS © = --- 
(2.4) ai {n® — (k — 1)*}{n® — (k — 3)*} --- n? T,(0) (k odd) 
{n® — (k — 1)?}{n® — (k — 3)"} --- (nk? — 1)T1.) (Kk even). 
From (2.4), Lemma 5, and (2.1), the conclusion follows at once. 
Lemma 7.” Forl < k S 3n, 
(2.5) | SO) | = (can)*. 
From (2.4) and Lemma 5 we have, if n is even, k is odd, and k S 3n, 
| TS* 0) | > {n? om (k = 1)*}*@+» > (cyn)***; 
if n is odd and k is even, 
| TSO) | = ntn® — (k — 1°)" = (ean); 


if n and k have the same parity, T“*”(0) = 0. Relation (2.5) follows from 
these inequalities. 


*G. Pélya and G. Szegé, Aufgaben und Lehrsdtze aus der Analysis, Berlin, 1925, vol. 2, 
p. 75. 

10 Cf. Cartan and Mandelbrojt, op. cit., p. 44. 

 W. Markoff, Uber Polynome, die in einem gegebenen Intervalle méglichst wenig von Null 
abweichen, Mathematische Annalen, vol. 77(1916), pp. 213-258; p. 231. 

12 ¢), Co, +++, C7 denote positive constants. 
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Lemma 8. Fork = 1, 2,---,n, and -1 S231, 
2\k 
(2.6) |S) | s (a) 
It was shown by W. Markoff” that | 7 (x) | attains its maximum in (—1, 1) 
at x = 1, where it has the value 
n(n’ — 1’)(r’ ~ 2") oo (n® — (k _ 1)’) - n™ k12* 


1.3.5... (2k — 1) | = " (2k)! 





by Stirling’s formula; (2.6) follows. 
We now show that for suitably chosen numbers ¢ and L (0 < « < 3, L 2 0) 
the function 


(2.7) f(a) = L + 2 rvSn,(2), 
P= 
with 
d . n 2np 
u = 1, ett = ( *e) "p = 1,2, 
1 Np no € (p ) 


has the properties asserted in Theorem 2. 
Lemma 9. Forr = 1, 2,---, 
(2.8) >, Ate” & Dae’. 
p=r+l 


Since 0 < e < landO < n,/npy:1 < 1, we have for p = 2, 3, --- 


Ap (=)~ e 

~~ 2 : l<r<p-1 
Ay—1 Np $ ( = = Pp ), 
romp” S Npampvie” (l<Sr<p-1). 


By repeated applications of this inequality we obtain 


rene” Smee” (lSrsp-}). 


Consequently 


ew i 
2 2 — 
E ant sant Seve 


p=r+1 p=r+l 

2n;- on 

_ Ary “"€” 

1—e" 
2 

A Ss 


1— (3)"" 





IIA 





lA 


13 W. Markoff, op. cit., p. 250. 


2e"" rd, n;"* (r = 1,2, -+-). 





d 


th 
or 
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We can now establish statement (1) of Theorem 2. 


Because of (2.8), >> Ap converges, so that (since | S,(z) | S 1) f(z) is well- 
defined. The formal series for f“’(z) is 


D A» S(a), 
p=l1 


which, by Lemma 8, is dominated by 


zu 
np2k . Pp 


this dominant series converges by Lemma 9. Hence f(z) has derivatives of all 
orders, obtained by formal differentiation of (2.7). We have 


f°?(a) = 8S (x) + = dp Ss2” (x) (r = 1,2,---). 
p=r+l 
Now 
Sx (x) = (TV? (z) + T2(a)] = 2" Pn! (n = 1,2,---), 
so that 
(2.9) f(z) = An!" + 2 v,Si"(2) (r = 1,2, ..-) 
p=r+l1 
We show now that e« can be chosen so small that 
(2.10) | Do ApSi(z)| S ¥a-n, 12"? (-—1S2<51;r=1,2,-..). 
p=r+1 


By Lemmas 8 and 9 we have 


| a r»S2(z)| < 2] Apert (22) 


p=r+ 


IIA 


” 2 
25 ".. "rn, é'" 
S cg’ e"' n,!d, 


(by Stirling’s formula). To make (2.10) true, we have only to choose e less 
than 1/(4cs). We choose ¢ so small that also 


(2.11) e < its, 


where c¢; is the constant of Lemma 7. 

By (2.9) and (2.10), f""(z) > 0 (-1 S$ x S 1;r = 1, 2, ---), so that (1) 
is established. By choosing L sufficiently large, we can make f(z) > 0 (—1 s 
zs 1). 

To establish (2) it is enough to show that 


(2.12) lim sup ewe 7 = 


no 
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so that f(z) is not analytic at z = 0. We denote by m, the integral part of 
(npMp41)'; we shall show that 


1/mp 


(2.13) im | 


p-eo 





’ 





this will establish (2.12). 
There is a positive integer g such that if p > q, npyi/np > 4. For p > ¢ 
we then have 


n\, < nha . 


My S (NpMpyi)? < npn ; 


and 
Mp < (MpMpys)' — 1 S mp; 
so that 
(2.14) Np < Mp < FMpy. 
We have 


f°"? (0) = Ape Sk, (0) + ; d, SS (0); 
ad 


and, by Lemmas 6 and 7, 


(2.15) f° O) = Apulesnpy)” — k a, rami”. 
ont 
Now 
2n n 
Apt = (*) ” s (*) ” 
Ap Np+i Np+i 
Apt Np y m 
Apt < ( ™e ' «32 
. 3 (= € (p 2r>4q), 
ApH ND Se” ApNy’; 
hence 
ane? SP P™ nt, (kK>p+1>¢+4+ 1), 
and 


eo 
AeNe? S Apsi Ns —— 
4, a eT La 
= Qe"? Ani Net 
S Ppulesnpy)” 


since 0 < « < 3, and e < fe; by (2.11). 





rh 


q); 
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From (2.15) we now obtain 


[f° O) | > Brpsr(compys)”™, 











(™») ()) 1/mp 
f 1/mp Np+i 
1 2 CrAptt a 
m,! . 
Since 
Net > Not — 





Mp 1 (npNpyi)? — 1 
(2.13) will follow if we show that 
(2.16) ploy —» 1 


Since \, = 1 and 


it follows that 


2n 2np— 2n 
Apt = (*) (=) ie ee () . giats-it-: =n, 
Np+1 Np Ne 


2n 
= (*) 7 PP? fette-it-- ste 
, 





Np+i 
with 
p—l Nr 
nr 
P= —}. 
II (2) 
Now 
2np/mp 
toe (,"*-) = 9 " log —”. —0 
Np Mp Np 
so that 
2np/mp 
(2.17) lim (>) = 1, 
po \Np+1 


For p > q + 1, np/np1 > 4, and consequently 


Np > 2/np-1 > +++ > a nas ’ 
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(p— @), 


(p— ~). 


(p— ~), 


pt tps toe tm Simp (1 E+ oo + Ga) + amen 


= $n,(1 — 4°”) + gngui; 


Np + Np + +++ Fim < Amy , Mor 
Mp ~ 3My My 





(p— ~), 
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Hence 
(2.18) lim ¢"ette—ite-tmvime 
p20 
Finally, we consider the expression P. We have s 
p—l 
0 < — log P = D> 2, (log ny: — log n,) 
r=1 
p—l 
= pe e' (or44 _— or), C 
where we write o, = log n,. Now ( 
p—l op S 
D e(er41 — 97) S / edz < e? = ny, 
r=1 1 
and hence ( 
2 Sl 
Mp Mp (3 
Consequently ” 
(2.19) lim PY"? = 1, (4 
po 
From (2.17), (2.18), and (2.19), (2.16) follows. This completes the proof." Ww 
Duke UNIVERSITY. (5 
4 (Added in proof.) I. J. Schoenberg has proved that if f@ (z) 20(n =0, 1, 2,...) 
in (a, b) the Taylor series of f(z) about the point z converges out to the nearer endpoint 
of (a, b). This gives, for this special case, more than is established in Theorem 1. b 
pr 
re 
it 
of 
Yi 
zi 
eg 
(6 
ref 
als 
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SIMULTANEOUS REPRESENTATION IN A QUADRATIC AND LINEAR 
FORM 


By Gorpon PALL 


1. Reduction to a single equation. Let c,,---,c,, a, b be given integers. 
Consider the solvability in integers z; of the pair of equations 
(1) ari +--- +22 =a, (2; + --- + 0,2, = D. 


Setu = q---¢,,t =e +--+ + ¢,, and assume tu # 0. The identity 


(2) (> «)(X eat) — (La)? = » of cicx(as — 4)” 


ick 
suggests introducing the new variables 

(3) Yi = % — 2; (j = 2,---, 8), 
whence x; — t% = yx — yi. Then by (1) and (2), 

(4) ta — b° = $(y2, +++, ys); 

where ¢ is the quadratic form, in s — 1 variables, 

(5) 4 elt — ey} — 2 , CCR Ys Ye 


2. The author’ treated a more general pair of equations a = q(x, --+ , 2), 
b = l(a, +++, 2s) in 1931, the coefficients of g and I being unrelated. The 
present article was suggested by recent work of L. E. Dickson.? Quite general 
results are obtainable by studying the form ¢, without attempting to replace 
it by a form without cross-product terms. We shall consider mainly the case 
of positive c; , though some of our results do not involve this restriction. 


3. Cases in which (4) implies (1). If ta — b’ is represented in ¢ for integers 
y;, and 2; are obtained from (12) and (3), then tz; = b + >> cjy;, and all the 
x; are integers along with z,;. This proves 


THEOREM 1. Let tu # 0. The number of solutions of (1) in integers x; is 
equal to the number of solutions of (4) in integers y; satisfying 


(6) Coy2 + +++ + cys = —b (mod 2). 


Received October 7, 1940. 

1G, Pall, Quarterly Journal of Mathematics, (Oxford), vol. 2(1931), pp. 136-143; to be 
referred to as QJ. 

2?L. E. Dickson, American Journal of Mathematics, vol. 56(1934), pp. 513-528. See 
also Dickson’s Modern Elementary Theory of Numbers, Chicago, 1939, Chapter 10. 
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Now > ey = Dey; = (DX ey;)* (mod 2). Hence 
(7) ¢=t Dew? — (Lews)® = (t — (Dew, (mod 2). 
Hence (4) and (6) imply the otherwise clearly necessary condition 
(8) a = b (mod 2). 
Conversely, if (8) holds, (7) shows that all solutions of (4) satisfy 
(9) (>; cjy;)” = b’ (mod 64), 6 = 1 (t odd), 6 = 2 (t even). 
For certain values of t, K° = b’ (mod 6) implies 
(10) K =b= -—b(mod?t), or +K =b #F —b (mod 2). 


Thus if +¢ is 1 or 2, (10,) holds for arbitrary b; if +¢ is 4, (10,) holds for b even, 
and (10,) for b odd; if +¢ is p or 2p (p an odd prime), (10,) holds if p | b, (102) 
if p+-b. In certain cases K* = b’ (mod 6) implies (10) for special forms of b. 
Call a prime-power p” of type A or B in accordance with the following table: 


p>2:Aifn=1land p|b; Bifn = land p+b; 


p = 2: A ifn = 1, b arbitrary, or if n = 2, b even; B if n = 2 and 2|b — 1, 
or n 


3 and 4|b — 2, orn = 4and 8|b — 4. 


Set +t = [J p” in powers of distinct primes. Then K’ = b’ (mod 6¢) implies 
(10,) in cases (L), and (102) in cases (M), where 


(L) every prime-power p” in t is of type A; 
(M) every p” but one is of type A, and that one is of type B. 


For other forms of ¢ and b, the solvability of (4) and (8) may not imply that 
of (6). The reader may try some numerical examples in the table of §7. 


THEOREM 2. When ¢ belongs to a genus of one class, the numbers represented 
by @ are easily determined, and the cases (L) and (M) can be regarded as solved. 
If (8) holds, all solutions of (4) satisfy (6) in cases (L), and half of them satisfy 
(6) in cases (M). Case (L) or (M) holds for b arbitrary if +t is 1, 2, 4, p, or 
2p (p an odd prime). 


4. If ta — b° = ta’ — b” andb = b’ + At, then a = a’ + 2hb’ + h’t; and if 
(1) holds, then a’ = >> e,(x — h)’, b’ = Dex — h). This proves again the 
theorem, also obvious from the preceding section: 


THEOREM 3. Equations (1) are solvable for all or none of the pairs (a, b) in 
a set (r, p): ; where (r, p), denotes the set of all pairs (a, b) such that 


(11) ta— bv =r, b = +p (mod 2). 


For example, we cannot solve 19 = zi + --- + 23,13 = 2 +--+ + 2, 
since 19t — 169 = 2, and the set (2, 4), contains a = 2, b = 4, witha < b. 








lies 


Zo; 
< b. 
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The author proved in QJ for the case c, = --- = c, = 1 (and this can be gen- 
eralized) that if s = 5 and (8) holds, the equations a = }\ zi, b = >> 2; are 
solvable if and only if sa — b® = 0, and there does not exist in the set (r, p), of 
(a, b) a pair (ao, bo) with ao < bo ; and a simple method of obtaining the few 
unsolvable sets for any given s was derived. As a corollary we can now state 
the numbers represented by the forms ¢, = (s — 1) }} yj — 2 ym: 

Let A, denote any non-negative integer of the form sa — b’, a = b (mod 2). 
All numbers represented by ¢ = s(>, yi) — (>  y,)* are of the form A,. If 
s = 5, ¢, represents every A, , except that ¢, does not represent 2; di ~ 1, 4, 5; 
ou ~ 2, 6, 8; ¢2 + 3, 8, 12; dis ¥ 7, 16, 23, 31; and in general the largest excep- 
tion does not exceed [}(s’ — 8s)]. 


5. Properties of ¢. Since the “form” b’ + ¢ is derived from t >> ci? by the 
inverse of the transformation of determinant (—)*'t defined by (12) and (3), 
det ¢ = ut”*, and the index of ¢ equals the number of negative terms tc; . 
Hence ¢ is positive definite only if all the c; have the same sign; and negative 
definite if s — 1 of the c; are positive but t = }- ¢; is negative, or vice-versa. 
These will be the difficult cases, since indefinite forms are much more frequently 
in genera of one class. 

The effect of interchanging c; and c, , where 7, k 2 2, is the same as that of 
interchanging y; and y,. The form obtained on interchanging c; and ¢ is the 
same as that obtained by the transformation 


(12) y2 = Yo, ys = Ye — Ys,-+++,ys = Y2— Ye. 


Lemma 1. Permuting the c; replaces by a properly or improperly equivalent 
form. 

It may be noted that +> c,y; (mod ¢) remains unchanged. 

Lettl SnSs-2,25%<2< +++ Ci S38, 2Sf<je<ce++ Cpr Ss. 
The minor determinant A of the matrix of ¢, in which the row positions are 
i; — 1, -+- ,%, — 1 and column positions j; — 1, --- ,j, — 1, is zero (since two 
columns are proportional) unless either: (a) the 7, and j, coincide, or (8) n — 1 
of the 7, are the same as n — 1 of the j, , but one index j, is distinct from all the 
i,. In the respective cases (a) and (8) we find that +A is 


(13) ci, «++ ot" (t-—c, —-++ —c,) and cj, +++ ot" e;,. 


In particular, the form adjoint to ¢ is t” *y, where 
2,°**,8 2,°**,e 
(14) v= LD (u/ere)(er + ez] + 2(u/er) > 2;2e. 
2 7 


The expressions (13) show that the g.c.d. of the minor determinants of order 
n in the matrix of ¢ is | t |"""5, , where 


(15) 5, is the g.c.d. of the products n + 1 at a time of cq, --- , c. 
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Hence if ¢'” is the n-th concomitant form of ¢, the form F, given by ¢” = 
|t|""6,F, is properly or improperly primitive (n = 1,---, s — 2). To see 
which it is we can by Lemma 1 suppose the c; arranged according to ascending 
powers of 2, say 2” || c; (¢ = 1,---, 8), whereO = 6, S$ @ <--- S$ 0,. The 
least power of 2 dividing the cross-product coefficients 2A, with A as in (13), 
is that dividing 2c: --+ Cn4:Cn42t"'. ‘This power of 2 will be a factor of all the 


numbers (13;) if and only if t — cz — --+ — ¢n4: is even; that is, F, is improperly 
primitive if and only if 
(16) n=r-—3,r—5,r—7,---, butn 2 l, 


where r is defined by 1 , --+ , C1 odd, c,, --- , c, even;r = s + 1 if u is odd. 
The preceding remarks determine the order invariants of ¢ in terms of the 
c;. The Smith-Minkowski invariants 7, are given by 


I, = |t| 62/81, Tz = 8153/82, «++ , Tua = 5,-48s-2/85-3 , Ia = 8-3 | w| /02-2. 
In particular, if s = 4, 
(17) IL=2Q=|t|&/i, I= +4 =|ul 6/8, 


and by (16), Fs is i.p. if all four c; are odd, F; is i.p. if three c; are odd, both F1 
and F: are p.p. if only one or two ¢; are odd. 

The generic characters can also be specified in terms of the c; , but it seems to 
be simpler to determine them directly in any given case. 

The equality of cross-product coefficients in (14) is noteworthy. 


Lemma 2. If r is distinct from 0, a2, +--+ , a; , and the form 


2,-**,8 2,- 
(18) F = } a;z; + 2r > 2;Zk 
7 


<< 
is of non-zero determinant, then the equations 
(19) 7m = (a; ni r)e; j _ 2, 7? 8) 
determine non-zero integers ¢, , +++ , C, such that t = me c; * 0, and such that the 
adjoint of F is proportional to $ in (5). 


For by (19), ¥ in (14) is proportional to F, and the adjoint of ¥, which has 
non-zero determinant with F, is proportional to (5). 


6. The property associated with (16) shows that it is not true if s = 5 that 
every class of forms contains a form of type (18), whence its adjoint would be 
connected with a pair of equations (1). However, if s = 4 at least, it is possible 
that every class contains an infinitude of forms of type (18), and is therefore 
associated with an infinitude of sets [c:, --- , ¢.]. For example, 2° + y? + 2 
has the equivalent forms and sets of ¢; : 


(1, 5, 9, 2, 2, 2), (1, 5, 41, —2, ~2, —2), (1, 21, 45, 4, 4, 4), 
(1, 17, 161, 4, 4, 4), --- , [6, 14, 21, —42], [42, 258, 602, —903], 
[204, 492, 2091, —2788], [156, 1884, 6123, —8164], 








: to 


64], 





SIMULTANEOUS REPRESENTATION IN. QUADRATIC AND LINEAR FORM 177 


etc., all with ¢ = —1; the divisor 6, of ¢ in these cases is respectively 42, 1806, 
8364, 24492, and the condition of solvability is that (a + 6”)/é, shall be a non- 
negative integer not of the form 4"(8k + 7). As another example, the equiva- 
lent forms (2, 5, 9, —2, —2, —2) and (3, 3, 10, —2, —2, —2) of determinant 
10 lead to [28, 44, 77, —154] with ¢ = —5, and [5, 12, 12, —30] witht = —1. 
Many sets of ¢; of different signs are thus associated with negative definite forms 
in genera of one class; we note a few of the smaller ones: [1, 1, 1, —h] (Ah = 4, 
5, 6, 7, 8), [1, 1, 2, —k] (& = 5, 6, 7, 8), [1, 3, 3, —12], ete. 
However, such sets of positive c; are much rarer. We prove 


THEOREM 4. Lets = 4. With every class of ternary quadratic forms in which 
the Eisenstein-reduced form happens to be of the type 


(20) (a2, a3, 43,7, 7, 7), 0<2rSm@Sa85 4%, 


is associated as in Lemma 2 a unique set of positive relative-prime integers c¢; . 
Conversely, if the c; are positive the adjoint of @ has its reduced form of type (20). 


For (19) yields positive c; if and only if F or —F has 
(21) O<r < ade, a3, a%. 


Permuting the z; we can take ag S a; S as. If a, 2 2r we have (20). If 
a < 2r the transformation z = Zz, + Zs; + Zs, 2 = —Z3,% = —Z, (ie, 
permuting c, and cz) replaces F by 


(22) F: = (a2, dz + a3 — 2r, a2 + ay — 2r, a2 — 7, 2 — 7, 2 — 7), 


where 2(a2 — r) S a2, dz + a3 — 2r, and a, + a, — 2r, so that F? is of type 
(20). The uniqueness of the reduced form (20) proves that at most one set 
of positive c; can arise from a given class, though possibly an infinitude with 
c; of different signs. 


7. Positive ternary forms in genera of one class. A search was made through 
B. W. Jones’ table’ of Eisenstein-reduced forms to find forms of type (20) in 
genera of one class. Besides these the forms arising from sets of positive c; with 
>> ce: S 17 were tested, when their determinants exceeded 200, by means of 
Smith’s formula‘ for the mass of a positive ternary genus, the number of auto- 
morphs being found from a list in Dickson’s Studies.° The result was the 
table on page 178. 


8. An example in a genus of two classes. Let c, = 1, @ = 2 = ¢3, ce = 4; 
then ¢ = 2F, F = (4, 7, 7, —2, —1, —1); and (1, 9, 18) is in the genus of F. 
We prove that if 3 + b (ef. §3), (1) is solvable if and only if 9a — b’ is a non- 
negative even integer not of the form 4°*'(8n + 7) nor equal to 2. 


3B. W. Jones, Bulletin No. 97, National Research Council, 1935. 
*H. J. 8. Smith, Collected Mathematical Papers, vol. 1, p. 499. 
5 L. E. Dickson, Studies in the Theory of Numbers, Chicago, 1930, pp. 179-180. 
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CASES WITH s = 4, c; > 0, @ IN A GENUS OF ONE CLASS 





C1 CC, Cs &% t Necessary conditions for (1) to be solvable are Additional con- 
(8), ta — b? = 0, 5, | ta — b?, where 4, is defined ditions to assure 
in (15), and that ta — b? is not of the following _ solvability 
forms: 

111 1 4 4(8n+7), §qg20 none 

11 1 2 5 5**(5n + 2,3) none 

11 1 3 6 3**(3n + 2) none 

11 2 2 6 = 4**(8n + 7) none 

1114 7 4 (8n + 7) none 

112 3 7 7**(7n + 1, 2, 4) none 

122 2 7 = 4%(16n + 14) none 

11 1 5 8 5S**(5n + 1, 4) 4+b 

11 2 4 8 4*(16n + 14) 4+b 

1 1 3 3 8 83°(3n + 2) 4+b 

12 2 3 8 4*(8n + 5) 4+b 

1 3 3 3 10 5**(5n + 2, 3) none 

1 1 4 6 12 3*"(n + 1), 8(8n + 1) 2|bor3|b 

1 1 5 5 12 4*(8n + 7), 5n + 2,3 2|bor3|b 

13 4 4 12 4(8n + 5), 4(4n + 1, 2),9n+3 2|bor3|b 

1 3 3 6 13° 13°*(13n + 2, 5, 6, 7, 8, 11) none 

11 3 9 14 7**(7n + 1, 2, 4), 3n + 2,9n +3 none 

1 1 1 12 15 5**(5n + 2,3), 3°" (3n + 2),4°°(8n +5) 3|bor5|b 

1 2 2 10 15 4%(16n + 6), 5(5n + 1, 4) 3|bor5|b 

3 4 4 4 15 37"(3n + 2), 5° (5n + 2,3),4°°"(8n+5) 3|bor5]b 

13 3 9 16 3*?(3n + 2) b or 3b odd 

13 6 6 16 4(8n + 5) b or 3b odd 

1 5 5 5 16 4(8n + 3) b or 3b odd 

1 5 5 10 21 7***(7n + 1, 2, 4) 3|bor7|b 

13 9 9 22 3*"(3n + 2) none 

19 9 9 2 4*(8n + 7) 2|bor7|b 

1 13 13 13 40 57**(5n + 2, 3) 5|b,4+b 

5 6 15 30 56 4°7(8n + 1) 7|b,44+b 

5 9 45 45 104 13°°(13n + 2, 5, 6, 7, 8, 11) 13|b,44b 
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For, F = X? + Y* + 2Z’, where 

X = —z + Qy +z, Y= -r+y— 2, Z=x2+y-z, 
whence 

9x = —X — 3Y + 5Z, 3y = X + Z, 9z = 2X — 3Y — Z. 


Now N = 4(9a — b’) is represented in X* + Y* + 22° if N ¥ 4%(16n + 14). 
We need only secure Y prime to 3, X = —Z (mod 3), and X — 5Z = +3 
(mod 9); then the sign of Y can be chosen to make 2, y, z integers. 

Permuting X, Y we can assume Y prime to 3. Then unless X = Z = 0 to 
begin with, X’ + 2Z* = 3°m, a = 1, m prime to 3. By elementary properties 
of the form X*® + 2Z’, m = r° + 2s’ with only one of r and s prime to 3. If 
a = 1, define X = r + 2s, Z = +(r — s), which are prime to 3, and choose 
the sign to make X = —Z (mod 3); then X — 5Z = +3 (mod 9), since X — 
5Z = 0 (mod 9) implies X* + 2Z* = 0 (mod 9). If a = 2, define X = 3r, 
Z = 3s; then X — 5Z = (3s or 3r) = +3 (mod 9). If a > 2, 3° *mis of the 
form ¢ + 2u’ with tu prime to 3; set X = 3t, Z = +3u, and choose the sign 
to make t — 5u = +1 (mod 3). 

There remains the case of a square: N = Y*. If Y = 1 there is in fact no 
solution satisfying the desired conditions. If Y is even, we have 4w* = w* + 
w + 2w’; if Y contains a prime factor p = 8n + 1 or 8n + 3, set Y = wp, 
p =r + 2s", rodd, Y’ = (r° — 2s°)’w* + 2(2rsw)*. Finally, if Y contains a 
prime factor p = 8n + 5 or 8n + 7, we use the case \ = 2 of Theorem 4 in a 
recent article,° whence p> = 2yj + 22 + 23, 23 = 4 (mod 8), x2 odd. 


9. Solvability in non-negative integers. Let k be an integer, c; > 0 (i = 
1,---,8),b 2 «(1 — k). Then sufficient conditions for (1) to be solvable in 
integers 2 1 — k are obtained by adjoining to conditions for solvability in 
integers the single inequality 


(23x) b? + 2cikb + etk® > a(t — c;) for the least of the c;. 
In fact all integral solutions of (1) must then satisfy x; 2 1 — k. 


This result is a special case of (27) in QJ, but since it seems to have been 
overlooked, we give a simple proof. First let k = 1. Evidently if (23,) holds 


with c; > 0, it holds for larger c;. By (2) with one c; omitted, 
(24). (t — c)(a — ei) = (b — ez)” (¢ = 1,---, 8). 
Hence if any x; < —1, (t — e)(a — c;:) = (b + ¢,)’, and (23,) is contradicted. 
For any k, set a’ = a + 2(k — 1)b + (k — 1)°t = Deas +k — 1)°,0' = b+ 
tk — 1) = }o ea; + k — 1), where now2z; +k —120. Replacing a and 
b in (23,) by a’ and b’ gives (23,). 

Letce, = --- =c,=1,k =1. Ifs = 4, (23) gives the familiar b” + 2b + 4 


® B. W. Jones and G. Pall, Acta Mathematica, vol. 70(1939), pp. 165-191. 
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> 3a, and if s = 5, the worse condition b* + 2b + 5 > 4a; while one may expect 
a better result for mere existence of non-negative solutions if s = 5. Taking 
a; = 0 or 1, and applying the result for s = 4 to a — 23, b — 25, the author 
obtained b” = 3a — 5, for s = 5, 6, and 7 (QJ, p. 140). However, if a and b 
are even, we have the better result for s = 4, 3b" + 8b + 16 > 8a (QJ, p. 140); 
but now the condition 4a — b’ # 4%(8n + 7) is no longer vacuous, as in the 
case a and b odd. None the less we can apply this for s = 5 by proving that 
4(a — x2) — (b — a5)” ¥ 4°(8n + 7) for one of 25 = 0, --- , 7, and b — 25 even. 
We can thus, if s = 5, replace b” = 3a — 5, if b > 14, by 3b” — 34b + 499 > 8a; 
and we can no doubt improve this for s = 6, by considering a — 25 — 2% , ete. 

The method of QJ (p. 141) can be used to prove Dickson’s result’ that if 
s = 8 and I(s) = [3(s° — 8s)], then a = )0 23, b = > 2; are solvable in in- 
tegers = Oif b = 0, a = b (mod 2), and 3a — 5 <b’ < sa — I(s). For, assum- 
ing this result for s — 1, consider ¢(x) = (s — 1)(a — 2”) — I(s — 1) — (6 — 2)’, 
whence s¢(x) = (s — 1)(sa — b* — I(s)) + (s — 1)I(s) — sI(s — 1) — (sz — b)’. 
The integer z nearest b/s makes ¢(x) 2 0 (this completing the induction) since, 
as Dickson observes (cf. p. 289 of the reference in footnote 7), (s — 1)I(s) — 
sI(s — 1) = o°, where s = 20 or 2c + 1. 

As for the case s = 4, the constant A = 3 in the inequality (A + 1)b” + 
8kb + 16k” > 4da cannot be lowered much, in general; for example, no solution 
in non-negative x; exists if a = 347, b = 31. By using transformations of 
yz; + y3 + yi with rational coefficients, the writer can reduce \ to 2 if 2| n or 
9 | n, to 218/81 if n = 11 (mod 24), to 32/27 if 162 | n, to 11/9 if 6561 | n, where 
n= 4a—0’. 


McGi.u UNIVERSITY AND THE INSTITUTE FOR ADVANCED Strupy. 


7L. E. Dickson, Quarterly Journal of Mathematics, (Oxford), vol. 5(1934), pp. 283-290, 
Theorem 11. 














A THEOREM OF BOAS 


By Norman LEvINsON 
Boas has proved the following theorem.’ 


THEOREM. [f the entire function f(z) satisfies 


(1) lim sup a log | f(z) | < log 2 

|z|—00 | © | 
and f(z) is not a polynomial, an infinite number of derivatives of f(z) are univalent 
in the unit circle |z| < 1. 


Here we shall give a direct and quite simple proof of this theorem. Inciden- 
tally, as has been pointed out to me by Boas, this also furnishes a simple proof 
for a theorem of Takenaka. Takenaka’s theorem’ states that if every derivative 
of an entire function f(z) has a zero inside or on the unit circle and if (1) holds, 
then f(z) ts a constant. 

Obviously, Takenaka’s theorem is an immediate consequence of the above 
stated theorem of Boas. 

We now turn to the proof of the theorem of Boas.’ By a trivial change of 
variable it will suffice to show that 


(2) lim sup a log | f(z)| <1 


|z}20 | 2| 
implies that an infinite number of derivatives of f(z) are univalent in |z| < 
log 2. 
Let the power series for f(z) be 


> a2”. 


0 


From the Cauchy integral formula for a, and from (2) it follows that 


(l-e)R 
e € 


la.| S Re 





for large R. In particular, if R = n, 


~~ 0(5)- (3) 


Received November 18, 1940. 

1R. P. Boas, Univalent derivatives of entire functions, this Journal, vol. 6(1940), p. 719. 

2S. Takenaka, On the expansion of integral transcendental functions in generalized Taylor 
series, Proc. Physico-Math. Soc. Japan, vol. 14(1932), pp. 529-542. 

* Added February 10, 1941. In a letter to Boas dated January 1, 1941 Pélya com- 
municated the same proof as is given here. 
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Or 


nla, = o(1), n> ©, 


Thus from the sequence {a,n!} there can be chosen an infinite subsequence 


{an,%!} such that 
(3) | An, N! | 2 | ayn! | ’ 
Consider 
oe n j}—1)! ; 
f' D(z) = > mine? k a ) zi. 
j= bf 


A function >> A,2” is univalent in |z| < R if 
0 


| Ai] = 2 nl A, |R"™™. 


n=2 


Thus f*~”(z) is univalent for |z| < R, if 


= (nm +3)! _. j 
| On, | Mx! Po > | Bny+i | G+)! (j+ 1)R’. 


By (3) this certainly holds if 


or if R < log2. Thus f‘”*~”(z) is univalent for | z| < log 2. 


MASSACHUSETTS INSTITUTE OF TECHNOLOGY. 
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EXTENSION OF THE RANGE OF A DIFFERENTIABLE FUNCTION 
By M. R. HestrenrEs 


1. Introduction. In 1934 Whitney’ showed that a function f(x) = f(a, --- , 
rn) of class C™ on a closed set A in Euclidean n-space E can be extended so as 
to be of class C” on the whole space EZ. In fact he proved that f(x) can be 
extended so as to be of class C* on E — A. Using this result he showed further 
that the extension can be made so that f(x) is analyticon E — A. In the present 
paper two methods of extending the range of differentiable functions are given. 
The first method (given in §3 below) is applicable only when m is finite and the 
boundary of A has suitable properties. It is, however, sufficiently general to 
be of interest, and the proof is relatively simple. The method used is a generali- 
zation of the reflection principle used by L. Lichtenstein? when n = 3 and m = 1. 
The second method (given in §§4 and 5 below) is essentially a modification of 
the one given by Whitney and is applicable to functions of class C” (m finite 
or infinite) on an arbitrary closed set A. The details of the proof appear to be 
simpler than those of Whitney’s. The extension is of class C” on E — A in 
this case. 


2. Notations and definitions. In the following pages we shall use essentially 
the notations and terminology used by Whitney.’ An n-tuple ki, --- , kn of 
non-negative integers will be denoted by a single symbol k, and we write 


ki = kylkel +++ Kal, ox =A tees+ thn, — fal®) = fay.--n,(2) 
ghit-:-the 


fo(x) = fo...o(z),  Dof(xz) = f(z), Dif) = =—~;,f. 
OX," +++ OZ," 
By the symbol 





(1) Plz, 2/) = > (e — 2')* ws 


will be meant the sum of all terms of the form 


Parts) (4, ai). (ay — ahh 


ky! .-- ky! 
for which o, S m. We set 
(2) Pnx(2, z’) - DP »(2, x’), 


Received November 21, 1940. 

1H. Whitney, Analytic extensions of differentiable functions defined in closed sets, Trans- 
actions of the American Mathematical Society, vol. 36(1934), pp. 63-89. 

2L. Lichtenstein, Eine elementare Bemerkung zur reellen Analysis, Mathematische 
Zeitschrift, vol. 30(1929), pp. 794-795. 

3 Loc. cit., p. 64. 
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where the differentiation is taken with respect to the variable x. We observe 
that 


(3) DiPm;x(X, 2’) = Pmiesilt, 2’), — Pmx(2’, 2’) = frlz’), 


where 1 = (l,,---,l,) andk+1= (i +h,--+,ka + li). 

Let m be a non-negative integer. A function f(x) = fo(x) will be said to be 
of class C™ on a set A in terms of functions f,(x) (0, < m) if the functions f,(x) 
are defined on A and if for every point z = a in A and every constant e > 0, 
there is a neighborhood N of x = a such that for every pair of points z, zx’ in 
NA one has 


(4) | fez) — Pmx(z, 2’) | < ™™*, 


where r is the distance between the points x and zx’. A function f(x) will be 
said to be of class C” on A in terms of functions f,(x) (ox < ©) if it is of class 
C” on A in terms of the functions f,(z) (¢, < m) for every integer m. 

Let f(x) be a function of class C” on a set A in terms of functions f(x) (o, < 
m). If m > 0, then for each integer m’ < m the function f(z) is of class C™ 
on A in terms of the functions fi(x) (0, S m’). Moreover, the functions f;,(z) 
are continuous on A and at each interior point of A one has D,f(x) = fi(x). It 
follows that if A is an open set or the closure of an open set, the functions 
f(z) are uniquely determined by f(x). A function f(z) is of class C” on an 
open set A if and only if it is continuous and has continuous derivatives of all 
orders S m on A, as can be seen with the help of the inequality (4) and Taylor’s 
formula. 


Lemma 1. Let f(x), fi(x) (ox S m) be continuous functions on E and let A be 
a closed subset of EH. If in terms of the functions fi(x) (ox. < m) the function f(x) 
is of class C™ on each of the sets A and E — A, then f(x) is of class C” on E and 


Dy f(x) = fi(x) on E. 


It is sufficient to show that f(x) is of class C’ on E. In fact we can suppose 
that f(x) is a function of a single variable x. Moreover, we can assume that 
fi(x) = 0 since this can be brought about by replacing f(x) by f(x) — F(z), 
where F’(x) = fi(z). Let x = a be a boundary point of A. Given a constant 
e > 0, let N be a 6-neighborhood of x = a such that for each point x’ in NA 
one has | f(x’) — f(a)| < €|z’ — a|. Consider a point zx in N — NA. Let 
I be the largest open interval in EF — A containing z and let x’ be the end point 
of J between xz andz =a. Wehave f(z’) = f(x) andz’in NA. Hence 


| f(z) — f(a) | = | f(@’) — f@)| <e|2’-—a| <elz—al. 


It follows that f’(a) exists and is equal to zero. The function f(z) is accordingly 
of class C’ on EF, as was to be proved. 

Let f(x) be a function of class C” on a set A in terms of functions f;(x) (or S 
m). A function F(x) on an open set R will be called an extension of f(x) on R 
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if it is of class C” on R and F(x) = f(x), D.F(x) = fi(x) (on S m) on RA. We 
are interested, in particular, in extensions of f(x) on the whole space E. 

The following lemma will be useful in the proofs of Theorems 1 and 2 below. 
The proof of Theorem 3 below is, however, independent of this lemma. The 
lemma is also of interest in itself. The numbers m, g appearing in this result 
may be infinite. 


Lemma 2.* Let f(x) be a function of class C” on a set A in terms of functions 
Si(x) (ox S m) and let q be an integer not less than m. Suppose to each point 
x = ainthe closure of A there is a neighborhood N of x = a and an exiension g(x) 
of f(x) on N of class C‘ on N — NA. Then there is an extension F(x) of f(x) on 
E of class C‘ on E — A. 


Briefly this lemma states that a function is extensible over the whole space 
if and only if it is extensible locally. In order to prove this result let B be the 
closure of A. With each point of B there is associated a neighborhood N on 
which f(z) has an extension of class C’on N — NA. It follows that the set B can 
be covered by a finite or denumerable set of spheres S; (¢ = 1, 2, ---) with centers 
z' in B and radii r; such that there is an extension g,(x) of f(x) on the (3r,)- 
neighborhood of x* which is of class C* at the points of this neighborhood not 
in A. Extend the definition of g;(x) so that g;(z) = f(x) on A and g(x) = 0 at 
the remaining points of EZ. Let S; be the sphere of radius 2r; about 2‘. The 
spheres S; can be chosen so that each point of Z is contained in at most a finite 
number of the spheres S;, S:,---. Denote by h;(x) a function of class C® 
on E such that hi(r) = 0 on S; and h(x) = 1 on E — S;. For example, we 
can take h;(x) = h(z/r;), where z is the distance from z to 2’ and h(t) is a fune- 
tion of a single variable ¢ having h(t) = 0 when ¢ S 1, h(t) = 1 whent = 2 and 
h(t) = exp [y(t)/(1 — dO], o(t) = exp (t — 2)’ on 1 <t <2. Set Hix) = 
hyhe +++ hiu(l — hi). It is easily seen that H, + --- + H, = lonS,, H; = 
0 (i > p) on S, and H, = 0 on E — S,,. From this last property it follows 
that at each point of Z at most a finite number of the functions H, , H2, --- is 
different from zero by virtue of the fact that this point is contained in at most 
a finite number of the spheres S;, S:,---. Moreover, the product giH;, 
being identically zero on E — S;, is of class C” on E and of class C* on E — A. 
The function F(x) defined by the series 


F(x) = gi + goHe + --- + giHit--- 


is therefore well defined on E, is of class C” on E and of class C‘ on E — A. 
At a point of A we have g; = f and H; + H, + --- = 1 and hence also F(z) = 
f(z). In fact at a point 2’ of A in the sphere S; we have Dig; = f,. From this 
fact and the relation D,H, + D,H, + --- = 0 on A it is readily seen that 
D,F(x) = fi(z) on A. The function F(x) is accordingly an extension of f(x) 
and the lemma is established. 


*Cf. E. J. McShane, Necessary conditions in generalized-curve problems of the calculus 
of variations, this Journal, vol. 7(1940), pp. 25-27. 
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3. Extension by a reflection principle. The results described in the present 
section are based on the following lemma which is established by the use of a 
generalized reflection. 


Lemma 3. Let f(y,z) = f(y, -++ , Yn—1, 2) be a function of class C™ (m finite) 
on a set of points (y, z) with y = (yi, «++ , Yn-1) on a set S and z on an interval of 
the form0 Sz <e. There exists a function g(y, z) of class C™ at all points (y, 2) 
with y on S and z on —e < z < e which is identical with f(y, z) when z is non- 
negative. 


Here the set S may be taken to be an open set plus some of its boundary 
points so that the concept of class is determined completely by the function 
itself. In order to prove the lemma let a, --- , Gms; be the solutions of the 
m + 1 linearly independent equations 


(5) (—1)’a, + (—4)’a2 + +++ + (—1/m + 1)amus = 1 (j = 0,1, +++, m). 


At each point (y, z) with y on S and z on —e < z < eset g(y, z) = f(y, z) when 
z 2 0 and set 


(6) gy, 2) = afly, —2) + aofly, —2/2) + +++ + Omufly, —2z/m + 1) 


when z < 0. It is easily seen with the help of equations (5) that the function 
so defined has the properties described in the lemma. 


THEOREM 1. Let A be a closed set in (a, -++ , Xn)-space whose boundary B is 
a non-singular manifold of class C* (q finite). Let f(x) be a function of class 
C"™(m S q)onA. There exists a function F(x) of class C™ on E such that F(x) = 
f(x) on A. 


For let x’ be a point of B. Since B is a non-singular manifold of class C’, 
it is representable near x’ by functions 


Zi = Ui(Yi, +++ 5 Yn) (-esy; Ss et = 1,---,n3j = 1,-+- ,nra— 1) 


of class C* whose matrix || zi,; || has rank n — 1. Let b; be the direction cosines 
of the inner normal to B at zx’. By the use of the equations 2; = 2;(y) + bz 
one obtains a representation of a neighborhood of x’ on which the hypotheses 
of Lemma 3 are satisfied. It follows from Lemma 3 that f(z) has an extension 
g(x) on a neighborhood of x’. The theorem now follows from Lemma 2. 

The method used above can be modified so as to be applicable to the case 
when the boundary B of A is made up of non-singular manifolds with suitable 
edges. In particular it is applicable to the case in which to each point 2’ of B 
there is an integer h (1 S A S n) and a non-singular transformation 


(7) i = Tilt, +++, th) (i = 1, +++, m) 


of class C* of a neighborhood N of x’ such that the points of B in N are the 
totality of points in N determined by equations (7) and the relations t; = 0 
(j Sh), tite--+t, = 0. We shall say that B is piecewise of class C* in this 
case. 
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THEOREM 2. The result described in Theorem 1 is true also when the boundary 
B of A is piecewise of class C* in the sense just described. 


Again, by Lemma 2 we can restrict ourselves to a neighborhood N of a point 
z’in B. By virtue of the transformation (7) we can suppose that the points of 
B in N are given by relations of the form 


0s 2,<e(i Sh), 1%. +--+ , = O, —e<a<e(i>h). 
Consider first the case in which the set NA consists of the points z for which 
(8) 0s 2<e(t Sh), —e<24;<e(i>h). 


By Lemma 3 with z = 2, it is seen that f(z) can be extended so as to be of 
class C” on the set (8) with h replaced by h — 1 and hence over a neighborhood 
of x’. It remains to consider the case when the points of N determined by (8) 
belong to N — NA. In this case let A; (¢ S h) be the set of points in N for 
which z; S 0. Then NA = A, +.---+ A,. We now define successively 
functions g;(x), --- , gs(x) of class C” on N such that f = g, +--+ + g, on 
A, + --- + Ayn. This is done as follows: Let gi(x) = f(x) on A; and extend 
gi(x) to be of class C” on N as described in the proof of Lemma 3 with z = —2, . 
Having defined the function gi (¢ > 1), set g: = f — g: — --- — gi. on A; 
and extend g; to be of class C” on N by the formula (6) with z = —2z,;andf = 
gi. Since g; = 0 on (A; + --- + Aj_4)Ai, its extension is identically zero on 
the set A; + --- + Aj. by virtue of formula (6). Hence f = gi + --- + gi 
on A; +--- + A;. The function g(x) = g,(xz) + --- + ga(x) is therefore 
identical with f(z) on the set NA = A; +--+ + A, and is accordingly an 
extension of f(z) on N. This completes the proof of Theorem 2. 


4, Four lemmas. The proof of Theorem 3 below is based on Lemma 1 and 
four further lemmas, the first of which is the following: 


Lemma 4. Let f(x) be a function of class C”™ (m finite) on a closed set A in 
terms of functions f,(x) and let x = a be a point on the boundary of A. For every 
constant n > 0 there is a neighborhood N of x = a such that if x = b is a point 
of N — NA, one has at x = b the inequalities 


(9) | Pmix(x, a’) — P(x, a’)| << ne™™, — | Pmix(z, a’) — fe(a) | <0 


for every pair of points a’, a’ of A in the 5e-neighborhood of x = b, where Pm3(x, x’) 
is defined by equation (2). 


In order to prove this result we use the relations 


nvl 
(10) Paula, a!) — Pala, a”) = 3 Ufila!) — Pasrnla’, "9S, 

where the sum is taken over all n-tuples / such that 0 S o; S m — o. The 
second member of this equation is the Taylor expansion of the first member 


about z = a’, as can be seen by the use of the relations (3). Let w be the 








188 M. R. HESTENES 


number of terms in the last sum. Given a constant 7 > 0, choose ¢ such that 
10”we = 7 and let N’ be a neighborhood of x = a such that the inequality (4) 
holds for every pair of points z, x’ in N’A. Choose a constant 6 > 0 such that 
the 66-neighborhood of x = a is in N’ and let x = b be a point in the 6-neighbor- 
hood N of x = a ata distance e > 0 from A. Then any two points a’, a” of 
A in the 5e-neighborhood of x = b are in N’ and at a distance at most 10e apart. 
We have accordingly 


| ferr(a’) — Pminyi(a’, a’) | < €(100)"~**! 


by virtue of the inequality (4). By the use of this inequality together with 
equation (10) and the definitions of ¢ and w one obtains the first inequality (9). 
Since Pn(a, a) = f(a), we can decrease N, if necessary, so that the second 
relation (9) holds. 


Lemma 5. Let A be a closed subset of E. The set E — A is the sum of a de- 
numerable set of spheres S,, Se, +--+ having the following properties: The center 
x’ of S; is at a distance e; = 3r; from A, where r; is the radius of S;. Let S; be the 
sphere of radius 2r; about x. There is an integer q such that each point of E is 
interior to at most q of the spheres S,, S2,---. If S; and S, have a point x = b 
in common at a distance e from A, then 


(11) r,/5 Sr: S Srz, ep/5 Se: S 5ep, 3e/5 S e; S 3e 
and a point a‘ of A at a distance e; from x‘ is in the 5e-neighborhood of x = b. 


In order to prove this result let C. be the set of all points of E at a distance 
efrom A. Denote by 7. a subset of C. such that the distance between any two 
points of 7’, is at least e/9 and such that C, is in the (e/9)-neighborhood of T.. 
The set 7. is at most denumerable. Moreover, if €is on the range e S e« S 9e/8, 
the set C, is in the (e/3)-neighborhood of T.. It follows that the spheres of 
radius e/3 with centers in T, , where e ranges over the positive, zero, and nuc.=- 
tive integral powers of 9/8, form a denumerable set of spheres S,, Se, --- 
whose sum is EH — A. Let S; be the sphere related to S; as described in the 
lemma. In order to show that the number of spheres in the set Si, S:, --- 
having a common point is bounded, we observe first that if a point z = b in 
C. is in the (2¢/3)-neighborhood of T, , the inequality 3e/5 < ¢ < 3e holds and 
the distances between any two points of 7, is at least e/15. From these results 
we see that if the spheres S; and S, contain x = b, their centers lie in the 3e- 
neighborhood of x = b and are at distance of at least e/15 apart. The number 
of spheres in the sequence S; , S:, --- containing x = b therefore cannot exceed 
an integral upper bound q of the number of points in the 3e-neighborhood of 
x = b, every pair of which are at a distance of at least e/15 apart. This upper 
bound q is clearly independent of our choice of eand z = b. The last statement 
in the lemma is easily verified by the use of the relation e; = 37; . 


Lemma 6. Let f(x) be a function of class C” (m finite or infinite) on a closed 
set A in terms of functions f,(x) (0% < m) and let S;, S; (i = 1, 2, ---) be spheres 
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related to A as described in the last lemma. There exist polynomials G;(zx) 
(¢ = 1, 2, ---) having the following property: Given a point x = a on the boundary 
of A, a constant n > 0 and an integer m' S m, there exists a neighborhood N of 
A such that at each point x = b of N at a distance e > 0 from A the inequalities 


(12) | DiGi(z) — DiGy(x)| < ne", — | DiG p(x) — fala) | <0 
hold whenever the spheres S; and S,, contain x = b. 


In order to prove this result let a’ be a nearest point to the center x‘ of S;. 
If m is finite, the functions G,(z) = P,(z, a‘), where P,,(z, x’) is given by 
equation (1), have the property described in the lemma. For if S; and Si}, con- 
tain a common point z = b at a distance e from A, the points a‘ and a” are in 
the 5e-neighborhood of x = b, by Lemma 5. By the use of Lemma 4 it is seen 
that the inequalities (12) are a consequence of the inequalities (9), provided 
that e < 1 as we can suppose. 

Consider next the case when m is infinite and let Rs (8 = 1, 2, ---) be the 
sphere of radius 6 about a fixed point of A. Choose constants Nz (8 = 1, 2, ---) 
such that at each point x of ARs the inequalities 


(13) THO <Ns (=—), Ne SN, B<7) 
hold for every n-tuple z = (z,,---, z,) having zi +--- + 2, = 1. Select 


positive constants 6s < 1 satisfying the relations Ngdg < 1, 2541 < 53. Set 
m; = 8 when the distance e; of the center of S; satisfies the inequality 6,4, S 
e; < 63 and set m; = 0 when e; = 6. The functions G(x) = P»,(z, a’), where 
P,,(z, x’) is given by (1), have the property described in the lemma. To prove 
this statement let = a be a point on the boundary of A, let 7 be a positive 
constant and m’ be an integer. Choose an integer a > m’ so that x = a is in 
R..1. By Lemma 4 with m = a there exists a 6-neighborhood N of x = a 
such that if z = b is a point of N at a distance e > 0 from A 


(14) | Pax(z, a’) — Pax(z, a”) | <gne*™*, = | Pa(x, a’) — fela) | < 30 


hold at x = b for every pair of points a’, a’’ of A in the 5e-neighborhood of x = b, 
provided that o, < @. Consider spheres S;, S, containing z = b. By Lemma 
5 the points a‘, a” are in the 5e-neighborhood of z = b. The inequalities (14) 
therefore hold when a’ = a’ and a” = a‘. Restrict the é-neighborhood N of 
xz = aso that 55 < 6., 56 < 4, 5°-725 < ». Forj = i or p we then have, 
by (11), the inequality e; < 3e < 36 < 6.. Hence m 2 a. Setting t = 5e 
we have also, by (11), ¢ S 9e; and ¢t < 56 < 4. Consequently for 7 = i or p we 
have 


N eu 
my 


roy < 18¢iNm t* < 18t* = 18(5e)* < 3ne** 
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since 5*.72e < 5*-725 < 7» by virtue of our choice of 6. By the use of these 
inequalities, the relations (13) and the fact that a’ is in the neighborhood of 
x = b we find that the inequality 


. , atl 
(15) | Prnje(x, a’) — Paze(x, a’)| < Nmnj(t° + --- +0) < see < 4ne*” 


holds at c = bwhenj = ior p. The relations (12) are now easy consequences 
of the inequalities (14) with a’ = a’, and a” = a’, the inequality (15) with 
j = tand j = pand the relations e < 1, m’ < a and D,G;(z) = Pm;;(z, a’). 


Lemma 7. Let S;, S; (i = 1, 2, ---) be related to a closed set A as described 
in Lemma 5. There exist functions H,(x) (i = 1, 2, ---) of class C® on E such 
that for every integer p one has H, + --- + H, = lon S,, H; = 0 (i > p) on 
S,,H, = OonE — S, and 


M 
(16) | DkH,(2)| < ae 
on E, where M;,, is a positive constant independent of p and e is the distance from 
x to A. At most q of the functions H,, H2, --- are different from zero at any 
point of E, where q is defined as in Lemma 5. 


In order to define the functions H(z) let h(x) be a function of class C® having 
h = 0 on the unit sphere about the origin and h = 1 exterior to the sphere of 
radius 2 about the origin. A function of this type was constructed in the proof 
of Lemma 2 above. Let U; be an upper bound of the value | D,h(zx) | on E. 
We can suppose that U,; S U; when o% S ¢,. Set 


hx) = a(2— 2, peer = —_ *), 


% T% 





where 2’ is the center of S; and r; is its radius. Then h; = 0 on S;, h; = 1 on 
E — S; and U;,/r?* is an upper bound for | D,hi(x) | on E. Since Dyh; = 0 on 
E — S; and the distance e of x from A satisfies the relation e < 5r; when z is 
in S; , we have 
5* U;, 

e”* 


on FE. Set A, = 1 — hy and Hy = hike --+ hpi(l — hy) (p > 1). The fune- 
tion H, is of class C® on E and is identically zero on E — S, and on each S; 
wheni > p. Moreover, H,+--- +H,=1—h---hp,y=1o0nS,. Finally 
the relation (16) holds with M, = (5q¢)"Ui , where q is defined as in Lemma 5. 
For let x’ be a point in S, and let S;,, ---, Si, be the spheres S; (i < p) con- 
taining x’. Then s < gand H; = hj, --- hi,(1 — hp). The derivative D,H; is 
the sum of (s + 1)* S qg™ terms of the form 


(De,hi;) eee (Dz, hi,)(Di,4, (1 = hy)) (hy + eee + Kear = k), 


(17) | Dihi(x) | < 
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each term counted a number of times equal to its multiplicity. The absolute 
value of this term is less than the value 5 Ui/e", by (17). The sum of (s + 1)" 
such terms is accordingly exceeded by M;/e*, where M, is defined as above. 
This proves the inequality (16). The last statement in the lemma follows from 
the fact that each point of EZ is interior to at most q of the spheres S; , S:, --- 
and the relation H; = 0 on E — S;. 


5. Extension of functions defined on an arbitrary closed set. The result due 
to Whitney® which we shall prove is given in the following 


THEOREM 3. Let f(x) be a function of class C™ (m finite or infinite) on a closed 
set A in terms of functions f(x) (0% S m). There exists a function F(x) of class 
C”™ on E and of class C* on E — A such that F(x) = f(x), DiF(x) = fi(x) (or S 
m) on A. 


In order to establish this result let S;, S; (¢ = 1, 2, ---) be spheres and G,(z), 
H (x) (i = 1, 2, ---) be functions related to A and to f(z) as described in Lemmas 
5,6 and 7. The function F(x) that is identical with f(z) on A and is defined 
by the series 


(18) F(x) = G,(x)Hy(x) + --- + Gix)Hi(x) + --- 


on E — A has the properties described in the theorem. It is well defined on 
E — A since at most,g of its terms are different from zero at a point of Z — A, 
by virtue of the last statement in Lemma 7. Moreover, it is of class C” on 
E — A since each of its terms is of class C* on E — A. It remains to show 
that F(x) is of class C”™ on E. To this end we observe first that, in view of the 
properties of the functions H; described in Lemma 7, the equations 


P P 
F(a) = 2 GH: = G, + DG — GMs 
and hence also the equation 
(19) Di F(z) — DiGy(z) = 2 Del(Gs — G,) Hi 


hold on the sphere S,. Consider now a point z = a on the boundary of A and 
choose an integer m’ S m. Let M be the maximum of the numbers M, (o, S 
m‘) described in Lemma 7. Given a constant e« > 0, choose 7» such that 
292” Mn = «, where q is defined as in Lemma 5. Let N be a 6-neighborhood 
(6 < 1) of z = a that is related to 7 and m’ as described in Lemma 6. Consider 
a point z = bin N ata distance e > 0 from A and let S, be one of the spheres 
Si, Se, +--+ containing z = b. By Lemma 6 the inequality 


(20) | DiG p(x) — frla) | < 9 < 4e (o% S m’) 
5 Loc. cit., p. 69 (Lemma 2). 
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holds at x = b. Moreover, if the sphere S; also contains x = b, we have, by 
virtue of the inequalities (12) and (16), the further relation 


| Di(G; — Gy) | | DierHi | < nMire™’~* < nM (o: S o < m’) 


atz=b since e<6<1. The derivative D,{(G; — G,)Hi] (co; S m’) is the sum 
of 2% < 2” terms of the form (D,;G; — D,G,)D,.H;. We have accordingly 


(21) | Dil(Gs — G,)H]| S$ 2°Ma = 9 (ox < m’) 
atx = b. Now the 7-th term in the second member of equation (19) is different 
from zero at x = b only if S; contains z = b. Moreover, at most g of these 
spheres contain z = b, by Lemma 5. Using this fact we see from (19) and (21) 
that 


| D,F (x) — DiG,(x) | < Fe (o; S m’). 
Combining this result with (20) we find that the inequality 
| DiF(x) — fila) | < € (o% = m’) 


holds on N — NA. The function F;(x) (o, < m) that is identical with f,(z) 
on A and identical with D,F(x) on E — A is therefore continuous at z = a 
and hence on E. It follows from Lemma 1 that the function F(z) is of class 
C” on E and has D,F(x) = F,(x) = fi(x) on A. This completes the proof of 
Theorem 3. 


Tue UNIVERSITY OF CHICAGO. 








FORMULATIONS OF THE HAUSDORFF INCLUSION PROBLEM 
By H. L. GARABEDIAN, Eryar HItxie anv H. 8. WALL 
1. Introduction. A sequence {z,} of complex numbers is called a regular 
sequence if there exists a regular mass function ¢,(u) such that’ 
~* [ u" débe(u) a «61, & >... 
The conditions on ¢,(u) are that it shall be of bounded variation on the interval 
0 < u S 1, continuous at u = 0, and that 
0 ifu <0, 
g:(u) = 41 if u = 1, 
$lo.(u — 0) + ¢(u+0)] fOSu <1. 


lA 


IV 


With each regular sequence {z,} there is associated a regular moment function 


x(z) = I u'do.(u), 


and a regular moment generating function 


* dpz(u) 
0 1 + ti tu’ 


If {z,} is a regular sequence, the corresponding Hausdorff transform of a se- 
quence {s,} is given by 





f(t) =m —nitmt’—...= 


rn=m 


= ps C28” * BeM (m _ 0, 1, 2, Pa -), 
n=0 
where Cnn = m!/ni(m — n)!, and A‘'z; = 2; — Ciatinns + Ciatinng — +: 


This defines a regular Hausdorff method of summation which is denoted by the 
symbol [H, ¢:(u)]. Let {a,} and {b,} be two regular sequences and [H, ¢,(u)], 
[H, ¢s(u)] the corresponding Hausdorff methods of summation. If 6, ¥ 0 
(n = 0, 1, 2, --- ), Hausdorff showed that [H, ¢.(u)] > [H, ¢,(u)] if and only if the 
sequence {a,} is divisible by the sequence {b,};i.e., dn = bac, (n = 0, 1, 2, --- ), 


Received November 22, 1940; presented to the American Mathematical Society, Sep- 
tember 10, 1940. 

1 The Stieltjes integrals discussed in this paper may always be taken in the Riemann- 
Stieltjes sense, but in §§3, 4 much is gained by using the Lebesgue definition instead. 
When integrals are to be taken in the Lebesgue-Stieltjes sense, we state so explicitly. 
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where {c,} is a regular sequence. By the Hausdorff inclusion problem we under- 
stand the problem of determining whether or not one regular sequence is divisible 
by a second regular sequence. 

Hille and Tamarkin [4] stated (without proof) that either of the following 
conditions is necessary and sufficient for {a,} to be divisible by {b,}. 

(i) There exists a regular moment function c(z) such that 


a(z) = b(z)c(z) if Riz) = 0. 


(ii) There exists a regular mass function $.(u) such that® 
1 
alo) = | dol0/u) dau) 


for all except at most a countable set of values of v in the intervalO0 Sv S 1. 
In this paper we obtain a third condition equivalent to these, namely: 
(iii) There exists a regular mass function o.(u) such that 


fal) = [Hed dg.tu) ft) <1. 


We prove that {a,} is divisible by {b,} if and only if (iii) holds; and then prove 
that these formulations are equivalent. 

In case ¢(u) is the regular mass function for Cesaro summability (C, a), the 
integral equation in (ii) can be thrown into the form of an Abel integral equa- 
tion. From this we obtain a set of necessary and sufficient conditions upon 
¢.(u) in order that [H, ¢.(u)] > (C, a), when a is an integer 2 1. 

The latter part of the paper is concerned with applications of the preceding 
to the following problem. Let {a,} and {b,} be regular sequences defining 
equivalent Hausdorff methods of summation; to determine whether or not corre- 
sponding rowsequences in the difference matrices (A”a,,) and (A”b,,) define equiva- 
lent Hausdorff methods. We have given a partial answer to this question in 
the case that the given sequences are the sequences defining the Cesaro and 
Hilder methods of summability of order a. 


2. Formulation of the Hausdorff inclusion problem as a generalized moment 
problem. By the moment problem for the interval (0, 1) is ordinarily under- 
stood the problem of determining a bounded monotone function or a function of 
- bounded variation ¢.(u) (0 S u < 1) such that 


a, = [ u" do-(u) (n = 0, 1, 2, +++), 


2 This integral equation was used by R. Schmidt [12] in his doctoral dissertation.—Hille 
and Tamarkin state merely that the exceptional set is of measure zero. As will be brought 
out below, the structure of the exceptional set depends essentially upon the interpretation 
given to the integral. 
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the sequence {a,} having been given. In other terms ¢.(u) must satisfy the 
equation 


f.(t) = I fo(ut) do-(u), 


when fi(t) = 1/(1 + 8), and f.(t) = ao — ait + aet” — --- is a given power 
series. We may generalize this at once and state the Hausdorff inclusion prob- 
lem in terms of the moment generating functions f,(¢), f(t) as follows: 


THEOREM 2.1. The regular sequence {a,} is divisible by the regular sequence 
{bn} af and only if there exists a regular mass function @.(u) such that 


1 
(2.1) fat) = | folut) dow), |t| <1, 
where fa(t), fo(t) are the regular moment generating functions associated with 
{an}, {bn}. 
To prove this, suppose first that 
(2.2) Gn = bnCn (n = 0,1, 2,---), 


where {c,} is a regular sequence, and consider the expression 


(2.3) [ [™ TH) igo), || <1, 


where ¢.(v) is the regular mass function associated with {en}. Inasmuch as 
[ dg,(u)/(1 + uvt) is a continuous function of v (0 S v S 1) for any ¢ such 
that | ¢| < 1, it follows that the integral (2.3) exists. Moreover, 
5 d¢,(u) 
o 1 + wet 


where the series on the right converges uniformly for 0 S v S 1 for any fixed 
value of ¢ such that |¢| < 1. We may therefore integrate this series term by 
term over the interval 0 S v S 1, and get for (2.3) the series expansion 


i= i= 








= bh — bitv + bet?v® — --., 


> b.c:(—t)' which, by (2.2), is equal to »» a;(—t)", which is f,(t). Hence (2.1) 
i= 
holds. , 


Conversely, if (2.1) holds for some regular mass function ¢.(u), we see at once 
that (2.2) holds with ¢, = [ u" dé-(u) (n = 0,1,2,-+-). It is clear that if 
0 


the sequence {a,} is divisible by the sequence {b,}, then {a,} is also divisible 
by {a,/b,}. This fact can be stated as follows. 


THEOREM 2.2. The regular sequence {a,} is divisible by the regular sequence 
{b,} af and only if there exists a regular moment generating function f.(t) such that 


(2.4) falt) = I feltu) dgo(u), — |t| <1, 
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where fa(t) is the regular moment generating function associated with {a,} and 
o»(u) the regular mass function associated with {b,}. 


The function f,(¢) is an analytic function of t, holomorphic in the domain T 
obtained by deleting from the complex ¢-plane the line segment from — ~ to —1 
of the real axis. The same is true of f,(t) and f.(). From this remark we see 
at once that formulas (2.1) and (2.4) are valid for ¢ in T and not merely in 
jt] <1. 

Since ¢.(u) = 0 for wu S O and equals 1 for 1 S u, we have for ¢t in T and 
anyw(l Sw Ss ~) 


_ f° dd(u) 1 ° alu) 
i= | te iee tL ae 


Letting w — +, we get fort # 0 


(2.5) fall) = t [ heen w. 


This alternative representation of f.(¢) will be useful in a later discussion. 





3. Formulation of the inclusion problem in terms of the integral equation of 
R. Schmidt. This formulation, save for the determination of the exceptional 
set, is due to Hille and Tamarkin [4], and may be stated as follows. 


THEOREM 3.1. The regular sequence {a,} with regular mass function ¢,(u) is 
divisible by the regular sequence {b,} with regular mass function @,(u) if and only 
if there exists a regular mass function o.(u) such that 


(3.1) da(u) = I $e(u/v) dér(v), 


(3.2) da(u) = l $o(u/v) dbe(0), 


for all except at most a countable set of values of u in the interval0 <u <1. Here 
the integrals are taken in the sense of Lebesque-Stieltjes and exist for all values of u. 
If o(1 — 0) = (1), equation (3.1) holds for all values of u; otherwise the points 
of digcontinuity of d(u) inO < u < 1 form the exceptional set. The exceptional 
set of the equation (3.2) is obtained by interchanging the subscripts b and c in the 
preceding sentence. 


It should be observed that 
oo(1) — d(1 — 0) = lim b, and o-(1) — ¢(1 — 0) = lim a,/b, 


if {a,} is divisible by {b,}, so that the presence or absence of exceptional sets 
can be decided a priori. The exceptional set of (3.1) is of course given as soon 
as ¢(u) is known, but that of (3.2) is determined only implicitly by the original 
sequences. 
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The integrals in (3.1) and (3.2) exist for all values of u and define functions of 
bounded variation, but these functions are not necessarily regular everywhere. 
The points in 0 < u < 1 where the condition ¢(u) = 3[¢(u + 0) + d(u — 0)]} 
does not hold form the exceptional set for the relation in question. Outside 
of the exceptional sets the integrals agree with each other and with ¢,(u). 

A different situation arises when the integrals are taken in the sense of Rie- 
mann-Stieltjes. Here the integrals do not exist for all values of u, but when 
they do exist, they are also regular. The exceptional sets are now the values 
of u for which the integrals do not exist. Thus the exceptional set associated 
with (3.1) consists of all points of the form wo,m-Uc.n., Where Us, is any point 
of discontinuity of @(u) in 0 < u S 1 and u,,, any point of discontinuity of 
¢(u)inO <u< 1. The exceptional set of (3.2) is obtained by interchanging 
the subscripts b and ¢ in the preceding sentence. 

We shall need two lemmas. 


Lemma 3.1. Let j(u) (j = 1, 2) satisfy the following conditions: (1) $;(u) is 
of bounded variation in —x <u < +, (2) ¢;(u) = 0 for u S O and con- 
tinuous at u = 0, (3) (uu) = (1) for 1 S u, and (4) $;(u) ts regular for 0 
u <1, te, ou) = 3[o(u + 0) + ou — O)). Then the Lebesgue-Stieltjes 
integral 


(3.3) o3(u) = I o1(u/v) doa(v) 


exists for all values of u and $3(u) satisfies conditions (1)-(3). If @(1 — 0) = 
gi(1), condition (4) is also satisfied for all values of u (0 S u < 1), but of 
oi(1 — 0) ¥ ¢(1), then (4) holds except at the points of discontinuity of d2(u) in 
7<e< & 


In proving the lemma we may assume that ¢;(u) and ¢2(u) are real monotone 
non-decreasing functions since every function of bounded variation is a linear 
combination with coefficients +1, +7 of real monotone non-decreasing functions 
and @3(u) is a bilinear functional of ¢;(u) and ¢o(u). 

A function of bounded variation being bounded and measurable with respect 
to any other function of bounded variation, condition (1) implies the existence 
of @3(u) for all values of u. Assuming ¢)(u) and @¢o(u) to be real monotone 
non-decreasing functions, we see that ¢;(u) has the same property. Further 
¢3;(u) = O for u S O and ¢3(u) = o3(1) = o1(1)@2(1) for 1 S wu since the ¢;(u) 
have these properties. It follows that ¢3(u) is bounded and consequently of 
bounded variation in —*x < u < +2. The continuity of ¢(u) and ¢:(u) 
at wu = O implies that of ¢;(u). It remains to discuss property (4). Here it 
is advantageous to express ¢3;(u) by the Lebesgue integral 


ow = [a (5) dz, 
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where v = v(x) is the Lebesgue inverse of the monotone function x = ¢2(v) 
({7], pp. 259-260). This integral can be written 


$2(1) 
da(u) = du(1)de(u + 0) + m (*,) te 
$2(u+0) v(x) 


Replacing u by u + A and letting A tend to zero, we get, by bounded con- 
vergence, expressions which can be written 


$2(1) u 
wu +0) = aa t0+ fo (* + 0) dn, 


gs(u — 0) = [gi(1) — gill — 0)] G2(u — 0) + gill — O)ga2(u + 0) 


$2 (1) u 
ous) \0(2) 
Observing that ¢;(u) (j = 1, 2) are regular in 0 < u < 1, we see that ¢;(u) will 
be regular at every point u which is not a point of discontinuity of ¢2(u) and 
will not be regular at the latter points unless ¢;(1 — 0) = ¢;(1). This completes 
the proof of the lemma. 
LemMa 3.2. With the notation and assumptions of Lemma 3.1 we have for 
eery&E(0O< E<1),n>0 
* Et+in 1 
(3.4) lim 2* {: [ [ dea(u) ae} = ¢(é), 
in 0 


70 a= % 





a 
(3.5) lim 9 {: [ ae Go) dgn(0) ae} = Healt + 0) + dal — 0D]. 


2-0 


Here z = x + inand the asterisk indicates that in taking the real part the integrators 
@;(u) shall be treated as if they were real. 

Formula ‘3.4) is of course well known. Formula (3.5) can be proved as 
follows. Froceeding as in the proof of formula (2.5) we get 


, d¢,(u) =p [ oi(u) du ia [ oi(w/v) d 


b 2— uw wo (z — uv)? e(z—w) ’ 








so that 





ane State) ] dle) = [ bat) ap 


z— w wo (z — w)? 


the interchange of the order of integration being permitted by absolute con- 
vergence of the double integral. Here we can integrate with respect to z under 
the sign of integration, again by absolute convergence. Taking the formal real 
part, we see that the left member of (3.5) becomes 


ho ow 1 *! 1 
= 7 t (ea —f+e”7 wt -} os(w) dw. 
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This is the difference of two Poisson integrals for the upper half-plane and, 
¢3(u) being of bounded variation, the well-known limit equals 


3los(E + 0) + o2(E — 0)] — 3lbs(+0) + o2(—0)]. 


The last term being zero, formula (3.5) is proved. 

The proof of Theorem 3.1 is now immediate. Suppose that {a,} is divisible 
by {b,} and let us prove formula (3.2) for instance. Formula (2.1) is now valid. 
Replacing t by —1/z and dividing by z in this formula, we obtain 


(3.6) dgpa(u) _ [ | ants) | de.(v). 








0 z—U 0 2 — w 


Putting 


$(u) = [ $o(u/v) doe(v), 


and applying Lemma 3.2 to formula (3.6), we get the equality 


(3.7) bat) = 2[o(& + 0) + o(E — 0)] 


for0 < <1. This is equivalent to (3.2) and the exceptional set is read off 
from Lemma 3.1. Using (2.4) instead and proceeding in the same manner, 
we get (3.1). 

Conversely, suppose that (3.1) holds. Assuming ¢ in the domain 7, multi- 
plying both sides of (3.1) by ¢du/(1 + tu)’ and integrating with respect to u 
from — © to +, which is clearly permitted, we get 


34 a(u) = % du . , ’ 
tf. al > tu)? du = if. arar f oc(u/v) doy(v) 


me * p(w) dw . 
= [LL temp] Ho, 


the interchange of the order of integration being allowed by the theorem of 
Fubini. This relation, however, reduces to formula (2.4) by virtue of (2.5). 
Similarly (3.2) gives (2.1). This completes the proof of Theorem 3.1. 





4. Formulation of the inclusion problem in terms of moment functions; rela- 
tion to the integral equation of R. Schmidt. Hille and Tamarkin [4] also formu- 
lated the inclusion problem in terms of moment functions, as follows. 


THEoreM 4.1. If {a,} and {b,} are regular sequences with corresponding regular 
moment functions a(z) and b(z), then {a,} is divisible by {b,} if and only if there 
exists a regular moment function c(z) such that 


(4.1) a(z) = b(z)e(z) if R(z) = 0. 


The sufficiency of the condition is obvious since (4.1) reduces to (2.2) when 
z=n(n=0,1,2,---). 
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Conversely, let (2.2) hold and consider the function f(z) = a(z) — b(z)e(z). 
This function vanishes for z = n (n = 0, 1, 2, --- ); and if R(z) = O, then 
| f(z) | < M, where M is a constant independent of z. Now a function which 
is bounded for R(z) 2 0, is holomorphic in the interior of this half-plane, and 
which vanishes at the integral points, vanishes identically (Carlson [1], Theo- 
rem C; Hardy [3]). Hence (4.1) holds. 

It is of interest to derive Theorem 3.1 from Theorem 4.1, and to obtain in 
this way the formulation of the inclusion problem in terms of the integral equa- 
tion of R. Schmidt by a method which in the main is different from that used 
in §3. 

We begin by recalling a multiplication theorem for Laplace-Stieltjes in- 
tegrals.* Put 


f@) = [ e“dA(u), gz) = [ e  dB\v), 


where A(u), B(v) are of bounded variation on the interval [0, ©]. It is no 
restriction to assume A(0) = B(O) = 0 and to suppose that for0 < u < ~, 
0 <v < o these functions are regular, i.e., 


A(u) = 3[A(u+ 0) + A(u—0)], = Biv) = 2[BW + 0) + Bw — 0)). 


To simplify the proof, let us extend the definitions of A(u) and B(v) to negative 
values of u and v by setting A(u) = 0, B(v) = Oforu < 0,0 < 0. 
An integration by parts in the first integral gives for R(z) > 0 


f(z) =z [ e ” A(u) du. 
0 


Here we can of course replace the lower limit by — ©. We do the same in the 
original integral for g(z). Then for R(z) > 0 


flag) =z [ e ™“ A(u) du. [ e ’ dBi(v) 


~ [ [ ec? 4(y) dudBv). 


This is an absolutely convergent double integral in which we may make the 
change of variable t = u + v, v = v, obtaining 


fie) g(z) =z r et { [ A(t — 0) ap} dt =2 [ e* C(t) dt, 
where 
C(t) = [40 — ») dBW) = l A(t — v) dB), 


3 Multiplication theorems for Laplace and Stieltjes-Laplace integrals abound in the 
literature. This particular theorem and even more general ones were stated without proof 
by Hille and Tamarkin in [6]. It is well known to most workers in the field. A different 
representation was proved by D. V. Widder ({13], p. 715). 
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since A(t — v) = Oforv 2 t, and Biv) = Oforv S 0. The properties of C(#) 
can be read off from Lemma 3.1. Thus C(t) is defined for all values of ¢ if the 
integral is taken in the Lebesgue-Stieltjes sense, C(t) = 0 for ¢ < 0 and is of 
bounded variation on [— «©, +]. Further, C(¢) is regular either for all t > 0 
or for all ¢ with the exception of the points of discontinuity of B(t) according 
as A(+0) = Oornot. Let us put 


C*(0) = 0, C*(t) = [C(t + 0) + C(t — 0)] fort > 0. 
We have then 


f(2) g(2) = | e “C*(t) dt = [ e * dC*(t), 
0 0 
by another integration by parts, the second representation being valid for 
R(z) = 0. 
The function 


C(t) = I * Bit — v) dA) 


evidently has properties analogous to those of C(t). In particular, C)(t) is 
regular either for all ¢ > O or for all ¢ with the exception of the points of dis- 
continuity of A(t) according as B(+0) = 0 or not. An integration by parts 


shows that 
Co(t) = C(t) 


at all points where both sides are regular (see 8. Saks [11], p. 102). 
To prove the equivalence of (i), (ii), §1, suppose first that (i) holds, i.e., that 


I u’dg,(u) = u’ dop(u) - I u’ do-(u). 
Put u = e', d(u) = 1 — A(t), &(u) = 1 — Bt), (u) = 1 — C(t) and the 


integrals become Laplace-Stieltjes integrals to which the above multiplication 
theorem applies. We then have 


A) = [ B(t — 8) dC(s), 


the values of ¢ which are points of discontinuity of C(t) being excepted unless 
B(+0) = 0. Supposing u = e‘, v = e*, we get 


(4.2) alu) = g.(u) + [ do(u/r) dat. 


This relation is equivalent to (3.2) and has the same exceptional set. The 
converse is obvious inasmuch as (4.2) implies (4.1). 
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5. Hausdorff methods which include Cesaro summability of integral order. 
Hille and Tamarkin [4] obtain necessary and sufficient conditions in order that 
[H, d.(u)] D (C, a), a > 0, by substituting in (4.2) the regular mass function 
for (H, a) = (C, a): 


1 u 1 —1 
wu) = l {log 7 a «>t 


Since this function is continuous, we may integrate by parts in (4.2); and if we 
put u = e *,¢:(u) = 1 — p,(s), the equation takes the form 


(5.1) e’ p(s) = ne) [ (s — t)* ‘e' p(t) dt. 


Consequently, [H, ¢a(u)] > (C, «) if and only if (5.1) has a solution p.(s) which 
satisfies the conditions: 

(i) p-(s) is of bounded variation on the interval (0, ~), 

(ii) lim p(s) = 1. 

To these should be added the requirement p.(0) = 0, which, however, is not 
essential since the value of the right member of (5.1) cannot be affected by 
changing the value of p.(s) at s = 0. 

In case a is an integer, a = n = 1, one may obtain conditions on p(s) which 
are necessary and sufficient for [H, ¢.(u)] D (C, n). In the statement and 
proof of this theorem we simplify the notation by replacing p,(s) and p,(s) by 
p(s) and x(s) respectively. 

TuHeoreEM 5.1. Necessary and sufficient conditions that [|H, ¢(u)] > (C, n), 
where n is an integer = 1, are 

(i) p(s) is absolutely continuous and has absolutely continuous derivatives of 
orders Sn — 1 for0 <s < a, 

(ii) p‘”(s) has a finite right-hand derivative p(s) for s = 0, and a finite 
left-hand derivative p{"(s) for s > 0, 

(iii) p(s), p’(s), --- , p’” (s), pS” (s), pi" ’(s) are of bounded variation in the 
interval (0, ~), 

(iv) p(s), p’(s), oot 7 

(v) 1 — p(s), p’(s), +--+, Pp 

We rewrite Theorem 5.1 translating the conditions on p(s) into conditions 
on ¢(u).* 

THEorREM 5.2. Necessary and sufficient conditions that [H, ¢(u)] D (C, n), 
where n is an integer = 1, are 


‘"“) (s) tend to zero as s > 0, 


{"—Y(s) p(s), p(s) tend to zero as s > ~. 


4 The wording of the corresponding theorem in Hille and Tamarkin [4], p. 576, is partly 
incorrect. The subsequent proof is essentially that originally intended by those authors, 
who have permitted us to publish it here. We have tried to state the conditions as 
concisely as possible, but some parts of the conditions may be redundant. 
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(i) @(u) ts absolutely continuous and has absolutely continuous derivatives of 
orders Sn—1for0 <u Sl, 

(ii) ¢""(u) has a finite right-hand derivative ¢\"(u) for 0 < u < 1, anda 
finite left-hand derivative ¢{"(u) for 0 <‘u < 1. 

(iii) o(u), up’(u), --- ,u™ “eo”? (u), uo” (u), u"o$”’(u) are of bounded varia- 
tion in the interval (0, 1), 

(iv) 1 — o(u), ¢’(u), --- ,¢°"”(u) tend to zero as u = 1, 

(v) @(u), up’(u), --- ,u™"o'"”(u), u"ol” (uw), w"o{"’(u) tend to zero as u > 0. 


The proof of Theorem 5.1 is based on an induction argument. Accordingly 
we shall prove the theorem first for the case n = 1. We have to consider the 
equation 


p(s) = [eal ae 


We assume that this equation has a solution 2(s) of bounded variation on the 
interval (0, ©) such that r(s) ~lass— «. It is at once clear that p(s) must 
be absolutely continuous and that p(s) ~0ass—0. Thus conditions (i) and 
(iv) are satisfied. 

Suppose h > 0. Then, for s = 0, we have 


(5.2) ple pe +h) er = ff ex deals +0) 


ash—0. This statement is valid since x(s) is of bounded variation and hence 
has a right-hand limit everywhere. Moreover, we have 


j let** p(s +) — e'p(s)] =f (e™* — e)pls +) + £ Ils +) — ph 


Here, the first term on the right tends to e*p(s) since p(s) is continuous, and 
from (5.2) the limit of the term on the left exists. It follows that the second 
term on the right tends to the limit e*p,(s) ash-—0. This implies the existence 
of p,(s) for s = 0. Indeed, from (5.2) we have p(s) + p;(s) = x(s + 0), s = 0. 
In a similar fashion we may prove the existence of a unique finite left-hand 
derivative p;(s) and derive the relation p(s) + p;(s) = x(s — 0),s > 0. Condi- 
tion (ii) has thus been fulfilled. 

By assumption 2(s) and p(s) are of bounded variation in the interval (0, ~). 
This-implies that (s + 0) and x(s — 0) are of bounded variation in the interval 
(0, ©). Since p;(s) = x(s + 0) — p(s), pi(s) = x(s — 0) — p(s), we see that 
condition (iii) is satisfied. It remains to prove that condition (v) is satisfied. 

It follows by assumption that 1 — p(s) ~ 0 ass — , since ¢(u) defines a 
regular method of summation. We have also by assumption x(s) > lass— . 
Hence, using the relations derived above, we have p;(s) — 0 and p;(s) > 0 
ass—» «©. Thus condition (v) is fulfilled, and the necessity of the conditions 
has been established for the case n = 1. 
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To prove the sufficiency for the case n = 1, let p(s) satisfy the conditions of 
the theorem, and define x(s) by the equation 
m(s) = p(s) + 4lp,(s) + pri(s)]- 
This function evidently satisfies the requirements 
(i) (s) is of bounded variation in (0, ~), 
-— (ii) lim w(s) = 1. 


Sad] 


It remains to be shown that this function satisfies the integral equation 
I e' x(t) dt = e* p(s). 
0 


We have ((9], pp. 507-510) 


r(s + 0) = p(s + 0) + Hp.(s + 0) + pils + 0)] 
= p(s) + p,(s), 


and therefore 


[ e' x(t) dt = [exe + oa 


= [ e'[p(t) + pO] dt = e*p(s), 


where we have set p(0) = p(+0). 

To complete the induction argument let us assume that the theorem has been 
proved for n S k, and then prove it for n = k + 1. Suppose then that 
[H, ¢(u)] D (C,k + 1). Since (C, k + 1) D (C, k), the function p(s) must 
satisfy the conditions of the theorem for n S k. We have further 


tla « [ "(5 — tet x(t) dt. 


reFD 
After k — 1 differentiations we get 
e"[p(s) + Ceaap’(s) + --- + p*(s)] = I "(s — de'x(@) dt. 
Taking a right-hand derivative we get 
e*[p(s) + Crap’(s) + +++ + Crxap® (8) + pr(s)] = [ “et x(t) dt, 
and the same expression holds if we replace r by 1. Hence p{“’(s) = p§"(s) = 


p(s), an absolutely continuous function. Clearly p“’(s) +0ass—0. Since 
x(s) has left- and right-hand limits, we prove the existence of p{**”(s) and 
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p\‘*”(s), the former for s = 0, the latter for s > 0, by the same method as 
when n = 1. Hence 


p(s) + Cesrap’(s) +--+ + Cesrnp(s) + p(s) = x(s + 0), 
p(s) + Casrap’(s) + +++ + Cosrxp(s) + pi**?(s) = x(s — 0). 


Since x(s + 0) and x(s — 0) are of bounded variation on (0, ©), the same is 
true of p**?(s) and p{**(s). Moreover, since 7(s) + 1 as s > ~, we conclude 
that also p{**”(s) and p{**”(s) tend to zero as s + «©. This completes the 
proof of the necessity of the conditions for n = k + 1. 

To prove the sufficiency we proceed in the same way as for the case n = 1. 
Given a p(s) satisfying the conditions of the theorem for n < k, we define x(s) 


by the equation 
r(s) = p(s) + Cesrap’(s) +--+ + Crs ap’(s) + Hp? (s) + pi**™(s)]. 


This function satisfies conditions (5.3). Also, 


I e' x(t) dt 


I e'[p(t) + Crap’) +--+ + Cinnp’ (O + pO] dt 


= e* p(s). 


This completes the proof of the theorem. 


6. Inclusion problems in the difference matrix. If {z,} is a regular sequence, 
other than the unit sequence (1, 1, 1,---), then the rows in the difference 
matrix [2] 


Xo v1 Te 
Axo Ax Azo 
A’xm A’x, A’xm 


(A" zn) = 


are all essentially regular, that is, they can be made regular by dividing all 
terms by the first terms. The columns and diagonals are also essentially regular 
if the mass function for the base sequence {z,} is continuous atu = 1. Thus, 
from the difference matrix generated by a regular base sequence there arises an 
infinitude of Hausdorff methods of summability, between any two of which the 
problem of relative inclusion immediately presents itself. These problems have 
been discussed elsewhere for several special cases [2]. We mention here one 
fact which lends interest to the problem, namely: in some cases the Hausdorff 
methods defined by the rows increase in efficiency with the depth of the row in 
the matrix, while in other cases methods defined by two consecutive rows are 
not comparable, that is, neither includes the other. 

Another kind of inclusion problem arises from the simultaneous consideration 
of two difference matrices. If the Hausdorff methods defined by the base se- 
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quences of the two matrices are equivalent, what can be said about the methods 
defined by other pairs of corresponding sequences? 

We shall simplify the statement of the next and later theorems by agreeing 
that the words “the sequence {a,} includes the sequence {b,}, or is equivalent 
to the sequence {b,}” shall mean that the Hausdorff method defined by the first 
sequence includes, or is equivalent to, the Hausdorff method defined by the 
second. We may also speak of one row of a difference matrix including or being 
equivalent to another. 


THEOREM 6.1. Given two difference matrices (A”a,) and (A™b,,) in which the 
row sequences are all essentially regular, and such that the two base sequences are 
equivalent, any one of the three following possibilities may actually occur: 

(i) the second rows of the two matrices are equivalent; 

(ii) the second row of the first matrix includes the second row of the second, but not 
vice versa; 

(iii) the second rows of the two matrices are not comparable, that is, neither in- 
cludes the other. 


That (i) is possible will follow from the work in the succeeding sections. 

To show that (ii) may be realized, take the base sequences to be 
{(200n + 1)/(n + 1)*} and {1/(n + 1)}. It is easy to see that these are 
equivalent sequences. The sequences in the second rows of the matrices are 
{(200n” + 202n — 197)/(n + 1)°(n + 2)*} and {1/(n + 1)(n + 2)}. The first 
of these sequences is readily seen to be divisible by the second; but the quotient 
of the second by the first is {(n + 1)(n + 2)/(200n” + 202n — 197)}. In 
order for the second sequence to be divisible by the first the function 
(ze + 1)(z + 2)/(200z" + 202z — 197) must be a regular moment function. 
This is impossible inasmuch as this function has a pole in the right half-plane 
at the point z = .6+. 

An example showing that (iii) may be realized can be constructed along these 
same lines. 


7. Proof of the relation (H,, , a) > (C», , a), where a is real and positive, by 
means of the method of integral equations. The regular sequences defining 
(H, a) and (C, «) are 


(7.1) {(n + | te * 1eaasl 


respectively. It will be convenient to denote by (H,,, a) and (Cy, a) the 
methods of summation defined by the sequences in the m-th rows of the 
difference matrices for the methods (H, a) and (C, a), respectively, i.e., the 
matrices having (7.1) as base sequences. We shall employ the integral equation 
(4.2) to prove the theorem which follows. 


THEOREM 7.1. If a@ is real and positive, then (Hm, a) D (Cm, a) form = 
Seen 





b 
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Inasmuch as (Cy, , a) = (C, a + m — 1) = (H, a + m — 1), this is the 
same as proving that 


(7.2) (Hn, «) > (H, a + m — 1) (m = 2,3, 4,-+-). 


Since the mass function for (H, @) is 
1 u 1 a—l 
ray (we7) 
it follows that the mass function for (H,, , «) is 


u a—l 
(7.3) o.(u) = A [ (1 — O(log ) dt, 
f) 
where A is a constant so determined that ¢,(1) = 1. Put 
f(s) - e(1 "a da(u)), u= os 
and the integral equation for the relation (7.3) is, by (4.2): 


1 ‘ utB—2 ot 
roaean [ e-9 e' p(t) dt, 


where yu, 8 are so determined that 


(7.4) f(s) = 


atm=n4+8 (u an integer > 2,0 S B < 1). 


Let us assume that (7.4) has a continuous solution p(t), and put 
t t t 
Vil) = I é p(x) dx, V2(t) = l Vi(x) dz, ---, V,-2(t) = l V,-3(x) dz. 


Then, after 1 — 2 successive integrations by parts, the equation (7.4) takes the 
form 


(7.5) fis) = rey [ (8 — 0) V,-a(t) dt <8 <1). 


There are two cases to be considered according as 8 = OorB>0O. If 8 = 0, 
then on differentiating (7.5) with respect to s we get 


V,-2(s) = f(s), 


and consequently 
e"p-(s) = f(s). 
Let pa(s) = 1 — ¢a(u), u = e*. Then we find that 
pels) = pals) + Cyaapals) + Cyaspa(s) + +++ + Cyayyape (8). 


One may verify that this function p.(s) is a continuous function of s which 
satisfies the integral equation (7.4). Moreover, lim p.(s) = 1, and p-.(s) is of 


bounded variation on (0, ©). Therefore (H», a) D(H, a+ m — 1) in this case. 
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If 0 < 6 < 1, we put 
t 
V,(0) = I V,-2(2) dx, 


and integrate by parts once more in (7.5), getting 

me & *V,-1() dt 
T(B) Jo (s — t)*’ 

which is an Abel integral equation. The solution is 


d * f(s)ds _ 1 * f'(s) ds 
dz Jog (2 —8)® I(1—8B) db (z—s8)*° 


S(s) 





V,a@) = = r() sin x8 


On differentiating this 1 — 1 times with respect to z, we then have 


fis 1 .. ff” (s)ds 
8) = ra | Gao 


It is not difficult to see that p.(z) is continuous and satisfies the integral equa- 
tion, and that p.(z) is of bounded variation on (0, ~). 
To show that lim p,(z) = 1, we first write p.(z) in the form 


zo 


a 1 _/f* eds iP * e’b.(e *) ds 
ple) = rH ° i @—s) | @—s) 





* | . [C,.rPa(s) + Cy,2Be (8) Pose > Cy.nDa” (s)] ~_™ \. 


(2 — 8) 


Designate the integrals in this expression, exclusive of constant multipliers, by 
I, ’ I, , Is. Then 


eae Oe ee. 2 naw 
sad ae Ca lili 


and 


1 


m ag" ** 


It remains to prove that J, and J; tend to zeroasz —> ~. We have 
ee a—l 
¢.(e *) =A I a—-e*"* (toe r) dt 
=A / (1 — e*)" 2" ce dz 


<A / x” *e* dz < C(a)s* ec", 








equa- 
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if s = 1, while ¢.(e*) < C(a) forall s.. Then forz = 1 


= z at ds i ds 
I, < Cla)e { (G- | =I 


< Cla)e* | Bla, 1— p)e** + 5 7]. 


Accordingly, lim Iz = 0. 


Next we consider J;. It will suffice to show that an arbitrary term of J; , 


Zz 


s(t) 

e'pa (8) 9, 
lo (z — 8)P 
tends to zero as z — «. If p{°(s) is computed in terms of derivatives of its 
component parts, we obtain a linear combination of terms of the form 
e*(1 — &*)™ *s**" j + k S i, 1 S j, every one of which is dominated for 
all s > 0 by an expression of the form e “s” with -1 << 8-15 754+ 8 -— 2. 
The term with the largest value of y gives the largest contribution to the integral 
of the dominant for large values of z. Hence 


s"t8 ds 
z— ss) 


Accordingly, lim J; = 0, and thus lim J; = 0. 


za 


Ji = Cyc (i = 1, 2, 3, ital Bu), 





Jel < Cla, me* [ = C(a, m)Biu + 6 — 1,1 — Bete". 


Collecting our information on J, , J: , J; we conclude that lim p,(z) = 1. 


Since the last of the regularity requirements on p(t) has been met, our proof 
is completed. 

We note that the method of proof used in this section, unlike the method used 
in the following section, enables us to exhibit the mass function for the quotient 
of the moment sequences involved. For example, in the case a = 2, m = 2 
we have 

jw(2logu+5), OSuS1, 
$-(u) ” 


’ yu = i, 


8. Proof of the relation (H,, , a) > (C,, , a) for the real part of a positive by 
the method of moment functions. The regular moment functions for (H,, , a) 
and (H, a + m — 1) = (Cyn, a) are u:(z) and pe(z), where 

Am (2) = (2 + 1)™* — Cuaale + 2% + +++ + (-1)""(e + my, 
wo(z) = (2 +17" ™™, 
and A is a constant chosen so that u:(0) = 1. It is required to show that 
(Zz) /ue(z) is a regular moment function. 


5 We use the symbol C(a) to denote an unspecified positive constant, not always the 
same, depending upon the particular value of a. Similarly for C(a, m) below. 








210 H. L. GARABEDIAN, E. HILLE AND H. S. WALL 


Let 


where Ap is a constant such that u(z) vanishes atz = ©. It will suffice to prove 
that u(z) is a moment function 


(8.1) I u’ do(u), 


where ¢(u) is of bounded variation on (0, 1) and is continuous at u = 0. 
It is clear first that the function »(z) is holomorphic for R(z) 2 —1 + 4, 
6 > 0. It is also holomorphic for | z| > m, and since it vanishes for z = ~, 
we have 
A; , As 


_ Ai 
p) = +S tote:, |z| >m. 


From this it follows that 
|z+1|-|u(z)| $C for |z|>m+1. 


Also, since u(z) is holomorphic for R(z) = —1 + 6,|z| <S m + 1, we conclude 
that 


C C 


le+1| {@+il?+y)’ z=r+wy, r2 —-1+4, 


|u(z)|< 








and therefore 


C) C-) 2 2 
[ | u(x + ay) Pdy < 0° [ dy Cr Cr 


= pn 2 am 
atte aceite 3 CS tse 





Now’ if f(z) is holomorphic for z > a and [ f(a + ty) ?>dy < M for 
x 2 a, then 


fi) = I e* F(t) dt, 
where 
a I * | FP dt = [ | fla + iy) |? dy. 


6 The identity of the class H2(0) with the class of Laplace transforms of quadratically 
integrable density functions appears to have been explicitly stated for the first time by 
Paley and Wiener ((8], pp. 8-9), though they had used the facts also in earlier communica- 
tions. For the present proof we need merely the fact that if f(z) « H2(0), then f(z + ¢) 
is a regular moment function for every « > 0. This fact was stated by Hille and Tamarkin 
([5], p. 903), for f(z) « H,(0), 1 S p S 2, with some indication of a proof. 





( 
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Applying this to the present case, taking a = —8 (0 < 6B < 1), we have 


hl = ” 6 F() dt, 


and 


[ | PW) | dt 
0 


converges. But 


([ | F@ at) < [ e 7 au. [ e** | F(t) |? dt, 


whence it follows that l | F(t) | dt exists. Thus, if we put 


pit) = — [ F(s) ds, 


then p(t) is a continuous function of bounded variation on (0, ©), which tends 
to zero as t > ~, and 


p(z) = [ e ' dp(t) = [ u’ do(u), 


where u = e', ¢(u) = —p (— log u). Hence.u(z) is a moment function of the 
form (8.1), where ¢(u) is of bounded variation on (0, 1) and is continuous at 
u= 0. 


9. Discussion of the equivalence relation (H,,, a) = (Cn, a). In the pre- 
ceding sections we have shown that 
(Hm, a) D (Cu, @) (m = 1, 2,3, --- ; R(a) > 0). 
The problem of establishing the opposite relation, namely, 
(Cn, a) D (Hn, @) 
resolves itself into the problem of showing that the function 
wi(z) = (1 + 2) * — Cuaa(2 + 2) * + +++ + (-1)™ (m+ 2)" 


does not vanish for R(z) 2 0. This we have succeeded in doing only for the 
values of m and a indicated in the following table. 


m a 
1 positive real part 
2 positive real part 
(9.1) 3 1, 2,3, ---, 10 
4 1, 2, 3, 4 
5 1, 2, 3, 4 
26 1, 2, 3. 
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For these values of m and a we therefore have 
(Cn, a) = (Hn, a) = (H,a +m — 1). 


For m = 1 this is simply the well-known equivalence relation (H, a) = (C, a). 

For m = 2, w:(z) = (1 +2) * — (2+ 2) * ¥0, Riz) 2 0, so that (Az, a) C 
(H, a + 1), and therefore (Hz, a) = (H, a + 1). 

It will be convenient in what follows to write u:(z) = wi(m, a, z). Then 


ur(m, 1,2) = (1+ 2) — Cnaal(2+2) +--+ +(-1)™ (m4+2)" 
i (m —-1)! 
(1 + z)(2 +2) --- (m+ 2) 
and therefore (H» , 1) C (H, m), (Hm, 1) = (H,m). Now 
(m — * . 
(1 + z)(2+ 2) --- (m+2) ia 
This expression has only real and negative zeros, one in each of the intervals 
(—1, —2), (—32, —3), a (—m + %, —m). Hence (Hn , 2) Cc (H, m + 1), 
(H,, 2) = (H, m+ 1). To continue this process, we have 
(m — 1)! 1 
(1 + z)(2+ z) sls (m + z) lsrsssm (r + z)(s + z) ; 





~ 0, 


palm, 2,z) = —D.u(m, 1, z) = 








palm, 3, z) = D.y(m, 2, z) - 
Now 


1 Ur + 2)(s + 2) —y'} ~ wy (r+8+ 2x} 
2 GtnETD * x | (r + z)(s + 2) P 


where z = x + iy. When y = 0, the real part of this expression is positive if 
x = 0; while if y ¥ 0, the imaginary part is different from 0 forz = 0. Hence 
ui(m, 3, z) # O for R(z) = O, and consequently (H,, 3) C (H, m + 2), 
(Hm, 3) = (H, m + 2). 

Unfortunately, the calculations involved in proceeding along these lines 
become increasingly difficult, so that this method is of somewhat limited useful- 
ness. However, by use of this method we can employ a theorem of Pélya 
({10], p. 37) to show that (H,,, a) C (H, a + m — 1) for each fixed m if a@ is 
sufficiently large and integral. Let K denote the set of zeros of the functions 
wi(m, 1, z), Daus(m, 1, z), Diu,(m, 1, z), ---. Then, according to the theorem 
of Pélya, the set of limit points of K consists of the points of the vertical lines 
R(z) = —F, R(z) = —§, --- , R(z) = 4(1 — 2m). Consequently, for a fixed m, 
at most a finite number of the functions y:(m, 1, z), wi(m, 2, z), ui(m, 3, z), --- 
can vanish for R(z) 2 0, so that (H,», , a) C (H, m + a — 1) if ais sufficiently 
large. 

The other cases in the table (9.1) have been established by direct investiga- 
tion of the equation 4:(z) = 0, by means of purely algebraic methods. Such 
methods involve a considerable amount of computation and apparently do not 
lead to a general solution of the problem. 
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It is perhaps of some interest to set up the integral equation formulation of the 
problem. Let ¢.(u), ¢o(u) denote the regular mass functions for (H, a + m — 1) 
and (H» , a), respectively. Then 


1 u 1 a+m—2 
da(u) = rerecn f (toe ) dt, 


u = 1 a—l 
A| (1-2 (ioe +) dt, 


where A is a normalizing factor such that ¢@(1) = 1. The integral equation for 
the relation (H,, , a) C (H, a + m — 1) is then 


$o(u) 


pals) = A I (s — )*e*(1 — ec)" p.@) dt, 
where p.(s) = 1 — ¢.-(u),u =e”. 
When a = 2, m = 2, we find that 


p(t) = 1 — }e'(6 — &"); 


and when a = 2, m = 3, the solution is 


Tee 3h , 4 
pa) = 1-5 + F | 2008 % — 3 sin . 
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A CORRECTION 


By J. SHouat 


In the paper Laguerre polynomials and the Laplace transform, this Journal, 
vol. 6(1940), pp. 615-626, in the eighth line from the bottom of page 618 add 
ew, 0”. 
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FUNCTIONS OF BOUNDED VARIATION IN TWO VARIABLES 
By M. S. MacpHatnL 


1. In a recent paper on non-absolutely convergent integrals, R. L. Jeffery 
gave the definition of a class V; of functions on the rectangle R:(a, b; c, d) 
(asxsc,b<y<d).’ A function F(z, y) is in class V; on R if there exist 
on R a single-valued function f(z, y) and a sequence of summable functions 


s,(z, y) tending to f(x, y), such that / 8,(x, y) dx dy is bounded for all values of 


nand all measurable sets e C R, and 


(A) F(z, y) = lim n(x, y) dx dy 

ne “ (a,b; z,y) 
for all points (7, y) on R. To save repetition, we shall take R as the funda- 
mental rectangle throughout this paper. All points and sets mentioned will be 
understood to lie on R; all functions will be taken as defined over R, and all 
statements regarding summability, measurability, functional class, and so forth, 
will be understood to apply over R. 

It was shown in Theorem II of J that any function in class V;, is in the class 
H of functions of bounded variation in the Hardy-Krause sense. The precise 
relationship of V, to the various definitions of bounded variation that have been 
proposed was, however, not determined; it is part of our present purpose to 
show that a slightly modified form of V; is equivalent to the class V of Vitali, 
which includes H. 

A further definition was given of functions in class V2. This is entirely 


similar to the above, except that the condition that | 8n(x, y) dx dy be bounded 


inn and e is not imposed. It was shown in Lemma VIII and Theorem XI of J 

that if ’(w) is a continuous function of intervals w for which the strong deriva- 

tive Fi(z, y) is finite everywhere, then there exists a sequence of functions 

s,(z, y). tending to Fi(x, y) for which 8,(z, y) dx dy tends to F(a, b; z, y). 
( 


a,b; z,y) 
In other words ¢(2, y) = F(a, b; 2, y) is in class V2 with f(z, y) = F.(x, y). The 
question was raised whether the strong derivative could be replaced by the 
ordinary derivative in case the strong derivative was not known to exist. We 
answer this question by proving that given F(w) a continuous additive function 


Received January 18, 1940; in revised form, January 5, 1941. 

1R. L. Jeffery, Functions of bounded variation and non-absolutely convergent integrals in 
two or more dimensions, this Journal, vo!. 5(1939), pp. 753-774. Here the point (a, 6) is 
taken as (0,0). This paper will be referred to as J. 
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of intervals and f(z, y) any measurable function, we can find a sequence s,(z, y) 


tending to f(x, y) for which i s,(x, y) dx dy tends to F(a, b; z, y). In 
( 


a,b; zy) 
particular we may take f(z, y) equal to the ordinary derivative F’(z, y) if this 
exists. 

For convenience in notation we shall often make use of the function of 3 
rectangle associated with a given function of a point. Thus, if p = (a, b; 2, y) 
we shall write F(p) = F(a, b; xz, y) = F(z, y) — F(x, b) — F(a, y) + F(a, d). 
We shall say that F(z, y) is in class V if >> | F(r,) | is bounded for every non- 
overlapping set of rectangles {r;} whose sides are parallel to the codrdinate axes’ 
If in addition F(z, 9) is of bounded variation in x for at least one value @ of y, 
and F(z, y) is of bounded variation in y for at least one value Z of z, we have the 
definition of the class H mentioned above. Throughout this paper we shall 
use the term monotone to imply a double restriction on F(z, y): we require 
F(a’, y’) = F(x", y’’) whenever x’ = x”, y’ = y”, and F(r) 2 0 for every ree- 
tangle r. 

Now, since functions in class V; vanish on the lines x = a, y = b, while fune- 
tions in class V need not do so, it is clear that the equation V = V, cannot be 
true without modification. We therefore define the classes V;, V2 precisely 
as V,, V2, except that (A) is replaced by the more general condition: 


(A’) F(a, b; x, y) = lim tilt n(x, y) dx dy. 
no 4,0, Zy 

For conciseness we shall denote the class of functions that vanish along the 
lines x = a, y = bby Z. We prove in Theorem 1 below that H < V;, an ob- 
vious corollary of which is H-Z < V,; and since we know from J that V; < 
H -Z, it follows that V7; = H-Z = V-Z. Again, it is pointed out by Adams and 
Clarkson’ that if F(z, y) is in class V we may write F(z, y) = F(z, y) + G(x) + 
K(y), where F(z, y) is in class H. Now F(a, b; x, y) = F(a, b; z, y) since for 
any rectangle r, G(r) = K(r) = 0; and since H < Vj, it can be seen by inspec- 
tion of (A’) that V < V;. But wecan prove as in J, Theorem II, that V; < V. 
Hence we obtain the result: Vj = V > H. 

Lastly we consider functions which are continuous (class C) but not of bounded 
variation, and prove that C < V:. It will also be shown that a necessary and 
sufficient condition for F(z, y) to be in class V2 is that F(x, y) be in Baire class 
0 or 1. 


2. In Theorem 1 we shall actually prove more than that H < Vi. We 


shall show that s,(z, y) can be defined so that not only does / 


(a,b; z,y 


8,(x, y) dx dy 
) 


2 This is equivalent to the definition V given by J. A. Clarkson and C. R. Adams, On 
definitions of bounded variation for functions of two variables, Transactions of the American 
Mathematical Society, vol. 35(1933), pp. 824-854; p. 825. 

3C. R. Adams and J. A. Clarkson, Properties of functions f(x, y) of bounded variation, 
Transactions of the American Mathematical Society, vol. 36(1934), pp. 711-730; p. 721. 
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tend to F(a, b; xz, y), but also the integral / | sa(z, y) | dx dy tends to 
(a,b; zy) 


[dew (@,2) |. 

(a,b; zy) 
THEOREM 1. If F(z, y) is in class H, then s,(x, y) can be defined so that 
(a) s(x, y) is summable, 
(b) [ sc, y) | dxdy = [ \eeaPe, y) |, 


(c) lim s,(z, y) = 0, 


(d) lim 8,(a, y) dxdy = F(a, b; z, y), 
) 


neo ~ (a,b; zy 


(e) lim s | sa(z, y) | dady = I. | dz F(z, y) |. 


ne “(a,b; z, 


If in addition F(x, y) is continuous, then (d) and (e) can be made to hold 
uniformly. 


Proof. Since F(z, y) is in class H, there exist functions P(z, y), N(z, y) such 
that 
ay) Pi, +NG@w=] |deaF@, v|, 
2,0, zy 


(2) P(x, y) — N(z, y) = F(a, b; z, y). 


The functions P(x, y), N(z, y) are monotone, and vanish on the left side and 
lower side of R. 
Let £1, &,+--- denote the values of x for which a(x) = V(z, d) = 


| |dzyF(z, y)| is discontinuous, and m, 2, --- the values of y for 
(a,b; z,d) 


which B(y) = V(c, y) = [ | d.yF(z, y)| is discontinuous. For each 
(a,b; ¢,y) 


positive integer n select the numbers 


Zo, Ti, +++, Lh} Yo, Yi,» *** > Yk, 
where h = h(n), k = k(n), so that 


a=2 <a<-+--+- <2“ =C, 


b=y <yi <---<y =d, 
r541 — Zp s n* (p = 0, 1, ,&— 1), 
Yori — Yo <n" (q = 0, 1,---,k— 1); 


‘ This extension and the proof here given are due to the referee. 











218 M. S. MACPHAIL 


also let the numbers £,, --- , &, be included among zp , --- , 2 , and m1, --- ,%, 
among y) ,--+, Y¥%- Throughout the remainder of this proof we shall under. 
stand p = 0,1, ---,h-—1;q¢=0,1,---,k-—1. 

Denote the open rectangle (x} , yp } 2p41, Yori) by rp>,- In each r>, choos 
arbitrarily the measurable sets e>,, €p¢, 80 that 


n n n n 
Mena > 0, MEngq > 0, Cnaq* Epa = Q, 
n —n n —n 
Dy mepg S 2, Limesg <2”. | 
P.d Pq 


Set 
‘ P(r5q)/mepq ON €5¢; 
sa(z, ¥) =) 9 on R — > be, 
P.@ 


N(r5q)/Me pa on €pa ’ 





( Pg 


Then, except possibly on a set B of measure zero, s’(z, y) and s’’(x, y) both tend 
to zero. Next set 


0 on B, 


sn (a, y) = 
7 s,(z, y) on R — B, 


si 0 on B, 
8 (4,y) =} ,, 
8, (2, y) on R — B. 
We finally set 


Sn(z, y) = 8n(x, y) — 8a (2, y), 


and obtain the sequence required in this theorem. Evidently (a), (b), (c) hold, 
and we have only to consider (d) and (e). 
Let (x, y) be any point of R. We shall show that 


(3) lim sa(x, y) dedy = P(z, y). 
) 


no ~ (a,b; 2,y 
There are four cases to consider, according as x does or does not belong to 
{é;} (¢ = 1, 2, ---) and y does or does not belong to {n;} (j = 0,1,---). Let 
Xi = Xi(q, y), X. = Xi (a, y) denote numbers 27, x? of the set x}, ---, 7 
such that 2? < x < 2%4,. Let Yi, Y~ be similarly defined with respect to the 
set yo, ++, Ye - 
Case I. Suppose ze {&:}, ye {nj}. Then 


[ sq,» dedy = PG, ») 
(a,b; zy) 


for all sufficiently large values of n. This gives (3) in this case. 
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Case II. Suppose z e’ {&;}, y € {n;}. Then, for all sufficiently large values 
of n, 


IIA 


/ sx (zx, y) dxdy — P(z, y) i re sn (zx, y) dxdy — P(z, y) 
(a,b; zy) (a,b; Xn-y) 


= P(Xi,y) — Plz, y) 


< a(Xx) — a(z). 
Thus, 
(4) lim sa(x, y) dxdy < P(z, y), 


no ~ (a,b; z,y) 


. yl . . . . . yl « 
since X, — 2 asn— “, and ais continuous at z. Similarly, using X, in place 
yl 
of X, , we see that 


(5) lim sn(z, y) dr dy = P(z, y). 
n—o ~ (a,b; z,y) 


Equation (3) now follows from (4) and (5). 
Case III. If xe {éi}, y &’ {nj}, we obtain (3) as in Case II. 
Case IV. Suppose ze’ {é;}, ye’ {n;}. Then, for n sufficiently large, 


/ se (a, y) dady — P(z, y) < P(X%,.Y%) — P(a, y) 
(a,b; zy) 


a(Xn) — a(z) + B(Y2) — Aly). 


Thus (4) holds. Using X/,, Y%, in place of X‘, , Y% , we also see that (5) holds. 
This gives (3) in the fourth and last case. 
Similarly, we can prove that 


IA 


lim sn *(a, y) dady = N(z, y). 


n-—»co (a,b; z,y) 


The required equations (d) and (e) now follow from (1) and (2). 
If, finally, F(x, y) is continuous, then {£;}, {;} are void sets.” The uniform 
continuity of a(x) and B(y) gives the uniform approach. 


TuEorEeM 2. Every function F(x, y) in class V is in class V; . 
This follows from Theorem 1 as indicated at the end of the introduction. 


TuEoreM 3. Given any function F(x, y) in class V, and any summable func- 
tion f(x, y), we can find a sequence s,(x, y) such that s,(zx, y) — f(z, y), 


| 8,(x, y) dx dy — F(a, b; x, y), and | sta, y) dx dy is bounded in n and e. 
a,b; z,y) e 


5 See J. Pierpont, Theory of Functions of Real Variables, New York, 1912, vol. II, p. 531, 
where the proof is given for a function f(z) of a single real variable. It is easily modified 
to give the result required here. 
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Proof. The function G(z, y) = F(z, y) — [ 
( 


I(x, y) dx dy is in class V. 
) 


We can therefore determine a sequence ¢,(z, y) such that ¢,(z, y) tends to zero 


everywhere, = t.(x, y) dx dy tends to G(a, b; z, y), and / t,(x, y) dx dy is 
a,6,z,y) © 
bounded in n and e. Then the sequence s,(z, y) = t,(z, y) + f(z, y) satisfies 
the requirements of the present theorem. 
These results are of interest in connection with a theorem of Jeffery,® that a 
necessary and sufficient condition for a function F(x) to be of bounded variation 
in the interval (a, 6) is that there exist a sequence of summable functions s,(z) 


such that s,(x) tends to F’(x) where this is defined, / 8,(x) dx tends to F(x) — 


F(a), and / 8n(z, y) dx is bounded in n and e. From the results of the present 


paper we obtain the following extension of this theorem to functions of two 

variables: A necessary and sufficient condition for a function F(z, y) to be 

of bounded variation, in the sense that }> | F(r,) | is bounded, is that there 

exist a sequence of summable functions s,(z, y) such that s,(z, y) tends to 

F'(x, y) where this is defined, / s.(z, y) dx dy tends to F(a, b; x, y), and 
( 


a,b; z,y) 


/ 8,(z, y) dx dy is bounded in n and e. In this statement we may replace 


“F" (x, y) where this is defined’”’ by “an arbitrary summable function f(z, y)”; 


so also for a function of a single variable. 


3. We now consider functions which are continuous but not in class V. It is 
convenient to prove first the following lemma. 


Lemma. Let F(z, y) be a continuous function. Then for each positive integer 
n we can find a function S,(x, y) such that 

(a) S.(z, y) is summable, 

(b) mE{ (a, y): S.(z, y) # 0} S 1/2", 


(©) |F(@,052,0) - [ Sule, ») de dy| $ 9/n. 


Proof. We use a construction similar to that of Theorem 1. Divide [a, cj 
into h = h(n) equal parts by the points a = 2 < aj <--- < a = c, and 
[b, d] into k = k(n) equal parts by the points b = yy < yi <--- < ye =d, 
in such a way that the oscillation of F(z, y) in each rectangle rp,:(z}, yy ; 
2541, Yor) S 1/n. As in Theorem 1, p = 0,1,---, kh —1;¢ = 0,1,---, 


*R. L. Jeffery, Functions defined by sequences of integrals and the inversion of approximate 
derived numbers, Transactions of the American Mathematical Society, vol. 41(1937), pp. 
171-192; p. 175. 
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k — 1. In each rectangle r}, choose a set e}, so that me}, > 0, >> me}, < 


P.@ we 
2™, the sets e>, being obtaiged by translating e>) through multiplesof Az, Ay, 
the common lengths of the z and y subintervals. 

We then define S,(z, y) = F(r}.)/me>, on e>,, Sa(z, y) = OonR — Dery. 


P.@ 
Then (a) and (b) obviously hold. To prove (c), we define Xi, Y,, X,, Yu 
as in Theorem 1, and write 


|F(a, b; 2, y) — F(a, b; Xs, Ys) | 33, 


PCa, b;X%,¥.) = [| , Salt, y) ded, 


(a,b; Xn¥n) 


| , , ” Li 
Sule, pdedy| < | POX, 5X", ¥| s 
| “(Xn ¥ni zy) 


: 
| n’ 


bo 


[. Sala, ydzdy| < | P(X, 6; X%,¥0)| s 
(Xn,d; z.Y,) 


? 


lA 


sin 3) 


If. Sila, ydedy| < | PCa, ¥.;X4,¥)| s 
(4,¥ niXnv) 


The lemma follows on combining these inequalities. 


THEOREM 4. Let F(x, y) be continuous. Then we can find a sequence of 
functions s,(x, y) such that s,(x, y) tends to zero everywhere, and the integral 


(x, y) dx dy tends uniformly to F(a, b; x, y). 
(a,b; zy) 


Proof. Except possibly on a set B of measure zero, the functions S,(z, y) 
of the lemma tend to zero. On setting s,(z, y) = 0 on B, s,(z, y) = S,(z, y) 
on R — B, we obtain the sequence required in this theorem. 


THEOREM 5. Let F(x, y) be continuous, and let f(x, y) be any measurable 
function. Then we can find a sequence of functions s,(x, y) such that s,(z, y) 


tends to f(x, y), and / 8,(z, y) dx dy tends uniformly to F(a, b; x, y). 
(a,b; zy) 
Proof. Set 


f(z, y), \f(z, y)| Sn, 


n(z, y) = 
nti gen fle, y)| > n. 


Then for each value of n the function 


Gla, y) = Few — | fale, ydedy 
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is continuous. Determine as in the lemma a sequence 7’,(z, y) such that 


G,(a, b; z, y) — / T,(x, yx dy mt 4 
| (a,b; z,y) | n 


Then S,(z, y) = T,(2, y) + fa(x, y) satisfies the inequality 


S,(z, y)dxdy| < 9 
) | 


=> ’ 


n 


F(a, b; x, y) — / 

(a,b; zy 
and S,,(z, y) tends to f(x, y) except possibly on a set B of measure zero. Finally 
we set s,(z, y) = f(z, y) on B, s,(z, y) = S,(x, y) on R — B, and obtain the 
required sequence. 

We have thus proved that every continuous function is in class V; , and that 
we may take any measurable function whatever as the function f(z, y) which 
occurs in the definition of this class. In conclusion we state the following 
theorem. 


THEOREM 6. A necessary and sufficient condition that F(x, y) be in class V; 
is that F(x, y) be in Baire class 0 or 1 (i.e., that F(x, y) be continuous or the limit 
of a sequence of continuous functions). 


The necessity of the condition is obvious. To prove the sufficiency, in the 
case where F(z, y) = lim F,(x, y), say, we need only determine S,(z, y) as in 
no 


the lemma, so that 


’ 


\F,(a, b; 2, y) — / S,(a, y)dxdy <= 


(a,b; z,y) 


sic 


then take s,(z, y) as in Theorem 4. 
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INTERVAL-FUNCTIONS 
By AnprRE GLEYZAL 


Introduction. Let 7’ be a given set of open intervals J of the continuum, and 
let ¢(Z) be a real function on 7’; we then say ¢g(J) is an interval-function on the 
range T. We shall consider such interval-functions and point-functions readily 
associated with them. Certain of these point-functions are shown to be charac- 
terizable as upper or lower semi-continuous or as the monotone limit of a se- 
quence of such functions. One of the associated point-functions is what we 
term the kernel of the interval-function. In general, this kernel is many-valued; 
of particular interest is the case where it is one-valued. We then call the 
interval-function convergent. It is shown that a necessary and sufficient condi- 
tion for a point-function to be the kernel of a convergent interval-function is 
that it be the limit of a sequence of continuous functions. We prove further- 
more, without reference to Baire’s theorem, that the kernel of a convergent 
interval-function has a point of continuity on every perfect set with respect to 
the set;' and conversely, if a function f(x) has a point of continuity on every 
perfect set with respect to the set, it is the kernel of a convergent interval- 
function. These two necessary and sufficient conditions yield a proof of the 
Baire theorem along lines different from those in the literature. 

These results may be applied, for example, when the interval-function is chosen 
as follows. Let f(x) be a given real function defined, say, on the entire con- 
tinuum. We choose as the number ¢(J) associated with an interval J = (a, b) 
the difference quotient (f(b) — f(a))/(b — a). Allowing J to vary over the set 
of all intervals, we secure an interval-function ¢g(J). When f’(z) exists, ¢(Z) is 
what we have termed convergent and f’(z) is the kernel of g(J). Again, ¢(J) 
may be chosen as the upper boundary of a function f(x) in the interval J, or as 
the saltus of f(x) in I divided by the length of J. Other interval-functions may 
be obtained in a similar manner from a real function f(z) by neglecting the 
values of f(z) on sets which are negligible from the point of view of cardinal 
number, Lebesgue measure, etc. A number of interval-functions arise, also, in 
the study of a point-set S. For example, we may associate with an interval I 
the exterior Jordan or Lebesgue measure of S in J, or the relative exterior 


Received June 21, 1940. The author wishes to express his thanks to Professor H. Blum- 
berg for criticisms and suggestions during the preparation of this paper. 

1 We prove that such a point of continuity exists in the interior of the perfect set, i.e., 
the point is neither the left nor the right end-point of the set. In another paper On the 
equation dy/dx = f(x, y), Bulletin of the American Mathematical Society, vol. 47, pp. 254- 
256, the author requires this form of the theorem. 
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measure of S in J. In the latter case, if the interval-function is convergent, 
the value of its kernel at a point £ is equal to the metric density of S at &. 


1. Characterization of L(x) and U(x). An interval-function g(J) defined on 
a set of open intervals 7 = {IZ} may be geometrically represented by means 
of a set of line segments 7” = {I’} of the xry-plane, the segment J’, equal in 
length to J, being placed parallel to the interval J at distance | g(J) | directly 
above or below it according as ¢(J) is positive or negative. 

Suppose there is given an interval-function ¢g(J) defined on a range 7 = {J}. 
To every point xz there corresponds a set of intervals {7,} containing z, hence a 
set of numbers {g(J,)}. Let us denote the latter set by ®(x). In general, (zx) 
is a many-valued function. The set of numbers ®(z), for a particular z, has a 
lower boundary L(x) and an upper boundary l’(x) which we shall call, respec- 
tively, the lower and upper point-function associated with ¢(J). 

We prove that L(x) is upper semi-continuous in S—the set of all points 
belonging to intervals J of T. For let — be a point of S and « any positive 
number. Our definition of L(£) implies the existence of an interval J; of T 
containing £ such that g(J;) S L(t) + «. If zis any point in J; , L(x) S ¢(J;) 
and hence L(x) S L(é) + «. Therefore L(x) is upper semi-continuous. 

Conversely, given an upper semi-continuous function f(z) defined on an open 
interval (a, b), there exists an interval-function g(J) such that f(x) is the lower 
point-function associated with g(J). To prove this, we set ¢(J) equal to the 
upper boundary of f(x) for zin J. If &is any point of(a, b), we may write f(é) S 
¢(I) for all intervals IJ containing & Therefore f(£) S L(£), where L(€) is the 
lower point-function of g(J). Also, given any positive number e¢, there exists 
an interval J containing £ such that g(J) < f() + «, since f(x) is upper semi- 
continuous. But L(£) < ¢(J) and consequently L(£) < f(t) +6. Hence L(é) S 
f(&) and we conclude L(é) = f(é). 


2. Characterization of u(x) and/(x). Suppose ¢(J) is a given interval-function 
defined on a set of intervals 7. By the kernel K of 7’ we understand the set of 
points x covered by an interval of T of infinitesimal length. We associate with 
¢g(I) the function g(x) (in general many-valued) obtained from ¢(J) in the 
following manner. Let & be a point of K. (€) is defined to be the set of lim- 
iting values (we permit inclusion of + ©) of y(J), where J is an interval con- 
taining é of infinitesimal length. More explicitly, a real number 7 is an element 
of the set of numbers ¢(£) if there exists a sequence {J,} of intervals containing & 
and of length approaching zero as n goes to infinity, such that » = lim ¢(J,). 


We call g(x) the kernel of g(J). If & is any point of K, the set of values ¢(£) 
has an upper boundary u(£) and a lower boundary l(é). If we allow ¢ to vary, 
there result two functions u(x) and l(x) defined on K; we call these respectively 
the lower kernel and the upper kernel of ¢(I). 


TuHeorem. The lower kernel of an interval-function is the monotone (upward) 
limit of a sequence of upper semi-continuous functions, and conversely, every func- 

















INTERVAL-FUNCTIONS 22 


tion which is the limit of a sequence of upper semi-continuous functions is th 
lower kernel of an interval-function. A corresponding statement holds for the uppe 
kernel of an interval-function. 


Proof. Suppose a range 7 and an interval-function g(J) defined on T ar 
given. Let 7, be the set of intervals of T of length less than n™, where n is ¢ 
positive integer; £ a point of the kernel K of 7’; and L,(£) the lower boundary 
of values ¢(J), for intervals J of T, which contain ~ As & varies we obtain a 
function L,(x). This function, as we have shown, is upper semi-continuous. 
In addition, it is clear that L,(€) S Lnsi() for all n. Suppose 1() (the value 
at — of the kernel of g(J)) is finite. Obviously L,(£) S 1() for every integer n. 
Also, given a positive number e, the definitional properties of /(€) imply the 
existence of an integer m such that l(¢) < g(J) + «for all J of 7,, containing &. 
Therefore, l(¢) < L,(¢) + «for all n greater than or equal tom. Consequently, 
l(é) = lim L,(£). Suppose, now, é is a point of K where 1(£) has the value — @. 


Then L,(¢) = — © for all m and lim L,(é) = U(é). Finally, if (g) = +, then 


for every positive number N the definitional properties of /(£) insure the existence 
of an integer n such that g(J) > WN for all J of 7, containing &. It follows 
that L(t) > N, and we have again /(f) = lim L,(£). We conclude that 1(€) 


is the monotone limit of a sequence of upper semi-continuous functions. 

We now prove that, conversely, a function f(x) which is the limit of a sequence 
of upper semi-continuous functions {f,(z)} is equal to the lower kernel U(x) of 
some interval-function g(J). We suppose f(x) defined on an open interval (a, b). 
Let us assume, first, that f(z) is bounded above and below. If & is a given 
integer, f(z) has a lower boundary lJ; in (a, 6) and there exists a point & of 
(a, b) such that f;(£:) is less than Ij, +k. Since f;(z) is upper semi-continuous, 
there exists an interval J, containing & of length less than k™ such that f,(z), 
for values x in I, , is less than], + k'. As a first step in the definition of ¢(J), 
we set o(Jn) = lx + &. Let lg be the lower boundary of f,(z) for values z 
in (a, b) — In. There exists, as before, an interval Ji2 of length less than k™* 
such that fi(x), z in Ty, is less than ie +k". We set oI) = le +k". Sup- 
pose J,, is defined for all ordinals \ < uw. In a similar manner we associate 
with the set of points (a, b) — (lan + In + --- + In +--+ tla t+---), 
\ < yu, an interval J,, and a value g(Ji,). 

We show that the lower kernel I(x) of g(J) as thus defined is equal to f(z). 
Let-k be a given positive integer, and £ a point of (a, b). There will be a first 
interval I;, of the ordered set In, Ine, --- j Taw, +--+, Jax, --+ containing &. 
Ti, is of length less than k™ and ¢(J;,) differs from f,(£) by less than k*. Conse- 
quently f(£) is a limiting value for g(JZ), I infinitesimal, on & Therefore, 
U(é) < f(t). We prove, now, that l(é) = f(g). Let ¢ be a small positive number. 
We may choose an integer m sufficiently large to insure that the saltus of values 
f.(£), for k > m, is less than «. With every integer k, there is associated, as we 
have seen, an interval J,,. We note that no interval preceding J;, in the order 
Tn, Tig, -++ 3 Tew, «++, Tea, +++ contains — Also, the intervals coming after 
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‘x, Which contain ~ have length greater than a fixed number 7 since such an 
nterval also contains a point not in J,,. We set 7 equal to the least of the 
numbers m,---,%m-1- Since we are seeking information concerning infini- 
tesimal intervals, we may disregard intervals Jj, of length greater than or equal 
to ». We thus consider only intervals J,, (k 2 m) containing ~ But values 
¢(J.x) for such intervals are greater than f,(£). Since | fi(&) — f(b) | < « if 
k > m, it follows that ¢(J;,) > f(£) — « for intervals J,, where k > m. Con- 
sequently, if € is any number, g(J;,) > f(£) — ¢ for sufficiently small intervals 
I, containing ~ Therefore L(~) = f(£), and we conclude that L(t) = f(&). 

Suppose now that f(z) is unbounded. The proof of the theorem in this case 
may be made to depend on the one we have just considered by means of the 
transformation y* = y/(1 + |y|). For f*(x) = f(x)/(1 + | f(z) |), the trans- 
form of f(x), is never greater than unity in absolute value and is therefore the 
lower kernel of an interval-function g*(J). Consideration of the construction 
of y*(Z) enables us to verify the possibility of choosing the values ¢*(Z) to be 
not greater than unity in absolute value. Thus ¢*(J) may be regarded as the 
transform of an interval-function g(J) = ¢*(Z)/(1 — | ¢*(Z) |), and we conclude 
f(x) is the lower kernel of ¢g(J). 

The proof of the corresponding statement for the upper kernel is obtained 
simply by making substitutions such as lower for upper, etc. 

Given f(x), the limit of a sequence of upper semi-continuous functions, we 
may construct the interval-function g(J) as above. f(z) is therefore the mono- 
tone (upward) limit of a sequence of upper semi-continuous functions {L,(x)} 
since it is the lower kernel of g(J). Thus a function which is the limit of a 
sequence of upper semi-continuous functions is the monotone (upward) limit 
of a sequence of upper semi-continuous functions. 

If a function f(x) is the limit of a sequence of upper semi-continuous functions 
and also the limit of a sequence of lower semi-continuous functions, it is the 
limit of a sequence of continuous functions. For f(x) is the monotone (upward) 
limit of a sequence of upper semi-continuous functions {Z,(x)} and the monotone 
(downward) limit of a sequence of lower semi-continuous functions {U,(z)}. By 
the Einschiebungs theorem a continuous function f,(x) may be inserted between 
the two functions L,(x) and U,(x). It follows that f(z) = lim f,(z). 

no 





3. Proof of the Baire theorem. If an interval-function ¢(J) is such that its 
many-valued kernel ¢(z) is one-valued everywhere, we shall call (J) a convergent 
interval-function. In this case the lower and upper kernels I(x) ‘and u(x) of 
¢g(I) are equal to g(x). The Einschiebungs theorem tells us, then, that ¢(zx) 
is the limit of a sequence of continuous functions. We shall prove the latter 
statement and its converse without reference to this theorem. 


Tueorem. The kernel g(x) of a convergent interval-function is the limit of a 
sequence of continuous functions, and conversely, if a function f(x) is the limit of a 
sequence of continuous functions, a convergent interval-function exists such that 
its kernel is identical with f(x). 
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Proof. Let (I) be a convergent interval-function, the argument J ranging 
over a set of open intervals 7. In terms of g(J) we define a sequence of con- 
tinuous functions {f,(z)} as follows. For every integer n there exists a subset 
of intervals 7, of 7, each of length less than n™, such that every point of K, 
the kernel of 7’, is covered by some interval of 7, and not more than two intervals 
of 7, cover any single point of K. We may assume, too, that each interval of 
T, contains a point of K. If there is but one interval J of 7, containing a 
point zx of K, let f,(z) = g(J). If there are two intervals J, and J, of T,, eon- 
taining a point x of K, there will be an open interval J,J2 containing x, and we 
define f,(z) linearly on I,J, , setting f,(x) equal to g(J,) at the left end-point of 
I,J, and to ¢(Ie) at the right end-point. We have thus defined a continuous 
function f,(x). If x is a given point of K and na sufficiently large integer, ¢(z), 
the kernel of ¢(J), differs from ¢(J) by as little as we please for intervals J con- 
taining x of length less than n*. Consequently, g(x) differs from f,(z) by as 
little as desired provided n is chosen large enough. Therefore lim f,(z) = ¢(z). 


Conversely, suppose f(x)—defined on an open interval (a, b)—is the limit of a 
sequence of continuous functions {f,(2)}. We construct a convergent interval- 
function ¢g(J) such that its kernel equals f(z). If n is a positive integery there 


exists a set of open intervals T, = > I, which cover (a, 6), each interval In 
k=1 


being of length less than n™’, such that the saltus of f,(x), for z in any interval 


Ie, is less than n™*. We may assume that not more than two intervals of T,, 
cover any one point of S. We choose as the range 7 of ¢(J) the set of all in- 
tervals Inn (1 <n < ki, 1 <k < @) and set o(Jnn) = f,(x), where z is the 
abscissa of the mid-point of J,,. Thus ¢g(J/) is defined on T. 

Consider any point & of (a, b). Given an integer k, if 1 is sufficiently large, 
the saltus of values f,(é), f() for n > lis less thank. Let {J,} be a sequence 
of intervals of 7’, each containing £ and of vanishing length as n — «. Each 
interval J, belongs to some set 7’, ; but not more than two belong to one 7’, . 
Therefore, corresponding to the integer k there exists also an integer /’ such that 
I, , for all n > Ul’, belongs to sets T,, where m > k. The saltus of g(J), f(&) 
for intervals J of the set > I, is less than 4k*. Thus ¢(J) is a convergent 
, asTis° 
interval-function, and its kernel is equal to f(z). 

As a second step in the proof of the Baire theorem we establish the following 
property of ¢(z). 


Tureorem. If g(x) is the kernel of a convergent interval-function and S is a 
perfect set, there exists a point of S interior’ to S which is a point of continuity of 
¢(x) with respect to S; conversely, if a function f(x) defined on an open interval has 
a point of continuity on every perfect set S with respect to S, a convergent interval- 
function exists such that its kernel equals f(x). 


2 See footnote 1. 
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Proof. Let ¢g(J) be a convergent interval-function defined on a range T. 
Suppose that for a given perfect set S the saltus of its kernel g(x) for points xz 
in SI is greater than a fixed positive « for every closed interval J containing 
points of S.* We show that this assumption leads to a contradiction. Let J, 
be an interval of T such that SJ, # 0. There exist, then, two points & and & 
of SI, such that | g(&) — ¢(&) | > « We may therefore find intervals J and J’ 
interior to J; such that SJ # 0, SJ’ # 0, and | ¢(J) — ¢(J’)| > « One of the 
two values ¢(/), o(J’) differs from g(J,) by more than $e. Let J; be the interval 
J or J’ for which this is true. Then | g(J1) — o(J:) | > 4¢. Westart anew with 
an interval J, of 7’ whose end-points are interior to J; , of length less than one- 
half the length of J; , and such that SIJz # 0. We may show, as before, that 
there exists an interval J: of T interior to Iz such that SJz. ¥ 0 and | g(I2) — 
¢(J2)| > 4. Similarly, we define the intervals J, , J, for all positive integers 
n. Let & be the point common to all the intervals J, and J,. ¢(J) cannot be 
convergent at & since | ¢(J,) — g(Jn) | > $e for all n. 

Having reached a contradiction, we may conclude that for every perfect set 
S there exists a closed interval J, containing a point of S, such that the saltus of 
¢(x) in J, with respect to S does not exceed e, an arbitrarily chosen, small positive 
number. We assume, as we may, the end-points of J, to be interior points of S. 
SI, is a perfect set and again it is possible to find a closed interval J, interior to J; 
(end-points also interior) containing a point of S and of length less than half that 
of J, , such that the saltus of g(x) in Jz, with respect to S does not exceed 3e. Sim- 
ilarly, we determine J; ,J,, --- ,J,, --- forall integersn. The point zs common 
to all the intervals J, is a point of S interior to S. Moreover, z is a point of 
continuity of g(x) with respect to S and the first statement of the theorem is 
established. 

We now prove that if f(z) has a point of continuity on every perfect set S with 
respect to S, it is the kernel of a convergent interval-function. We assume 
f(x) to be defined on an open interval (a, b) and construct the desired interval- 
function ¢(J). The closed interval II consisting of (a, b) plus end-points is a 
perfect set and consequently possesses a point of continuity of f. There exists, 
therefore, an open interval J of (a, b) such that the saltus of f in J is less than e, 
an arbitrarily chosen small positive number. Let J; be a subinterval of J of 
length less than «. We choose ¢(J,) of such value that for every z of J; 


| eli) — f(z) | <« 


For convenience, we shall write an inequality such as the latter in the form 
¢(I) = f(x). Suppose the intervals J, are defined for all ordinals v less than 


an ordinal \. Either every point of (a, b) is contained in >> = > J,, or 
ved 


there is a closed set II — = remaining which contains points of (a,b). If (a,b) — = 
has an isolated point é, let J, , of length less than ¢€ and interior to (a, b), 


3 If y(z) is defined for only one or no point of SJ, the statement that ¢(z) has a point of 
continuity on S with respect to S is trivially or vacuously true. 
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contain this point but no other point of (a,b) — 2. We set g(J,) = f(é). If 
(a, b) — = has no isolated point, it is a perfect set except possibly for omission 
of end-points. In any case, f has a point of continuity on II — 2 with respect 
to II — 2. It is therefore possible to find an interval J, of (a, b) of length less 
than ¢, such that the saltus of f(x) for x in J,[(a, b) — =] is less than «. We 
choose g(J,) so that e(J,) = f(x) for x in I,{(a, b) — 2). 

Only a denumerable number of I’s will be needed to cover (a, 6) since each 
I, covers a new point of (a,b). The intervals J, , which we shall term «intervals, 
have the property that g(J,,) = f(x) if zis in the set S,, = h,-{(a, b) — > T.,}. 


vi<Al 
In the above equations, for purposes of uniform notation, we have substituted 


vy, for v and ), for \ as current ordinals. 

We now define ¢(J) on a set of ¢€/2-intervals. Consider the set S,,. If it has 
an isolated point &, there exists an interval J,,, interior to 4, which contains 
~ but no other point of S,, and is of length less than $e. Let g(Jiy) = f(é). 
If S,, has no isolated point, it is perfect except possibly for omission of end- 
points. As before, we may find an interval J,,; of length less than $e interior 
to I, orn points of S,, , such that the entins of f(x) for points z in S,,J),1 is 
less than 3¢. We choose ¢(J,,:) so that e(Iy,1) # = f(x), rin SJy.. Starting 
with S,, — J), instead of S,, , we may find an interval J,,2 of length less than 
ze and a value ¢(J,,2) such that ¢ (ra) © < f(x) for points z in J),2-(S,, — Jy). 
Similarly, we determine Jj,3 , Diya, +--+ 3 Dw, +++ » Daya, +++ and the functional 
values ¢ until all points of S,, are euutabnnd nie some J,,,. We shall call these 
intervals ¢/2-intervals. They have the property that ¢(J),,,) 4 (2) if x is in the 
set 

Siar = Ta, + [Sa — > Thy}. 

ve<d 2 
We now take each S,,,, and determine, in a similar manner, ¢/3-intervals J,,,,” 
interior to J,,,, and corresponding functional values g. Continuing, we deter- 
mine a set of ¢/n-intervals J), ...,, and g(J,, ..-,) for all positive integers n. We 
may write the relations: g(J),....,) & f(x) if z is in the set 

ete = Ty,---ag{Say---dena — > | a ae 2 

¥n<An 
This completes the definition of ¢(J). 

We show that ¢(J), for J’s containing a fixed point é of (a, b), has the unique 
limit f(€) as the lengths of the Z’s approach zero. There exists a first einterval 
I,, of the normal order J;, I2,--- ; Je, +--+, I,, +++ containing & The in- 
tervals J,,---,, (Ai < ai; = 1, 2, 3, ---) donot contain ¢ and we are not con- 
cerned with them. The intervals J, ..-, (Ai > a1; = 1, 2, 3, ---) which con- 
tain é are of length greater than a fixed positive number 7; ; for these intervals 
contain é and also a point of (a, b) — I., , since they were defined upon consider- 
ing points not in J,,. We need consider, then, only the ¢’s for the intervals 
Tasry---r, (n = 2,3, 4,---). We have o(I.,) = f(£); also, 


OCT cxyrg «++ Ay) «Ht #(¢) (n a 2, 3, 4, = -), 
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since these functional values approximate some value of f(x), z in Sa, , by less 
than $e, and f(x) has saltus less than «in S.,. Again, there exists a first Ia, a, 
of the normal order Ja, Ta, +++ 3 Tew,++:, Ter,-++* containing — We 
are not concerned with J4,,,---», (Az < a2; = 2,3, 4, ---), since they do not 
contain ~ The intervals I4,,,.--., (Ae > a2; m = 2, 3, 4, ---) containing ¢ 
also contain some point of (a, b) — I.a,2, and are therefore all of length greater 
than some fixed positive number m2. As before, ¢(I a, a.) is J() and all values 
G(T ayasdy--+d,) (n = 3,4, 5, ---) are within 4¢ + 4e of f(¢). Continuing, we ob- 


tain a definite sequence of numbers m, m2, 73, ---. Let us consider only in- 
tervals containing £ and of length less than ,, where 7, is the least of the 
numbers m, 72, +++, %- This eliminates the intervals J), ...., Qi # aj” = 


1, 2,3, --+); also, Zayry---r, (Ae ¥ a2 3 nm = 2, 3, 4, ---), ete., leaving the intervals 
Dey +++ a, ANA Day +++ pry py ssh (N= PT +1, 7 + 2,7 4+ 3, ---) to consider. The 
values of ¢ for these intervals differ from f(€) by less than ¢«/r + ¢/(r + 1). 
Since 7 is an arbitrarily large integer, we conclude ¢(J) is a convergent interval- 
function whose kernel is equal to f(z). 

The proof just given together with the proof that the limit point-function of a 
convergent interval-function is the limit of a sequence of continuous functions, 
and conversely, furnishes another proof of Baire’s theorem. 

The above theorems and proofs may readily be extended to the two-dimensional 
case, if we substitute interiors of squares for open intervals. An immediate 
consequence is the 


TueoreM. If a function f(x, y), defined on an open region of the xy-plane, is 
the limit of a sequence of continuous functions, it has a point of continuity on every 
set SR with respect to SR, where S is a perfect set and R is an open region of the 
xy-plane. 


Sr. Micwae.’s CoLiece. 











THE EXTENSION OF RECTANGLE FUNCTIONS 


By P. REICHELDERFER AND L. RINGENBERG 


Introduction 


0.1. The theory of Lebesgue measure extends in a completely additive way 
the concept of area from a class of simple figures—circles, triangles, rectangles, 
and polygons in general—to a more comprehensive class of sets which is closed 
under the operations of addition, subtraction, multiplication, and limit. It has 
inspired many papers and books’ dealing with the problem of securing a com- 
pletely additive extension’ of a general set function defined on a certain class of 
simple figures. For most applications, however, each of these general theories 
possesses certain artificial features, some of which we shall mention later (cf. 
$0.3). The purpose of this paper is to set forth a simple and natural theory 
which meets the needs of many applications. We shall restrict our considera- 
tions to the plane, since it at once offers rather “heavy” sets which may carry 
no weight and rather ‘“‘meager’’ sets which may carry considerable weight. Be- 
fore stating our results, we shall summarize certain important results in the 
literature. Results of Radon (cf. §0.2) will be carefully summarized since they 
will be used in establishing our theorems. Results of Caccioppoli (cf. §0.4) 
will also be stated because, while they would be quite useful in the applications, 
unfortunately they are false; we shall give a counter example to show this in 


§0.4. 


0.2. Let Ro be a fixed rectangle in the ry-plane bounded by the lines x = 0, 
t=2%>0;y=0,y = y> 0. A class of sets in Rp is said to be closed (rela- 
tive to Ry)*—and is denoted generically by K—if the following conditions are 
satisfied : 

(i) every open set (relative to Ro) is in K; 

(ii) if e is a set in K, then Ry — e is also a set in K; 


Received July 10, 1940. 

1 See the bibliography at the end of this paper. Numbers in square brackets refer to 
references in this bibliography. 

2 For definitions of such concepts as set functions, completely additive set functions, 
completely additive extensions, etc., see, for example, [3], [4], [6]. 

3 Rectangles, as Ro , whose sides are parallel by pairs to the z- and y-axes respectively 
are termed oriented rectangles. 

* Radon (ef. [3]) and de la Vallée-Poussin (cf. [6]) define ‘‘Classe T’’ and ‘‘corps fermé’’ 
respectively; for sets in Ro , each of these concepts is equivalent to our closed class. 
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(ili) if e: , e2, «++ is a finite or denumerable sequence of sets in K, then Ly en 


is also a set in K.* 
Clearly every closed class K contains all Borel sets in Ro.* 

Let [®, K] denote a completely additive set function defined on a closed range 
K in Ry). Radon [3] has shown that there always exist two non-negative com- 
pletely additive set functions &, and #2 defined on the same range as ® and such 
that (2) = %,(£) — #.(E) for every set E in K. Thus in investigating the 
question as to whether a given set function, defined on a certain class of sets in 
Ro , admits of a completely additive extension to a closed range, it is legitimate 
to express the given set function as the difference of two non-negative set func- 
tions, then to consider the question for these non-negative set functions. 

Given a non-negative completely additive set function [@, K], Radon (ef. [3]) 
associates with it a point function f(z, y) defined in the closed rectangle Rp 
by the relations’ 


0 if either {° ™ * or (937 5%. 
OSy sz yH 0O=y 
(1) f(z, y) = < 
(0, 2;0,y)) #425 * 2% 
( »T;,U,Y 0<ysy 


Radon observes that for all values of x’, x’’, y’, y’’ satisfying the relations 0 < 
<r’ sm,08y <y” S wit is true that 


(2) Bz’, 2”5 9’, y”)) = fe", 9") — fa", y') — f@’,y") + fe’, y+). 


Thus the function f(z, y) has the property that, for all values of 2’, x’’, y’, y” 
satisfyingO S 7’ S27” Sm,085y Sy” S w, it is true that 


(3) fe" ,y") — Fe", y') — fe, 9) +f@',y') 2 0. 


Radon further shows that f(z, y) has the property that, for every 2’, y’ satisfying 
0<27' S%,0<y' S yw, it is true that 


(4) lim f(x’ — h, y’ — k) = f(z’, y’) 


when the non-negative variables h and k converge to zero in an arbitrary way. 
Next, Radon exhibits, for every function f(x, y) defined in the closed rectangle Ro 
vanishing for x = 0 and for y = 0 and satisfying conditions (3) and (4), a non- 


5 The reader will easily verify that (iv) the empty set is in K; (v) if e:, e2, --- isa finite 
or denumerable sequence of sets in K, then II én is also a set in K; (vi) if e; and es are 
n 


two sets in K, then e; — é2 is also a set in K. 

® In fact, the product of any number of closed classes is again a closed class. The class 
of all Borel sets in Ro is identical with the product of all closed classes in Rp . 

7 For two points (z’, y’), (x’’, y’’) subject to 2’ < x’, y’ < y”’ the notation [z’, x’’; y’, y’’) 
represents the semi-open rectangle consisting of all points (z, y) satisfying z’ < z < 2”, 
ysSy<y”. 
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negative completely additive set function [®o , Ko] defined on a closed range Ko, 
bearing the relation (2) to f(x, y) and also possessing the following property: 

(*) Given « > 0, every set E € Ko contains a closed set F such that &(E) — 
&(F) <«. 
Moreover, Radon observes that this extension is unique in the following sense: 
Let [®, K] be any non-negative completely additive set function defined on a 
closed range K;; if f(x, y) is the point function associated with [#, K] by the rela- 
tion (1), then to f(z, y) there belongs the non-negative completely additive set 
function (®) , Ko] exhibited by Radon. On every set E which is in both K and 
Ko, it is true that 6(Z) = &(£). Further, if K possesses property (*), then 
K C Ky; that is, [&) , Ko] is maximal with respect to property (*). Finally, 
Radon has a similar result for arbitrary set functions.° 


0.3. Radon (cf. §0.2) uses semi-open rectangles because it is possible to build 
open sets from them in an additive way. His theory is applicable directly to set 
functions defined on semi-open rectangles in Ry , and necessitates the considera- 
tion of an auxiliary point function. But when a function of rectangles arises 
in the applications, no sides play any special réle—the value of the function be- 
longs either to the open rectangle or to the closed rectangle. Thus it is quite 
desirable to have necessary and sufficient conditions in order that a set function 
defined on a class of open rectangles, or of closed rectangles, admit a com- 
pletely additive extension. 


0.4. Caccioppoli (ef. [1]) states the following theorem: Let [@, ‘f] be a set 
function @ defined on the class ¥ of all closed sets in the closed rectangle Ry and 
possessing the following properties: 

(i) @(F) = 0 for every set F ¢ SF; 

(ii) there exists a positive number M such that ¢(F) < M for every set F e F; 

(iii) if F; and F2 are two mutually exclusive sets in F, then ¢(F; + F:2) = 
o(F1) + o(F 2); 

(iv) if F; and F2 are two sets in ¥ such that F; C F2, then ¢(F1) S ¢(F2); 

(v) if F, denotes the (closed) set of points in Ry whose distance from F does 
not exceed ¢, where F is any set in F, then lim ¢(F,.) = ¢(F) as ¢ tends to zero. 
Then [¢, ] possesses a completely additive extension to the class of all Borel 
sets in Ro. 

This would be a very useful set of conditions were it not for the fact that 
there exist set functions [@, ‘F] satisfying these five conditions, yet possessing no 
completely additive extension to the class of all Borel sets in Ry.’ Consider the 
following example: Let S be a fixed closed square in the interior of Ro ; define 


8 De la Vallée-Poussin (cf. [5], [6]) has sketched a theory for the extension of set functions 
which is similar in many respects to that of Radon. He replaces the semi-open rectangles 
used by Radon by a certain class of rectangles whose boundaries carry no weight for the 
function and which are, in a sense, everywhere dense in Rp . 

® This fact was called to our attention by Professor Radé. 
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¢(F) = 1 for F e§, provided F > S; define ¢(F) = 0 for F e Fotherwise. The 
reader will easily verify that the set function [¢, F] satisfies all five conditions 
proposed by Caccioppoli; in fact, [¢, F] is a completely additive set function. 
Yet [¢, ‘F] possesses no completely additive extension to the class of all Borel 
sets in Ro. For suppose there did exist one; denote it by [®), Ko], where Ko is 
now the class of all Borel sets in Ro. Let F; and F: be two closed sets in ¥ 
such that 7, + F2 contains S, but neither F; nor F; contains S. Using a well- 
known identity for additive set functions, one easily verifies that 1 = ¢(F; + 
F2) + @(F1-F2) = Oo(Fi + Fe) + O(Fi-F2) = So(F1) + So(F2) = O(F1) + 
¢(F2) = 0 and this is false."° 


0.5. In this paper we establish the following four theorems, all useful in the 
applications. 


1. “g oriented” open 
2. C3 open ‘ 
THEOREM 3. Let C denote the class of all oe rectangles in the 
4. Co | closed 
open 
fixed oriented rectangle Ry (cf. §0.2), regarded as a “ a’ A necessary and suffi- 
closed 
Is, C’) 
ctent condition that a given set function * admit a completely additive exten- 
[p, Co] 


<0 0 0 12 
@: Ifri ,re,--- 
0 0 0 

Go: [fri , re, -- 


sion to a closed range in Ro is that it satisfy condition :8h.n ~~ is a finite 
Go: Ifri,re, eee 
Cc 
Cc 
or denumerable sequence of mutually exclusive rectangles in C and if 
Co 
1, Re, Cc 
a ae , a we 
R p R ’ is any finite or denumerable sequence of rectangles in C such that 
> Ser 
R, ’ R, , Co 


‘° Caccioppoli (cf. [1]) has an analogous theorem for a function of open sets. An example 
similar to the one given above shows that this theorem is also false. 

1 See footnote 3. 

12 The symbols r, or R, denote generically rectangles which are closed relative to Ro ; 
r° and R° denote the interior of r and R respectively. 
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These theorems may be proved by direct methods analogous to those used in 
the theory of Lebesgue measure. However, we shall derive these theorems from 
those of Radon quoted in §0.3; then theorems on uniqueness and on rectangle 
functions of variable sign are ready consequences of his theory. Part 1 contains 
formal verification of Theorems 1 and 2; Part 2 sketches proofs for Theorems 
3 and 4." 
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1. Extension of non-negative set functions of open rectangles 

1.1. The fixed oriented rectangle Ry (cf. §0.2), regarded as open, and a set 
function [¢, C*] satisfying ©” are given (cf. §0.5). 

A line segment is called an oriented line, and is denoted generically by 1, if it 
is the product of Ry and of a line parallel to one of the axes. Given an oriented 
line l, if R} , R2, ---"° is any infinite sequence of oriented rectangles in Rp satisfy- 
ing R°, > 1 for every n and lim | R,, | = 0,"* then, since [@, C°) satisfies C’, it fol- 


lows that ¢(R°,) converges. Denote this limit by ¢(l). The reader will verify 
that the number of oriented lines / for which ¢(l) > a, where @ is a positive num- 
ber, is finite. Hence oriented lines / for which ¢(l) = 0 are dense both horizontally 
and vertically. Such lines will be called regular lines. Oriented rectangles 
whose boundaries are formed by segments of regular lines are called regular 
rectangles. The following lemma is an immediate consequence of these defini- 
tions and of C’. 


Lemma. If R° is a regular rectangle in C° and ¢ > 0 is given, then there exists 
a regular rectangle R° « C° such that R° D R and ¢(R®) < o(R°) + «. 


1.2. If R is any closed rectangle, then any set consisting of a finite number 


of non-overlapping rectangles R,,---, R, such that R = > R; is called a 
7=1 

subdivision of R, and is denoted by D(R). The norm of a subdivision D(R), 

denoted by || D(R) ||, is the maximum of the diameters of the elements in D(R). 

The line segments which form the boundaries of the elements in D(R) and are 


13 This condition was suggested by Professor Radé, whom we wish to thank for access 
to unpublished materials and for advice in the preparation of this paper. 

4 We prove in this paper that the conditions which are stated are sufficient conditions. 
The necessity of the condition may be shown in each instance by a simple proof. 

6 See footnote 12. 

16 If Eis any set, then | E | denotes the exterior measure of E. 
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not part of the boundary of FR are called the lines of subdivision of D(R). A 
subdivision D(R) is termed elementary if all the lines of subdivision of D(R) 
extend from boundary to boundary of R. A sequence D,(R), D2(R), --- of 
subdivisions of R is termed nested if all the lines of subdivision of D,;(R) are also 
lines of subdivision of Dj,,(R) for 7 = 1, 2,---. 

A subdivision of any oriented open rectangle is termed regular if all the lines 
of subdivision are segments of regular lines (ef. §1.1). Every rectangle in C° 
dossesses regular subdivisions—in fact elementary regular subdivisions—with 
arbitrarily small norms, since the regular lines are dense (ef. $1.1). Clearly a 
regular subdivision of a regular rectangle consists of a finite number of regular 
rectangles. As an easy consequence of ©’ and of the lemma in §1.1 we have the 


Lemma. If R° is a regular rectangle in C°, if D(R) is a regular subdivision of 
R, then o(R°) = > o(r°) for r « D(R). 


1.3. In contrast to the lemma in §1.1 we have the following 


Lemma. If R° is any rectangle in C° and ¢ > 0 is given, then there exists a 
regular rectangle R° €C° such that R, C R° and ¢(R°) > (R°) — «. 


Proof. Let D,(R), D2(R), --- be a nested sequence of regular elementary 
subdivisions of R for which lim | D,(R) || = 0 (ef. §1.2). Define the following 


classes of rectangles: 
K, : class of all r such that re D,(R), r-b(R) = 0.” 


K,, : class of all r such that either r e K,_; ; or re D,(R), r is not contained in 
any element of K,_:, and r-b(R) = 0. 


K: class of all r such that r e K,, for some n. 


Every class K,, consists of a finite number of regular rectangles the sum of 
which is a regular rectangle in C°. Denote it by R°.. Given ¢ > 0, it is easily 
seen that there exists an n = n(e) such that ¢(R°) — « < pe ¢(r°) for re K,. 
Then, since ¢(R°,) = » ¢(r°) for r° ¢« K, by the lemma in §1.2, it follows that 
o(R°) — « < ¢(R°); thus R°, qualifies as the rectangle R° in the lemma. 


1.4. We now introduce some notation which will simplify the proofs of several 
lemmas in the sequel. An oriented rectangle bounded by the lines z = 2’, 
r=2",y=y,y = y”’, where 2’ < 2",y' < y”, will be denoted by (2’, x”; 
y’, y’’) if it is regarded as open (in the absolute sense), by [2’, x”; y’, y’’] if it is 
regarded as closed (in the absolute sense), and by [z’, x’; y’, y’’), or by 7’, or by 
R’, if it is regarded as semi-open (cf. footnote 7). Let R = [z’, x”; y’, y’’] be 
any oriented rectangle in Ro for which x’ > 0, y’ > 0 (ef. §0.2). Let 


R, = (0, 2’; 0, y', Riz = [0, 2’; 0, y”), 
Ris wae (0, 2”; 0, y'l, R23 vad (0, #3 0, y’’. 
17 If E is any set, then b(£) denotes the boundary of E. 
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Given « > 0, it follows by the lemma in §1.3 and by G° that there exists an 
n = n(e) such that Ry, = (0, 2’ — 930, y” — nl and Ris, = [0,2 — 9; 0, y’ — 
are regular rectangles satisfying ¢(Ris.) > ¢(Ris) — «¢, o(Ris.) > o(Ris) — «. 
Let 


Rie = [0, 2’ — 930, y' — nl, Rare = [0, 2” — 930, y” — a), 
R,, = [2 — 9,2” -a9 —09" -— a 
1.5. Consider now the point function 
f < < = 
lo if either OSTE% or O=2 
| O=y OSysy 
f(z, y) = Pee 
$((0, x; 0, y)) if ¢ TS % 
sisi, \o <y SY 


Clearly f(z, y) is real, finite, and single-valued on the closed rectangle Rp. 
Set F(z’, 2”; y',y") = fe", 9") — f(r", y) —I@7,Y) +f, y) for0 sa’ s 
e”"Sm,0Sy Sy” Sy. 

Lemma 1. F(a’, x”; y’, y”) 2 0 for all x’, x”, y', y” satisfyingO S 2’ S 
ze” sm,05y Sy" Sw. 

Proof. We shall discuss only the case where 0 < 2’ < 2"%,0 < y’ < y”, 
leaving the discussion of the other cases for the reader. Using the notation in 
§1.4, the lemma in §1.2, and G’, we verify, for every « > 0, that 


F(x’, x"; y', y") = @(Riss) — o(Riz) — o(Ris) + $(Ri) 
> (Risse) — o(Riae) — (Rise) + o(Rie) — 2e 
= o(Ri.) — 2e > —2e. 
Thus the lemma is established in this case. 


Lemma 2. If (2’, y’) is any point such thatO < x’ S %,0 < y’ S yo, then 
f(z’, y’) = lim f(a’ — h, y’ — k) as the non-negative variables h and k approach 
zero. 


This lemma follows immediately from the lemma in §1.3 and GC’. 


1.6. In view of Lemmas 1 and 2 in §1.5 it is clear that f(z, y) satisfies condi- 
tions (3) and (4) of Radon (cf. §0.2); thus there exists a non-negative completely 
additive set function [®) , Ko] defined on a closed range Ko and such that o((z’, 
x"; y',y")) = F(z’, 2"; y', y”). We shall now show that [#), Ko] is an extension 
of our original set function [¢, C°] (ef. §1.1). 


1.7. Lemma 1. If R° is a regular rectangle in C°, then ¢(R°) = &o(R°). 


Proof. We shall discuss the case when b(R) C Ro , leaving other cases for the 
reader. Using the lemma in §1.2 and the notation of §1.5, we have &(R’) = 
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F(z’, x”; y’, y”’) = o(R’). Since & is non-negative and completely additive, 
it follows that )(R’) = &(R°). But, given e > 0, there exists a regular rectangle 
R*’ «C°* such that R, C R°, and ¢(R°) > o(R°) — e« (ef. §1.3). Thus by the 
preceding relations, 

o(R*) — ¢ < o(RY) = bo(Ri) < Go(R*) < b(R’) = o(R’). 
But « is arbitrary, thus ¢(R°) = $o(R’). 

Lemma 2. If R° is any rectangle in C°, then o(R°) = (R°). 

Proof. It follows from the lemma in §1.3 that there exists a sequence of 
regular rectangles R°, eC’ such that R, C R’, ¢(R°) = o(R%) > o(R°) — n™, 
and R° — R°. approaches the null set as n — o. In view of Lemma 1 and the 
properties of @ , it follows that 


¢(R°) 


lim [@(R°) — n-*] = lim ¢(R°) = lim 4(R°) 


lim [49(R°) — &(R° — R°)] = %(R). 
Thus the lemma is established. 


1.8. The lemmas in §1.7 show that |%, Ko] is a non-negative completely 
additive extension of the set function [¢, C°] to a closed range Ky. Thus the 
first theorem stated in §0.5 is established. 


1.9. We now proceed to prove the second theorem. R° is the fixed oriented 
open rectangle (cf. §0.2), and a non-negative set function [¢, Ct] satisfying 
condition ©} is given (ef. §0.5). It is clear that this function ¢ defined on the 
subclass C° is a set function satisfying 6°, and hence possessing a non-negative 
completely additive extension |) , Ko] to a closed range (cf. §1.8). We now 
show that [#), Ko] is a non-negative completely additive extension of [¢, C¢] 
(ef. §0.5). This follows immediately from the 


Lemma. If R° is any rectangle in C}, then o(R°) = %(R°). 


. v 0 
Froof. The rectangle R’ may be expressed as the sum of a denumerable 
. . , , . 
number of mutually exclusive, semi-open, regular rectangles 7; , 72, ---. Since 
, is additive, we have by §1.7 


&(R°) = D0 (ri) = LX (ri). 
Given ¢ > 0, since r? ¢ C° is regular, there exists a regular rectangle rj. ¢ C° such 


that r}, Dr; and ¢(r}.) < o(r{) + 2°‘efor i = 1, 2, --- (ef. $1.1). It now fol- 
lows from ©} and the preceding relations that 


o(R°) = Di o(rt) = G(R) > De o(r?.) — « = o(R") — «. 


Since « is arbitrary, it follows that ¢(R°) = 4(R°). 
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2. Extension of non-negative set functions of closed rectangles 


2.1. In this part Ro (ef. §0.2) will denote a closed rectangle and C will denote 
the class of all oriented closed rectangles in Ry. Given a non-negative set 
function [¢, C] satisfying condition € (ef. §0.5), we shall show that [¢, C] possesses 
a non-negative completely additive extension to a closed range (cf. §0.2), again 
using the results of Radon (cf. §0.2). The procedure will be similar to that 
used in Part 1 for the open rectangle functions; we shall give details on points 
where the theories differ and omit details at points which are similar to those 
for the open rectangle functions considered in Part 1. 


2.2. The definition of an oriented line is analogous to that in §1.1, but here 
Ry is a closed rectangle (ef. §2.1). Given an oriented line 1, define ¢(l) = 
l.u.b. lim sup $(R,) for all sequences R,, R2, --- of oriented rectangles in Ro 


satisfying R, Dl and lim | R, | = 0.’* The definitions and properties of regular 


lines, and regular rectangles and regular subdivisions are analogous to those 
given in §§1.1 and 1.2. The following lemmas which are the analogues of the 
lemmas in §§1.1 and 1.2 respectively are immediate consequences of € and of 
these definitions: 


Lemma 1. If R is any regular rectangle in C, and « > 0 is given, then there 
exists a regular rectangle R, ¢C such that R, C R° and ¢(R.) > o(R) — «. 


LemMaA 2. If Ris any regular rectangle in C, if D(R) is any regular subdivision 
of R, then o(R) = > o(r) for r « D(R). 


2.3. Our discussion is now divided into cases. First, we shall assume in 
§§2.4-2.6 that Ry is a regular rectangle; that is, ¢(/) = 0 for 1 C b(Ro)."* In 
§§2.7-2.10 we shall treat the general case. 


2.4. Analogous to the lemma in §1.3 we have the 


Lemma. If we assume that Ro is regular, if R is any rectangle in C, and « > 0 
is given, then there exists a regular rectangle R, such that R’ D> R and ¢(R,) < 
o(R) + «.” 


Proof. Let Di(Ro), De(Ro), --- be a nested sequence of regular elementary 
subdivisions of Ro for which lim || D,(Ro) || = 0 (ef. §1.2). Define the following 


classes of rectangles: 
K,: class of all r such that re D,(Ro), r-R = 0. 


% The definition of ¢(l) in §1.1 is equivalent to the analogue of the definition given 
here, i.e., to the definition obtained by replacing closed rectangles by open rectangles in 
this definition. 

” See footnote 17. 

2° This lemma is obviously false if Ro is not a regular rectangle. 
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K,,: class of all r such that either r e K,_1 ; or r e D,(Ro), r is not contained in 
any element of K,1, andr-R = 0. 


K: class of all r such that re K, for some n. 

Clearly the rectangles in K — K,,, together with R, form a regular rectangle 
containing F# in its interior. Denote it by R,. It follows easily from the 
lemmas in §2.2 and from € that ¢(R,) = ¢(R) + > o(r) forreK — K,, for 
each n. But, given e > 0, it is readily seen that there exists an n = n(e) such 
that > ¢(r) for reK — K,, is less than e. Thus the lemma is established. 


2.5. Let us now consider the point function (cf. §1.5): 


Ke2e< re 
0 if either {) $ ¥ $** or) . J 
f(z, y) = O=y 0OSysy 
} lim ¢((0, x — h; 0, y — k]) “3 <5 S Xo 
hygo as 0O<ysy 
ky970 


Clearly f(z, y) is real, finite, and single-valued on the closed rectangle Ryo. Set 
Poa', 2"; y’, y"”) = fea", y") — fle", y') — fla’, y") + fla’, y) for 0 < 2’ < 
ze" sm,08y Sy" Sw. 

Lemma 1. F(x’, 2”; y’, y”) 2 0 for all x’, x”, y', y” satisfying0 S x’ S 
s*an,087 oo Sah. 

The proof follows from the lemma in §2.2 by a reasoning similar to that in 
the proof of Lemma 1 in §1.5. 


Lemma 2. If (x’, y’) is any point such thatO <2’ S 2,0 < y’ S yw, then 
f(z’, y’) = lim f(x’ — h, y’ — k), where h and k are arbitrary non-negative variables 
approaching zero. 


The proof follows immediately from the definition of f(z, y) and from GC. 


2.6. From Lemmas 1 and 2 in §2.5 it is clear that f(z, y) satisfies the conditions 
(3) and (4) of Radon (cf. §0.2); thus there exists a non-negative completely 
additive set function [% , Ko] defined on a closed range Ko and such that (([z’, 
x"; y',y”)) = F(v’,x”;y',y”). A-reasoning similar to that used in §1.7 shows 
that [& , Ko] is a non-negative completely additive extension of the set func- 
tion [¢, C]. 


2.7. Now we turn to the general case where Ry is any rectangle, not neces- 
sarily regular. 


Lemma. Given e > 0, there exist a regular rectangle ReC and a sequence of 
regular rectangles r;.¢C satisfying R-b(Ro) = 0, 


Lite DP RO-R, = Lolt) <e 
2 7 
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Proof. Let D;(Ro), De(Ro), --- be a nested sequence of regular elementary 
subdivisions of Ro for which lim || D, (Ro) || = 0 (ef. $1.2). Using the notations 


of §1.3 with R replaced by Ry , Lemma 2 in §2.2, and condition ©, we have, for 
every n, @(Ro) = o(R,) = > ¢(r) for reK,. These relations clearly imply the 
lemma. 


2.8. Let R« be a closed oriented rectangle containing Rp in its interior; let C+ 
denote the class of all closed oriented rectangles contained in R-. Define 


((R-Ro) if Ro-ReC,ReC:; 
¢(R) = 10 if R-Ry is empty, R eC. ; 
\g.Lb. ¢(r) for allreC such that R-Ry Cr C Ro, if R-Rp is a line 
segment or a point, ReC-. 


Clearly [¢-, C+] is a non-negative function defined on all closed oriented rec- 
tangles in R- with respect to which R- is a regular rectangle. Denote by C- 
the condition for [¢- , C+] on R+ which is analogous to condition € for [¢, C] on 
Ry (ef. §0.5). Then [¢- , C+] satisfies condition ©. ; this” follows from the 


Lemma. If 71,72, +--+ ,1n 28 @ finite set of mutually exclusive rectangles in C+ 
and R,, Re, --- ts a finite or denumerable sequence of rectangles in C+ such that 
af 


> es > rx , then >» o(R») = 7 o+(r;). 
m k=1 m k=1 


Proof. Given « > 0 there exist a regular rectangle R eC and a sequence 
of regular rectangles 7;.¢C satisfying R-b(Ro) = 0, D vie > RK — R, 


> or) < e (ef. §2.7). It is clear from the definition of ¢ that we may 
7 


replace the given sequence of rectangles R,, by a sequence of rectangles Rx. satis- 
fying the following conditions: 

(i) Ri = R, if Rn-Ro is a rectangle in C or is empty; 

(ii) E> Ry», Re-Ro is a rectangle in C and $(R,.-Ro) < (Rm) + 2° 
if R,,- Ro is a line segment or a point. 
Next, we can replace the finite sequence of mutually exclusive rectangles r; by a 
finite sequence of mutually exclusive rectangles ry ¢ C+ satisfying the following: 

(i) re = r, if r,-Ro is a rectangle in C or is empty; 

(ii) 7, Dre, r,-Ro is a rectangle in C, and re-Ry p 2 Tie + > Rie-Ro if 

7 m 


r.-Ro is a line segment or a point. 


21 Condition € is obviously equivalent to the following condition: If ri , --- , ra is any 


finite sequence of mutually exclusive closed rectangles in Ro , if Ri, --- , Rm, --+ is any 
n 


finite or denumerable sequence of rectangles in Ro such that ) nm > Rn, then 
k=1 m 
n 
os (rz) S > > (Rm). Similarly, it is clear that Cs is equivalent to the condition stated 
k=1 m 
in the lemma. 
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+ ” ” ” . . - 
Now clearly r; -Ro , r2 -Ro, «++ , Tm-Ro is a finite set of mutually exclusive reec- 
. ” ” . ° 
tangles in C, and R, -Ry, rie, Re -Ro, roe, --- is a sequence of rectangles in C 
n 
a” ” °,¢ ~ 
such that >> Ru-Ro + > 7; D > ri -Ro. From condition € and the pre- 
m 7 k=1 
ceding relations we have 


»» ¢,(rx) S = (rm) = x (rz - Ro) 
SLi G(Rm-Ro) + Li ori) SL o,(Rm) + 2 


Since « > 0 is arbitrary, the lemma follows. 


2.9. Since [g- , C+] is a non-negative function of closed oriented rectangles 
satisfying condition ©- with respect to which R.- is regular, it follows by §2.6 
that there exists a non-negative completely additive extension [#- , K-] of [¢+ , C.] 
to a closed range K- of sets in R-. Denote by Ko the class of all sets in K: 
which are also in Roy ; Ko is a closed range of sets in Ro (ef. footnote 5). It is 
obvious that [@- , Ko] is a non-negative completely additive extension of [¢, C] 
to a closed range. 


2.10. Again, let Ro denote a closed rectangle, and denote by Cy the class of 
all closed rectangles in Ry , whether oriented or not (cf. §0.5). If [@, Co] is any 
non-negative function of rectangles satisfying condition © (cf. §0.5), then the 
associated non-negative function of rectangles [¢, C] satisfies condition € (ef. 
§0.5), hence admits a non-negative completely additive extension [% , Ko] 
to a closed range. A reasoning similar to that in §1.9 shows that [% , Ko] is 
also a non-negative completely additive extension of [¢, Co] to a closed range. 
Thus the results stated in §0.5 are established. 
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KHINTCHINE’S PROBLEM IN METRIC DIOPHANTINE APPROXIMATION 


By R. J. Durrin anp A. C. SCHAEFFER 


It has long been known that if z is any real number there exists an infinitude 
of rational numbers p/q which’ satisfy 


4 ee. 

(1) x =I < 
This relation raises the question: can the function 1/q’ on the right be replaced 
by a smaller function to obtain a sharper inequality? This question was 
answered by Hurwitz who showed that one can use the function 1/(+/5q’). 
Hurwitz’ inequality is the “best possible” in the sense that if 1/+/5 is replaced 
by a smaller constant there are numbers z which can be approximated in the 
above manner only a finite number of times. An example is z = 4(1 + +/5). 

It might be supposed, however, that by ignoring a certain limited class of 
numbers the inequality can be made sharper for the remaining numbers. A 
common method of ignoring excepticnal sets is to use the idea of Lebesgue 
measure and to disregard sets of measure zero. The application of Lebesgue 
measure to improve inequality (1) was made by Khintchine’ in 1924. How- 
ever, other types of metrical problems in Diophantine approximation had been 
studied much earlier. 


KuINTCHINE’s THEOREM. Let {a,} be a sequence of positive numbers which 
satisfies 
oo 
(a) } ag = ®, 
q=l 
(b) gag is a decreasing function of q. 
Then for almost all x there exist arbitrarily many rational numbers p/q which 
satisfy 
l 
(2) Jz — 2) <2. 
| q' q 
An example of a sequence to which this theorem applies is a, = (q log q)™. 
One of the results of this paper is the replacement of Khintchine’s condition 
(b) by the weaker condition 
(b’) a,/q° is a decreasing function of q. 
Here c may be any real constant. 
Received August 12, 1940. 
1 The symbols p and q will be used throughout the text to denote positive integers. 
2A. Khintchine, Einige Sdtze tiber Kettenbriiche, mit Anwendungen auf die Theorie der 
Diophantischen A pprozimationen, Mathematische Annalen, vol. 92(1924), pp. 115-125. Zur 
metrischen Theorie der diophantischen Approximationen, Mathematische Zeitschrift, vol. 
24(1926), pp. 706-714. 
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It is important to notice the following distinction which now arises. If, for 
some x, Khintchine’s inequality (2) is satisfied by integers p and gq, then it is 
also satisfied for the same z by the relatively prime integers p; and q; obtained 
by dividing p and gq by their greatest common divisor. This follows since, by (b), 
a@_/q S a,/q:. A similar remark applies to inequality (1). With condition 
(b’) this is, however, no longer true since it may be that a,/q¢ > a,,/q. Thus 
we must distinguish between approximation by any integers p and gq, and 
approximation by relatively prime integers. Our results suggest that the more 
natural formulation of this problem is in terms of reduced fractions. 

The possibility of approximation by reduced fractions was noted by Walfisz. 
He showed that the following result® may be obtained from Khintchine’s theorem. 


Watrisz’ THeorem. Let {a,} satisfy the conditions of Khintchine’s theorem 
and the additional condition: 

(ce) a¢/aeq is bounded. 
Then for almost all x there exist arbitrarily many relatively prime p and q such that 


ee ea 
q @ 
with q # 2 (mod 4). 


Walfisz used his theorem to study the behavior of the function 
1+2> 3” 
1 


near the circle of convergence. 

The above theorem will be a consequence of Theorem III of the present paper; 
in fact we find that condition (c) may be omitted without changing the conclu- 
sions of the theorem. 

Condition (b’) may be replaced by the following condition, which we show is 
weaker than (b’), 

(b’’) There is a constant c > 0 such that 


ee 


v=1 v v=1 
for arbitrarily many n. 

Here ¢(v) is the Euler ¢-function, ¢(v) is the number of integers less than » 
and relatively prime to v. 

In Theorem I we show that if the a, are non-negative and satisfy conditions 
(a) and (b’”’) then the conclusions of Khintchine’s theorem are still true. Under 
these conditions some of the a, may be equal to zero, so our results show that 
the approximation 

ls me | <2 
q' q 

3A. Walfisz, Ein metrischer Satz tiber Diophantische Approximationen, Fundamenta 

Mathematicae, vol. 16(1930), pp. 361-385. 
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is possible even if the denominator gq is required to belong to a suitable sequence 
of integers. On the other hand, the smoothness character of the a, stated in 
(b) and (b’) implies that in Khintchine’s theorem the denominators are required 
to range over all positive integers. 

For example, let a, = 0 if g is composite and a, = 1/q if gis prime. Condi- 
tion (a) is satisfied since the sum of the reciprocals of the primes diverges. 
Moreover, since ¢(q)/q = 3 when q is prime, condition (b’’) is satisfied. Thus 
we find that inequality (1) is satisfied in the metric sense even when q is required 
to be a prime. 

As a second example, let a, = k° if gq = 10° (k = 1, 2, 3, --- ), and let 
a, = 0 otherwise. Then condition (a) is satisfied. Condition (b’’) is likewise 
since ¢(10°)/10‘ = 2. Thus for almost all x there exist arbitrarily many in- 
tegers p and k such that* 


|10‘r — p| <k". 


While condition (b) in Khintchine’s theorem has been weakened, it cannot be 
omitted altogether. This is shown by an example at the end of the present 
paper. 

If inequality (2) is satisfied almost everywhere in (0, 1), then it will be satis- 
fied almost everywhere in (— ©, ©), so we need only consider the case 0 < x < 1. 
Roughly speaking, the method is this: given the sequence {a,}, for each gq let 
p/q, where p runs through all integers less than q and relatively prime to qg, be 
the center of an open interval of length 2a,/g. This defines for each g an open 


set E, of measure of 2a@(q)/q. Let E be the sum of these sets, E = }> E,. 
1 


If the measure of £ is 1, then for almost all x inequality (2) will be satisfied for 
at least one pair of relatively prime p and g. In order to show that’ | Z| = 1 
we assume conditions which insure that }> | E,| = }° 2a 6(q)/q diverges, and 
are led to the problem of estimating the overlapping of the sets EZ, . 

The principal theorem to be proved is 


TueoreM I. Let |a,} be a sequence of non-negative numbers which satisfies the 
conditions: 


“~ 


v=1 


* Indeed the same method which is used in the proof of Theorem I will show that if 
conditions (a) and (b’’) are satisfied then for almost all z there exist arbitrarily many rela- 
tively prime integers p and g such that 0 < x — p/q < a¢/g. A similar remark applies 
for the inequality 0 < p/q — x < a,/q. Hence, in this example, we shall have 


0 < 104x — p < I/k. 
Then if z is written in decimal form, for almost all z there will be arbitrarily large k such 


that the k-th digit is immediately followed by [logio k] consecutive zeros. 
5 The symbol | E | will be used to denote the measure of the set E. 
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(b”’) There is a constant c > 0 such that 
> 2b) SO a, 


v=1 v v=1 
for arbitrarily many n. 
Then for almost all x there exist arbitrarily many relatively prime p and q such that 
2—Pi<%, 
q q- 


The proof of Theorem I will depend on several lemmas. 


Lemma I. Let N and M be given positive integers. The number of positive 
integer pairs x, y} which satisfy 


(3) 0 <|2N — yM|\ SA, 
whre1 Sx SM,1 Sy SN, is equal to or less than 2A. 


This may be proved by a familiar argument of elementary number theory. 

Derinition. If @ satisfies 0 S a < } and q > 1, let Ef denote the set in 
(0, 1). consisting of ¢(q) open intervals each of length 2a/q with centers at p/g, 
where p and gq are relatively prime and 0 < p < gq. 

The “probable” measure of the overlapping of two sets E¥ and E%, would be 
| E¢|| E%|. The overlapping is in some cases more than this, but we do have 
the following. 


Lemma II. Jf g # n then 


(5) | ETE, | S 4a. 
Proof. If an interval I’ of E% overlaps an interval I” of E%, , then 
e</t a2i<t4 B 
iq n | q n 
or 


0 < | np — mq| < na + @, 


where p/gq is the center of I’ and m/n is the center of J”. It is only a matter of 
notation to suppose that a/qg < 8/n. Then if I’ and I” have any points in 
common, we must have 


0 < | np — mq} < 2¢8. 


By Lemma I, there are no more than 498 solutions of this inequality. Hence 
the overlapping of the two sets E% and E% can be no more than 


(498)(a/q) = 4a8. 


In the proof of Theorem I we shall need an estimate of how regularly dis- 
tributed are the numbers which are less than n and relatively prime to n. 
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Lemma III. If ¢(n), A = O, denotes the number of positive integers which are 
equal to or less than Xn and are relatively prime to n, then 


ga(n) = o(n)(A + p), 
where |p| = | p(A,n)| < An”. Here A is an absolute constant.® 


Proof. Let n > 1 be written in the canonical form 
n = pi'p2? +++ per. 
An exact expression for ¢(n) is 
(6) or(n) = [An] — 20 [An/p,] + 2 [dn/ppi] — ---, 


where the primes occurring in each denominator are all different and are divisors 
of n. Here [x] denotes the integral part of z. This may be proved by a familiar 
argument of elementary number theory. 

If we remove the square brackets on the right side of (6), we obtain 


grx(n) = Ad(n) + R, 


where the error term RF is less than the number of divisors of n, d(n). But it is 
well known that 


so the lemma follows. 

Suppose we are given a sequence {a,} with 0 < a, < 3. According to our 
definition E%* is the set consisting of ¢(n) open intervals of length 2a,/n with 
centers at v/n, where v and n are relatively prime and 0 < v < n. If (a, b) 
is some interval in (0, 1), we shall need an estimate of the measure of the set 
common to EX" and the interval (a, 6). 

The number of intervals of E%" whose centers lie in a < xz S b is exactly 
o(n) — o(n). Then there are at least ¢@(n) — ¢a(n) — 2 intervals of E%* 
which lie entirely in (a, b) and at most ¢(n) — (nm) + 2 which can touch 
(a, b). Thus the measure of the set common to E%" and (a, b) is 


(s(n) ~ ga(n) + 8) ss 


where | @| S 2. Lemma III shows that this is equal to 
o(n)(b — a + o(1))2a,/n = | EX" | (6b — a)(1 + o(1)) 


as n — ©, since ¢(n) > An!, The last 0(1) is less than en */(b — a), where c; 
is an absolute constant. From this follows 


* A somewhat similar result is in Pélya-Szegé, Aufgaben und Lehrsdtze aus der Analysis, 
vol. I, p. 75, problem 188. 
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Lemma IV. If A is a given set in (0, 1) consisting of a finite number of intervals 
and {a,} is a given sequence,0 < a, < 3, then 
| A-Es"| <|A|| BE | (1 + en), 
Here c is a constant which depends only on the set A. 


Proof. We have proved Lemma IV in case A consists of a single interval, 
but in the general case A is the sum of a finite number of non-overlapping 
intervals 


A = Ai + Ao+--- + Ax. 
Then 





-4 
|A,E%| < | A, Bs (1+ 0" ); 
| A, | | [Av] 


so if c = max ¢;/| A, |, we have 
k 
| AES"| < >) | A,E%"| < | A|| Es"| (1+ cn). 
y=1 


The result follows. 

Proof of Theorem 1. Let the sequence {a,} satisfy the conditions of Theo- 
rem I. For simplicity of notation let the sets E{* (which have been defined) 
be denoted by E,. E, consists of ¢(q) open intervals, each of length 2a,/q, 
with centers at p/g, where p and q are relatively prime and 0 < p < qifq> 1. 
Let 


E = > E.. 
2 


If it is shown that the measure of E is equal to 1, it will follow that for almost 
all x there is at least one set of relatively prime p and g such that 


(7) J2— Pl <%, 
q q 


| 


We suppose that | Z| < 1 and show that this leads to a contradiction. 
Given a small positive number 4, let 


A=f,+ E;+--- + K,, 
and choose q: so large that 
|A|>|E| —6. 


Then A consists of a finite number of intervals; so if qe is sufficiently large, we 
have from Lemma IV 
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Let n be greater than gi + ge and let 
(9) B=£, + Eni t--- + Ea, m=zn>ant. 


Now 


2 |Z, | 


n 


IV 


BlzS1B|- > View; 


ven+l j=n 


so, by Lemma II, 


(10) IB\= > |e - 1s a,)*. 


It follows from (8) that 


|AB| S| AB,| $|A| (2 |B) (1 +8). 


We have 
(11) |\E|2\|A+B\|=|A|+|B| —| ABI; 
so, using (10) and (11), we have 


(12) JE\Z(Al+ {DIB -|4/d+9} - 2D aw) 


Choose 6 so small that | A |(1 + 6) < 1. 
From the hypotheses of Theorem I it follows that there are arbitrarily large 
n and m such that 


(13) Ya > 1, y eH) > ped aw. 
Then substituting in (12) we obtain 
(14) |E}2|Al+ef1-|A|G4+9} {doa} —2{Da}?. 


The right side is an expression of the form | A | + bt — 2¢’, where ¢ represents 
> a, and b = c{1 — | A|(1 + 8)} © <b <1). The maximum of this ex- 
pression occurs when t = 4b. 

In order to satisfy the last condition (¢ = }b) we introduce the following 
device. Clearly if the length of some of the intervals is decreased, the measure 
of E will not be increased. Let z be a real number satisfying 0 <z< 1. Let 
E;, be the set in (0, 1) consisting of ¢(q) open intervals, each of length 2za,/q, 
with centers at p/q, where p and q are relatively prime and 0 < p <q. Clearly 
E,c E,. Keeping A the same as before, we use in place of B the set 


»= EL + Bigs t--- + En. 
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Then (14) becomes 


\E|> |A| + ef1—|A|(1+8)} {2 zen] — 25 cau)’, 


where 0 < z < 1. Choose z such that >> za, = 3b. Then we obtain 


|E|2|A| + the}{1 — [Ala t+ ay" 
Letting 5 —> 0 we must have | A | | E |, so 
|E| =| E| + (4e}{1 — | hy’. 


Hence | E | = 1. 

It has thus been shown that for almost all z in (0, 1), (7) is satisfied for at 
least one pair of relatively prime p and q. 

To show that (7) is satisfied for arbitrarily many relatively prime p and q 
let m be some positive integer, and let {a,} be a new sequence defined by 
0, gsm, 

ae = 
Qa, q>m. 

Then the sequence {a,} satisfies all the conditions which in Theorem I are 
imposed on {a,}. Thus, by what we have just shown, for almost all z there 
is at least one set of relatively prime p and gq such that 


| , 

\t=— P| < Oq 

I gl og 
or what is the same, (7) is true for some gq > m. Let D,» (m = 1, 2, 3, ---) 
be the sets in (0, 1) for which (7) is true for at least one pair of relatively prime 
p and qwithqg > m. Let D be the set common to all D,,. Then the measure 
of each D,, is equal to 1, so the measure of Dis 1. If z lies in D, then (7) is 
true for arbitrarily many relatively prime p and g. This completes the proof 
of Theorem I. 

From Theorem I we obtain 


THroreM II. Let Q be an increasing sequence of positive integers such that 
¢(q)/q has a positive lower bound when q « Q, and let {a,} be a sequence of non- 
negative numbers. 

If >> a, = @~, then for almost all x there are arbitrarily many relatively prime p 


qeQ 
and q such that 
l 
(15) Prvit + qeQ. 
q | q 
If >> a, < &, then for almost no x are there arbitrarily many relatively prime p 
q@€eQ 


and q satisfying (15). 
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Proof. In view’ of Theorem I it is only necessary to prove the last assertion. 
This will be a consequence of the following statement: If Q is an increasing 
sequence of positive integers and )> a,¢(q)/q converges, a, = 0, then the set 

qa¢eQ 


of points for which there are arbitrarily many relatively prime p and g such that 
(16) r—Pi<%, q€Q, 


is of measure zero. 

To show this let A be the set of points in (0, 1) for which (16) is satisfied for 
arbitrarily many relatively prime p and g. Then if z lies in A, it must lie in 
arbitrarily many Ef*; hence for every m 

AC) Et. 
q>m 


But | E7*| = 2a(q)/q, so 
|A|s > 2a49(9)/4, 


and this tends to zero as m tends to infinity. 
If m,, m2, Ms, --- is an increasing sequence of positive integers, and if 


ices Ve 

ade 
exists, then the sequence {m,} is said to have a density (frequency), which is 
then equal to the limit. If the limit does not exist, then the upper and lower 
limits of indetermination of the same expression are called the upper and lower 
densities respectively. 

According to Schoenberg® for “most” integers the function ¢(n)/n is appre- 
ciably greater than zero. More precisely, for every y (0 < y < 1) there is a 
6 > 0 such that the density of the numbers for which 

o(n) Ss 
n 
is greater than y. 

Suppose that Q is an increasing sequence of positive integers and {a,} is a 
sequence of non-negative numbers. We make no explicit supposition regarding 
¢(q)/q. The problem is to find conditions under which for almost all x 


(17) iz-? <2, qgeQ, 


7 Theorems I and II are essentially equivalent. For Theorem II follows from Theo- 
rem I. Conversely, if {ag} satisfies conditions (a) and (b’’) of Theorem I, there will be a 


sequence of integers Q such that > ag@(q)/q diverges and ¢(q)/q has a positive lower 
a*Q 
bound for g«Q. This sequence will satisfy the conditions of Theorem II. 
8 I. J. Schoenberg, On asymptotic distributions of arithmetical functions, Transactions of 
the American Mathematical Society, vol. 39(1936), pp. 315-330. 
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for arbitrarily many relatively prime p and qg. If the sequence Q has a positive 
lower density, then there will be a subsequence A of Q for which ¢(q)/q has a 
positive lower bound. If the a, are not too irregular (for example, if a, is 


decreasing), then we show that the subsequence A may be so chosen that >> a, 
qeA 


diverges. It will follow from Theorem II that (17) is satisfied (it will in fact 
be satisfied for ge A). More generally, we have 


THEOREM III. Let Q be an increasing sequence of integers with a positive lower 


density. Let a, , a2, a3,--- be a sequence of positive numbers such that 
ps & = @ 
q=1 


and, for some real c, a,/q° is a decreasing function of q. Then for almost all x 
there exist arbitrarily many relatively prime p and q such that 


! 


Pp aq 
z--|<—, qéeQ. 
q q 


Proof. Let the lower density of the sequence Q = q, ,q@, --- beA(O <A 1). 
If p is sufficiently small, the density of the integers for which 


6(n) 
n 


>p 


is greater than 1 — 3A. Let A be the subsequence of Q for which ¢(q)/q > p. 
Then A is a sequence common to one of density greater than 1 — 4, and one 
of lower density }. The lower density of A is therefore greater than 4). 

Let 


1 if qe A, 
. #0 otherwise. 
If a,/g° decreases as q increases, then so does a,/q* for any k > c. We there- 


fore suppose without loss of generality that c is an integer greater than zero. Let 


om = > 509’, a6 = 0. 
q=1 


Then 
on = Dy beq° = (hAm)’ DL & 
qzAm/4 qzAm/4 
> (3m) p> 5, — tam}. 


The last sum is the number of integers of A which are equal to or less than m; 
and so this sum is greater than 3d for all large m. If m, is large enough, 


om > (3\m)™, m=m. 
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Using Abel’s transformation, we obtain, when m > m, , 


> Qqb_ = ag(oq — o¢1)/9° 


m—1 


> Telae/g — aeyi/(¢ + 1)°} + omarm/m* 


IV 


nyt ES g*(ae/a’ — ceus/( + 1) + man} 
> (a) S aa — Q—1)")/a° 


2 (ga) > aq 


since by the mean value theorem g** — (¢ — 1)" > (e + 1)(¢ — 1)‘, which 
is greater than (}q)° for g > 2. 
It now follows that >° a6, is a diverging series of non-negative terms, or 


what is the same, }> a, = ~. But ¢(q)/q > pif q belongs to A, so Theorem II 


qeA 
is immediately applicable. 
To prove the theorem of Walfisz mentioned earlier suppose that 
(a) Da, = ~, a, > 0; 


q=l 
(b) qa, ts a decreasing function of q. 
Let Q be the sequence 4, 8, 12, 16, --- of positive integers. Since the density 
of Q is 3, Theorem III is immediately applicable. It states that for almost 
all x there exist arbitrarily many relatively prime integers p and q such that 


where gq = 0 (mod 4). 

We now turn to the construction of an example which shows that the mere 
divergence of >> a, (condition (a)) is not sufficient to insure the conclusions of 
Khintchine’s theorem. The example depends on the following lemma. 


Lemma V. Let R and « be given positive numbers (R large and « small). There 
is a.finite sequence {a,} of non-negative numbers such that 


Yiag>1; a, = 0, wheng s R, 
but for x in (0, 1) the inequality 


aq 


(18) l~— Plc 
q' q 


can be satisfied only in a set of measure less than e. 
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Proof. Let a be some positive number less than }« and let 


N = pipe +++ DB, 


where p, are different primes, each greater than R, and let 
k 
I (1+ ) > 1+ =. 
imi Di 2a 


This is possible since the product on the left when extended over all primes 
diverges. Let 


qa/N if g > 1 and is a divisor of N, 
a = 
: 0 otherwise, 


and let E, be the set in (0, 1) consisting of g — 1 open intervals of length 2a,/q¢ 
with centers at p/q (p = 1, 2,3, --- , g — 1), and the two open intervals (0, a,/q) 
and (1 — a,/q, 1). Then | E,! = 2a, = 2qa/N. If 


E=) E£,, 


it is clear that the sets EZ, are all included in the set Ey , so we have E = Ey. 
Inequality (18) will be satisfied for some x (0 < x < 1) if and only if zx belongs 
to the set E. Thus it need only be shown that >> | E,| > 1 and that | E| = 
| Ey| < ¢. The second inequality follows from a < }¢«. Using a well-known 
expression for the sum of the divisors of an integer, we obtain 


Dbl = Fe = * {Ta +p) - 1, 


and this is greater than 
2a {11(1 ) - i} > 1. 


The required example is now easily constructed. The statement is: 


There is a sequence {a,} of non-negative numbers such that >, a, = ©, but the 
q=1 


set of points for which 


(19) g~ti«S 
q q 


is satisfied for arbitrarily many integers p and q is of measure zero. 


The p and q are not required to be relatively prime in this example. 
Let the finite sequence {a{”} satisfy Lemma V with R; = 1,¢€ = 2°. Then 
for some R; , af” = Owheng = R2. Let {aS} satisfy Lemma V with R = R:2, 


¢ = 2”. Clearly this process may be continued indefinitely. We obtain a 





—_—sr = © , 
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sequence {a,} = {as?} + {a} + {as} +.--- of non-negative numbers 
satisfying 
> a= a 
q=l 
But for z in (0, 1) the inequality 
t-— P < =. q> Rx, 
q q 


can be satisfied only if x belongs to a set of measure at most >, 2” = 27°". 
punk 
The assertion follows. 
We have left unsolved the problem of finding necessary and sufficient condi- 
tions on the sequence {a,}, a, 2 0, in order that for almost all xz there exist 


arbitrarily many p and q satisfying 


A first guess might be that a necessary and sufficient condition is the divergence 
of >> a, , but the last example shows that this is not so. Turning to approxi- 
mation by reduced fractions (p and gq relatively prime), it is tempting to suppose 
that a necessary and sufficient condition is the divergence of ; ag@(q)/q. We 
have been unable to decide upon this question. 
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NON-ALTERNATING AND NON-SEPARATING TRANSFORMATIONS 
MODULO A FAMILY OF SETS 


By Joun W. OpDLE 


1. Introduction. In a previous paper, by E. P. Vance [5],' weakly non- 
separating, weakly non-alternating, weakly completely non-separating, and 
weakly completely non-alternating transformations have been defined and dis- 
cussed. It is the purpose of this paper to study some natural generalizations of 
these four transformations and to obtain Vance’s types as one of the special 
cases. In the above transformations special favor was allotted to sets con- 
sisting of but a single point by allowing them to separate, whereas in the gen- 
eralized transformations which are to be defined here, finite sets, continua, and 
other types of sets will be permitted to effect separations. This is the basis of 
the generalization accomplished in this paper. It will be seen that many of the 
same theorems which Vance obtained will go through in the more general 
situation also. 

In the last two sections of this paper locally non-separating and locally non- 
alternating transformations, which were also defined by Vance in his paper, will 
be studied further, and some relationships between 0-regular transformations 
and locally non-alternating transformations will be established. 

In this paper all transformations, 7'(A) = B, are assumed to be single valued 
and continuous, and the spaces considered are assumed to be compact metric 
continua. 

The four new types of continuous transformations which are to be studied in 
this paper are defined as follows: 

(1) T is called non-separating modulo G if, for any point x of B, the set 7” '(zx) 
does not separate two points in A unless a subset of T”'(r) which belongs to the 
collection § also separates the same two points in A. 

(2) T is called non-alternating modulo $ if, for any two points x and y of B, 
the set 7 *(x) does not separate two points of T'(y) in A unless a subset of 
T ‘(x) which belongs to the collection § also separates the same two points in A. 

(3) T is called completely non-separating modulo $ if, for any point z of B 
and any closed subset M of T(x), M does not separate two points in A unless 
a subset of M which belongs to the collection § also separates the same two 
points in A. 


Received August 20, 1940; presented to the American Mathematical Society, November 
23, 1940. The writer wishes to express his appreciation for the help given by Professor 
W. L. Ayres of the University of Michigan, who suggested the problem and gave valuable 
criticism and advice during the preparation of this paper. 

1 Numbers in brackets refer to the bibliography at the end of the paper. 
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(4) T is called completely non-alternating modulo $ if, for any two points x 
and y of B and any closed subset M of T-‘(x), M does not separate two points 
of T‘(y) in A unless a subset of M which belongs to the collection § also sepa- 
rates the same two points in A. (z and y may be identical here.) 

If the null set is taken to be the only set in the collection S, then the preceding 
definitions reduce to the definitions of non-separating, non-alternating, com- 
pletely non-separating, and completely non-alternating transformations, which 
have been studied in considerable detail in previous papers by other authors [7, 9]. 

If the collection G is defined to be the totality of all single-point sets of the 
space A, then the definitions given here reduce to the definitions of weakly non- 
separating, weakly non-alternating, weakly completely non-separating, and 
weakly completely non-alternating transformations, which were given by Vance 
[5] in his recent paper. 

Other collections § which will be mentioned later are the class of continua, the 
class of finite sets, and the class of sets having a finite number of components. 
Other meanings are of course possible, and perhaps useful. The beauty of the 
definitions of the transformations given here lies in their generality and applica- 
bility to many special cases. 

It should be noted that if § is the collection of all closed sets, then any con- 
tinuous transformation satisfies all four of the definitions which we have given 
above. This follows directly from the definitions and from the fact that T(z) 
is a closed set, for any z. This means, of course, that such a liberal definition 
for the collection § is unproductive of interesting results. 

Certain relations exist between the transformations here defined, inde- 
pendently of the definition given to the collection §. These relations are: If T 
is completely non-separating modulo §, then 7 is completely non-alternating 
modulo §; if T is completely non-separating modulo G, then 7’ is non-separating 
modulo §; if T is completely non-alternating modulo %, then 7 is non-alter- 
nating modulo §; if 7 is non-separating modulo %, then T is non-alternating 
modulo §. These relations follow directly from the definitions given for the 
various types of transformations. By means of simple examples easily con- 
structible for any of the specific collections § which we have considered, it can 
be seen that these are the only relations of implication which always subsist 
between these transformations, independently of the definition used for col- 
lections 9. 


2. Some characteristic properties. Vance proved a number of theorems which 
delineated the properties of the transformations which he defined. Most of 
these theorems are still valid when stated for the general modulo & transforma- 
tions with the collection § unspecified. The statements of these theorems will 
now be given, but the proofs will be omitted, as they follow the pattern of 
Vance’s proofs with very slight modification. These theorems hold inde- 
pendently of the definition given to collection $. 
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THEOREM 2.1. If the transformation T is non-separating modulo G, then, for 
any cut point b of B, the set T~'(b) contains a set K of the collection § which sepa- 
rates the space A. 


THEOREM 2.2. If T is completely non-alternating modulo G, then every open 
set contained in any set T-'(x) must contain a set K of the collection § which is a 
cut set of A. 


Coro.uary 2.21. If T is completely non-separating modulo G, then every open 
set contained in any set T'(x) must contain a cut set of A which is in the col- 


lection &. 


THEOREM 2.3. If T is completely non-separating modulo GS, and if b is a cut 
point of B, and if T~'(b) contains an irreducible cut set M between two points of A, 
then M is a set of the collection S. 


TuHeorEM 2.4. Let A, and therefore B, be locally connected. If T is non- 
alternating and if, for any cut point b of B, every subset of T~'(b) which is an irre- 
ducible cut set of A between two points of A is a set of the collection GS, then T is 
non-separating modulo %. 


THEOREM 2.5. Let A, and therefore B, be localiy connected. If T is com- 
pletely non-alternating and if, for any cut point b of B, every subset of T~'(b) which 
is an irreducible cut set of A between two points of A is a set of the collection &, 
then T is completely non-separating modulo %. 


3. Product and factor theorems. With the purpose of obtaining a complete 
analysis of all product and factor theorems involving the following five types 
of transformations: monotone, non-separating, non-alternating, non-separating 
modulo § and non-alternating modulo %, where the collection G is the totality of 
all single-point sets, we have set down all possible combinations of these trans- 
formations and investigated every one to see if it would lead to a true theorem. 
As a result of this systematic investigation, it can now be stated definitely that 
the previously known product and factor theorems, given by Vance [5], Ward- 
well [7], and Whyburn [9], plus two new ones included in this paper for the 
first time, are the only true product and factor theorems possible involving the 
above-mentioned five types of transformations. Every other combination has 
been shown by an example to lead to a false theorem. 

Let T:(A) = B and T.(B) = C. Then by T = T:-7T; we mean T(A) = 
TAT,(A)] = T(B) = C. 

The two new theorems are as follows: 


THEOREM 3.1. Let the collection $ be the totality of all single-point sets. If T; 
is monotone and non-separating modulo G and if T: is non-separating modulo §, 
then T is also non-separating modulo S. 


Proof. Suppose T is not non-separating modulo §; i.e., assume there is a 
point x in C such that T'(x) separates two points a; and az in A and no single 
point of 7 *(x) does this. Let A — T’(x) = A; + Az be a separation, where 
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A, contains a; and A, contains a2. Consider B; = 7;(A;) and Bz; = 7;(A2). 
Since 7, is monotone, B,-B, = 0. Then it follows from the continuity of 7, and 
the compactness of A that B; and B; are separated sets. Hence B — Tz'(x) = 
B, + Bz is a separation of B, where B; contains 7';(a;) and B; contains 7;(a2). 
Since 7: is non-separating modulo &, some single point r of Ty'(x) must separate 
T:(a;) and 7;(az2) in B. Thus B — r = B; + B, is a separation, where B; 
contains 7',(a;) and B, contains T,(a2). Then A — T;'(r) = Ty'(Bs) + Ty'(Ba) 
is a separation of A in which the first set contains a; and the second contains az . 
Since 7; is non-separating modulo §, some single point y of T;'(r) must also 
separate a, and azin A. But then y is contained in 7~*(x), and this contradicts 
our first assumption. Hence 7 must be non-separating modulo §. 


THEOREM 3.2. Let the collection G be the totality of all single-point sets. If 
T, is monotone and non-separating modulo G, and if T:is non-alternating modulo &, 
then T is also non-alternating modulo S. 


Proof. Suppose T is not non-alternating modulo %; i.e., assume there are two 
points z and y in C such that 7” '(z) separates two points a; and az of T”'(y) 
in A, and no single point of T~'(x) does this. Let A — T(x) = Ai + As 
be a separation of A, where A, contains a; and Az contains a2. Consider 
B, = 1;(A,) and Bz; = 7;(A2). As in the preceding theorem, B, and B, are 
separated sets, and B — T3'(z) = B, + Bz, where B, contains 7,(a;) and 
B, contains T;(a2). The sets T;(a;) and 7;(a2) are contained in Ty'(y), and 
since 7 is non-alternating modulo §, it follows that Tz'(x) contains some 
single point r which also separates 7;(a;) and 7;(a2) in B. Thus B — r = 
B; + B, is a separation, where B; contains 7;(a,) and B, contains 7(az). 
Then A — 77;'(r) = Tz7'(Bs) + Ty'(B,) is a separation of A in which the first 
set contains a; and the second contains a2. Since 7; is non-separating modulo &, 
some single point s of T;'(r) must separate a; and a; in A. But then s is con- 
tained in 7” *(x), and this contradicts the first assumption. Hence 7 must be 
non-alternating modulo %. 

The problem of generalizing these product and factor theorems so that they 
would hold for more general collections § was considered, and we found that in 
most cases such severe restrictions had to be imposed that the theorems ob- 
tained were of no importance or interest. However, two theorems of Vance’s 
are generalizable with only slight restrictions, and they give the following 
theorems which hold for collections § unrestricted except for the condition 
stated in the hypothesis. 


THEOREM 3.3. If the collection G is closed under continuous transformations’ 
and if T is non-separating modulo S and T, is monotone, then T: is non-separating 
modulo §.* 


2 DerinitTIon. The collection G is said to be closed under continuous transformations 
if the continuous transform of any set in the collection is also a set of the collection. 

3 This theorem may be stated in a somewhat more general fashion as follows: If T is 
non-separating modulo G and 7; is monotone, then T; is non-separating modulo T,(§), 
where 7';(Q) is the collection of sets in B which are images under 7’; of those sets in A which 
belong to §. The same proof is valid for either statement of the theorem. 
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Proof. Assume T?: is not non-separating modulo G; i.e., assume there is a 
point z of C such that Ty'(x) separates two points b; and bz of B and T7'(z) 
contains no set of the collection § which does this. Let B — Ty'(x) = Bi + B, 
be a separation of B, where B, contains b; and Be contains be. Then 
A — T(x) = Tj'(B:) + T7z'(B2) is a separation of A, in which Ty'(B;) con- 
tains Ty'(b;), and 77'(Bs) contains Ty'(bs). Let a, be a point of Ty'(by) and 
a2 be a point of Tj'(be). Then, since 7 is non-separating modulo &, the set 
T ‘(x) contains a set K of the collection § which separates a; and azin A. Let 
A — K = A, + Az be a separation, where A; contains a; and A? contains a2. 
Consider the sets [71(A1) — 71(K)] and [T7,(A2) — 71:(K)]. The first set in 
brackets contains the point b; because the point a; of Ty'(b:) is contained in A;, 
and 7',(K) is a subset of Tz'(x), which does not contain b,. Likewise, the 
second set in brackets contains the point b2. Since 7; is monotone, these two 
sets are disjoint; and then because of the compactness of A and the continuity 
of T,, it follows that they are separated sets. Thus we have B — 7,(K) = 
{[T,(Ay) — 7T(K)] + [T1(A2) — F1(K)] is a separation of B. The set K isa 
set of the collection § and therefore, by hypothesis, 7'(K) is also a set of the 
collection §. But then the separation of B by 71:(K) contradicts our first 
assumption. Hence 7: must be non-separating modulo §%. 


THEOREM 3.4. If the collection § is closed under continuous transformations, 


and if T is non-alternating modulo S and T; is monotone, then T2 is non-alternating 
modulo §.* 


Proof. Assume 7: is not non-alternating modulo §$; i.e., assume there are 
points x and y of C such that Ty'(x) separates two points b; and be of Tz'(y) 
in B, and Tz'(x) contains no set of the collection § which does this. Let 
B — Tz'(x) = B, + Bz be a separation, where B, contains b; and B; contains 
be. Then A — 7 ‘(x) = T7'(B:) 4+ Ty'(B2) is a separation of A in which 
T;'(B,) contains T7'(b;) and T;'(B2) contains Ty'(b2). Let a; be a point of 
T; (by) and a2 be a point of Ty'(b2). Then a; and a2 are points of T*(y), and 
since T' is non-alternating modulo §, the set 7” ‘(x) contains a set K of the 
collection § which separates a; and az in A. Let A — K = A, + Az bea 
separation of A, where A; contains a; and Az contains a2. Then, just as in 
the preceding theorem, we have B — 7,(K) = [T1(A1) — 71(K)] + [T1(A2) —- 
T,(K)] is a separation of B. The first set in brackets contains the point b; 
because the point a, of 7j'(b:) is contained in A;, and 7;(K) is a subset of 
Tz (x), which does not contain b;. Likewise, the second set in brackets con- 
tains the point be. The set K is a set of the collection S and therefore, by 
hypothesis, 7':(K) is also a set of the collection S. But then the separation of B 
by 7:(K) contradicts our first assumption. Hence 7; must be non-alternating 
modulo §. 

The condition placed in the hypotheses of the two preceding theorems, that 


4 This theorem may also be stated in a more general fashion: Jf T is non-alternating 
modulo § and T, is monotone, then T2 is non-alternating modulo T,($). 





——asttnn Gt. ar oF ch 4 O 2 [6 








MODULO A FAMILY OF SETS 261 


the continuous transformation of a set of the collection % is again a set of the 
collection §, seems to be a rather weak one, and hence it does not restrict 
seriously the applications of the theorem. The condition is satisfied by all the 
collections § which we have had in mind; i.e., collections consisting of single 
points, finite point sets, connected sets, and sets having a finite number of 
components. 


4. Applications involving special collections §. In this section various par- 
ticular collections § will be considered, and the behavior of the transformations 
modulo § for these definitions of § will be studied on certain special curves and 
surfaces. 


TueoremM 4.1. If A is an n-coherent Peano continuum,’ then any continuous 
transformation T on A is completely non-separating modulo G, where the collection S 
is the family of all sets consisting of n or fewer components. 


Proof. Suppose the continuous transformation T is not completely non- 
separating modulo G; i.e., assume there is a point z of B and a closed set M 
contained in 7 '(x) such that M separates two points a; and a, in A and M 
contains no set of the collection § which does this. Let A — M = A, + Ag 
be a separation, where A, contains a; and A, contains az. Denote by C the 
component of A; containing a;. Then az is contained in A — C. Let D be 
the component of A — C containing a2. The sets C and D are thus both open 
sets, since in Peano space components of open:sets are open. The set A — D 
is connected (see {1]). Then A — D and D are continua. Obviously A = 
D+A—D. Therefore, since A is n-coherent, D.A — D consists of n or fewer 
components, i.e., D-A — D is a set of the collection §. 

Let F = D.A — D. Then F is the frontier of D. Further, F is contained 
in D — D, because no point of the open set D can be a limit point of its com- 
plement A — D. Also D — D is contained in C, since D is a component of 
A — C, and any limit point of D which was not in C would have been added 
to D. Furthermore, since C is an open set and D is in A — C, the set C con- 
tains no limit points of D. Hence D — D is contained in €C — C. Also € — C 
is contained in M, as the following reasoning shows. Consider any limit point 
yofC. The point y is not an element of A, since C is in A, which is separated 
from Az. If y is an element of A, , then it would be contained in the com- 
ponent C. Thus the only other possibility is that y is an element of M. Bring- 
ing all these facts together we have: 


F=DA-—-DCD-DCC-CCM. 
Now A — F = (D+A-—D)—-—F =(D-—F)+(A—D-—F). These 
two sets in parentheses are separated, because when the common part of two 


5’ DEFINITION. The continuum A is said to be n-coherent if, whenever A is expressed 
as the sum of two continua, A = A; + Az, then A;-A2 consists of n or fewer components. 
In the case in which n = 1, A is called unicoherent. 
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continua is subtracted out, neither remainder can contain a limit point of the 
other. Now D — F contains az, since az is in the interior of D, and F is con- 
tained in D — D. Also, A — D — F contains a; , because D is contained in 
A — C, hence C CA — DCA — D; and a; is an element of C, and F is con- 
tained in C — C. 

Thus we have contained in M a subset F of the collection § which separates 
a, and az in A. This is a contradiction. Hence 7 must be completely non- 
separating modulo §. 

This theorem is not true in non-Peanian spaces, as the following example 
shows for the case when n = 1. Let A consist of all points in the analytic plane 
satisfying one of the following conditions: 

(a)zx = 0,0 Sy 31; 


b) y= 2,0 S25 1,i=1,---,m 05 


(e) y=0,0 S781. 

A is then a unicoherent continuum. Define the transformation 7 to be one 
which sends all points of A which have an abscissa equal to 3 into the point (3, 0) 
and let 7 be a homeomorphism elsewhere. This transformation is continuous. 
But the inverse of the point (3, 0) separates the two points (1, 0) and (0, 0) in A, 
and no single component of the inverse effects this separation. Hence T is not 
non-separating modulo %, where the collection G is the family of all sets con- 
sisting of one component, i.e., connected sets. 


THEOREM 4.2. Let the collection G be any family of closed subsets of A which 
includes all single-point sets. A necessary and sufficient condition that no set of 
the collection S separate the space A is that every transformation on A which is non- 
separating modulo $ be also non-separating in the strict sense. 


Proof. Necessity. Suppose A has the property that no set of the collection 
§ separates A, but assume that there is a transformation 7 which is non-sepa- 
rating modulo § but which is not non-separating in the strict sense. This 
means that there is a point z of B such that T(x) separates two points a, 
and a2 in A, and T”'(z) contains a set of the collection § which also separates 
a, and azin A. But this contradicts the hypothesis that no set of the collection 
§ separates A. Hence 7 must be non-separating in the strict sense. 

Sufficiency. Suppose that any transformation on A which is non-separating 
modulo $ is also non-separating in the strict sense. Now assume that some 
set M of the collection § separates A. Then, since M is a closed set, the decom- 
position of A which has M as one element and all other points in A individually 
as elements is upper semi-continuous [4], and hence this decomposition defines 
a continuous transformation 7’ on A which sends M into one point z and is a 
homeomorphism elsewhere on A (cf. [2]). Now every inverse set 7 '(y) belongs 
to the collection §, for T’(y) is either a single point of A or the set M and 
hence belongs to $ in either case. Hence every inverse set 7” '(y) which sepa- 
rates A contains a separating subset (namely, itself) belonging to $, and thus T 
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is non-separating modulo §. But T is not non-separating in the strict sense, 
for T”'(«) = M separates A. This contradicts our hypothesis and hence A 
must have the property that no set of the collection § separates A. 

The following theorems are stated without proof, because the proofs are very 
similar to the one given for Theorem 4.2. 


THEOREM 4.3. Let G be any family of closed subsets of A which includes all 
subsets consisting of one or two points. In order that no set of the collection § 
separate A it is necessary and sufficient that every transformation on A which is 
non-alternating modulo S be also non-alternating in the strict sense. 


TueoreM 4.4. Let § be any hereditary family of closed subsets of A which 
includes all single-point subsets. In order that no set of the family S separate A 
it is necessary and sufficient that every transformation on A which is completely 
non-separating modulo G be also completely non-separating in the strict sense. 


TuEorEeM 4.5. Let & be any hereditary family of closed subsets of A which 
includes all sets consisting of one or two points. In order that no set of the family S 
separate A it is necessary and sufficient that every transformation on A which is 
completely non-alternating modulo G be also completely non-alternating in the strict 
sense. 


A number of corollaries to the preceding theorems are easily deduced, and a 
few of them will be stated here. These also are given without proof, for either 
they are just special cases of the preceding theorems, or their proofs are very 
similar to the proof of Theorem 4.2. 

CoroLuaRy. A necessary and sufficient condition that a Peano continuum A 
be a simple closed curve is that any transformation on A which is Pete eninend 

non-alternaling 
modulo S, where G is the collection of all continua in A, be also ee 
non-alternating 


in the strict sense. 


This corollary makes use of the theorem that a Peano continuum is a simple 
closed curve if and only if it is not separated by any subcontinuum (cf. [3]). 


CoroLutary. Let the collection S consist of all single-point sets in A. In order 
that the space A have no cut point it is necessary and sufficient that every 
| completely non-separating 
completely non-alternating 
| non-separating 
\non-alternating 


modulo § be 


transformation T on A which is 


completely non-separating ) 
” completely non-alternating 

non-separating 

ange wrens } 


in the strict sense. 


6 Derinition. A family § of closed sets is said to be hereditary if every closed subset 
of any set of the family § also belongs to 9. 
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5. Locally non-separating transformations. Locally non-separating trans- 
formations were defined by Vance [5] as follows: 

A continuous transformation T is called locally non-separating at a point p 
of A provided for any neighborhood U, of p there exists a neighborhood V, 
of p, contained in U,, such that if u and v are two points of V, — T'[T(p)], 
then u and »v lie in a connected subset of U, — T'[T'(p)]. A continuous trans- 
formation is called locally non-separating on the space A if it is locally non- 
separating at every point of A. 

Vance gave examples to show that non-separating transformations need not 
be locally non-separating, and that locally non-separating transformations need 
not be non-separating. 


TueoreM 5.1. If A contains an open set U such that (a) U is a Peano con- 
tinuum, (b) every non-end-point of U is a local cut point’ of U, and (ec) TJ — U 
is at most countable, and if T is locally non-separating at all points of U, then 
T(U) is a point. 


Proof. Assume T(U) contains at least two points, y: and y2. Consider any 
two points of U, xz; and zz, such that T(z1) = y: and T(z2) = y2. Then, 
since U is Peanian, U contains an arc a from 2; to z2. There are uncountably 
many points in U-a, because a is uncountable and U — U is countable. At 
most two points of U.a can be end points of U: hence U-a contains uncountably 
many local cut points of U. No point of U-a which is a local cut puint of U0 
can be a component of any set of the form U.T~'(zx), because if it were, then T 
would not be locally non-separating at that point. 

It is not possible for all the points of U-a which are local cut points of U 
to lie in one set 7” '(x), for any closed set containing all such points contains all 
points of a, and then we would have 7T(z:) = T(z2). This is a contradiction to 
our original assumption. 

We now have that every point of U-a which is a local cut point of U must 
lie in a non-degenerate component of a set of the form U.T~'(x), and not all 
such points can lie in one set T‘(x). The set T(a) is a connected set con- 
taining more than one point, and hence it contains uncountably many points. 
Therefore a has points in uncountably many sets of the type U-7~'(z), and all 
but a countable number of these points are points of U which are local cut points 
of U. Therefore there are uncountably many mutually exclusive non-degenerate 
components of different sets U.T~'(x), each component having at least one 
point in common with U-a. 

Of this set of components just described, only a countable number can be 
contained in the arc a. Therefore uncountably many of them must contain 
points whose distance from a is greater than some «€ > 0. Then it follows 
readily that in each of these components there is an are which contains a point 


7 Derinition. A point p of a continuum M is called a local cut point of M provided 
there is a neighborhood U of p such that p is a cut point of the component of U-M which 
contains p. 
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whose distance from a is greater than e and which has exactly one point in 
common with a. The set M of points of intersection of these arcs with a is 
uncountable, and hence M contains a set of condensation points. Then there 
exists in M a point po which is the limit point of a convergent sequence {p,;} 
of points of M. Let a; denote the are which contains p;. Then {a,} 
(¢ = 1, 2, --- ) is a sequence of sets which converges to a continuum Cy con- 
taining p). The decomposition of U into sets of the form U.7™'(x) is upper 
semi-continuous and since each set a; is contained in a different set U- T(x), 
it follows that Co is a subcontinuum of the set U-T~'(x) which contains pp . 
Then Cy-a; = Ofori = 1,2,---. Furthermore, Cy contains points whose dis- 
tance from a is equal to or greater than e, since each set a; contains such points. 
Let A denote the minimal subare of a containing all points p;. Then let 
K =A+C,+ Sa;. The set K is connected and closed, and hence is a 
i=1 

continuum. However, K is non-Peanian because it fails to be locally connected 
at any point of C) — A. This follows from the fact that in order to join a point 
of a; to a point of C) — A by a connected set in K it is necessary to pass through 
the point p;in A. Thus we have in U a subcontinuum K which is non-Peanian. 
But it follows from the hypotheses of the theorem that U is hereditarily locally 
connected (cf. [8]). This is a contradiction. Hence it follows that 7(U) must 
be a single point, and the theorem is proved. 


Corotiary 5.11. If A is a dendrite or finite graph and T is locally non- 
separating, then T(A) is a point. 


Corotiary 5.12. If T is locally non-separating and A contains a connected 
open set U such that U is a finite graph, then T(U) is a point. 


Corouiary 5.13. If every cyclic element of the Peano continuum A is a finite 
graph, and T is locally non-separating, then T(A) is a point. 


The condition that 0 — U shall be at most countable, in the hypothesis of 
Theorem 5.1, is necessary, as the following example demonstrates: We start 
with a square plus its interior. On one edge of the square designate by K a 
Cantor non-dense perfect set. Then, by using the complementary intervals of 
this Cantor set as diameters, construct semi-circular loops outside the square. 
Denote by U the Cantor set K plus the semi-circular loops. Let U = U — K. 
Then U — U = K is uncountably infinite. Decompose the entire set A (square 
plus loops) as follows: Let each loop plus the complementary interval on which 
it was constructed be an element and every other point be individually an 
element. This decomposition is upper semi-continuous and thus induces a con- 
tinuous transformation 7 carrying each element into a point of a space B. 
This transformation is easily seen to be locally non-separating on the entire 
space A. Further, U satisfies all the conditions of Theorem 5.1 except that 
U — U is not countable. But 7(U) is not a point: in fact it is an are of the 
space B. Hence the condition that U — U be countable is necessary. 
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6. Locally non-alternating transformations. The definition of a locally non- 
alternating transformation, as given by Vance, is as follows: A continuous trans- 
formation is called locally non-alternating at a point p of T~*(x) provided for any 
neighborhood U, of p, there exists a neighborhood V, lying in U, such that if 
y is any point of B distinct from x, and u and v are any two points of T”"(y)-V>p, 
then wu and »v lie in a connected subset of U, — T(x). A continuous trans- 
formation is called locally non-alternating on a space A if it is locally non-alter- 
nating at all points of A. 

Vance gave simple examples to show that a non-alternating transformation 
is not necessarily locally non-alternating, and that a locally non-alternating 
transformation is not necessarily non-alternating. 


TueoreM 6.1. If T is a light® locally non-alternating transformation from the 
dendrite A to the dendrite B, then T is a homeomorphism. 


Proof. Assume T is not a homeomorphism. Then some two points ap and by 
of A must go into the same point x) of B. Consider the arc dob) = a. It must 
contain a point p such that T(p) = q ¥ 20, for otherwise 7 *(xo) would contain 
the connected set a and hence 7’ would not be light. Also, there must be 
some point x, of B, distinct from q and 2», such that T~*(2:)-are agp ¥ 0 and 
T ‘(x1)-are pbo ¥ 0, for if there were no such point z;, then we would have 
T(are agp)-T(arc pb) = q + 2x. Thus there would be two connected sets 
running from q to x) and having only g + 2 in common, but this is impossible 
in a dendrite. Let a; denote the first point of T~*(x) in the order from p to a ; 
b; the first point of T (21) in the order from p to bb). Then are a,b; = a; lies 
entirely in a9. By repeating the above argument we can obtain an arc ae 
lying within a; , an are a3; within a2, etc. Repeat the process indefinitely. 

Let a, = I a;. If a, is a point, then 7 is not locally non-alternating at 
this point because a; — a, , b; > a and T(a;) = T(b;), but a; and b; cannot 
be connected inside small neighborhoods of a, except through a. Since a, 
is not a point, it must be an arc with end points a, and b, , and it follows from 
the continuity of T that T(a,) = T(b.). Then the are a, can be obtained 
just as the ares a; (i < w) were obtained. This process may be continued 
indefinitely and arcs ag defined for all ordinals of the first and second classes, 
unless for some limiting ordinal 8, ag is a point. But this is impossible for at 
this point 7 would fail to be locally non-alternating. But the process cannot 
continue through all the ordinals of the first and second classes, for then A 
would contain an uncountable monotonic decreasing sequence of continua, and 
this is impossible. 

Hence 7' must be one-to-one, and therefore a homeomorphism. 


8 DEFINITION. A transformation T is said to be light if every set T-'(x) is totally dis- 
connected. 
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The following theorems proved by Vance follow as corollaries of this theorem: 


Coro.tuary 6.11. If T is locally non-alternating, with A an arc and B a 
dendrite, and if T(x) contains no open set, then T is a homeomorphism and 
thus B is an are. 


Coro.uary 6.12. If T is locally non-alternating where B is a dendrite and A 
is « dendrite in which the branch points are dense on no are of A, and if T™*(x) 
contains no open set, then T is a homeomorphism. 


The remainder of this section will be devoted to consideration of the rela- 
tionship between locally non-alternating transformations and 0-regular trans- 
formations.” 


THEOREM 6.2. If the transformation T(A) = B is 0-regular, then T is locally 
non-alternating on A. 


Proof. This theorem follows readily with the help of the following theorem 
of Wallace [6]: If A is a compact continuum, a necessary and sufficient condition 
that the interior transformation 7(A) = B shall be 0-regular is that for each 
e > 0 there exist a 6 > O such that if u and v are in A with p(u, v) < 6 and 
T(u) = T(v), then u and v lie in an econtinuum in T™[T(u)] = T[T(v)]. 
Let p be any point of A, and let U, be any neighborhood of p. Then, since 
we are dealing with a metric space, U, contains a spherical neighborhood S, 
with center at p and radius equal to k, for some k. Let « = $k. Then, for 
this e, there is determined a number 6 > 0 which satisfies the condition given 
in the theorem of Wallace just quoted. Let V, be a spherical neighborhood 
with center at p and radius equal to 36. Now consider any point y distinct 
from T(p) in B, and let u and v be any two points of T‘(y)-V,. Then 
p(u, v) < 6, and hence u and » lie in an econtinuum C in T~‘(y), by Wallace’s 
theorem. Because « = 3k, C is contained in S, and hence in U,. Further- 
more, since y * T(p) and C is contained in T“(y), C-T[T(p)] = 0. Hence 
uand v, any two points of 7” '(y)- Vp, lie in a connected subset of U, — T'[T(p)]. 
Therefore, by definition, 7 is locally non-alternating at the point p. Since p 
was any point of A, T is locally non-alternating on A. 

The converse of Theorem 6.2 is not true in general, i.e., an interior, locally 
non-alternating transformation is not necessarily 0-regular. The following 
example demonstrates this remark: Let A denote a spherical shell of outer 
radius unity and inner radius }. Let T be the orthogonal projection of A onto 
a tangent plane. This transformation is interior and locally non-alternating 


® DEFINITION. (1) If the sequence of closed sets M, converges to M, then M, — M 
0-regularly provided that for each « > 0 there are positive numbers 6 and N such that for 
n > N any two points z and y in M, with p(z, y) < 6 lie in a continuum in M, of diameter 
less than e. 

(2) A continuous transformation T is called 0-regular provided that if y, — y in B, 
the sets T-'(yn) — T-(y) O-regularly in A. 
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at all points of A, but it fails to be 0-regular at any point of the inner surface 
of A whose distance from the tangent plane is unity. 

By looking carefully at the requirements of 0-regular and locally non-alter- 
nating transformations it is easy to see why 0-regularity is the stronger type of 
transformation. In non-rigorous terms, 0-regularity requires that if u and », 
two points of a set 7” '(y), are sufficiently close together, they must lie in a 
small connected set C which is also contained in T‘(y). Locally non-alternating 
merely requires that two such points u and »v shall lie in a small connected set C, 
and does not require that C shall be contained in T~'(y), but only that it shall 
avoid T’(x) for a specified point z. This is obviously a weaker condition, and 
so the locally non-alternating condition is not sufficient in general to imply 
0-regularity. 


THEOREM 6.3. On a dendrite, 0-regular transformations and interior, locally 
non-alternating transformations are equivalent, since both are homeomorphisms. 


Proof. It was proved by Wallace [6] that any 0-regular transformation on a 
dendrite is a homeomorphism. G. T. Whyburn showed that on a dendrite any 
interior transformation is also light (cf. [11]), and that the image of a dendrite 
under an interior transformation is again a dendrite cf. [10]. Then by Theorem 
6.1 at the beginning of this section, it follows that an interior locally non- 
alternating transformation on a dendrite is a homeomorphism. Hence the 
theorem foliows. 
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A NEW PROOF OF A THEOREM OF MENCHOFF 


By RapHa&t SALEM 


1. Let f(x) be a function of integrable square, of period 27, and let S,(x) be 
the sum of order n of its Fourier series. It has been shown in a previous paper’ 
that the study of the integral 


f Sn) (x) dx (n(x) S n) 


considered by Kolmogoroff and Seliverstoff for the study of the almost-every- 
where convergence of the series is equivalent to the study of the sum 


T= > [( [5 cos pz dz) + ( I ” fp sin pe az) |, 


\fp(x)} being a sequence of characteristic functions of sets such that f, 2 fps: ; 
it has been proved in the same paper that 7, < C log n, C being an absolute 
constant.” 

The purpose of this paper is to consider sums of the type 


> ([ fovede) 


{fp(x) } being a decreasing sequence of characteristic functions of sets, and {¢,(z) } 
any family of orthogonal normal functions in (0, 1). The study of such sums 
will be carried out as an application of Bessel’s inequality in a two-dimensional 
domain. 


2. Let pi, pe, --+, Pn and P be functions of a certain number of variables 
Z1, 22, +++, 2 defined in a k-dimensional domain D, and let us write, for the 


sake of brevity, | Q dr instead of / Q(ai, +++ , te) dz, --- dz,. Then, assum- 
D 
ing that 


(1) / opdr = 0 Gj), 


Received September 21, 1940. 

1See Comptes Rendus Acad. Sci. Paris, vol. 205(1937), pp. 14-16. See also Salem, 
Essais sur les Séries Trigonométriques, Paris, 1940. 

2In this paper C means any absolute constant, not necessarily the same throughout 
the paper. 
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we see that Bessel’s inequality is 


oll) ioe 
¥ (nw) “1* 


Let us now apply this general inequality in the case of two variables x, ¢, in 
the squareO0 S22 51,0 St 1. Let us put 





P(e, t) = Y fedantd; pela, t) = er(a)he(0). 


{fe} and {y,} being defined as at the end of §1, the equalities (1) hold good. Let 
us suppose now 


(2) I gi(t)h;(t) dt = 0 (t ¥ 9); 


then 


/ Pdr = I fe(x)on(a) de- I g(t) he(t) dt 


and Bessel’s inequality becomes 


1 
gehx dt) 


(3) »3 (fees ax) un <[ [ (= fulzos®)) dz dt, 


an inequality which is true on the sole assumptions that {g;.} be an orthogonal 
normal system, and that the equalities (2) be satisfied. 

Let us now introduce the hypothesis that {f,} is a decreasing sequence of 
characteristic functions of sets. We get 


> flwoa( = > Afi(x)-ox(2), 


putting 
Afi = fi — Serr, Mn =SIny OrhE Qt ee> +H. 
Then 
(= fulzoa)) = p> Afi(x)oi(t). 
Hence 


[ [ (= fulzdoxt)) dea < max [ ox(t) dt, 
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and we get the inequality 


n 1 Af owhedt) 1 
(4) >([ frend) ‘ss max | [g(t) + --- + ge(d)P at 


I hi dt 


in the right side of which it is interesting to observe that we have only to 
take into account the values of k for which Af, # 0. 


3. Let us apply this inequality in the following particular case: 


al = /i-sinaekt, A= ae 


The equalities (2) hold good and we have 


1 1 
[ hi(t) dt < A log k, I [nn + «++ + gil at < Blogk, 


A, B being absolute constants. Hence, the inequality (4) gives 


> : ([ frerdr) < Cogn 


T logk 
or 


n 1 2 
(5) > (/ Seve az) < C log’ n, 
C being an absolute constant. 


4. It has been shown in the papers quoted in §1 that this last inequality leads 
immediately to the conclusion that if f(x) is of integrable square and S, is the 
sum of order n of the orthogonal series }> cv, representing f, we have 


[ Sx(z)(x) dx < C logn > ri (n(x) S n). 
1 


Furthermore, there is little to change in the argument of §2 and §3 in order 
to get the stronger inequality 


(6) [ Sia (x) dx < C log’ n > cy (n(x) < n). 


For if we multiply every function f; in (3) by any function of integrable square 
F(z), the inequality (3) holds good, and the inequality (4) becomes easily 


(4’) > ([ F frends) ene) s max [ Faz. [ lor + +++ + gel det 
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and (5) becomes 


(5’) »2 ([ F - fur ix) < C log’ n [ F’ (zx) dz. 


We get immediately the inequality 


[ F(x)Siw(x) dx < C log n xe ([ F*(a) iz) 


for every function F(z) of integrable square, and this is equivalent to (6). Iam 
indebted for this remark to Professor Zygmund. 


5. This proof of inequality (6) gives a new proof of the well-known theorem 
of Menchoff on the convergence almost-everywhere of the series > cy, if the 
series }> ci, log’ n converges. 

It is known that this theorem cannot be improved if the orthogonal sequence 
{gn} is arbitrary. This leads to an interesting conclusion. Let {6,(t)} be an 
orthogonal, normal, uniformly bounded set of functions in (0, 1) and let {c,} 
be any sequence of coefficients such that | c;, | log k tends to infinity with k. 
Then the absolute values of the partial sums of the series > c.0,(t) can never 
be majorized by an integrable function y(t). 

For let us put in the inequality (4) 


cx Ox(t) 
Vit)’ 
1 
We get, assuming that I y(t) dt < A and | @(t)| < M, 
n 1 2 c 1 1 k ) 
> ( fuesdz) Wa < max | W (= c.0,(t) } dt. 


Then, if we suppose 





gx(t) = hi(t) = O(t) VS y(d). 


dX c(t) < v0), 





we get the inequality 
n 1 2 
> (/ frend) ck < A’M’ 
1 


which is impossible in the hypothesis | c; | log k —> », for otherwise Menchoff’s 
theorem on almost-everywhere convergence would not be the best one. 

Thus, for instance, for no sequence of integers {n,} can the absolute values 
of the partial sums of the series 


J 
D> ri cos (mx — ay) 
i 


be majorized by a summable function if r; log k tends to infinity. 
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A TOPOLOGY FOR SEMI-MODULAR LATTICES 
By L. R. Witcox 
Introduction 


In classical differential geometry of Euclidean, affine and projective spaces, 
essential use is made of an underlying topology of the point space. Moreover, 
there is needed in these theories an extension of this topology to the lattice of 
linear subsets, for the purpose, for example, of defining tangent lines and planes, 
osculating planes, etc.; such an extension is generally not considered explicitly 
but is usually tacitly assumed. In view of the recent developments’ in the 
theory of lattices, particularly those which relate lattices to geometries, it seems 
desirable to consider the question of constructing such an extension abstractly 
and in a lattice-theoretic manner, sufficiently generally to include the topo- 
logical foundations of the familiar differential geometries. The present paper 
gives a solution of this problem for a semi-modular lattice’ and considers several 
important questions suggested by our investigation; further questions, some of 
which are mentioned at the close of the paper, are reserved for a subsequent 
publication. 

Inasmuch as we shall consider throughout the entire paper a fixed semi- 
modular lattice L which is atomistic and satisfies chain conditions,’ we devote 
the first section to a statement of our axioms and to some immediate conse- 
quences and fundamental lemmas. A topology for the set P of points (or atoms) 
of L is introduced by assuming P to be a metric space. In the second section, 
the topolegy of P is extended to L in a natural way; it is shown that L is a 
topological space in the sense of Alexandroff and Hopf.‘ §3 deals with the 
introduction of 2a complete system of neighborhoods in L and a proof that L is a 
Hausdorff space. The paper closes with a brief study of the continuity of the 
lattice operations. 

Frequent reference will be made to a paper by the author’ (to be referred to 
as M. T. L.), wherein the notions of modularity, independence and semi-modular 
lattice are considered in detail; the definitions and results of M. T. L. essential 
to the present work will be assumed, but for completeness these will be stated 


Received October 7, 1940; presented to the American Mathematical Society, September 
10, 1940. 

1 See G. Birkhoff, Lattice Theory, New York, 1940, particularly Chapter IV. 

2 See §1 for the definition of modularity. 

3 See §1 for the definition of atomistic lattice. For a statement of the chain conditions, 
see L. R. Wilcox, Modularity in the theory of lattices, Annals of Math., vol. 40(1939), p. 497. 

4P. Alexandroff and H. Hopf, Topologie, Berlin, 1935, p. 37. 

5L. R. Wilcox, Modularity in the theory of lattices, Annals of Math., vol. 40(1939), pp. 
490-505. 


273 








274 L. R. WILCOX 


in §1. All notations here are the same as were used in M. T. L. Positive real 
numbers are always denoted by e, 7; integers are denoted by k, |, m, n, while 
u, v are used for indices in infinite sequences. 


1. Foundations of the theory. Let L be a lattice satisfying both ascending 
and descending chain conditions, so that 0¢Z and 1 JL exist, and so that 
every set S C L has a sum (least upper bound) and a product (greatest lower 
bound),’ to be denoted by > S and II S respectively. By (b, c)M (read b 
and ¢ are modular) we mean 


a S c implies (a + b)e = a + be. 


By (b, c)L (read b and ¢ are independent) we mean be = 0 and (b, c)M. By 
(a, , +++ ,@,)L is meant (>> (a;,i eS), >> (a; ;7€7))4 for 8, TC [l, --- , nj 
such that ze S, 7 «7 implies i < j. A necessary and sufficient condition for 
(a;) 1 is® (@;, Qi. +--+. + a,)L fori = 1,---,n — 1. We say that L is 
semi-modular in case 

(a) (a, b) 1 implies (b, a)M; 

(b) ab # 0 implies (a, b)M. 
By a < b (or b > a) we mean a < 6b together with a < c S b implies c = a 
orc = b. A point is an element pL such that p > 0; the set of all points is 
denoted by P, and points are denoted generically by p, g, r. For aeL we 
define P, = [p; p S a]. The lattice L is called atomistic in case 


aeL impliesa = és Ps 


If a S b, we say that c is a complement of a in b in case a + ¢ = b, ac = 0; 
c is a modular complement in case (a, c)1. <A basis of ae L is a finite system 
(pi, +++, Pn) Where pre P, pi + --- + p, = aand (p,,---, pal. 

In what follows we shall assume 


Axtom I. Lis semi-modular, satisfies the ascending and descending chain condi- 
tions, and is atomistic. 


It is proved in M. T. L. that there exist an integer N = 0, 1, 2,--- and a 
(unique) “dimension function” (d(a); a e L) which has the properties 

(a) d(0) = 0, d(1) = N; 

(b) [d(a); ae L] = (0, 1, --- , NJ; 

(ec) d(a) < d(b) fora <b; 

(d) d(a) + 1 = d(b) fora < b; 

(e) d(a + b) + d(ab) S d(a) + d(b); 

(f) d(a + b) + d(ab) = d(a) + d(b) if and only if (a, b)M. 
Extensive use will be made of this dimension function. Note that the nor- 


6 See M. T. L., pp. 497, 491. 

7See L. R. Wilcox and M. F. Smiley, Metric lattices, Annals of Math., vol. 40(1939), 
p. 310. 

8M. T. L., p. 493. 
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malization in (a) is slightly different from that in M. T. L.’ It is also proved 
in M. T. L. that the relation (a; , --- ,@,)L is symmetric.” 
Axiom II. P is a metric space with respect to a metric (5(p, q); p, q € P). 
Derinition 1.1. If S, T C P, and S, T # ®, then 


6(S, T) = g.Lb. [6(p, q); pe S, qe T). 
If peP,aeL,a ¥ 0, then 


5(p, a) = 4(a, p) = 4([p], Pa). 
Axiom III. Let peP, (p1,---,pn)l, pie P. Then for every «> 0 there 
exists n > 0 such that 


| 5(p, pi + -++ + pn) — 6p, +--- +a)| <e 


for 5(q: , Pi) < 0. 

Remark. Axiom III asserts the continuity of 5(p, p: + --- + pn) in the p, 
at every place where (p;) L. 

Axtom IV. The sets P, are closed in the topology of P. 

Coro.uary. 4(p, a) = 0if and only if p S a. 

Proof. If 6(p, a) = O, there exists a sequence p, S a such that 


lim 6(p, ,p) = 0. Hence p is in the closure of P, , i.e., in P, by Axiom IV; thus 
p <a. The other implication is trivial. 

Remark. It may be readily verified that our Axioms I-IV are satisfied in 
real or complex projective and Euclidean spaces (and hence also in affine spaces) ; 
in the projective cases 4 is the elliptic metric, while in the others 6 is the ordinary 
Euclidean distance. In all cases our relation (p;,---, pn) is linear inde- 
pendence. 

A few consequences of Axiom I not proved in M. T. L. will be given at this 
point. 


Lemma 1.1. Jf (a,,---,@n)1L, then 
d(a + +++ + ay) = d(aq) + --- + d(ay), 
and conversely. 
Proof. This is obvious for n = 1. If it holds for n = k, then by (a), (f) 
d(a + +++ + ae + Gey) = d(ai + +++ + ax) + d(Geys) 
= d(a;) + «++ + d(ans1), 


and the statement is true for n = k + 1. The converse is established by an 
inductive proof that (a; + --- + @:, Gigi) 1 fork = 1,---,n — 1. 


9M. T. L., p. 505. 
1°M. T. L., p. 496. 
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THEOREM 1.1. Ifa S b, then there exists ce L such thata + c = b, (a,c) 1, 
and such that c is of the form py + ---+ pe, with pie P, (mM, +--+, pdL 
(k = 0,1,---,N). 

Proof. Let d(a) = m,d(b) =l. If m =l, thenc = Ois effective. Suppose 
m<l. Thena < b, and, by the atomistic property of L, P, C Pp, Pa # Py. 
Let pe P, — Pa. Now 0 S pa S p, whence pa = por pa = 0. If pa = p, 
then p < a, contrary to” pe’ P,. Hence pa = 0, and” (p,a)1. Thus there 
exists p; S b with (p,,a)1,p: + a Sb. Inductive application of this argu- 
ment yields a finite or infinite sequence p; , po, --- S b with (a+ pit ---+ 
Pa,p)L. If bs =at+---+ pia, then db; S dizi; but Bb; = bis; implies 
Pi Sat pt --- + pi, and this is impossible. Hence bj < bi: , and our 


sequence (p;) must be finite and of the form (p.,---, px). Then if ¢ = 
Pi + --- + pe, we have a + c = b; since (a + pi + +--+ + pia, pi), it 
follows that (a, p,,--- , px) L, whence (a, c)1. The statement that k < N 


follows from Lemma 1.1, since k = d(c) S d(1) = N. 

Remark. Theorem 1.1 states that every a which < b has a modular 
complement in b. It should be observed that this proposition is equivalent to 
the statement that L is atomistic, if the chain conditions are assumed. 


THEOREM 1.2. Suppose aeL, a # 0, d(a) = k. Then there exists a basis 
(pi, +++, Pe) Of a, and every basis of a consists of k points. 


Proof. Applying Theorem 1.1 to 0 S a, we obtain c = p; + --- + pm such 
that 0 + c = a. Hence the points p; are a basis of a. The second part and 
the fact that m = k follow from Lemma 1.1. 

Remark. The results of Theorem 1.2 will be used freely without reference 
in what follows. They state the property which is usually used in geometry 
to define dimensionality. 


THEeorREM 1.3. If SC P,S # 0, then there exist k = 1,--- ,N and p,, --: 
pr € S such that > S = pr t+ --- + mm, (pL. 


Proof. Since >> pi S >; S for pi ¢ S, it suffices to prove that )> p; < > S 
cannot occur for every choice of p; , --- , px With p; e S, (pi). Let us suppose 


’ 


the contrary. Then for every such system (p;, --- , px) there exists py: € 8 
with p, + --- + pisr < DS, (pi, --+ , Pegi) 1; for otherwise p ¢ S implies 
pspt---+m,ie, > S = m+--- + px, contrary to the hypothesis. 
Since S ~ 9, inductive definition yields an infinite sequence (p, ; u = 1,2, --- ) 
such that (p,,---,p.)l forn = 1, 2,---. Thenif a, = pi +--- + p,, 


the sequence (a,) has the property a, < a,4:, contrary to the ascending chain 
condition. Obviously k < N. This completes the proof. 


2. Extension to L of the topology of P. 
11 The prime is used as a symbol for negation; thus p e’ P, means p is not an element 


of P.. 
2M. T. L., p. 491. 








e) A 
Pi) L 


ppose 
‘rh 
= 2 
there 
argu- 


+ Du, 
chain 


lement 





A TOPOLOGY FOR SEMI-MODULAR LATTICES 277 


Lemma 2.1. Let (a°; » = 1, 2,---), a® # 0, and peP be given. If 
lim 6(p, a”) = 0, then there exists (p";u = 1,2, --- ), p* S a’, such that lim p* = p. 


Proof. Clearly there exists a sequence (p*) with p* < a” such that 


0 < 4(p, p*) — 5(p, a") < i 
hence 
0 S lim 4(p, p*) — lim 4(p, a’) S 0, 
and it follows that lim 6(p, p*) = 0. 
Lemma 2.2. If (pi, --- » Px) L, lim pi = pfori=1,---,k,pSmte-s + 
ps then lim &(p, pt + --- + ph) = 0. 


Proof. Let « > 0 be given. Then by III there exists 7 > 0 such that 
| 5(p, Pi + +++ + Pe) — 8p, Ht +++ +H)| <e 
when 4(q:, pi) < ». Since lim pf = p;, there exists m = 1, 2, --- such that 
i(pt , pi) < n for wp > m. nea foru >m 
| 5(p, Pi + +++ + pe) — O(p, Pi + ++» + Mk) | <e 


Since 6(p, pi + --- + px) = 0 by virtue of the hypothesis p S }- p; and the 
corollary to Axiom IV, the proof is complete. 


Lema 2.3. Suppose p,qeP,aeL,a #0. Then 
| 6(q, a) — 6(p, a) | S 4(p, q). 
Proof. ForreP,r S a, we have 
5(q, 7) = 4(p, r) + 4(p, q), 
whence 
g.l.b. [6(g, r); 7 S a] S glb. [6(p, vr); r S a] + 4(p, 9), 


and 4(qg, a) S 5(p, a) + (p,q). Therefore 5(g, a) — o(p, a) S 5(p, q). By 
symmetry 6(p, a) — 5(q, a) S 5(p,q). Thus the proof is complete. 


Lemna 2.4. The function 6(p, pr + --- + pe) is continuous in p, Pr, +++ , De 
at every place where (p; , «++ , Pe) L. 


Proof. Suppose « > 0. Then by Axiom III there exists », > 0 such that 
| 8(p, pi + +++ + pe) — 8(p, i + +++ + Ge) | < de 


when 6(q:, pi) < m. Let 9 be the smaller of }¢ and m. Then for 4(q, p), 
5(q: , pi) < » we have, using Lemma 2.3, 


| 8(p, >> ps) — 8(g, Do a) | 
| d(p, © ps) — 8p, Had | + | 8p, Ha) — 8g, Dad | 
be + 5(p, gq) < de + Fe = €. 


IA IIA 
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Remark. Lemma 2.4 is a slight extension of the continuity assumed in 
Axiom ITI. 

DeFiniTIon 2.1. For a sequence (a°; » = 1, 2,---) we define L(a*) = 
L(a*; » = 1, 2, --- ) as the set of all pe P such that there exist n = 1, 2, --. 
and a sequence (p"; 4» = n+ 1, n + 2,---) with p* < a” (uw > n) and 
lim p* = p. 


son 
Corotiary. If a’ e L for u = 1, 2,--- , then for every n = 1, 2, -- 
L(a*;n=1,2,---)=L(*s;p=n+1,n4+2,--- ). 

The proof is obvious. 

TuHroreM 2.1. Jf a eL for uw = 1, 2,---, then there exists a unique aeL 
such that L(a") = P, ; anda = >> L(a"). 

Proof. The uniqueness of a is obvious from the atomistic property of L, 
since P, = P,impliesa = b. Hence it remains to show only that L(a*) = P, for 
a=) L(a’). Suppose pe L(a*). Thenp Sa,ie.,peP.. Thus L(a*) C Py. 
Suppose now that pe P,,i.e.,p <a. Then L(a*) ¥ 9, since otherwise a = 0, 
and this is impossible. By Theorem 1.3 there exist k = 1, 2,--- and 
Pi, +++, Pe €L(a*) such that > p; = a, (pi). Hence there exist n = 1, 2, --- 
and sequences pi S a” (u > n) such that p; = lim pj fori = 1,---,k. Since 

umn 
ps : pi, we may apply Lemma 2.2 and conclude that 
lim 6(p, > [pi 37 =1,---,k]) =0. 
u>n 


Now by Lemma 2.1 there exists a sequence (p"; 4 > n) such that p* < )> pf s 


a’, lim p* = p. Thus peL(a’*), and P, C L(a*). This completes the proof. 

Corotiary. If a,a* eL (u = 1,2, --- ), thena = >> L(a’) if and only if the 
statements (a) p S a and (b) p is of the form lim p* with p* S a” (u > n) are 

u>n 
equivalent. 
The proof is obvious. 
Dertnirion 2.2. If ae L (u = 1, 2,--- ), then (a*) is convergent in case 
lim d(a“) = d(>> L(a’)). 
When (a”) is convergent, we write lim a’ for bo Lia’). (The statement a = 
lim a“ always means that (a“) is convergent and that a = }> L(a*).) 

Remark. It may be verified that if a” « P the statement a = lim a* is equiva- 
lent to a « P and lim 4(a, a“) = 0, whence for P the notion of limit in Definition 
2.2 coincides with that already defined in P by means of 6. The details are 
omitted. 

Lemma 2.5. Suppose p, p*, pi, pee P (i = 1,--- kj nu = 1,2,---). Uf 
yp’ s > [pi; i = 1,---,k], lim pt = py, (pr, --- , pe), lim p* = p, then 


ps Dlpi;i = 1,---, kl. 
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Proof. Clearly 6(p*, D> vr) = 0, since p* S > wm. But lim pf = p., 


lim p* = p, whence it follows from Lemma 2.4 that 6(p, >> p,)) = 0. Hence 
ps = p: by the corollary to Axiom IV. 


THEOREM 2.2. Jf lim pf = pi; fori = 1,---,k, and if (pi,---, pL is 
false for u = 1, 2,--- , then (pi, --+ , pe) 1 ts false. 


Proof. We establish first an auxiliary proposition: There exist a subse- 


quence (u,;v = 1, 2,--- ) of the integers, an integer | < k and distinct integers 
ky, -++ ,kre[l,--- ,k] such that 
(pr sj =i, ees kDL (v = 1,2,---), 
and such that for eachm # ki, ---,ki, 
De S Lo lpirsj = hi, +++, kl (v = 1,2,---). 
Suppose the statement to be false. Then there exists y = 1, 2, --- such that 


for » > v and for ki, --- ,kie[l,---,k] (l < k) with (ph, ,--- , pt, 1 it is 
true that there exists m = 1, --- ,k with m # ki, --- , ki, such that 
(Dm » Pky > *** » Pe,)L- 
Let » > v be fixed. Since (p{)1, we may apply this result tol = 1, k; = 1, 
and obtain m, = 1, --- ,k, m, ¥ 1, such that (p,, , pi)... Another application 
yields m. = 1,---,k, me # 1, m,, such that (ph, , Dn,, Pi)L. Successive 
applications vield (pf , --- , pt), contrary to the hypothesis. Thus our propo- 
sition is established. Since 1 + k, there exists m = 1,---,k with m # k,, 
,k,. Then 
De SL (wij = hy, +++ ky) (v = 1,2,---). 
Let us suppose the conclusion of the theorem to be false, that is, (pi , --- , pe) L; 
then (pe, , +++, Pe,)L. Since lim pf” = p; for i = 1,---,k, we have, by 
Lemma 2.5, 
Pm S Pr, +--+ + Dy, 

contrary to (pi, ---, px). This completes the proof. 

Corotiary. If lim pf = p; fori = 1, --- ,k, and if (pi, +--+, pe) L, then 
there exists m = 1, 2, --- such that (pi, --- , pk) L for» > m. 

Proof. This is immediate from Theorem 2.2. 

THEOREM 2.3. Leta,a*eL forp = 1,2,---. Suppose that d(a*) = d(a) = 
k= 1 forp = 1,2, --- , and that (Mm, --- , px) tsabasisofa. Then 
(1) lim a” = a 
is equivalent to 
(2) for each i = 1,---,k and wu = 1, 2,--- there exists pi < a” such that 

lim pf = pi fori = 1,---,k. 
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Proof. It is obvious that (1) implies (2). Suppose that (2) holds. Then 
by the corollary to Theorem 2.2, there exists m = 1, 2,--- such that 
(pi,---,pe)L for» > m. Hence pt + --- + pe = a” (u > m). Suppose 
p = lim p’, p* S a* (u>n). Then p* S pt +--- + pt (u > m, n), and by 
Lemma 2.5 p S pi+--- + pe = a. Hence L(a*) C P,. Now suppose 
psa. Sincep S pp + --- + mm, (pi) 1, we have 


lim 8(p, pi +--+ + ph) = 0 


by Lemma 2.2. Thus by Lemma 2.1 there exists (p*; 4 = 1, 2,---) with 
p’ = a’ such that lim p* = p. Hence L(a*) D> P,. Therefore L(a’) = P,. 
But lim d(a*) = d(a) by the hypothesis, whence (a”) is convergent, and lim a” = a 
by Definition 2.2. 

Remark. We have established in Theorem 2.3 a simple criterion for the con- 
vergence of an equi-dimensional] sequence (a”); in geometrical terms this criterion 
states that (a”) converges to a when k sequences of basic points of a” converge 
to appropriate basic points of a. 

It is now shown that L is a convergence-space. 


THEOREM 2.4. 
(a) Let (a") be convergent; then if (a””) is a subsequence, (a””) converges, and 


lim a”” = lima’. 
’ 


(b) The sequence a* = a is convergent, and lim a” = a. 


Proof of (a). Letlima” =a. Since (a”) converges, there exists m = 1, 2, --- 
such that d(a”) = d(a) = k (u > m). Ifa = 0, the desired result is evident. 
Suppose a ¥ 0, and let (p:, ---, px) bea basis of a. By Theorem 2.3 there exist 
sequences (pi ; 4 > m) such that pj S a” and lim pj = p; fori = 1, --- ,k. 

_ 


Then lim pi’ = pi (u, > m), and by Theorem 2.3 lim a”” = a (u, > m). Hence 


lim a*” = a by the corollary to Definition 2.1. 


Proof of (b). Let p* S a, lim p* = p. Then p &S a, since P, is closed by 
Axiom IV. If p S a, define p* = p, whence p* S a”, and lim p* = p. Hence 
by the corollary to Theorem 2.1 a = lim a’. 

TuHeoreM 2.5. If p*e P, a’ eL for uw = 1, 2,---, and if lim a’ = a, lim 
p’ = p, then lim 6(p", a”) = 4(p, a). 

Proof. This is an immediate consequence of Lemma 2.4 in view of the 
corollary to Theorem 2.2. 


3. Closed and open sets; neighborhoods. A complete system of neighbor- 
hoods for L will be defined and studied. It is proved in Theorem 3.1 that L 
is a Hausdorff space. 

By a closed set in L is meant a set that contains with every convergent sequence 
its limit. An open set is the complement in L of a closed set. The closure § 
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of S C Lis the smallest closed subset of L containing S; its existence and unique- 
ness are easily proved. It is obvious that the intersection of any class of closed 
sets is closed, that the sum of any class of open sets is therefore open, that the 
sum of two closed sets is closed, and that the intersection of two open sets is 
therefore open. Indeed, it is clear that L is a topological space in the sense of 
Alexandroff and Hopf,” in the light of Theorem 2.4. 


DEFINITION 3.1. Suppose a ~ 0, and let (p, --- , p.) be a basis of a. For 
each (real) « > 0, we define 


U(a; €; 1, +++ , Pe) = [b; d(b) = k, 6(p,, b) < e€ (¢ = 1, --- , AD]. 


For a fixed a the sets U(a; €; pi, --- , px) are called neighborhoods of a and are 
denoted generically by U(a). The only neighborhood U(Q) of 0 is [0]. 


Lemma 3.1. Leta, a eL forw = 1,2,---. Ifa # 0, the following state- 
ments are equivalent: 

(a) (a”) is convergent, and lim a* = a; 

(b) for each U(a) there exists m = 1, 2, --- such that a’ « U(a) for p > m; 

(c) there exists a basis (p, , --+ , px) of a such that for every « > 0 there exists 
m = 1, 2, --+ for which a” e U(a; €; i, --- , Px) when p > m. 

If a = 0, then (a) and (b) are equivalent. 


Proof. (a) — (b). For, let U(a) = U(a; €; pi, --- , pe) be given. Since 


lim a” = a, there exist n = 1, 2, --- and sequences pf S a”, w > n, such that 
lim pf = pi fori = 1,---,k. Hence there exists m, = 1, 2,--- such that 
un 

i(p;, De) < efor» > m,nandi = 1,---,k. Moreover, since (a’) is con- 


vergent, there exists mz, = 1, 2, --- such that d(a") = kforp > m,n. Define 
m = max (m,, m2, n), and suppose » > m. Then d(a*) = k, and 4(p;, a") S 
i(pi, pe) < €, whence a” e U(a). 

Clearly (b) — (c). To prove that (c) — (a), let « > 0. Then there exists 
m = 1, 2,--- such that d(a“) = k = d(a) 2 1 and 4(p;, a”) < efor pu > m. 
Thus lim 6(p;, a”) = 0 for i = 1,---,k, whence by Lemma 2.1 there exist 

sm 


sequences pi < a“, » > m, such that lim pf = p; fori = 1,---,k. Hence 
sm 


lim a“ = a by Theorem 2.3 and the corollary to Definition 2.1. 
The equivalence of (a) and (b) when a = 0 is obvious. 


Lemma 3.2. Suppose SC L,aeL. If a # 0, then the following statements 
are equivalent: 


(a) there exists a sequence a” eS (u = 1, 2,--- ) such that (a") converges and 
lim a* = a; 

(b) for every U(a) there exists b « S such that b « U(a); 

(c) there exists a basis (p, , --+ , px) of a such that for every « > 0 there exists 
be S with b «e U(a; €; pi, «++ , De)- 


If a = 0, then (a) and (b) are equivalent. 


18 Alexandroff and Hopf, loc. cit. 
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Proof. (a) — (b). This is obvious by Lemma 3.1 ((a) — (b)). Evidently 
(b) — (c). To prove that (c) — (a), let (pi, ---, px) be a basis of a, and let p = 
1,2,--- be given. Then there exists a* e S such that a* eU (a; '; pi, ---, pe). 
Hence d(a“) = k = d(a) = 1,4(p;, a") <u. By Lemma 2.1 there exist pi S a” 


(a = 1,2,--- ;2 = 1,---,k), such that lim pf = p;. Thus by Theorem 2.3, 
lim a“ = a. If a = 0, (a) and (b) are obviously equivalent. 

Lemma 3.3. Let GCL be open, suppose aeG, a # 0, and let (p,, --+ , De) 
be a basis of a. Then there exists ¢ > 0 with U(a; €; pir, --- , pe) CG. 

Proof. Since ae’ L — G, and since L — G is closed, it is false by Lemma 3.2 
that for each e > 0 there exists be L — Gwithbel(a;¢; pi, ---, px). Hence 
there exists « > 0 such that every bin L — Gis not in l(a; €;pi, --- , pe). Thus 
U'(a;€;pir,-+-,pe)-(L — G) = 0, whence U'(a; €; m1, --- , pe) CG. 

Corot tary. Every open set G C L contains with each of its elements a a neigh- 
borhood UU’ (a). 


The proof is obvious. 
Lemma 3.4. If aeL, then each neighborhood l(a) ts open. 


Proof. If a = 0, then l(a) = [0], whence it is easily seen that L — U (a) is 
closed; thus l(a) is open. Suppose thata = 0. Let U(a) = U(a;€;pi,--- , pe) 
be given; that is, suppose « > O and let (p, , --- , px) be a basis of a. We shail 
prove that LZ — Ua) is closed. Suppose that b° «ZL — U(a), lim b* = 6b. It 
is to be shown that b e L — U(a). Suppose this to be false, i.e., b « U(a). Then 
d(b) = d(a) = k 2 1, and i(p;, b) < efori = 1,---,k. Let & be so chosen 
that 6(p;, b) < «| < «, and define @ = « — « > 0. By Theorem 2.5 and 
Definition 2.2 there exists m = 1, 2, --- such that for un > m, d(b*) = d(b) = 
k = 1, and 


é(p; , 6°) — (pi, 6) <e, 
whence 
5(p;, b*) | S | (p,, b*) — (pi, b)| +  b(pi,b), Ce ta=e 

Thus b* ¢€ l(a) for » > m, contrary to b* e L — U(a). This contradiction shows 
that be L — Ua), and the proof is complete. 

Lemma 3.5. If bel (a), then there exists ('(b) such that U(b) C U(a). 

Proof. This is obvious by the corollary to Lemma 3.3 since l(a) is open by 
Lemma 3.4. 

Lemma 3.6. Supposea,beL,a #b. Then there exist U(a), U(b) such that 
U(a)-U(b) = 8. 

Proof. If a = 0 or b = 0, the conclusion is trivial. Suppose a, b # 0, and 
assume the conclusion to be false. Let (e; «4 = 1, 2,--- ) be a sequence of 
positive real numbers such that lim e* = 0, and let (p: , --- , px) and (qi, --- , gn) 
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be bases of a and b respectively. Then there exists a sequence (c*; = 1,2, --- ) 
such that 

ce Ula; ey pi, ++, pe) U(bs Os m. +--+, an (u = 1,2,---). 
Thus d(a) = d(c*) = d(b) 2 1, and d(p;, c*), 6(q;, c*) < & forw = 1,2,---. 
Therefore 


lim 6(p; , ce”) = lim 6(g; , c*) = 0, 


» 


and a = lim c* = b by Lemma 2.1, Theorem 2.3. This contradiction completes 
the proof. 


THEOREM 3.1. The lattice L is a Hausdorff space." 


Proof. The neighborhood axioms as applied to the sets ('(a), ae L, follow 
immediately from Lemmas 3.4, 3.5, the corollary to Lemma 3.3. and Lemma 
3.6. The Hausdorff separation axiom is Lemma 3.6. 

DeFINiITION 3.2. For each k = 0, --- . N define L, = fa; d(a) = ki. 


THEOREM 3.2. Every set L;, is closed and open. 


Proof. From Definition 2.2 it is clear that each L, is closed. Since Ly = 


L- > [Li; 7 # k), Ly is also open. 


THEorEM 3.3. Let for each a # 0 a basis (pia); i = 1,---,k), k = da), 
be given. The sets U(a; €; pila), --- , pr(a)), ae L, € > O, together with U(0) = 
[0] form a topological basis’ of L. 


Proof. Let GC L be open. Since 
G=G-L = G.(Lo + --- + Ly) = G-Lo + --- + G-Ly, 


and since each G-L; is open, it suffices to prove that each G-L; is the sum of 
neighborhoods of the desired form. Suppose ¢ 2 | and aeG-L;; by Lemma 
3.3 there exists e(a) > O such that 


-L; (@=1,---,N). 


™. 


U(a) = l(a; e(a); pila), --- . prla)) C € 


Of course (°(0) = [0] C G-Lo if O€G. Thus 
G-L,;C > (Ula); aeG-Lj c G-L; (¢ = 0,--.,N), 


and the proof is complete. 


+. Continuity in L. A brief investigation is given here of the continuity of 
the operation a + b, the function d(a), and the relation “(a, b) 1 is false”’. 


THeoreM 4.1. If a’ eL (u = 1, 2,---), and a = 2 L(a*), then 


lim inf d(a*) 2 d(a). 
ae 
% Alexandroff and Hopf, op. cit., p. 67. 
18 4 topological basis is a family of open sets such that every open set is the sum of sets 
of the family. 
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Proof. If a = 0, the result is trivial. Suppose a ~ 0, and let (p,, --- , px), 
k = d(a), be a basis of a. Then by Theorem 2.1 there exist n = 1, 2, --- and 
sequences pi S a” (u > n;i = 1,---, k), such that lim pf = p;. Moreover, 


by the corollary to Theorem 2.2, there exists m = 1, 2, --- such that (pf, ---, 
pi.) L for» > m,n. Hence by Lemma 1.1 
d(a*) = d(Xo pt) = Ved(p) =k (u > m,n), 


whence the conclusion follows. 
THEoREM 4.2. If (af, --- , a@,)1 is false for wu = 1, 2,--- , and tf limat = 
rs 


a;, then (aq, +--+, Gn) L is false. 

Proof. Suppose that (a, , --- ,a,) 1, whence a; ¥ 0, and let (pi; ;j = 1,---, 
ki), ki = d(a;), be a basis of a;. Now there exist 1 = 1, 2, --- and sequences 
Pi, Sau >lj;j =1,--- ki ;i = 1,---,n), such that lim pj; = pi;. More- 
over, by the corollary to Theorem 2.2, since (pi;,j = 1,---,kijpt = 1,-+-, 
n) 1, there exists m = 1, 2, --- such that (pf; ;j = 1,--- Ai st=1,---,n)L 
and d(aj) = d(a;) for » > m,l. Hence af = , [(pii;7 = 1,---, ki], and 
(aj;i = 1,---,n)1 fory > m,l. This contradiction completes the proof. 

Corotuary. If (a, +--+, dn) L, and if lima{t = a; fori = 1,---, n, then 

7" 
there exists m = 1, 2, --- such that (af, --- , a&)1 forp > m. 

Proof. This is immediate from Theorem 4.2. 

Remark. The results just proved extend those contained in Theorem 2.2 and 
its corollary from P to L. 

TuHEeoreM 4.3. Let lim a* = a, and lim b* = b. Then 

lim (a* + b*) =a+b 
if and only if 
lim d(a” + b*) = d(a + b). 

Proof. The case a = 0 orb = 0 is trivial. Suppose a,b # 0. The forward 

implication is obvious. To prove the converse, let (pi, --- , px) and (qm, ---, 


q:) be bases of a and b respectively. Then there exist n = 1, 2, --- and sequences 
psa’, gG sb (u>n;i=1,---,k3 7 =1,---, D) such that lim pf = p,, 
i 


lim g = q;. Application of Theorems 1.3 and 2.3 yields the desired result. 


Coro.tuary. Jf lim a* = a, lim b* = b, and tf (a, b) 1, then 
lim (a* + b*) = a+b. 
Proof. By the corollary to Theorem 4.2 there exists m = 1, 2, --- such that 
(a*, b*) 1 for» > m. Hence by Lemma 1.1 


d(a" + b*) = d(a*) + d(b"), 








and 


that 





A TOPOLOGY FOR SEMI-MODULAR LATTICES 285 


and 


lim d(a* + 6°) = d(a) + d(b) = d(a + b). 


The conclusion follows from Theorem 4.3. 

We close with a brief survey of questions suggested by the theory which we 
have developed. Weakening of the axiom that P be a metric space might be 
considered. When P is metric, as in this paper, it may be possible to prove 
stronger properties for L than that it is a mere Hausdorff space; the most im- 
portant problem here is to find conditions under which L is a metric space, as 
is the case with projective and affine spaces. Implications for L of further 
topological assumptions on P, for example, connectedness, completeness, com- 
pactness, etc., remain to be investigated. Finally, it might be of interest to 
ascertain how much continuity is possessed by the relations (a, b)M, a || b, and 
the operation a-b, under our Axioms I-IV. 


Inurno1s InstITUTE OF TECHNOLOGY. 








THE ARITHMETICAL THEORY OF BIRKHOFF LATTICES 
By R. P. DitwortH 


1. Introduction and summary. In the development of lattice theory con- 
siderable work has been devoted to the study of the arithmetical properties of 
modular and distributive lattices. Indeed most of the decomposition theorems 
of abstract algebra have been extended to these more general domains. Never- 
theless, there are lattices with very simple arithmetical properties which come 
under neither of these classifications. For example, the lattices with unique 
irreducible decompositions, which were studied by the author in a previous 
paper [3]' satisfy the Birkhoff condition” which is even less restrictive than the 
modular axiom. Furthermore, there are important algebraic systems which 
give rise to non-modular, Birkhoff lattices. Thus, since every exchange lattice 
(Mac Lane [4]) is a Birkhoff lattice, the systems which satisfy Mac Lane’s 
exchange axiom form lattices of the type in question. In this paper we shall 
study the arithmetical structure of general Birkhoff lattices and in particular 
determine necessary and sufficient conditions that certain important arithmet- 
ical properties hold. 

In §§2-4 we characterize the irreducible decompositions in terms of the struc- 
ture of the lattice and apply the results to determine necessary and sufficient 
conditions that the number of irreducible components be unique for each element 
of the lattice. The main result is the following: 

Let S be a Birkhoff lattice in which every quotient lattice is Archimedean. Then 
the number of irreducible components is unique for each element a of S if and only 
if the sublattice generated by the elements covering a is a dense, modular sublattice 
of S. 

§5 contains some methods for constructing Birkhoff lattices in which given 
arithmetical conditions hold. In §6 we treat the problem of determining the 
conditions that a set of irreducible components of an element must satisfy in 
order that it may be extended into a reduced representation. This problemis 
given a particularly simple solution in the case of a Birkhoff lattice in which 
the number of components is unique. 


2. Notation and definitions. Throughout the paper S will denote a lattice 
of elements a, b, c, --- and unit element u in which every quotient lattice is 
Archimedean (Ore [5]). Union, cross-cut, and lattice division will be denoted 
by (, ),[, ], and > respectively. a is said to cover b (in symbols a > b) 
ifa Db,a # banda Dz Db implies a = x or x = b. Elements covered by 


Received October 9, 1940. The author is a Sterling Research Fellow at Yale University. 
1 Numbers in brackets refer to the references at the end of the paper. 
2? See Definition 2.1. 
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the unit element u are said to be simple. If S has a null element z, the elements 
which cover z will be called points. © is said to be atomic if every element is a 
cross-cut of simple elements. Similarly, if every element is a union of points, 
S is said to be a point lattice. 

An element z is said to be cross-cut irreducible (or simply irreducible) if x = 
[z; , 22] implies x = 2, or x = 2. 2 is said to be union irreducible if x = (x, 
z2) implies z = 2,0rz = x2. Aset of elements 2; , --- , 2, is said to be cross-cut 
independent if x; D [t1, --- , Tir, Tign, +++, tn] (© = 1,---, nm). Similarly, 
t1, +++, Xn are union independent if (a1, --+ , Zia, Tint, +++, Ma) DA = 
oe n). 

Since the ascending chain condition holds in S, each element a of S may be 
expressed as a cross-cut of irreducibles a = [q:,---, qe]. If q,--+, qm are 
cross-cut independent, the representation is said to be reduced. Clearly any 
representation can be reduced by dropping out suitable members. If an ir- 
reducible g occurs in a reduced decomposition of a, g is called a component of a. 

Let %, --- , %, be sublattices of S with common null element a. The sub- 
lattice generated by %, --- , %, is the direct sum of %,--- , % (WA = M+ 
W% + --- + YW.) if ce A implies z = (m1,---, 2,), where z,€%;, (zr, y) = 
(a1, %1) +++ (ne, Yn)), (2, y] = ([21, yal, «+> , fen, yal) and x > y if and only 
ifr; Dy: (i = 1,---,n). If % is the quotient lattice p/a where p > a, we 
write A = % + A = %, + pand say that %, + p is the direct sum of % and 
the point p. 

DEFINITION 2.1. A lattice S is said to be a Birkhoff* lattice of type I (or 
simply Birkhoff lattice) if a > [a, b] implies (a,b) > b. Sis said to be a Birkhoff 
lattice of type II if (a, b) > b implies a > fa, 5). 

If S is a Birkhoff lattice of type I, a rank function pa may be defined over S 
with the properties (i) pu = 0, (ii) pa = pb + Lif b > a, (iii) p(a, b) + pla, b] 2 
pa + pb. If S is a Birkhoff lattice of type II, then in place of (iii) p satisfies 
(iii)’ p(a, b) + pla, b] S pa + pb. 

The following lemma proved by G. Birkhoff in [1] relates the Birkhoff condi- 
tions to modularity. 


Lemma 2.1. © is modular if and only if it is a Birkhoff lattice of type 1 and 
type II. 


3. Structure characterization of reduced decompositions. We begin by prov- 
ing-a basic lemma from which most of the properties of Birkhoff lattices may be 
derived. 

FUNDAMENTAL Lemma. Let & be a Birkhoff lattice. Let % be a complete‘ 
modular sublattice of S with unit element v and null element a. Then if p > a 
and v > p, the sublattice generated by A and p is the direct sum X+ p. A+ pis 
also complete in S. 


3G. Birkhoff (Lattice Theory, Amer. Math. Soc. Colloquium Publications, vol. 25, New 
York, 1940) uses the terms upper and lower semi-modular lattices for Birkhoff lattices of 
types Iand II. The original terminology of Klein has been used here. 

‘A sublattice & of S is said to be complete in S if a > b in A implies a > b in S. 
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Proof. Let a; and az be elements of Y%. If (ai, p) = (a2, p), then (a, , p) D 
(a1, @2) Da,. Since (a, p) > a, either (a,, p) = (a1, a2) ora; Dae. But 
if (a,, p) = (a, a), then v > p, and this is contrary to assumption. Hence 
a > a and similarly ag > a, , a; = a2. Thus (a), 21) = (a2, 2), 1, me A, 
21, X2 € p/a implies a; = a2, 2%, = Xe. 

Clearly ((a ’ 11), (a2 , 72) ” (a, az), (1 ’ T2)). 

Now pl(ai, p), (a2, p)] 2 (ar, p) + p(ae, p) — p(ai, a2, Pp) = pai + paz — 
2 — p(ai, a) + 1 = plai, a2] — 1 = p([a, a2], p) since Wis modular. Hence p{(a,, 
P), (a2 , p)| Ps p([ar ’ ay), p). Since [(a1 , P); (a2 , p)) =) ([a: , ay}, P); it follows 
that [(a ’ P); (de ’ p)| = ({a: ’ ay), p). Also ({a1 ? ay], Pp) > [(a1 , P); a.) =) [a, ’ ay] 
and a2 > p imply [(a: , p), a2] = [a:, a2]. Hence [(a:, 21), (a2, %2)] = ([ar, aa], 
[x , 22]), and the lemma is proved. 

By repeated application of the Fundamental Lemma we have the following 
lemmas: 


Lemma 3.1. Let S be a Birkhoff lattice and let a,,---,a, > a. Then each 
union independent set of the a; is contained in a maximal union independent set. 

Lemma 3.2. Let S be a Birkhoff lattice and let a,,--- ,a@, > a. Then every 
union independent set of the a; generates a Boolean algebra. 

Lemma 3.3. Let S be a Birkhoff lattice and let a,,---,@, > a. Then any 


two maximal independent sets of the a; have the same number of elements and any 
element of one set may be replaced by a suitably chosen element of the other. 


For if a,, --- , a, and a;, +--+ , a; are the two maximal independent sets of 
the a; , we may replace a; by an a; such that (a; , --- , @i-1, @i41, «++ , Qn) > a; . 

Lemma 3.4. Let S be a Birkhoff lattice and leta > 8, , --+ , 8 where 8, «++ , & 
are cross-cut independent and p[s,---, s] — p(a) = k. Then ,---, & 
generate a Boolean algebra of length k. 

For if px = [81, --+ , 8i-1, Sin1, «++ , Se], then p; > [1 , --- , &] and pr, ---, 
pe are independent. Thus s; = (pi, ---, Pi-1, Pitt, +++, Pe) and hence the 
sublattice generated by s,, --- , s, is simply the Boolean algebra generated by 
Pry **+ 5 De. 


If a is an element of S, let wu, denote the union of the elements which cover a. 
We associate with each element a the quotient lattice S, of all elements z such 
that u. > zt Da. 

DeFINITION 3.1. An element c ¥ u, of S, is said to be characteristic if there 
exists an irreducible g such that g > ¢ and q divides exactly the same points of 
Sa as c. 

Each irreducible component of a divides at least one characteristic element c. 
For the union of the points of ©, divisible by q clearly has the properties of 
Definition 3.1. 

We show now that each reduced decomposition of a into irreducibles gives at 
least one representation of a as a reduced cross-cut of characteristic elements of 
©, and conversely. 
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THEOREM 3.1. An element a of S, has a reduced decomposition a = [qi, --- , 
qe] where qi, -+- , qe are trreducible, if and only if a has a reduced representation 
a = [c1:,--+, Cel, where cy, --- , Ce are characteristic elements of S, such that 
qi poe Ci. 


Proof. Let a = [q,--+, q] be an irreducible decomposition of a and let 
(:, +++, Ce be a set of associated characteristic elements. Then a = [m,---, 
qu] PD [a,---, ce] Da. Hence a = [c,,--- , J]. Now since q,---, ge are 
cross-cut independent, [qi , --- , Gi-, Gist, -** » Qe] O pi, Where p; > a. But 
then [e:, +--+ , Cia, Ci41, +++ , Cx] D ps by Definition 3.1. Hence ¢; > [c, --- , 
Ci-1, Ci41, -** , Ce] and the representation a = [c,, --- , cx] is reduced. 

Conversely, let a = [c, , --- , cx] be a reduced representation of a in terms of 
characteristic elements and qi, --- , gq: be a set of associated irreducibles. If 
Im, +--+, q] # a, then [m,---, gq] 2p >a. Since g; > p implies c; > p, 
we have a = [c1, --- , c%] D p > a, and this is impossible. Hencea = [q, ---, 
qi]. If gi I In, set) Gir, Qitt, ++: » 4d; then a = Im, sey Gi-1, Git, ***, 
Ge) > [er , «++ , Cin, Cex, -++, Ce] Da. This contradicts the assumption that 
(,, +++, Ce are cross-cut independent. 

It will be noted that Theorem 3.1 is independent of the Birkhoff condition. 

In view of Theorem 3.1 the structure characterization of the irreducible 
decompositions will be accomplished if we determine the characteristic elements 
of S, in terms of the lattice structure. We need the following lemma: 


Lemma 3.5. ©, is a complemented, atomic lattice. 


Proof. Let b eS, and let p: , --- , p, be a maximal union independent set of 
elements covering a and divisible by b. Imbed p,, --- , px in a maximal union 
independent set of points p,, --- , Pa (Lemma 3.1). Let b’ = (pry, +++ , Dn). 
Then clearly (b, b’) = ue. Suppose that [b, b’] = a. Then [b, b’'] D> p > a. 
But since b > p, we have (pi, --- , Px) D> panda = [(pi, +--+ , Pk), (Petr, -**, 
Pn)] > p (Lemma 3.2), and this is impossible. Hence [b, b’] = a and thus S, 
is complemented. Let now b be an irreducible element of S,. Then (}, 
Presi), «++ , (0, Pn) > b and hence (b, piy1) = --- = (0, p.). But then u, = 
(b’, b) > b, and thus the only irreducible elements of S, are the simple elements. 

If b ¢ S, , an arbitrary complement of b in S, will be denoted by b’. 


THEOREM 3.2. Let S be a Birkhoff lattice. Then an element c ¢ S, is charac- 
teristic if and only if there exists a divisor x of c such that (c’, x) > x and [c’, z] = 
a far every c’. 

Proof. Let us first assume that such an element z exists. Then (u., z) = 
((c, c’), x) = (e’, x). Let q be an irreducible such that g > z, g D (us, 2). 
Since gq > x Dc, gq divides every point of S, which c divides. Now let g > p. 
Then x > p since if x > p we would have (c’, z) > (z, p) > x and (2, p) ¥ z. 
Hence (c’, x) = (x, p) and g > (z, p) = (c’, z), and this contradicts the defini- 
tion of g. Now if c > p, thenc’ D> pforsomec’. But then a = [c’, z] > p, 
and this is impossible. Hence g > p implies c > p and c is thus characteristic. 
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On the other hand, let ¢ be characteristic and let g be an irreducible associated 
with c. Then (q, c’) > qfor every c’. For there is a point p such that c’ D p, 
e = psince otherwise we would have c’ = a andc = u,. But then (q, c’) = 
(q, ¢, c’) = (q, Ua) = (Gg, p) > Gg. Now if [c’, g] ¥ a, then [c’, g] > p > a, and 
hence c’ D p,q > p. But then c > p and hence a = [e, c’] > p; this is im- 
possible. Thus [c’, q] = a for every c’. 

Coro.uary 3.2. Each simple element of S, is characteristic. 

For we may take zx to be the element c itself. 


Coro.uary 3.3. If k is the maximal number of union independent elements 
covering a, then a has a reduced decomposition into irreducibles with k components. 


For by Theorem 3.1 and Corollary 3.2 a has a reduced representation as a 
cross-cut of k characteristic elements of S, . 

If S is modular, then © is a Birkhoff lattice of type II by Lemma 2.1 and 
hence by Theorem 3.2 we must have c’ > a. But then u, > c, and every 
characteristic element of S, is simple in S,. Hence by the dual of Lemma 3.3 
the number of components in any two irreducible decompositions is the same 
and each component of one decomposition may be replaced by a suitably chosen 
component of the other. Thus for modular lattices in which every quotient 
lattice is Archimedean we see that the Kurosch-Ore decomposition theorem rests 
on a familiar exchange property of independent bases. 


4. Unicity of the number of components. In order to investigate the struc- 
ture of Birkhoff lattices in which the number of components is unique we prove 
first a lemma which sharpens Corollary 3.3. 


Lemma 4.1. Let S be a Birkhoff lattice. Then a reduced representation a = 
[q:, «+: , Qe] has the maximal number of components if and only if the characteristic 
elements belonging to the q; are the simple elements of the Boolean algebra generated 
by a maximal union independent set of points of S, . 


Proof. Clearly each such set of characteristic elements gives a reduced repre- 
sentation of a by Lemma 3.2 and Theorem 3.1. Now if a = [qm ,---, gq] isa 
reduced representation of a, let ¢; = [q., +--+, Gi-1, Gist, «++ » Gale ~=Then since 
q; ¥ a, we must have q; D p; where pj > a. pi, «++ , peare union independent 
since if (pi, «++, Di-1, Dist, -*+ , Pe) > Pi, then g; D (qi, -++, Gi-a, Gist, °°" 
%) > pi. Hence a = [qi, qi] > p;, and this contradicts p; > a. Let bj = 
(Pi, +++, Pi-r, Ditr,+-:, Pe). Theng; Db;. Since pm, --- , pe are union 
independent, k < n where n is the maximal number of union independent 
points of S,. But if the representation a = [q,---, gq] has the maximal 
number of components, k = n and p, --- , px are a Maximal union independent 
set of points of S, and hence generate a Boolean algebra with simple elements 
bi, +--+, be. b1,--+-, b are clearly simple in S,. Now let c,, --- , c, be char- 
acteristic elements associated with q:,---,q.. Then since g; > b; we have 
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Ua > ¢; D b; by Definition 3.1. But u. > b: and u.#c;. Hence c; = b; and 
the lemma is proved. 


Coro.uary 4.1. The maximal number of components in the reduced representa- 
tions of a as a cross-cut of irreducibles is equal to the length of S.. 


THEOREM 4.1. Let S be a Birkhoff lattice. Then the number of components 
in the reduced representations of a as a cross-cut of irreducibles is unique if and 
only if S, is modular and the characteristic elements are simple. 


Proof. If S, is modular and the only characteristic elements of S, are the 
simple elements, then since S, is a Birkhoff lattice of type II the number of 
elements in the representations of a as a cross-cut of characteristic elements is 
unique by the dual of Lemma 3.3. Hence the number of components in the 
irreducible decomposition of a is unique by Theorem 3.1. 

On the other hand, if the number of components in the irreducible decomposi- 
tions of a is unique, then each cross-cut independent set of simple elements of 
S, generates a Boolean algebra whose length is equal to the number of elements 


in the set. For if u. > s,---, 8 and s,,---, 8s do not generate a Boolean 
algebra, then p[s: , --- , 8] — pula = 1 > k by Lemma3.4. But then by adding 
n — l simple elements 8:41, --- , 8 We have a = [8,--+, 8, Si41, +++, Snl, 
where n is the length of S,. This, however, contradicts Lemma 4.1. Now let 
be GS, Then b = [s,,--- , s] (Lemma 3.5), where s,,---, s, generate a 
Boolean algebra. If s p> b, then s, s; , --- , s; must generate a Boolean algebra 


of length k + 1 and hence b > [s, b]. Let (a, y) > ywherez,yeS,. Then by 
Lemma 3.5 there is a simple element s of S, such that s 2p (z, y),s Dy. Hence 
y = [(z, y), 8]. Since s  z we have z > [z, s] = [z, (z, y), 8] = [z, y]. Thus 
S, is a Birkhoff lattice of type II and hence is modular by Lemma 2.1. The 
characteristic elements of S, are simple by Lemma 4.1. 

To complete the proof of the theorem mentioned in the introduction we must 
prove first a lemma on modular sublattices of a lattice. Let Y% and 8 be quotient 
lattices of S with unit elements a; , b; and null elements a2, be respectively. 
Then if a; « B and by € A we say that B is an extension of Y. 


Lemma 4.2. Let %,---, YW be quotient lattices of S such that Aix, is an 
extension of A;. Then the set sum S, of the lattice A, , --- , A, ts a sublattice of 
S and is modular if and only if %, , --- , A, are modular. 


Proof. The unit and null elements of Y%; will be denoted by a; and 6; re- 
spectively. Let a and 6b be elements in the set sum ©. Then a %; and 6 ¢ YW; 
where we may assume i S j. Then (a, b) = (a, b, b;) sinceb Db;. But then 
a; > (a, b, b;) Db; and hence (a, b) « A;. Similarly [a,b] e A%;. Hence S,isa 
sublattice of S. 

Now let %, ---, % be modular and suppose that it has been shown that 
S._1 is modular. We prove then that S, is modular and the lemma follows by 
induction. Let a, b, c be any three elements of ©, such that a Db. We have 
four non-trivial cases to consider. 
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(1) a,ceM,be Ges. Then (0, [a, c]) = (b, bk, [a, c]) = ((b, be), [a, c]) = 
[a, (b, b. , c)] = [a, (b, c)] since %, is modular. 

(2) a, be We , CE Sr . Then [a, (b, c)] = [a, (b, by ’ c)] = [a, (b, (by ’ c))] = 
(b, la, (by ’ c)]}) a (b, [[a, ay], (by ’ c)]}) = (b, be [a, ak-1 ; c}) = (6, [a, c}) since 
% and S,_; are modular. 

(3) ae AM, b, ceSe1. Then (0, [a, c]) = (6, fa, [axi, cll) = [a, a4, 
(b, c)] = [a, (6, c)] since S,_1 is modular. 

(4) ce Me , a, be WM. Then (6, [a, c}) = (6, [a, [acu , c]]) - [a, (6, [a , 
c})] - [a, (6, by ’ [ax ’ c})] - [a, ar ; (6, bea ’ c)] _ [a, (6, c)] since %{, and Sir 
are modular. 

Hence in any case [a, (b, c)] = (0, [a, c]) and S; is thus modular. 


TueroreM 4.2. Let S be a Birkhoff lattice. Then if S, contains a characteristic 
element which is not simple, there is an element b > a such that S, is non-modular. 


Proof. Let c be a characteristic element of ©, which is not simple. Then by 
Theorem 3.2 there is an element x and a complement c’ such that (c’, x) > 2, 
c’ > a = [c’, z]. Let a; be the union of the points of S, which are divisible by 
[ua, x]. Now if a; has been defined, let ai: be the union of the points of S,; 
which are divisible by [u.; , z]. Clearly aij: D a;. Also aj4: is distinct from 
a; if a; ~ x. Hence by the ascending chain condition z = a, forsome k. Fur- 
thermore i+: € Sa, since aj, is a union of points of S,,; and ua, € Sa;,, since 
Ua, is a union of points of S,;,,. Hence S,;,, is an extension of S,,. Let 
©; be the set sum of Ga, ,--- , Sa,. Then & is a sublattice of S and is non- 
modular since (c’, z) > x but c’ > [c’, zr] andc’,reG,. Hence by Lemma 4.2 
S.; is non-modular for some j. If we set a; = b, the theorem follows. 

Combining Theorems 4.1 and 4.2 we have 


TueoreM 4.3. Let S be a Birkhoff lattice. Then the number of irreducible 
components is unique in the reduced decompositions of each element of S if and only 
if S, is modular for each element a. 


Proof. The necessity follows immediately from Theorem 4.1. If each ©, is 
modular, then by Theorem 4.2 each characteristic element is simple and hence 
the number of components is unique by Theorem 4.1. 


If S, is modular, let x be any element of S,. Furthermore, let p:, --- , pe 
be a maximal union independent set of points of ©, divisible by x. Imbed p,, 

-, Pe in a maximal union independent set of points p,,---, pr. Then 
a= [z, (~r , Sa » Pn)] = (pr , tet » Px , (2, (Presi; Tae » Pn)))- If [z, (Pv eee 
Pn)] ¥ a, then [z, (peri, +--+ , Pn)] Dp > aand hence (pi, --- , Px) D p. But 
then a = [(pi,---, De), (Pest, --*, Pn)] D p, and this is impossible. Thus 
x = (pi, --+, pe) and hence G, is a point lattice. The statement of Theorem 
4.3 is thus equivalent to that given in the introduction. 

Kurosch has shown that in a modular lattice if a = [qm , --- , gl = [q,---> 


qi] are two irreducible decompositions of a, then each g; may be replaced by a 
q: , and conversely, without changing the representation. The unicity of the 
number of components, of course, follows from this replacement property. Now 
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Theorem 4.1 shows that the converse is true for Birkhoff lattices, namely, that 
if the number of components in each reduced representation of a is unique, then 
the Kurosch replacement property holds for the reduced representations of a. 
For ©, must be modular and have only simple characteristic elements by 
Theorem 4.1. But then the replacement property follows from the dual of 
Lemma 3.2 and Theorem 3.1. 


Coro.uary 4.1. Let S be an exchange lattice (Birkhoff point lattice). Then 
the number of components in the reduced decompositions of the elements of S is 
unique if and only if S is modular. 


5. Construction of Birkhoff lattices. By definition u, is never a characteristic 
element of S,. Furthermore a is characteristic if and only if it is irreducible. 
The question then naturally arises whether there are any other elements of ©, 
which can never be characteristic. In answer to this question we show that any 
©, may be imbedded in a Birkhoff lattice in which any given element of S, not 
equal to u, or a is characteristic. The methods of construction are of consider- 
able interest in themselves as they afford a means of obtaining Birkhoff lattices 
with various arithmetical properties. 

Let us call two lattices S, and S, compatible if the set of common elements is 
a sublattice both of S; and S: and the operations of union and cross-cut in S; 
and S. agree in ©. 


Lemma 5.1. Let S; and S2 be two compatible Birkhoff lattices satisfying the 
ascending chain condition. Moreover, let the common sublattice A be complete 
in S,. If a denotes the null element of Ss , let a ¢ S, and let x Da, x € S; imply 
reS.. Then the set sum of S, and S2 can be made into a Birkhoff lattice S with 
S: and S. as sublattices. 


Proof. Let S denote the set sum of S; and S,. In S we define division as 
follows: If x « Se, then z divides y if and only if x > (a, y), where the union 
is taken in S; or S, according as y is in S, or S.. Since (a, y) is always in S , 
the division of the definition is in S.. If x e’ S,, then z divides y if and only 
ifx Dyin ©&,. With respect to this division relation the union of two elements 
x and y is given by ((z, a), (y, a)) if either z or y is in S. and is given by (z, y) 
in GS, if z, ye’ So. If xe Se, let uz be the union of the elements of % which 
are divisible by x. The union always exists by the ascending chain condition. 
Then the cross-cut relation in S is given by [uz , y] if x e’ S, , y e’ Sp and other- 
wise by [z, y] where the cross-cut relation is in G, or Se according as both 
xand y are in S, or S,. It follows immediately that the union and cross-cut 
relations in S reduce to those in S; and S for elements in S; and ©» respectively. 

Now letz > yin S. If ye Se, then re and hence zx > yin G. If 
ye S., then zeS,. For if re’ S,, then zr Daand zg > (y, a) Dy in S. 
But then z = (y, a) and ze S,, and this is contrary to assumption. Thus if 
yeS.,x2>yin&S,. Conversely, letz > yinG@. Thenifx Dz Dyin GS, 
we have zeGp and z = zorz = y. Hencexr >yinS. Letxr >yinG. 
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Suppose zx Dz DyinS. If zeS,, thenx = zorz = ysincezr > yin. 
If ze’ S,, then z Daand hencexr Da. But thenz D(a,y) DyinS. If 
x =(a,y),thenz =z. If (a,y) =y,theny DaandyeS.. But thenzeS, 
and z, ye %. Since x > y in S, we have x > yin A. Since A is complete 
in SG, we have xr > yin @. Thusz = zorz = y. We conclude then that 
x > yin © if and only if z > yin S, orz > yin Se. 

Now let z, y > [z, y]Jin S. If [z, y] « Se, then x, y e Se and hence z, y > 
{z, y}in S.. But then (2, y) > z, yin Se and hence in S since S> is a Birkhoff 
lattice. If [z, y] & S2, thenz, ye Si. Hence z, y > [z, y]in S,. But then 
since ©, is a Birkhoff lattice, we have (x, y) > z, yin S, and thusin S. Hence 
S is a Birkhoff lattice and the lemma is proved. 


Lemma 5.2. Let S be a Birkhoff lattice satisfying the ascending chain condition 
and having a null element z. Let S, be the lattice obtained from S by taking the 
direct sum of S with a point p and deleting the simple elements. Then S, is a 
Birkhoff lattice containing S as a complete sublattice. 

Proof. S, consists of two types of couples: 

(1) {s,z},seGands # u, 

(2) {s,p}],seSG,u>s. 

If {z, y} and {z,, y:} are couples in S,, we define [{z, y}, {a1, m}] = 
{[z, i], [y, wl}. If {a,y} and {x1,y:} are S,, then {[z, x], [y, yj} is clearly 
in Sp. (tz, y}, {r1, yi}) aa {(x, 21), (y, y:)} if {(2, 21), (y, yi)} is in S,. Other- 
wise ({2, y}, it, yi}) - {u, P}. Then if {z, y} ¥ lu, P}, (2, y} > {[X1 ’ y} 
if and only ifz >m,y = yorz =2%,,y >y:. Hence the Birkhoff condition 
in S, follows from the Birkhoff condition in S. The correspondence {s, z} < s, 
s ~ wand {u, p} < u preserves union, cross-cut, and covering relations. Hence 
S, contains S as a complete sublattice. 

We shall refer to the process of Lemma 5.1 as the replacement of & in S, 
by S.. The process of Lemma 5.2 by which © is imbedded in a lattice having 
the same unit and null elements will be called the imbedding of S and &,,. 


Lemma 5.3. Let S be an Archimedean Birkhoff lattice in which the unit element 
is the union of the points of S. Then S may be imbedded in a Birkhoff lattice S' 
having the same unit and null elements but having a simple element s and a chain 
of elements s > 8; > 8 > --- > z all of which are union irreducible. 


~ 


Proof. Imbed © in S,,. Then p; is union irreducible and p, e’ S. Let 
S, be the quotient lattice of elements of S,, which divide p,. Replace S, by 
Si», in S to give a Birkhoff lattice S.. Now p, is union irreducible in 2. 
For if pp > 2, then x € S,, since p. e’ S,,. But then x = p; since pe is a point 
of S,,,. Continuing in this manner, we get a chain of union irreducibles 
z< pi < po < +--+ < gp which by the ascending chain condition must lead to a 
simple element s = p.. S’ = S; is the desired lattice. 

We apply Lemma 5.3 to an arbitrary quotient lattice. 


THEOREM 5.1. Let S, be the sublattice of a Birkhoff lattice S belonging to the 
element a. Then if b is an arbitrary element of S, not the unit or null element, 
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S, may be imbedded in a lattice S’ in which S, is the quotient lattice belonging to a 
and b is characteristic. 


Proof. Let J, be the quotient lattice of elements of S, which divide b. 
Replace G in S, by S, + bi, where }; is a point of S + b:. Denote the 
lattice thus obtained by Sa. Let S, be the quotient lattice of elements of Sa» 
which divide b,. Replace S, in Sa» by Ss, according to Lemma 5.3 to obtain 
a lattice S’. Then there is a chain of elements b < bh < 5% < --- < 8 < 8, 
where s is simple and b; , s; , --- , 8 are union irreducible. Let b’ be an arbi- 
trary complement of b in S,. Then [b’, s] = [b’, 3] =--- = [b’, y] = 
[b’, b:] = [b, b’] = z and (b’, s) > s. Hence b is characteristic by Theorem 3.1. 
Now let S;, be the quotient lattice associated with a in S’. Clearly ©, ¢S. 
If re S., then x D db; and u, pz. Hence xe GS. Thus SG = S. 


6. Extension of reduced representations. We turn now to the following prob- 
lem: What are necessary and sufficient conditions that a given set of compo- 
nents of a may be extended to give a reduced decomposition of a? It is clearly 
necessary that the set of components be cross-cut independent. However, this 
is generally not sufficient if the elements of the lattice do not have unique 
irreducible decompositions. We obtain sufficient conditions by generalizing the 
notion of independence (Theorem 6.1). The above remark suggests the further 
problem of determining the conditions that a lattice must satisfy in order that 
every cross-cut independent set of components may be extended into a reduced 
decomposition. Theorem 6.2 gives a particularly simple answer, in case the 
number of components in the irreducible decompositions of the elements of the 
lattice is unique. 

If S, is the quotient lattice associated with the element a « S, let B, denote 
the elements of S, which can be expressed as a union of points of S,. Now 8, 
is clearly closed with respect to union and hence may be made into a lattice by 
defining cross-cut in terms of union. If ¢ is a characteristic element of ©, , 
then there is exactly one characteristic element of ©, which is associated with 
the same irreducibles as c and which belongs to ®,. Inasmuch as this charac- 
teristic element is the cross-cut of all characteristic elements associated with the 
same irreducibles as c, we shall call it the minimal characteristic element asso- 
ciated with c. 

DeFINITION 6.1. <A set of characteristic elements of S, is said to be sub- 
independent if the associated minimal characteristic elements are cross-cut inde- 
pendent in §,. 

We note that if the number of components is unique in S, then S = YB, 
(Theorem 4.3) and sub-independence becomes ordinary cross-cut independence. 

TuroreM 6.1. Let S be a Birkhoff lattice. Then a set q,, --- , Qe of compo- 
nents of a can be extended into a reduced decomposition of a if and only if the asso- 
ciated characteristic elements c, , «++ , cx of Sq are sub-independent. 


Proof. Leta = [q, +--+, Qe, Qtr, *** » Qn] be a reduced representation of a 
as a cross-cut of irreducibles. If c, , --- , c, are not sub-independent, then with 
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suitable numbering ¢; > {c2, --- , c,}, where c; is the minimal characteristic 
element associated with c; and { , } denotes cross-cutin ®,. Let [g@,---,q@n] > 
p >a. Then [c,---,c,] D p and hence {cz,---,c,} Dp. Thence, Dp 
and hence a = [q, «++ , qn] D[e:, «++, ¢n] D {e1, --+,¢n} Dp. This contra- 
dicts p > a. Hence c,, --- , c, are sub-independent. 

Now let ¢; , --- , ce be sub-independent. Let p,, --- , p, be a maximal union 
independent set of elements covering a and divisible by [q, --- , gq] so that 
fer, -++,¢k} = (pi,+--, po. Since c,---,c, are sub-independent, there 
exist points pj, --- , py, such that [a , --- , ¢i-1, Cui, +++, Ck] Dp, cc D p;. 
Suppose (pe , s+, Di, Pi, Pra , Pr) > Pp say. Then since (pe, aids » Pi) > Pi, 
there is a first i such that (p:,---,p:, Pi,-++,Pi) D ~r- But then 
(pi, Do, -+* Pt, Pi, +++, Pi-1) > p; by the Birkhoff condition. Hence with 
suitable numbering this case reduces to the case (p,, --+ , Pr, P2,°+* » Ds) DPr- 
But then ¢,) D (pi, +--+, pr, P2,-++ 5 Pe) > pr, and this contradicts c; p p;. 
Hence pi, ---, 1, Pi, +++, Pe are union independent and may be imbedded 
in a maximal union independent set p:,---,P:, Pi,*+*,Dky***»DPna- Let 
“a> (De, <tc@e Pn); ree 5 ay (—i , esi Pia, Pi, ade He , Pn): Now if [e: , oe Gy 
8 ,-°-+-,8)] # a, we have [q,---,cc, &,+---,8) D p > a. Then since 
[c,, -++ ,c] D p, it follows that (p,,--- ,p.) Dp. Hence a = [(p,, --- , po), 
81, +++,8] 2p. This is impossible since p,, ---, 1, Pi, --+ » Pa generate a 
Boolean algebra. Thus a = [c, --- , ce, 81, +++, 8). We clearly cannot drop 
an s; out of this representation since otherwise a > p; and this is impossible. 
Also we cannot drop out a c; since then c; > p; and the definition of p; is contra- 
dicted. Hence cq, --- , Ck, 81, +--+ , 8 iS a cross-cut independent set of charac- 
teristic elements whose cross-cut is a. Thus by Theorem 3.1 there is a reduced 
representation of a containing 1, --- , %&- 


Corouiary 6.1. Let S be a Birkhoff lattice. Then an irreducible g is a com- 
ponent of a if and only if g Daandq Du. 


Coro.iary 6.2. Let S be a Birkhoff lattice. Then if q Db Daandqisa 
component of a, q ts a component of b. 


For w > ua. Hence if g > wm, theng Du,. This is impossible by Corol- 
lary 6.1. 


Corouuary 6.3. I, , and q’ are components of a, then gq > q’ implies q = q. 


We are now ready to give a proof of Theorem 6.2 mentioned above using 
Theorem 6.1 and the Fundamental Lemma. 


THEorREM 6.2. Let S be a Birkhoff lattice in which the number of components 
in the irreducible decompositions is unique for each element of S. Then each inde- 
pendent set of components of a can be extended into a reduced representation if and 
only if each characteristic element of S, belongs to exactly one irreducible com- 
ponent of a. 


Proof. Let q,--+,q be an independent set of components of a. Let 
(1, +--+ ,¢, be a set of characteristic elements associated with q,,---,q,. We 
shall show that c, , --- , c, are independent. Ifc,, --- , c, are not independent, 
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then ¢: > [c2, --- , ce], say. Now [g2, --- , ge] ¥ [c2, --+ , cel, since otherwise 
um >: > [q@, --- , Ge] and the independence of q; , --- , gq is contradicted. Let 
[qz,-** Ql] >t > [c2,---,c]. Let %, be the sublattice of elements of S, 
contained between u, and [c2,--- ,¢c]. Now u, p> 21, since otherwise c; = 
[ua , Gi] > [gi, 21] (Theorem 4.1) and hence [ce , --- , cx] D [qge, --- , Qe, 2) = 
[q2, +++]. This is impossible. Hence by the Fundamental Lemma, %, and 
z, generate a sublattice which is the direct sum of % and z,. Let %: be the 
sublattice of elements of the form (y, 2), where ye A. Then Y% is isomorphic 
to %, and is thus modular. The unit element of % is (u., z;) and the null 
element is z:. Furthermore c; = (c:, 21), +--+ ,¢: = (ce, 21) belong to %. 
Clearly oH > (a1 ? [ce Dida cx]) - [(a1 ’ 2), = a ie (x1 ’ cx)] - [cz eee cel. Now 
if gq 2D (ci, 2%), there is a second component a of a such that un => (a, 2), 
qi: > ua. But this contradicts the hypothesis of the theorem. Hence q > ¢; . 
Now [q2, --- , gal ¥ [c2, --+ , cx] since otherwise g; Dc; D [@, ---, qx]. This 
is contrary to the independence of qi, --- ,qe. Thus [g@,---,q] D 22 > 
[cr , «+ , Cx] for some 2. We note that c; = [q:, (we, 2%:)]. For (u., 21) > 
(ai, (We, %1)] Dc; , and since us > cj we have (ue, 21) > (e;, 21) = ¢;. Hence 
either c; = [q:, (wa, 21)] or gi D (Ua, %1) Dug. But qi > wu, and thus q = 
fa, (Ua, 21)|. Now (ua, 21) 2D 2 since otherwise c; = [9:, (we, 21)] D 22 and 
(co, «++ , k] D 22, and this contradicts x2 > [cz , --- , cx]. Hence by the Funda- 
mental Lemma, the sublattice generated by % and zz is the direct sum of Y%,. 
and z.. Continuing this process we get an infinite ascending chain 2; < 22 < 
z3 < --- and the ascending chain condition is contradicted. Hence if q, --- , q@% 
are cross-cut independent, then c; , --- , cx are also cross-cut independent. But 
now since $B. = Sa, C1, +--+ , c% are also sub-independent. Thus by Theorem 
6.1 g:, --+ , qe may be extended into a reduced representation. 

If there is a characteristic element of ©, which has two irreducibles to which 
it belongs, then the two irreducibles are cross-cut independent by Corollary 6.3. 
However, they cannot be extended into a reduced representation by Theorem 
3.1. Hence the theorem follows. 

Let S be a Birkhoff lattice. Let c be a characteristic element of S,. Then 
there is at least one characteristic element c; of S. which does not divide wg . 
Similarly, there is at least one characteristic element c. of S., which does not 
divide u,. Continuing in this manner we eventually get a chain e C ¢ C 
C, C --- C cx, where ¢ is an irreducible component of a and ¢; is a character- 
istic element of S.,, such that ¢; p ua. 

Theorem 6.2 may then be stated as follows: 


THEOREM 6.3. Let S be a Birkhoff lattice in which the number of components 
is unique. Then each cross-cut independent set of components of a can be extended 
into an irreducible decomposition if and only if for each characteristic element c 
of S, there is exactly one chain ce Cc, C 2 C +++ C cy, where c% ts an irreducible 
such that cx 2 ua and c; is a characteristic element of S.,.. Moreover, in this 
case S., = Si, + (ci, ua), where S!, consists of those elements of S., which do 
not divide ug . 








298 R. P. DILWORTH 


Proof. If in any &., there are two characteristic elements ¢;,, and ¢;4, which 
do not divide ua, let gis: D cisr, diss D Ue, Ginr > Cina, Gar DP wa. Then 
Gi41 and q;41 are distinct components of a which divide c and hence cannot be 
extended into an irreducible representation. The condition is sufficient since 
c, is the single irreducible component of a which divides c. 

Since S., is modular, to show that S.; = S.; + (ci, va) we have only to show 
that z, y p ua, x, y € S.,; implies (x, y) pu.. But now c;,: is the single simple 
element of S.; which does not divide u.. Let %; be the set of elements of S,, 
which divide uz. Then since ©-,, is an atomic lattice S.; = Wi X cis: by the 
dual of the Fundamental Lemma. Then since z, y € YU; , ciz; D xz, y and hence 
Ci41 > (x,y). Thus (x,y) Dus. Hence S,, is a sublattice of S and the direct 
sum decomposition follows from the Fundamental Lemma. 


Corouiary 6.4. Let S be a modular lattice in which every complemented quo- 
tient lattice is irreducible. Then each cross-cut independent set of components of a 
can be extended into a reduced representation of a for all a if and only if S is a 
chain of projective geometries connected by simple chains. 


The statement of Theorem 6.2 suggests the possibility of weakening the hy- 
pothesis that the number of components be unique. However, such a weakening 
will probably be very artificial since by using the methods of §5 the writer has 
constructed an example of a Birkhoff lattice S in which each ©, is a point 
lattice and each characteristic element is simple and has but one irreducible 
component as divisor. Furthermore, S has only one element for which the 
number of components is not unique. Nevertheless not every cross-cut inde- 
pendent set of components can be extended into a reduced decomposition. 

In §4 we pointed out that unicity of the number of components in a Birkhoff 
lattice implies the Kurosch replacement property. We conclude with a theo- 
rem which is a sort of converse result. 


THEorEM 6.4. Let S be a Birkhoff lattice. Then if the Kurosch replacement 
property holds for the maximal representations of each element a, each representa- 
tion of a is maximal, i.e., the number of components in the representations of a 
is unique. 

Proof. Let a be a simple element of S, which can be expressed as a union of 
points. Let b be any other element of ©, which can be expressed as a union 


of points and such that a > b. Let [a, b] > (p., --- , pi), where pi, --- , py 
are a maximal union independent set of points of S, divisible me [a, bj. Let 
= (Pry +++ 5 Puy Piety *-> Pm) and b = (pr, +++, Pr, Prat, *+* Pe). Then 
there is a point of b, say pi4:, such that p,, --- , pr, Pur, --* Pm, Pra form 
a maximal union independent set of points of S,. Also pi, ---, Pr, Prsi, 
. : Ph can be imbedded in a maximal independent set pi, ---, Pr, Psi 
+, Dey Petr, +++, Pe. Let ay = (po,-++, Pry Pur, +++, Dm, Pisi); ° 
Gmy1 = (Pi, +++, Pi, Pir, +++, Pm). Similarly, let a1 = (~, +--+, pr, shes 
, , , , , , , 
- » Pr) eee 5 Any = (Pr , -+* , Di, Pin, ++, Dr). Now la, , see 5G, Ai+2, 


+, Qn41] = Piai by Lemma 3.2. Hence the only element of aj, - - + , @m41 Which 
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can replace Qi41 iS mai. But then a; cpemg ay, Omit, ree usa must be 
simple elements of a Boolean algebra by Lemma 4.1. But @ = dns; and b = 
[aps , +++, @mii}. Hence since a and b are elements of a Boolean algebra, we 
have [a, b] = (pi, --- , pi) and b > [a, bj]. Now let x and y be any two ele- 
ments of S, which can be represented as a union of points of S&,. Then x = 


[a,, --- , @%], Where a, --- , a, are simple elements of S, which are unions of 
points. Hence [z, y] = [a:,---,a:, y] and hence [z, y] is a union of points 


of S, by successive application of the result we have just obtained. But then 
the lattice generated by the points of S, is a modular sublattice of S, and 
hence is equal to S,. &, is thus modular for each element a and the theorem 
follows from Theorem 4.3. 
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AN ANALOGUE OF GREEN’S THEOREM IN THE CALCULUS 
OF VARIATIONS 


By Maaenus R. HESTENES 


1. Introduction. The purpose of the present paper is to study necessary and 
sufficient conditions for the equation 


(1) [I (uzz + vz, + wz) dxdy = [ eudy — vdz) 


to hold for every function z(z, y) with continuous derivatives, where A is a 
region whose boundary C is composed of a finite number of rectifiable arcs with- 
out double points, every pair of which have at most an end point in common. 
This equation plays a fundamental réle in the study of the properties of a 
minimizing surface for the double integral 


| [ teu, 2 20, 2) dedy, 
4 


since the first variation of this integral is given by the first member of (1) with 
u=f..,v =fz,,w=f.. When wis continuous on A + C and uw, v have con- 
tinuous derivatives on A with continuous limits on C, the criteria given below 
tell us that equation (1) holds if and only if w = uz + v,. Setting z = 1 in 
equation (1), one then obtains the Green’s formula 


[fw + v,)dxdy = [ way — vdz. 


On the other hand, equation (1) is an easy consequence of Green’s formula 
when w = uz + v,. Our theorems therefore can be regarded as extensions of 
Green’s theorem. Since our proofs are not based on Green’s theorem, they can 
be regarded as an alternate proof of Green’s theorem. The arguments here 
given are quite different from those given earlier by Haar,’ Coral,’ Bliss® and 
others.* 


Received November 21, 1940; in revised form, January 29, 1941; presented to the Ameri- 
can Mathematical Society, April 15, 1939 under the title On the first necessary condition 
for minima of double integrals. 

1A. Haar, Zur Variationsrechnung, Abhandlungen aus dem mathematischen Seminar des 
Hamburgischen Universitat, vol. 8(1930), p. 1. 

2M. Coral, On the necessary conditions for the minimum of a double integral, this Journal, 
vol. 3(1937), pp. 585-592. 

3G. A. Bliss, The calculus of variations, multiple integrals, Lectures delivered at the 
University of Chicago (mimeographed). 

4See A. Huke, An historical and critical study of the fundamental lemma of the calculus 
of variations, Contributions to the Calculus of Variations, 1930, University of Chicago Press, 
1931, pp. 45-160. 
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In §5 below it is shown, by an elementary argument, that a simply closed 
rectifiable curve C can be approached uniformly by a sequence of simply closed 
regular curves interior to C and having uniformly bounded lengths. This result 
is used in §7 to obtain an elementary proof of Cauchy’s theorem for a function 
of a complex variable. In §6 there is given an interesting treatment of the one- 
dimensional analogue of equation (1). 


2. Hypotheses and first theorem. Unless otherwise expressly stated it will 
be assumed that the set A under consideration is an open region whose boun- 
dary C is composed of a finite number of continuous arcs without double points, 
each of which has a continuously turning tangent and any pair of which have at 
most an end point in common. The end points of these ares will be called 
corner points of C. A region A of this type will be called admissible. It will be 
understood that the line integrals along C will be taken in the positive sense of C 
with respect to A. 

By an admissible function z(x, y) will be meant one that is continuous and 
has continuous derivatives on a neighborhood of the set A + C. Other classes 
of admissible functions could also be used. 

The functions u(z, y) and v(x, y) appearing in the integrals (1) are assumed 
to be continuous on A + C. The function w(z, y) is supposed to be integrable. 

The following interesting lemma will be useful: 


Lemma 1. The formula (1) holds for every admissible function z if and only if 
for all except a finite number of points P on A + C there is a neighborhood N of P 
such that the formula (1) holds for every admissible function z having z = 0 on 
A — AN. 


Consider first the case when to every point P of A + C there corresponds a 
neighborhood N of P such that the formula (1) holds for every admissible func- 
tion z having z = 0on A — AN. Then A + C can be covered by a finite set of 
circles K,,--- , Km with centers P,,---,P, on A + C and radii 1, --- , Tm 
such that for each integer 7 (¢ S m) the formula (1) holds for every admissible 
function z having z = 0on A — AK: , where K; is the circle of radius 2r; about 
P;. Let h(t) be a continuous function of a single variable ¢ that has a con- 
tinuous non-negative derivative and is such that A(t) = 0 when ¢ S 1 and 
h(t) = 1 whent = 2. For example, the function h(t) having h(t) = 0 (t S 1), 
h(t) = 1 (t = 2) and A(t) = exp [g(/(1 — 8], g() = exp [1/(t — 2)] has these 
properties. In fact it has continuous derivatives of all orders. Set hi(z, y) = 
h(d(x, y)/r:), where d;(x, y) is the distance from (z, y) to P;. We then have 
h; = 0 on K; and h; = 1on A — AK;. Given an admissible function z, the 
functions z; defined by the equations z; = (1 — Ai)z, zi = Ai --- hia(l — haz 
(1 <i S m) are admissible and z; = 0 on A — AK;. It follows from our 
hypotheses that L(z;) = 0, where 


(2) L(z) = If (uz, + vzy + wz) drdy — [ ew dy — vdz). 
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Moreover, on A + C we have z; + --- + 2m = (1 — hi --+- hm)z = 2, the 
product h; --- h» being zero on A + C since the spheres K,, --- , Km cover 
A+Candh; =0OonK;. By virtue of the linearity of L(z) we have therefore 


L(z) = L(a + eee + 2m) eas L(z:) +--+ + L(Zm) _ 0, 


as was to be proved. 

Consider next the case when to each point P of A + C, except possibly for a 
finite set of points P,,---,P,, there is a neighborhood N of P such that 
L(z) = 0 for every admissible function z having z = 0 on A — AN. Let r 
be a positive constant less than one quarter of the distance between any pair 
of the points P,,---,Pmn. Set H(z, y, r) = hi--+ Am, where h; is defined 
relative to P; as in the last paragraph with r; = r. Then H = 0 on the r-neigh- 
borhood K of the points P,, --- , P, and H = lon A — AK’, where K’ is the 
2r-neighborhood of these points. Moreover, 


— = a H.| <= M 


’ | Hy| < — on K’, 


where M is an upper bound of h’(f). Given an admissible function z, the func- 
tion Z = Hz is admissible and Z = 0 on K. By the argument made in the 
last paragraph it is seen that L(Z) = 0. Hence 


If (uz. + vz, + wz)H dxdy + If z(uH, + vH,) drdy = / Hz(udy — vdz). 
A A ce 


Since H = lon A — AK’, it is clear that, as r tends to zero, the first and last 
integrals in this equation have as their respective limits the first and second 
members of equation (1). The second integral tends to zero with r. This 
follows because of the relations (3). The absolute value of this integral does not 
exceed the value (2MM’/r)m4xr° = 8MM’'mar, where M’ is an upper bound 
of the values | zu |, | zv| on A. This completes the proof of Lemma 1. 

The following theorem is a fundamental one in the theory of the first variation 
of double integrals of the calculus of variations. 


THEOREM 1. The formula (1) holds for every admissible function z if and only 
if it holds for every admissible function z having z = 0 on a neighborhood of the 
boundary C of A. 


It is to be understood that the neighborhood of C may vary with the choice 
of z. Suppose now that the criterion described in the theorem holds. Then to 
each point P of A there is a neighborhood N of P such that L(z) = 0 for every 
admissible function z having z = 0on A — AN. Inorder to show that L(z) = 0 
for every admissible function z it is sufficient, by Lemma 1, to show that for 
each point P of C, not a corner point of C, there is a neighborhood N of P such 
that L(z) = 0 for every admissible function z having z = 0 on A — AN. To 
this end we can assume that the boundary point P under consideration is the 
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origin and that the inner normal to C at P is the positive y-axis. Let N be a 
neighborhood of P defined by the inequalities —e < x < e, —e < y < e, where 
eis so small that the boundary of A in N is defined by an equation of the form 
y = y(x) (—e < 2x < e), the function y(x) being a single-valued continuous 
function having a continuous derivative. Set 


HG, y,1) = (UH), 


where h(t) is the function used in the proof of Lemma 1 above. Then H = 0 
when y S y(x) + r and H = 1 when y 2 y(x) + 2r. Consider now an ad- 
missible function z having z = 00n A — AN. The function Z that is equal to 
Hz on N and identically zero elsewhere is admissible. It is zero at all points 
of N for which y S y(x) + r and hence identically zero on a neighborhood of 
the boundary C of A. It follows from our hypotheses that L(Z) = 0 and hence 
that 


[I (uzz + vz, + wz)H dxdy = If 2(—uH, — vH,) dxdy. 
AN AN 


Since z = 0on A — ANandH = 1 on WN wheny 2 y(x) + 2r, the first member 
of this equation has the first member of equation (1) as its limit as r tends to 
zero. The second integral in this equation has the second member of equation 
(1) as its limit. To prove this we first observe that H. = H, = 0 when y 2 
y(r) + 2r. By taking r sufficiently small and setting y = y(x) + rt, it is found 
that this integral has the value 


[ wy - Wax, 
where 
Utz») = [ate, v(2) + rilulz, yo) + rth’ de 


and V is obtained from this formula by replacing u by v. By the use of the 
relations h(2) = 1, h(O) = 0, it is seen that lim U = zu, and similarly that 


r=0 


lim V = zv. The integral under consideration accordingly has the limit 
r=() 


[ Ae, w(e)Mule, y@)ly’@) = ole, ye) de 
which is identical with the second member of equation (1), since z = 0 on 


A — AN. This proves Theorem 1. 


Coro.uary 1. The equation (1) holds for every admissible function z if and only 
if to each point P of A there is a neighborhood N of P such that the equation (1) 
holds for every admissible function z having z = 0 on A — AN. 
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For by an argument like that made in the proof of Lemma 1 it can be seen 
that the criterion given in this corollary is equivalent to the one given in 
Theorem 1. 

From Theorem 1 and Corollary 1 we obtain 


Coro.uary 2. The equation (1) holds for every admissible function z if and 
only if for every admissible subregion A’ of A the equation (1), with A replaced 
by A’, holds for every admissible function z. 


In this corollary one can restrict the subregions A’ so that their closures lie in A. 


3. Analogue of Green’s theorem. If in equation (1) we set z = 1, we find 
that the relation 


(4) [ |, wardy = [ udy - vae 


holds. This result together with those described in the corollaries of Theorem 1 
suggests the following analogue of Green’s theorem, which is useful in the study 
of the first variation of the double integrals of the calculus of variations. 

THEOREM 2. The equation (1) holds for every admissible function z if and only 
if the equation 


(5) If wdedy = | ot ~ ves 
A’ c?’ 


is true for every square A’ whose closure is in A and whose sides are parallel to the 
axes, the curve C’ being the boundary of A’. 

Let A’ be a square in A at a distance g > 0 from the boundary C of A and 
whose sides are parallel to the axes. Since each point of A is contained in a 
square of this type, it is sufficient, by Corollary 1 to Theorem 1, to show that 
equation (1) holds for every admissible function z having z = 0 on A — A’A 
when the criterion described in Theorem 2 is satisfied. To this end let 


1 zt+r ytr 
6) Ueud=—af [wedded O<r<@ 
z—r y-r 
and let V(z, y, r), W(a, y, r) be the functions obtained from this formula when u 
is replaced by v, w respectively. By the use of the relations (5) and (6) it is 


found that the equation W = U, + V, holds on A’ + C’. If z is admissible, 
we have accordingly 


[f. (Uz, + Vz, + Wz) dxdy 


= ff. {(Uz)z + (Vz),} dxedy = 2(U dy — Vdz), 
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the last equality being obtained by an integration by parts. Taking the limit, 
as r tends to zero, we find that 


[f. (uz, + vzy + wz) drdy = [. 2(udy — vdz). 


From this equation it is seen that equation (1) holds when z = 0 on A — AA’, 
This completes the proof of Theorem 2. 


Coro.tuary. If equation (5) holds for every square A’ whose closure is in A 
and whose sides are parallel to the axes, then equation (4) is also true. 


As a consequence of Theorem 2 we have the further 


THEOREM 3. Suppose that given any squarea S x S b,c Sy S dinA the 
function u(x, y) is absolutely continuous in x ona S x S b for each y (almost 
everywhere) onc S y S dand the function v(z, y) is absolutely continuous ny on 
e S y S d for each x (almost everywhere) on a S x S b. Suppose further that 
the derivatives uz, vy are integrable on A. Then the formula (1) holds for everu 
admissible function z if and only if w = uz + v, almost everywhere on A. 


For by iterated integration it is seen that the formula 


If, (uz + vy) dxdy = | udy - ode 


holds for every square A’ in A whose sides are parallel to the axes and whose 
closure isin A. It follows from the last theorem that equation (1) holds when 
w = uz + v, almost everywhere on A. On the other hand, if equation (1) is 
true, then the equation (5) is true for every square A’ in A. We have accord- 
ingly the relation 


If (w — uz — v,)drdy = 0 
a’ 
for every square A’ in A. But this is true only if w = u, + v, almost every- 


where on A, as was to be proved. 


Coro.LLarY (GREEN’s THEOREM). [f the functions u and v have the properties 
described in Theorem 3, the equation 


[I (uz + vy) dxrdy = [ udy — vdz 
holds. 


4. The case of rectifiable boundaries. By a regular curve will be meant a 
continuous curve that can be divided into a finite number of subares on each of 
which it has a continuously turning tangent. The following lemma will be 
useful. 
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Lemma 2. Let C be a simply closed rectifiable curve of length | defined by the 
equations 


(7) r=27(), y=y(t) OstslJ, 


where t denotes arc length. Let A be the set of points interior toC. There exists a 
sequence (C,,) of simply closed regular curves on A + C defined by equations of 
the form 


(8) = = z(t), Y = yn(t) (0 Ss l ~ l; n = 1, 2, att ) 
such that lim x,(/) = x(d), lim y(t) = y(t) uniformly on (0 S t S 1) and such 


that absolute values of the derivatives x1,(l), y,(t) are uniformly bounded with 
respect tonon (0 St Sl). The lengths of the curves C,, are uniformly bounded. 


Accepting for the moment the truth of this lemma, we can prove the following 
result: 


THEOREM 4. The results described in the last two sections are valid if we extend 
the definition of admissible sets A to include regions A whose boundary C is com- 
posed of a finite number of rectifiable arcs without double points, every pair of 
which have at most an end point in common. 


In order to prove this result we can suppose without loss of generality that 
the boundary C of A is a simply closed rectifiable curve C. Let C,, C2, --- be 
regular curves related to C as described in Lemma 2 above and let A, be the 
set of points interior to C,. If the criterion described in Theorem 2 is satisfied, 
we have, by Theorem 2, the relations 


If (uzz + vz, + wz) dzxdy = / z(udy — vdz) (n = 1, 2, ---) 


when z is admissible. As n becomes infinite, the first member of this equation 
has the first member of equation (1) as its limit. Similarly, the second member 
of this equation has as its limit the second member of equation (1), by virtue of 
a theorem given by Hobson.® An elementary proof of this fact can be made 
by an argument like that used at the end of §7. The conclusions described in 
Theorem 2 are therefore valid when C is made up of rectifiable arcs. Theorem 4 
is now an easy consequence of this result and those described in the preceding 
sections. 


5. Proof of Lemma 2. In order to prove Lemma 2 let A be the set of points 
interior to the given rectifiable curve C. Let O be a fixed point of A and choose 
a nearest point Qo of C to O. Set r, = e/2"*’, where e is the length of the 
line OQ). It will be shown below that, given an integer n, there exists a simply 
closed curve C, on A + C composed of circular ares of radius r, such that if 
Po, Pi,+---,Pm = Po are the consecutive corners of C,, the centers Q:, 


5 E. W. Hobson, Theory of Functions of a Real Variable, vol. 2, p. 422. 
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Qe, +++ ,Qm = Qo of the circular ares PoP; , PiP2, --- , Pm—iPm are consecutive 
points on C dividing C into m subares of lengths at least r,. The point Qo is 
the one chosen above and is the same for all curves C, . 

If we grant for the moment the existence of curves C, of the type just de- 
scribed, the proof of Lemma 2 can be made by setting up a correspondence 
between the curves C and C, as follows: Let the point P; on C, correspond to 
the point Q;on C. A point P on the circular are P;_,P; will be made to corre- 
spond to the point Q on the subare Q;-1Q; of C which divides this subare in the 
same ratio relative to are length as P divides P;_,P; , order being preserved. 
Assign to each point P on C, the parameter value ¢ belonging to the corresponding 
point Q in the equations (7) of C. One obtains thereby equations (8) for C,. 
At a point P on P;_;P; the absolute values of the derivatives x,,(t), y),(t) cannot 
exceed the ratio of the arc lengths of P;_,P; and Q;_,Q; and hence are less than 
the value 2zr,/r, = 2x. These derivatives are therefore uniformly bounded 
with respect to n. The length of C, does not exceed the value 2rmr, < 2zl. 
Moreover, given a constant « > 0, there is an integer n’ such that when n 2 n’ 
we have 
(9) |ra(t)-—2z)|<« |ynlt)-yO|<e 
To prove this we observe first that the distance between the points Q;_; and Q; 
corresponding to the points P;_; and P; of C, does not exceed the length 2r, 
of the polygon Q;1P:1Q;. The distance between successive points in the 


sequence of points Qo , Qi, --- , Qn = Qo on C determined by C, is therefore 
at most 2r,. Since C is rectifiable and lim r, = 0, it follows that there is an 


integer n’ such that when n 2 n’ the points Qo, --- , Q, described above divide 
C into subares of lengths at most $e. Increase n’ so that 3r, < $e when n 2 n’. 
Let P be a point on the subare P;_,P; of C, (n 2 n’) and let Q be the corre- 
sponding point on the subare Q;:Q; of C. The distance from P to Q does not 
exceed the length of the polygon PP;_,Q;-:Q and hence does not exceed the 
value 2r, + rn + }¢ < ¢«. From this result it is seen that the inequalities (9) 
hold when n 2 n’. 

The proof of Lemma 2 will be complete if we show the existence of the curve 
C, described at the beginning of this section. This can be done in a number of 
ways. Weshall proceed as follows: Let P be the point on the line OQ» , described 
above, at the distance r, from Qo. With Qo as the center draw through P the 
shortest circular arc Ko on A + C cutting C in points R and Ry. Denote by 
C’ the subare RoR of C not containing Qo and let the points of C’ be ordered 
so that Rp is its initial end point and R is its final end point. Since the dis- 
tance from P to C’ exceeds r,, there is at least one point Q on C’, namely 
Q = Ro, with the property that there exists on A + C a circular are of radius 
r, about Q joining a point on the subare PR» of Ko to a point on the subare 
QR of C’. Moreover, it is easily seen that there is a last point Q: on C’ having 
this property. Let K, be the shortest circular are on A + C of radius r, and 
with center at Q, that joins a point Po on PR» to a point R,; on the subare Q,R 
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of C’. The point Po is the only point of K; on PR» and R, is the only point of 
K;, on the subare QR of C’, since otherwise K, could be shortened. Further- 
more, the length of K, exceeds ar, . If this were not the case, one could draw 
on A + C acircular are about R, of radius r, joining a point of PR» to a point 
on the subare RR of C’, contrary to our choice of Q;. Since the length of K, 
exceeds $xr,, there is a point Q on the subare R,R of C’, namely Q = R,, 
for which there exists on A + C a circular are about Q of radius r, joining a 
point of K, to a point on the subare QR of C’. Let Q» be the last point Q on C’ 
having this property and draw about Q2 on A + C the shortest circular arc K; 
of radius r, joining a point P; of K, to a point Rz on the subare Q2R of C’. The 
point P, is the only point of K. on K, and Rz is the only point of Ke on Q2R. 
The length of K2 exceeds $zr, , since otherwise our choice of Q2 or Q: could be 
contradicted. Moreover, the arc Kz has no point in common with the subare 
PR, of Ko in view of our choice of Q,;. Proceeding in this manner, one obtains 
on A + C circular ares K,, Ke,---,Km_2 of radius r, with centers Q,, 
Qe, --+,Qm-2 on C’. The are K; is the shortest circular are on A + C of 
radius r, with center at Q; which joins a point P;_; on K,_; to a point R; on the 
subare Q;R of C’, and Q; is the last point on the subare R;1R of C’ related to 
K,_, in this manner. The point P;_, is the only point of K; on K,1, and R; 
is the only point of K; on Q:R. The length of K; exceeds 3ar,. In view of 
our choice of Q; and Q,, no are K; (j > 7) has a point in common with K,_, 
or with the subare PR, of Ky. Finally, the length of the subare Q;_:Q; of C’ 
is at least r,, since this subare contains the point Rj, whose distance from 
Qi_1 is equal to r,. In view of this fact and the rectifiability of C’ the con- 
struction just described cannot be carried out indefinitely. There is accordingly 
a first integer m such that, the circular arc K,,_2 joining K,,_; to a point R,_» 
-on the subarce Q,,22 of C’ having been constructed, there is a point Q,,_; on the 
subarce R,,_2R of C’ for which there exists on A + C a circular are K,_; about 
Qm—: of radius r, joining a point P,,_2 on K»_2 to a point P,,_, on the subare 
PR of Ky. Select K,_; to be the shortest circular arc related to Q,_; in this 
manner. Set K, = Ko, Pn = Po, Qn = Qo. The subares PoP; of Ki, 
P,P, of Ke, ---, Pm iPm of K, define a simply closed curve C, on A + C 
having the properties described at the beginning of this section. This com- 
pletes the proof of Lemma 2. 


Coro.tuaRy. The curves C,, described in Lemma 2 can be chosen to be in- 
terior to C. 


For let C, be constructed as described above and choose a number rj, on 
rr, <1r<t,+1/n. If r), is chosen sufficiently near r, , there is a simply closed 
curve C%, interior to C, composed of circular arcs of radius r., whose centers are 
at the points Qo, Qi, --- , Qn—_1 on C associated with C,. The curve C, can 
be replaced by C’, in the above discussion, provided we also replace r, by r, . 
The curve C’, , being interior to C,, , is interior to C. This proves the corollary. 


Coro.tuary. The curves C,, described in Lemma 2 can be chosen to be polygons 
interior to C with sides parallel to the coérdinate azes. 
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For let C, and C’, be the curves related to C as described in the proof of the 
last corollary. Denote by P; the corner point of Ci), corresponding to the 
corner P; of C,. It is easily seen that there is a polygon C’. with sides parallel 
to the axes in the region bounded by C, and C’, cutting the line P,P; in a single 
point P’’ such that the length of the subare P,P? of CY. does not exceed 8r;, ’ 
where r., is the number used in the definition of the curve C,,. Parameterize C’. 
as described in the second paragraph of this section, the points P; playing the 
role of the points P;. Observing that the distance from Q; to PY (and to Pi) 
is less than rj,, one can show, by an argument like that used in the second 
paragraph of this section, that the curves C’, have the properties described in 
Lemma 2. 

The result described in the last corollary can be used to give a second proof 
of Green’s theorem, by first showing that Green’s theorem holds for simply 
closed polygons whose sides are parallel to the axes. This method has been 
used recently by Reid,* who, however, uses a weaker convergence theorem than 
the one here described. Similar methods have been used by Van Vleck,’ Bray*® 
and others.’ 


6. The case of simple integrals. The method used in the preceding pages 
leads to an interesting proof of a fundamental lemma for simple integral prob- 
lems in the calculus of variations. Let u(x), v(x) be piecewise continuous func- 
tions On 2;22 ; that is, the interval x,;r2 can be subdivided into a finite number 
of subintervals on each of which u and v are continuous. By an admissible 
function z(x) will be meant one that is continuous and has a piecewise con- 
tinuous derivative on 2,22. 


THEOREM 5. The equation 
(10) [Guz + v2!) dz = v(aa)elma) — v(e)ela) 


holds for every admissible function z if and only if it holds for every admissible 
function z vanishing at x, and x2. In fact, equation (10) holds for every admissible 
function z if and only if one has on x22 the relation 


(11) ae [ u(t) dt + v(2). 


6 W. T. Reid, Green’s lemma and related results, to appear in the American Journal of 
Mathematics, vol. 63(1941). 

7E. B. Van Vleck, An extension of Green’s lemma to the case of a rectifiable boundary, 
Annals of Mathematics, vol. 22(1921), pp. 226-237. 

8H. E. Bray, Green’s lemma, Annals of Mathematics, vol. 26(1925), pp. 278-286. 

° Cf. K. Menger, On Green’s formula, Proceedings of the National Academy of Sciences, 
vol. 26(1940), pp. 660-664. 
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In order to prove” this result let h(x) be a function such that 


a= Zz 





r—-2Z 
h(x) = canis (1 S$rSn+n), h(x) = (~ —-rSzSm) 
and h(x) = 1 elsewhere. If z is an admissible function, then y = hz is an 
admissible function vanishing at 7, and 22. Under the hypothesis that equa- 
tion (10) holds for every admissible function z vanishing at x; and z2 , we find 
upon replacing an arbitrary admissible function z by hz in (10) that 


z2 1 ze 1 z,+r 
/ (uz + vz )hdzx = af vedx — + | vz dz. 
Z T “z9—r r +z, 


Letting r approach zero, one obtains equation (10) as a limit. This proves the 
first statement in the theorem. Setting z = 1 in (10), one obtains equation (11) 
with z = z_.. Moreover, if equation (10) holds for every admissible function z, 
it holds when z¢ is replaced by any value 2’ on 2:22 , by virtue of the first part 
of the theorem applied to the interval 2:7’. Hence equation (11) holds on 2,22. 
Conversely, equation (10) follows from equation (11), since v’ = u on each sub- 
interval of 2:72 on which u is continuous. This completes the proof of 
Theorem 5. 

The fundamental lemma in the calculus of variations states that if the equation 


2 
[ vz’dx = 0 
71 

holds for every admissible function z vanishing at x; and z2 , then v is a constant. 
This result follows from equation (11) with wu = 0. On the other hand, Theo- 
rem 5 is an easy consequence of this result and hence is equivalent to it. Of 
the two, it appears that Theorem 5 is the easier to apply in the study of the 
first variation of simple integrals. 


7. Cauchy’s theorem. It was shown in §5, by an elementary argument, that 
given a simply closed rectifiable curve C in the complex plane defined by funce- 
tions z(t) = x(t) + zy(t) (0 Ss t S J) with are length as parameter, there exist 
simply closed regular curves C; , C2, --- interior to C which are of uniformly 
bounded lengths and are defined by functions z,(t) = z,(t) + zy,(t) 0 St Sl; 
n = 1,2,--- ) that converge uniformly to z(t)on0 StS. This fact can be 
used to give an elementary proof of the following well-known result: 

THEOREM 6 (CaucHy’s THEOREM). Let C be a simply closed rectifiable curve. 
If f(z) is holomorphic in C and continuous in and on C, then / f(z) dz = 0. 

e 
For let C; , C2, --- be regular curves related to C as described above. Since 


f(z) is holomorphic in and on C, , one has / f(z) dz = 0, by the usual proofs. 


1° If in equations (12) below one sets z = 1 and replaces z. by z, one obtains a proof of 
equations (11) communicated to me by Professor L. M. Graves. 
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By the use of the well-known result 
(12) lim | f(z) dz = [ 1 dz 
n=o “Cy c 


it follows that / f(z) dz = 0, as was to be proved. 
Cc 


An elementary proof of (12) can be made as follows: Let L be a bound for 
the length of the curves C, C,, C2, --- and choose a constant « > 0. Since 
f(z) is uniformly continuous in and on C, there is a constant 6 > 0 such that 


(13) [s@) — fe) | < 5 


for every pair of points z, z* in and on C for which | z — z* | < 46. Divide the 
interval 0 < ¢ S 1 into m subintervals of lengths at most 5 by points fh = 0 < 
th << te << +--+ <t, =. Choose n’ so large that | z(t) — z.(t)| <éon0 Stl 
when n = n’. The points z’ = 2(t,), z, = z(t) (n = n’; i = 0, 1,---, m) 
then satisfy the inequalities | z' — z°*| < 6, |z, — zy"| < 36. One has 
accordingly, by (13), the inequalities 


(14) [s@ dz—S Sie, / f(z) dz —S, S he (n=n’), 


where 


S = 2d HeVe — 2°"), S, = > ses )(e — 2). 
But 
S— 8. = ¥ Ute) — fees — 2) + DIME - 4) - Et - 


Suppose M = >> | f(z’) | and increase n’ so that | z(t) — z,(t)| < «/8M on 
t=1 
0< ¢sl when n 2 n’. One has accordingly, by (13) and the formula for 
S — 8S, , the inequality 
' € € 

is — bP cme a =n’). 
(15) |S Sa| <7, + M2 aT] de (n = n’) 
Combining the relations (14) and (15), one obtains the inequality 


[toa | soa) <- (n =n’). 
c Cr | 
The limit (12) is thereby established. 


THe UNIVERSITY OF CHICAGO. 








A GENERALIZATION OF THE AUMANN-CARATHEODORY 
“STARRHEITSSATZ” 


By Maurice H. Hetns 


1. Introduction. The “Starrheitssatz” of Aumann and Carathéodory [2]! 
may be stated as follows: 

Let G, be a multiply-connected region of the w-plane, the boundary of which 
contains at least three points, and lee W = W(w) be analytic and single-valued for 
weG,. Further let W = W(w) satisfy the requirements: 

(i) there exists a £ €G, such that W(g) = §&, 

(ii) w eG, implies W(w) €G, . 

Then there exists a positive constant Q(¢, G.) less than unity such that, if W = 
W(w) is not a (1, 1) map of G, onto itself, then | W’(¢) | S 2(¢, Gu). 


If we denote by C; the class of (1, 1) conformal maps of G,, onto itself, and by 
C2 the class of all other single-valued maps which are analytic for w eG, and 
have their images in G,, , then the “Starrheitssatz”’ asserts that there exists no 
sequence of maps {W,(w)} of C2 with W,(¢) = ¢ (n = 1, 2, ---) which con- 
verges continuously to a map of class C, for weG,. Conversely, if we can 
establish that no map of C; can be expressed as the limit of a sequence of maps 
of class C;, then the “Starrheitssatz’”’ follows immediately. This results from 
the fact that, if W = Wo(w) is a map of either class C, or C. with the properties 

(i) Wolo) = §&, 

(ii) | Wo(s) | = 1, 
then W (w) is necessarily a member of class C,. 

The “Starrheitssatz” is restrictive in its hypotheses. It requires that ¢«G, 
be a fixed point of the maps considered. It is therefore natural to seek a generali- 
zation of the “Starrheitssatz” which does not make such stringent requirements 
on the class of maps considered. The alleged proposition that no map of C; can 
be expressed as the limit of a sequence of maps of C2 offers such a generalization. 
In this paper we shall establish a proposition of this type. 

We need not restrict our attention to plane regions G,. Instead we may very 
well consider abstract Riemann surfaces’ F,, and single-valued conformal maps 
W = W(w) of F, into itself. We shall require that F,, be not simply-connected, 
that F,,, the universal covering surface of F,, , be of hyperbolic type. Let w = 
w(z) denote any conformal uniformizing mapping which defines |z| < 1 as a 
smooth, unbounded covering surface of F,,. The map w = w(z) is automorphic 
under a group $ of linear fractional transformations T which map | z| < 1 onto 


Received December 12, 1940. 
1 Numbers in brackets refer to the bibliography at the end of the paper. 
2 See [6]. We adopt the notation and definitions of this text. 
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itself. We shall further require that the points on | z| = 1 where S ceases to be 
properly discontinuous constitute an infinite set. 

Under these circumstances, we shall establish that there exists no sequence of 
maps W,(w) (#w) (n = 1, 2, ---) which converges pointwise to w for weF,,. 

This theorem implies several immediate corollaries: (i) the theorem of Klein 
and Poincaré (([6], pp. 163-165): namely, that under the hypotheses of our 
theorem the group of (1, 1) conformal maps of F,, onto itself is properly discon- 
tinuous; hence, (ii) the theorems relating to the number of (1, 1) conformal maps 
of a closed Riemann surface or an open planar Riemann surface of finite con- 
nectivity onto itself; (iii) the “Starrheitssatz” already mentioned; (iv) the 
theorem that no (1, 1) conformal map of F,, onto itself, Wo(w), can be expressed 
as the limit of a sequence {W,(w)}, where W,(w) # Wo(w) (n = 1, 2, ---). 
Corollary (iv) is an immediate consequence of our principal theorem and requires 
no further comment. 


2. A preliminary lemma. In this section we shall establish a simple lemma 
which is the basis of the proof of our theorem. 


Lemma 2.1. Let S denote a hyperbolic transformation of |z| < 1 onto itself. 
Then the only functions ¢(z) which are analytic and of modulus less than unity for 
|z| < 1 and which satisfy the functional relation 


(2.1) o(S) = Slo(z)] 


are the hyperbolic transformations of |z| < 1 onto itself with the same fixed points 
as S. 


We may map |z| < 1 one to one and conformally onto R[z] > 0 in such a 
manner that the fixed points of S correspond to 0 and © in the z-plane. Call 
this map V. Consider the transform of ¢(z) with respect to V, Vig(V~‘z)], 
denoting it by ¥(z). It is clear that ¥(x) is analytic and has the property that 
Riy(x)] > O for R[x] > 0. Further, ¥(z) satisfies a functional relation of the 
form 


(2.2) ¥(Ar) = A¥(z), 


where ) is a positive constant greater than unity. 

Let us consider the implications of (2.2) for y(xz). Let ¢ (= 0) denote the 
ahgular derivative at infinity ([5], pp. 52-55) of ¥(z). ¢ can be calculated 
from the relation 


(2.3) lim ¥O°™ 2 
ano A" 





? 


where 2» is an arbitrary point of R[z] > 0. But (2.2) implies that 
¥(A"z) = A*Y(z); 
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hence 
lim A" ¥ (20) =¢, 
noe A*Z% 
or 
V(x) _ , 
= ' 


We infer from this last relation that c is positive. Now 2 is an arbitrary point 
of R[x] > 0; hence ¥(z) is of the form cr. Conversely, every function of the 
form cx (c > 0) satisfies (2.2) and has a positive real part for R[z] > 0. Re- 
turning to |z| < 1 we infer immediately the truth of Lemma 2.1. 


3. The principal theorem. Lemma 2.1, together with the facts that $ is 
properly discontinuous in | z | < 1 and that, under the hypotheses of our theorem, 
§ always contains at least one hyperbolic transformation (({1], p. 62), furnishes 
an immediate proof of the theorem which we wish to establish. 

Let ¢,(z) denote a transform of W,(w) with respect to the uniformization 
mapping w(z). That is, we define ¢,(z) up to a linear fractional transformation 
of § by the relation 


(3.1) w(yn(z)) = W.(w(z)) (n = 1,2, ---). 


So defined, ¢,(z) is analytic and of modulus less than unity for|z|<1. Further, 
¢n(z) satisfies a system of functional equations 

(3.2) on(T) = UF” [pn(z)] (T, UF? ¢ G;n = 1, 2, ---). 
These relations follow immediately from the fact that, for T ¢%, ¢,(7') is a trans- 
form of W,(w) whenever ¢,(z) is. 

Assuming, contrary to the assertion of the theorem which we wish to establish, 
that there exists a sequence {W,(w)} which converges pointwise to w forweF,, 
we may choose z itself as the transform of w and the transforms of W,(w), 
¢n(z) (n = 1, 2, ---) in such a manner that the relation 
(3.3) lim ¢,(z) = z 


obtains pointwise and hence continuously for | z| < 1. 

We have remarked that the group § contains a hyperbolic transformation S; . 
Let S, denote any transformation of § with some fixed point distinct from the 
fixed points of S,;. The group % is properly discontinuous. Hence for 7 = 
S, (k = 1, 2) the relations (3.2) and (3.3) imply that for n > m 
(3.4) US =&; Us =. 

By virtue of Lemma 2.1, ¢,(z) is a hyperbolic transformation of | z| < 1 onto 


itself with the same fixed points as S, forn > n. But for these same values 
of n, ¢n(z) also satisfies the relation 


(3.5) on(S2) = Salen(z)] (n > mM). 





_—_ = es A bee eee 
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The function ¢,(z) is a hyperbolic transformation with the same fixed points 
as S,. The relation (3.5) implies that, if ¢,(z) # z, S: is hyperbolic and has 
the same fixed points as ¢,(z). This is contrary to the choice of S.. Equation 
(3.1) implies for n > no that 


W,(w) = w. 
Hence we have 


THeorEM 3.1. If F,, is a Riemann surface, which is not simply-connected and 
which has the properties that F,, is of hyperbolic type and that the fundamental 
group associated with F, is not cyclic, then the identical map of F, onto itself can 
never be expressed as the limit of a sequence {W,(w)} of single-valued conformal 
maps of F,, onto itself, where W,(w) 4 w (n = 1, 2, ---). 


In particular, we may infer that the group of (1, 1) conformal maps of F, 
onto itself is properly discontinuous ([6], pp. 163-165). 

Furthermore, the theorem that the number of (1, 1) conformal maps of a 
plane region G, bounded by p (> 2) Jordan curves onto itself is finite, also 
follows [4]. For, if there were an infinite number of such maps, there would 
exist a sequence {W,,(w)} of such maps converging continuously for w «G, to a 
point w of the boundary of G,. By the continuity properties of w = w(z), which 
maps |z| < 1 one to one and conformally onto G, , we may associate with w a 
point ¢ of |z| = 1 with the property that 

lin w(z) = w (jz| < 1). 
Hence we may assign to each W,(w) a transform ¢,(z) (n = 1, 2, ---) such that 
the sequence {¢,(z)} converges continuously to fas n— © for|z| <1. Itis 
well known that the group % associated with w(z) is properly discontinuous at 
¢. Let 7 be any member of % distinct from the identity. Then for n > N(T), 
¢n(T) = ¢n(z). But all g,(z) are linear fractional transformations of |z| < 1 
onto itself, hence not automorphic. Therefore the number of (1, 1) conformal 
maps of G, onto itself is finite. 

The “Starrheitssatz”’ for regions of connectivity greater than two also follows 
from our preliminary remarks. 

Theorem 3.1 is not true for Riemann surfaces which are not of the type de- 
scribed in the hypotheses of that theorem. One need only consider the rotations 
W, = ew (6 real) of the annulus Y: r; < | w| < re (mr, > 0) to see that Theorem 
3.1 is no longer valid. However, it is possible to replace Theorem 3.1 in this 
case by the proposition that for Y% no map of class C; can be expressed as the 
limit of a sequence of maps of class C: (cf. §1). 

The proof iseasy. By studying the transforms of the maps W(w) with respect 
to w(z) which map % one to one and conformally onto | z | < 1, we find that the 
transforms of the maps of class C; are automorphic with respect to the group § 
associated with w(z), whereas the transforms of the members of class C; are 
never automorphic with respect to S$. Hence no sequence of maps of C; can 
converge to a map of C; in this case [3]. 
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There remains but one case to be treated, where F,, is of hyperbolic type. 
F,, is to be conformally equivalent to the interior of the unit circle punctured at 
an interior point, which we may assume, without loss of generality, to be the 
origin. We consider, therefore, the region R defined by: 0 < |w| <1. In 
this case, Theorem 3.1 and the modified proposition for annulus both fail, as 
the following example shows. Let W,(w) be defined by 


(3.6) W,(w) = (1 7 *) —— ee 


For 0 < |w| < 1, W,(w) converges to w. Each W,(w) is of class C; whereas 
w itself is of class C, . 
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THE ABSOLUTE CONVERGENCE OF TRIGONOMETRICAL SERIES 
By RapHakt SALEM 


The purpose of this paper is to establish some theorems on absolute con- 
vergence of trigonometrical series. The first part of the paper is related 
to some classes of trigonometrical series which cannot converge absolutely at 
more than one point without being absolutely convergent everywhere. The 
second part deals with some properties of the sets of points at which a trigonomet- 
rical series can converge absolutely without being everywhere absolutely 
convergent. The third part is devoted to a generalization of the Denjoy-Lusin 
theorem. 

In the first part of the paper, the following theorem is proved: 


THEoreM I. [If the series 


(1) ps Pn COS (NI — Qn) (en 2 0) 


converges absolutely at two points x», x, , then the series > pn | sin n(x, — 2) | 
converges. 


This theorem, although very simple, does ‘not seem to have been stated 
before, and it has some important consequences. It leads to the following 
theorems: 


TuHeoreM II. The series (1) in which the sequence {p,} is non-increasing can- 
not converge absolutely at more than one point if > Pr = &. 


(Points whose abscissas differ from x are not considered as different.) 


TueoreM III. The same theorem is true if instead of supposing the sequence 
{pn} non-increasing we suppose that pn+,/p, is bounded, independently of n and 
p> 0. 


TuHeoreM IV. The series (1) in which i Pn = © cannot converge absolutely 
at more than one point if 


> + = om’. 
1 Pa 
TuHEeoreM V. [f the assumptions on the coefficients p, of any one of the Theorems 
II, III, or IV are satisfied, the series 
(2) bk Pn COS (kn — Gn) (> Pn = 2) 
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cannot converge absolutely at two points xo , x, whose abscissas differ from 6, provided 
that the integers {k,} are such that the numbers k,6 (mod 2x) are uniformly dis- 
tributed (gleichverteilt)' on the unit circle. 


It follows in particular from this theorem that Theorems II, III, IV hold 
for the series 


PB pn cos (n’x — a), 


p being any integer. 

In the second part of the paper we consider the sets of points which we call 
“of the type N”’. A set E is of the type N if a trigonometrical series (1) exists 
which converges absolutely in EZ, with i Po = ©. 

Similarly, a set EZ is of the type N’ if a trigonometrical series (1) exists such 
that > pn COs (nx — a@,) converges in E, with k * Pu = @. 

Plainly every set of the type N is also of the type N’. In answer to a question 
which has been propounded by Professor Zygmund, we prove the following 
theorem: 

TuHeoreM VI. Every set of the type N’ is also of the type N. 


We next consider some properties of perfect sets of the type N, and we prove 
the following theorem: 

TueoreM VII. If a perfect set P is of the type N, then for every function F(x) 
non-decreasing in (0, 2%) constant in every interval contiguous to P but not every- 
where® we have 


es 2x 
in [ cos 2nzdF = F(2x) — F(0). 
0 


This is an extension of a result previously obtained by Professor Zygmund, 
who has proved that the Fourier-Stieltjes coefficients of dF cannot tend to zero. 
We prove then a converse theorem: 


TueoreM VIII. If a perfect set P is such that one function F(x) exists, non- 
decreasing in (0, 2x), constant in every interval contiguous to P, but increasing 
from one interval to another, and such that 


oie 29 
in [ cos 2nzdF = F(2r) — F(0), 
0 


then a trigonometrical series (1) can be found, with >> p, = «©, which converges 
absolutely “‘almost everywhere” in P, that is to say, in a subset P, of P such that 
the variation of F(x) in P — P, is zero. 


1 See H. Weyl, Uber die Gleichverteilung von Zahlen mod. Eins, Math. Ann., vol. 77(1916), 
pp. 313-352. 

2 The construction of such functions is well known. See E. Hille and J. D. Tamarkin, 
Remarks on a known example of a monotone continuous function, American Mathematical 
Monthly, vol. 36(1929), pp. 255-264. 
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Theorems VII and VIII lead to interesting examples of sets which are not of 
the type N and sets which are “almost everywhere” of the type N. 

We next consider the following characteristic of a perfect set P. A positive 
number 7 being given, let us denote by q the smallest integer such that P can 
be covered by q intervals each of length ». Obviously qg is non-decreasing when 
n tends to zero. We prove the following theorem: 


TuroreM IX. If q increases slowly enough when n tends to zero, namely, if 
q = o(| log 7 |), then the perfect set P is of the type N. 


In the third part of the paper Theorems X, XI, and XII deal with a generali- 
zation of the well-known Denjoy-Lusin theorem on sets of absolute convergence. 
I 


1. Proof of Theorem I. Let 2, x; be two points of absolute convergence of 
the series (1). From the equality 


cos (nt, — an) = COs N(x, — Xo) COS (NX — a») — sin n(xX, — Zo) sin (NX — an) 


and from the absolute convergence at the points x) , 7; we deduce immediately 
that 


> pn | sin n(z1 — 2) sin (nz — an) | < 2%. 
But from the absolute convergence at 2» we deduce that 

> pn | sin n(2; — 2) cos (nao — a,)| < @ 
and by adding the two last inequalities we get 
(3) E pn | sin n(x — 2) | < @. 


This proves the theorem. 


2. Proof of Theorem iI. This proof is an immediate consequence of the in- 
equality (3) and of a well-known theorem of Fatou* which states that if }> p, = 
« and if the sequence {p,} is non-increasing, the series }> p, | sin né| cannot 
converge if 6 # 0 (mod 7). 

Another proof of Theorem II will be included as a particular case in the 
proof of Theorem V. 


3..Proof of Theorem III. Let us suppose }> p, = © and pnsp/pn < A 
(p = 0) and let us put 


1 
w = A max (pn, Pn+1, ++)5 


then 


3 See A. Zygmund, Trigonometrical Series, Warsaw, 1935, p. 134. 
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Hence, if the series (1) converges absolutely at two points 2, 2; , so does the 
series , r, cos (nt — a»), but plainly ray: S 7, and as r, > A-‘pn, > Tr, = @> 
hence by Theorem II the absolute convergence at 2, 2; is impossible if 
21 — % # O (mod zn). 

The same result holds good if instead of supposing p,+,/p, bounded, we sup- 
pose pn+p/pn < on), o(n) being an increasing function tending to infinity, such 
that >> pn/e(n) = «. The proof is the same. 


4. Proof of Theorem IV. If the series (1) converges at 2» and 2z,, then the 
series (3) converges, and we can find an increasing function w(n) tending to 
infinity such that 


Dd pnw(n) | sin n(x — a) | < &. 


But* 
n E " ai n 1 ie “ 
> |sin n(x, — 2%) | = > (a(n) (pnw(n))? | sin n(x, — 2) | 
n 1 4 on La ; 
< (= — 5) (dL prw(n) sin® n(z, — 2))’. 
Hence, if 
> 1 = om’, 
T Pn 
we have 
n 1 r 
x Pnw(n) a mas 
and 


> | sin n(x, — 2) | = o(1). 


This is impossible if z; — x) # 0 (mod 7) because it implies 
> > sin’ n(x; — 2) = o(1); 

that is to say, 
lim = > cos 2n(z,; — 2%) = 1. 


This is impossible because 


- 1 
2 — < Neer ene 
| 2 cos (a Io) | | sin (211 — 2) | 
Theorem IV is thus proved. 


4 If some of the p, vanish, we can always replace them by the corresponding 4, , Ba Un 
being convergent. 
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5. Proof of Theorem VY. Let us suppose that the series (2) converges ab- 
solutely at two points x, x; and let us put x; — 2% = 6. By Theorem I, the 
series _ pn | sin k,6 | converges. 

(i) Let us suppose that {p,} is non-increasing. From the inequality 

ps Pn sin’ k,6 < A, 
1 
A being a constant, we deduce that 
(4) > pn COS 2k,5 > 7 pn — 2A 
1 1 


for every n. 
But if the numbers k,6 (mod 27) are uniformly distributed on the unit circle, 
we have, by a well-known theorem of Weyl* 


1S cos 2kad = o(1), 
n“T 
that is to say, 
: | 5° cos 2k, 5| < en, 
n"1 
¢, tending to zero. Hence, by Abel’s transformation 
| >> pn cos 2k, 5 | 
1 
< (p1 — paler + 2(2 — paler + -+- + (m — 1)(Ona — pndent + NPnén, 
and from this inequality we deduce easily that 
> Pn COS 2k,6 = o(pr + eee + Pn). 
This contradicts (4). 


It is interesting to observe that the uniform distribution of the numbers k,é 
is a condition unnecessarily stringent, and that it is sufficient to suppose 


(5) lim ~ > eos 2k,b <1. 
1 
(ii) If instead of supposing {p,} non-increasing we suppose that pn+p/pn is 
bounded (p > 0), we reach the same conclusion by the process of Theorem III. 
(iii) If we make the assumption Zz 1/p, = O(n’), the very proof of Theorem 
1 


IV shows that the series (2) cannot converge at two points whose abscissas differ 
from 6 if (5) holds good, hence in particular if the numbers k,é are uniformly 
distributed. 


5 See Weyl, loc. cit. 








322 RAPHAEL SALEM 


As an application let us consider the series > pn cos (n’x — a), p being any 
integer not less than 1. It is known that the numbers n”6 are uniformly dis- 
tributed (mod 27) if 5/7 is irrational. If 6/z is rational, it is easily seen that 


lim ~ 3° cos 2n”8 <4. 
1 


Hence in the hypothesis of any one of Theorems II, III, IV, the series 
> pn cos (n’x — ap) cannot converge absolutely at more than one point. 
Theorem V is thus proved. 


II 


We next establish some properties of the sets of type N. Theorem I is useful 
in this study because it shows that sets of absolute convergence of the series (1) 
can be obtained by a translation of sets of absolute convergence of the series 
D pn sin nz which is of a simpler type. 


6. Proof of Theorem VI. Let E be a set of the type N’. Then there exists 
a series ZZ pn COS (k,x — ap) such that, in E, 


D> pn COs” (knt — an) < oe, Da = oe, pr > 0. 
Let us put 
Ss, = ioe and u, = S' — Sty. 
1 
Plainly >> u, diverges. We have 


) Ux | COS (kaa = Gn) | = a | cos (kx = Gp) | 
1 1 Pn 


< (= us) (> pn COs’ (knz — a,))?. 


1 


te _ (.—- Sia)? _ S — Shn Seen | 

Pn S, — Sra si+sist.i+st., sh. sh 
Hence } i u2, /p, converges, and this proves the convergence of Dd un | cos (kat — 
a,)|in EZ. Hence E is of the type N, and this proves the theorem. 





7. Proof of Theorem VII. Let P be a perfect set of the type N. If mis a 
point of P and P» denotes the set P translated by —2», then if the series (1) 
converges absolutely in P, the series _ pn | sin nx | converges for every x belong- 
ing to Py and so does the series > p, sin’ nz. Hence the difference 


a > pn cos 2nz 
1 1 





is 
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is bounded (not uniformly) for every z belonging to Py , and putting 





R(x) = 02.008 22 + ps 008 42 + +++ + pp, cos 2nz 


pit prt +++ + Pn 
we have, for every x belonging to Py , owing to the divergence of > > Pn, 
(6) lim R,(x) = 1 


(not uniformly). The quantities R,(x) being uniformly bounded (| R,(x) | S 1), 
we can take the Stieltjes integral of both sides of (6) with respect to a function 
F, non-decreasing in (0, 27), constant in every interval contiguous to Py but not 
everywhere. We thus get 


22 25 2x 
n | cos 2rdF + p [ cos ir dF + +++ + pn [ cos 2nz dF 
. () 0 
-~ pi + pat +++ + Pn 





= F(2xr) — F(O). 
This is impossible unless 


(7) lim [ cos 2nrdF = F(2m) — F(0), 


and this proves the theorem. We can observe, integrating by parts, that this 
condition is equivalent to 


tien 





Qe | 
n | F(z) sin 2nxzdz| = 0. 
0 


8. Proof of Theorem VIII. Let P be a perfect set in (0, 27) and F a function 
of the type defined in the proof of Theorem VII, constant in every interval 
contiguous to P, but increasing from one interval to another, and such that the 
equality (7) holds good. We have 


lim [ (1 — 2sin’ nz) dF = F(2r) — F(0), 
that is to say, 
lim [F sin’ na a = 0. 
Hence there is a sequence {k,} of integers such that 


2a 
I sin’ k,z dF < &, 


€, decreasing and tending to zero. We can always find a positive sequence 
{pn} such that p Pn = ®, ) Pnén < ©. We can take, for example, p, = 
ce. ~ =. . We have then 


on 22 
»/ p, sin’ k,xdF < o; 
1 
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the integrated quantities being all positive, we conclude that the series 
pn sin’ k,x 
1 


converges in a subset P, of P such that the variation of F over P — P, is zero. 
By Theorem VI this is also true for a series >> up |sin kx | with Du, = @~, 
and this proves Theorem VIII. 


9. To give an application of Theorems VII and VIII we shall consider the 
perfect set constructed in (0, 27) in the following manner. 

We first divide the interval in three parts of lengths proportional to &,, 
1 — 2&,, & respectively, and we remove the central part. 

Each one of the intervals left is divided in three parts of lengths proportional 
to &,1— 2&, &, and the central parts are removed. 

In the p-th operation each of the 2” remaining intervals are divided in three 
parts of lengths proportional to & , 1 — 2é,, & , and the 2” central parts are 
removed. 

We continue these operations indefinitely, the sequence {£,} being such that 
0 < & S }. Itis plain that we obtain thus a perfect set P nowhere dense. It 
is easily seen that the points of P are represented by the infinite series 


(8) x = 2r(O, + £102 + EiboOs + --- + bids --- E10, + ---), 


where 6; is equal to zero, or tol — &;. 

The 2”” intervals removed in the p-th operation will be denoted by 6,. (k = 
1, 2,--- , 2””"); each of them is of length 2ré, --- (1 — 2é,). The right- 
hand end-points of the intervals 6,, are obtained by making in (8) @, = 1 — &, 
and 6; = O for eachi > p. The left-hand end-points are obtained by making 
6, = & and 6; = 0 for each z > p, but we can preserve the form (8) by making 
6, = Oand 6; = 1 — &; for each 7 > p. 

After p operations 2” — 1 intervals are removed and 2” intervals are left which 
we denote by nx (k = 1, 2,--- , 2”); each of them is of length 2ré,& --- &,. 
Thus the measure of P is 


2m lim 2°fig --- &, 


and we suppose that this limit is zero. 
Now we define a continuous function F(x) as being equal, for x belonging to P 
and given by (8), to 


Pe a 


27% et 


where 


a; = 0 if 6; = 0 and a;= 1 if 6=1-— &. 





bi 


to P 
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There is no change to make in the well-known argument about Cantor’s ternary 
set to show that F(x) is a continuous non-decreasing function’ constant in every 
interval contiguous to P but increasing from one interval to another. 

Following exactly the method of Hille and Tamarkin we can calculate the 
Stieltjes integral 


2a 
ie l e"* dF(z). 


Let us consider the 2” left-hand end-points a,x of the 2” intervals n,. (k = 
1, 2,---, 2”). Their abscissas are obtained by making 6; = 0 or 6; = 1 — &; 
(¢ = 1, 2,--- , p) in the finite expression 


apn = 27(0; + £102 + eee + Ei £5 — £)-10,). 


Let us divide (0, 27) in intervals of length tending to zero, each of them contain- 
ing either one complete interval 7,, or no part of them. Then, as in the intervals 
5. (j = 1, 2,---, p), F is constant, and since in each 7,4 it increases by 2”, 
we have for approximate value of J 


I, = a Lew {2wni|O, + £102 + --+ + Edo --+ Ep 16,]}, 


the summation being extended to all combinations of 6; = 0 and 6; = 1 — &;. 
We have 
1 Pp 


I, Dp I] {1 + exp [2enitite --- &a(l — &)]} 


k=1 


TT exp lnigigs «=» a(1 — &)] c08 wngide -+- &a(l — &), 
but | — & + &(1 — &) + &&(1 — &) +--- = 1. Hence 
I = e™ II COs nti: +++ Eea(l — &). 
Theorem VII shows that the set P cannot be of the type N unless 
(9) lim II cos Qengits +++ Eea(l — &) = 1. 


It-is seen immediately, for example, that P cannot be of the type N if all the 
é; are equal to &.’ For n being given we can always find a positive integer k 
such that 


us Qn "(1-8 S 1-4, 


6 See Hille and Tamarkin, loc. cit. We have adopted the notations of this paper. 

7 This result is known. See V. Niemytzki, Sur quelques classes d’ensembles linéaires 
avec applications aux séries trigonométriques absolument convergentes, Rec. Soc. Math. 
Moscou, vol. 33(1926), pp. 5-32. 
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if » is small enough. It is sufficient to have 





—l 
log (# — 1) > 1, 
| log &| 
that is to say, 
1 
PS T+e’ 


and yu being thus chosen, we shall have 


TI cos Qrngife «++ &-a(1 — &) | < cos mu. 


| k=l 
We shall show now that if 
(Ergo +++ &)'* = o(k), 


the relation (9) holds; and then, by Theorem VIII, the set P is “almost every- 
where” of the type N. 
Let us suppose, in fact, that 


1 


Wk 
(fig2 +--+ &)" < ak’ 


¢(k) being an increasing function, tending to infinity as slowly as we please. 
Putting ff --- &ai(l — &) = %, we have 


i) Pp 0 

II cos 2en¢, = [J (1 — 2sin’ eng.) I] (1 — 2 sin’ wng,). 

k=1 k=l k=p+l 
By Dirichlet’s theorem we can find an integer n such that A < n < At’ and 
such that | sin rng, | < "fork = 1,2,---,p. Letustake A = p,t = [pe(p)}*. 
We have 


(10) p <n plpe(p)|” 
and 

Pp a . x ¥4 P 
(11) at (1 — 2sin’ xn¢,) > (1 5) : 


On the other hand as 1 — u > e& “if 0 < u < } we have 
It (1 — 2sin® xnt,) > exp [— 49 n' (C341 + Gao + ---)] 
P 


(provided 42°n°t%41 < 1 for k = p which is true, as it will be seen in a moment). 
But 


=e... dill — &) < &--- Hall — &), 





~~, 


se. 


nd 
yy. 





CONVERGENCE OF TRIGONOMETRICAL SERIES 327 





hence 
Sit<d-8 
and 
ne 8 < Ppl | if nines 
. pe*(p) le(p)|? 
Then 
. _. uses oo ae s. 
(12) If (1 — 2sin’ rnt,) > exp { 4 pa 


If p is allowed to increase infinitely, the inequalities (11) and (12) together 
with (10) prove that 
lim I] cos 2xn¢, = 1 


n=o k=1 


This is the result as stated. 


10. The condition (7) which has been proved necessary in order that a perfect 
set P should be of the type N can be put in another form which is closer to the 
structure of the set itself. 

Let us construct the set P by the following process: We remove first the great- 
est contiguous interval (if there are several intervals of the same greatest length, 
we take the first on the left); we get thus two intervals containing P; from each 
of them we remove the greatest contiguous interval contained, and soon. After 
p operations we have removed 1 + 2 + --. + 2”" = 2” — 1 contiguous in- 
tervals and there are 2” intervals left, which cover P and which we denote by 
nee (k = 1, 2,---, 2”). 

We define a continuous function F’,(x) by the conditions F,(0) = 0, F,(2r) = 
1; F, = 2°*k in the k-th contiguous interval counted from the left to the right 
existing after p operations (k = 1, 2,---, 2” — 1), F,(x) linear between two 
such successive contiguous intervals. It is easy to see that F,(2) tends to a 
non-decreasing continuous function F(x) constant in every interval contiguous 
to P. Now 


9 


| sin? nz dF = >> / sin’ nz dF. 
0 k Wpk 

But if a, is the left-hand end-point of 7,x , 

| 


pk 


. oda 
sin’ nz dF — sin” nap dFi< 2p | dF = 2nnyx 3 ‘ 
"pk "pk 2? 


20 | 
‘[ sin’ nz dF — + > sin” Netgs | <2ni > a - 
| 0 2? k i 2? k 
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Now, if (7) holds, there exists an increasing sequence of integers {n»} such that 
[ Z sin’ nx dF < €,—0. To every n» corresponds a p» such that for every 
oh Pm we have N»2 ” pe Nk < €m, hence also 2” p> sin” Nmo&pe < 3€m . 

This means that with every p increasing infinitely we can associate an integer 
n, increasing infinitely such that 


1 
"> op > Npk = o(1), 


1 . 
= > sin’ np apr = 0(1). 


By Schwarz’ inequality we can replace sin” n,a,x. by | sin npapx| hence by 
\n,a,ee }, {2} denoting the positive distance between z and the nearest integer. 
If we denote by 7, the mean-value of the 2” intervals ,., we see that if P is 
of the type N there exists a sequence of integers n, such that 


NpNp = o(1), 
>> {n = = o(1). 


These conditions give a rough idea of the relation existing between the arith- 
metical properties of the numbers a, and the “thickness” of a set of the type N. 
If the a,,/# can be “easily” approximated in mean by rational numbers (i.e., 
by rationals with a denominator increasing slowly with p), then n, will increase 
slowly and », can decrease slowly; that is to say, the set can be comparatively 
“thick”. If, on the contrary, the a,./m do not lend themselves to easy approxi- 
mation, n, can increase as rapidly as its upper bound shown by Dirichlet’s 
theorem, and, accordingly, 7, must decrease rapidly. 


11. We shall now define a class of perfect sets which are of the type N. 

Proof of Theorem 1X. With every perfect set we can associate a function (7), 
q being the smallest integer such that P can be covered with q intervals each of 
length ». (mn) is non-decreasing when 7 tends to zero. 

Let a; (¢ = 1, 2, --- , q) be the abscissas of the left-hand end-points of the q 
intervals of length » covering P. ¢, being positive and tending to zero as 
q — ~, we can always, by Dirichlet’s theorem, find an integer m, such that 


q 
(13) PT ¢- (2) 
€q €q \€q 
and such that 
| sin mga; | < we, (i = 1,2,---, 4). 


If m, is such that myn < €,, we shall have 


| sin mgr | < (w + le, 





f 


r 


Vv 
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for every x belonging to P. Since by (13) the sequence of m, is unbounded, we 
can extract an increasing sequence of integers n, such that | sin nor| < e¢, for 
every xz belonging to P. Hence, by a suitable choice of p, as shown in §8, the 
series 2, p, sin n,x will converge absolutely in P with . Pg = ©. 

It remains to find a sufficient condition in order that m, satisfying (13) be such 
that m,n < «,. It is sufficient to have 
g< et? 
and, since ¢, can tend to zero as slowly as we please, it is sufficient to have 

* ie - o(1), 


a relation which is satisfied if g = o(| log 7 |). Theorem IX is thus proved. 


12. The sufficient condition which has just been found has some interest 
because there exist sets which are not of the type N and for which 


1--()) 


a being a positive number as small as we please. 

This is seen immediately in considering the sets studied in §9 and in which 
all the &; are equal to the same number é. 

For those sets, which are not of the type N, we have for » = 2ré*, q = 2"; 
hence also g < 2" for 2rt" < » < 2ré*'. From this we deduce easily that 


1 log 2/| log &| 
q< o(2) 7 
7 


C being a constant. Since we can take é as near to zero as we please, the result 
follows. 
It will be interesting to show now that there are sets for which 


8 
a>(2), 
n 
8 being less than 1 but as near 1 as we please, and which are of the type N. 
Let us take the set P considered in §9 and let us put & = 4 for every p except 
for a sequence {7;} which we shall define in a moment and for which &; = 
1/27. Let us take p = i; and let us cover the set with 2” intervals, each of 
length n, = 2rf--- & = 2n2°-"(j!)". Now if aj are the origins of the 2” 
intervals nx (k = 1, 2, --- , 2”), it is seen immediately that if we take 


np = 2(j — 1)! 


we have 
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and 


Hence 


. 1 
sin Npzr = o(2) 


for every x belonging to P. Hence, as it has been proved in §11, the set P is 
of the type N. 
But for this set if we take 


2riite «++ Fi4, < 9 < Qwhige --- &i,, 
it is easy to see that 
q> 2%, 
but 
1 < aan BPs = Qt 7 oa 1)!. 
n Sika +++ Sijas 
Hence, to have g > (1/n)’ it is sufficient to choose the sequence 7; such that 
2'' > [2*+*(7 + 1) N°. 
It will be sufficient to have 
t; log 2 > Bij41 log 2 + B(j + 1) log (7 + 1) 
or 
fs cpt how , 
aft 8 | > 1 G+ D log G+ 0. 


This inequality will hold, for instance, if we take i; = 7’; and 8 < 1 can be as 
near to 1 as we please. This proves the result as stated. 


III 


13. Let us consider the trigonometrical series 
(S) p> Pn COS (nx = Qn) (pn = 0). 


We shall henceforth suppose, in this paper, that > pn = ©. The Denjoy- 
Lusin theorem states that the set of points for which 


> pn | cos (nz — an) | < @ 
1 


is of measure zero. 
We shall prove the following theorem. 





0). 


oy- 





CONVERGENCE OF TRIGONOMETRICAL SERIES 
THeorEM X. The set of points E for which 


7 Pn | COS oti — ap) | 
(14) lim — aaah 


En 


a 
2 


is of measure zero if a < 2/r. 


Let j(z) be the characteristic function of £. The functions 
p> Pn | COS va — ap) | 


(15) — 
E Pn 


being uniformly bounded, we have,* if (14) holds, 


Yo [ f(z) | cos “al — a,) | dx 
(16) lim - 


En 














— Le [sea 


[12 + 2) | 08 ne |e; 
[ j(z+% a) f(x) | dx 


2 
tends to zero for n = «, and that [ f(x) | cos nz | dx tends* to 


Now 


[s@ |cos (nz — a@,) | dz 


if we observe that 


5 [1 dz f | cos x | dz, 





we have 
He” ib tie «biden [ ” $a) de. 
Hence 
Dm [ Sle) cos (nx = ay) | dx 25 
(17) tim * I fix) de. 
T 


n=00 ¥ no 


331 


8 See, e.g., E. W. Hobson, The Theory of Functions of a Real Variable, 2d ed., vol. II, 


p. 318. 
® See A. Zygmund, op. cit., p. 173. 
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29 
Comparing (16) and (17), we see that, if a < 2/1, we have [ f(x) dx = 0, and 


this proves the theorem. 


14. The set in which (14) holds contains obviously the set of absolute con- 
vergence of the series (S). Hence, it can contain a perfect subset. We shall 
prove the following theorem: 

Tueorem XI. If (14) holds in a perfect set P, then every bounded function F 
non-decreasing in (0, 2x) constant in each interval contiguous to P but not every- 
where is such that (even if F is continuous) 


. 


se 2a ; | 
im | | dF | > 0. 


Let us assume that a function F of the above described type is such that the 
Fourier-Stieltjes coefficients of dF tend to zero. We have 


|cos (nz — a,)| = >> de®” (a = ) 
—=—o0 Tv 
with | d,| < kA, A being a constant independent of k and n. Taking into 
account that e’'* dF | is bounded and tends to zero for p = ©, we have 
immediately 
25 
(18) tim [| cos (nz — a4) |dF = 2 (F(2x) — FOOD). 
n=00 Tv 


But if (14) holds in P, we have 


_ Tn F |cos (nz — ap») | dF 
(19) lim + . < ofF(2r) — F(O)], 


the functions (15) being uniformly bounded; and (18) contradicts (19) if a < 
2/m. Hence the theorem is proved. 





15. The constant 2/r in Theorem X is the best possible one. If a = 2/m, 
the theorem is no longer true. This will result from the following theorem: 


TueoreM XII. If p, = O(1), we have, almost everywhere, 





¥ pal cos (nt —an)| 9 


Do Pn 


1 


lim 
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We shall first prove the following lemma: 
Lemma. [f the y, are complex quantities such that >> | yn| = ©, and|y,| = 
1 
O(1), we have, almost everywhere, 


pm Yn en" 


R,(z) = —___—_ — 0. 


XI 7 


The proof of this lemma will be the same as Weyl’s proof of uniform distribu- 
tion of the numbers mx for almost all z, {n,} being an increasing sequence of 
integers.” 

We have 


S > |raf 
[trate fae = 2 Fc 
0 


(Qo |e)" Xl y= | 


if 2r|y,| < M. Let us take a sequence of integers {n,} such that 
nk 
Bs Dlr < (e+ 0° 


Then Te [ | Rn, (x) |" dx converges, and consequently Zz | R,,(2) | converges 


almost everywhere, and thus 
R,,(2) - 0 
almost everywhere. Now let us take an n such that 


me Sn < Mey. 








We have 
|Ra(2) 35 |ya| — Raglt) So lrall < 3: Lal. 
1 1 net 
Hence 
| , > Nk+1 Nk+1 
| | ya | | Qelyal Qo lvel 2 
R,.(z) _ = Rp, (2) | s un = = -Ii< es s 1, 


Nk 
| Slvl | Llwl = Delve 
and this proves that R,(x) — 0 almost everywhere. 


© See Weyl, loc. cit. 
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Remark. The assumption | y,| = O(1) could be replaced by a more general 
one; but it is necessary to make some hypothesis about the coefficients y, . It 
is easily seen, for instance, that 


] . kiz 
= Live 


does not tend to zero almost everywhere for n = =. 
We can now prove Theorem XII. We have 


jeosz| = >> cye“* (c= 2) 
k=—ao 


T 
with |c,| = O(k*). Hence 
+c r . 
leos (nx —a,)| = D> qe ***e*” 
k=—oo 

and 

} Pn | COS (nz — Gp) | a 

1 





- - p> CeQz,n(X), 
ZZ Pn a 


where 


Qk n(x) = : . 
D Pn 


1 





Applying the lemma, we see that & being given # 0, if z does not belong to a 
certain set FE, of measure zero, we have 


(20) lim Qi,n(z) = 0. 


n=0oo 


Hence, there is a set & of measure 2 such that for every x belonging to &, and 
for every integer k # 0, (20) holds good. Taking into account that the | Q:,,(x) | 
are uniformly bounded, and that | c, | = O(k*), we see immediately that 


n 


DX pn| cos (nz — on) | 
Di Pn 
1 


for every x belonging to &. This proves the theorem. 





— Cf = - 
T 
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THE DISTRIBUTION OF THE NUMBER OF SUMMANDS IN THE 
PARTITIONS OF A POSITIVE INTEGER 


By Paut Erpés anp JosePH LEHNER 
1. It is well known that p(n), the number of unrestricted partitions of a posi- 
tive integer n, is given by the asymptotic formula [2]! 
1 
(1.1) p(n) ~ ind exp Cn’, C = x(3)'. 
In §2 we prove that the “normal” number of summands in the partitions of n 
is C'n! log n. More precisely, we prove the following 


THEOREM 1.1. Denote by p,(n) the number of partitions of n which have at 
most k summands. Then, for 


(1.2) k = Cn} log n + an’, 
we have 
: (n) 2 —$Cr 
(1.3) lim PAY = ex (-2¢ , 
—m "\ ec 


The right member of (1.3) is strictly monotone and continuous; it tends to 0 
ast——oanitolasz—+o. Hence, it is a distribution function. Also 
from (1.3) we clearly obtain the weaker result that if f(n) is any function tending 
with n to infinity, then the number of summands in “almost all’’ partitions of n 
lies between 


(1.4) 


It is easily seen that the number of partitions of n having k or less summands 
is equal to the number of partitions of n in which no summand exceeds k. Thus 
the preceding results can be applied to this case also. 

In §3 we consider P(n), the number of partitions of n into unequal parts. 
(By a theorem of Euler, P(n) is also equal to the number of partitions of n 
into odd summands with repetitions allowed.) We obtain results similar to the 
above for p,(n), but we shall not give all details of the proof. 

In §4 we derive an asymptotic formula for p,(n), 


(t=) 
(1.5) ale) wo MY 


valid uniformly in k in the range k = o(n'). 


Received January 9, 1941. The first-mentioned author is a Harrison Research Fellow. 
1 Numbers in brackets refer to the bibliography at the end of this paper. 
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These matters, to our knowledge, have not been discussed previously. Some- 
what similar questions have been suggested by Castelnuovo [1] and treated by 
Tricomi [5]. The collected works of Sylvester are full of papers dealing with 
p(n), for particular values of k. However, Sylvester did not consider the effect 
of making k a function of n, i.e., he did not discuss the asymptotic behavior 
of p(n). His attack was entirely algebraic. In their famous paper on parti- 
tions Hardy and Ramanujan [2] give an inequality for p,(n) for finite k. If we 
use the generating function for p,(n) and the calculus of residues, it is easy to 
derive an asymptotic formula (see §5). 

In one of his numerous papers on partitions Sylvester ((4], pp. 90-99, esp. 
p. 93, footnote) remarked that in attempting to work out problems of this sort 
one meets with another class of partitions in the midst of the problem, so that 
it is difficult to avoid circularity. It has been possible to do this in our case by 
using elementary inequalities for the occurring partition function. 


2. We start from the following identity 


pi(n) = p(n) — ee p(n — (k + r)) 


+ DY pan-—(k+n) -(k+n)) 


O0<ri<re 
(2.1) l<ritresn—2k 
~ i p(n — (k+ 7) — (k+ 7) — (K+ 7)) + — +: 
O<ri<re<rs 
ldritretr3gn—s3k * 


= p(n){1 — Si + & — Set — ---}. 


(2.1) is a simple application of the Sieve of Eratosthenes; we use also the remark 
in the paragraph of §1 following (1.4), and the obvious fact’ that the number of 
partitions of n into summands which include k is equal to p(n — k). Also, by 
a well-known principle of Bruns’ method ((3], p. 75, (59)), 


thm + <1 <a C1 ~<a t-te 
(2.2) p(n) 





(v = 1, 2,3, ---). 


Now we estimate S,, S:, +++. Using (1.1), we have, with k = C™'n' log n 


+ an’, 


Si ~ —>— exp [C(n — k — 1)! — Cn] = 2a + >. 


lsrsn—k—-1 1 — k rsn r>nt 
In D1, n(n — k — ry’ ~ Land (n — k - 1)' ~ n! — 4n4(k + 7); thus 


2 This principle will be used several times in this paper. 





Se 


wl 
oV 


rk 
of 
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Liw~ Dd exp[—C-3n4*(k + r)] = n't exp[—4Cz] SO) exp [—3Crn] 
rgn lsrsn 
— exp [—4Cn**] 


= n* exp [—4Cz] exp [-3Cn-4} — exp [—3Cn>] 





$ 
~ n> exp [—4Cz]-2" ; 


2 <n DY exp[(—3Cn*"(k + )] <n YS exp [—}Crn] 


r>n r>n 
< nexp([—3Cn'n!] >} 1 <n’ exp [—3Cn*] = (1). 
r>nt 
Therefore, 
(2.3) Si ~ i exp [—4Cz/. 
Next 


1 
~ 2! p(n) a 


= 5 (D1+ ED) - D- Ze 


rsn r>n 


Se p(n — 2k — rm, — 12) p(n — 2k — 2r) 


is p(n) Oe 


where >>; runs over all pairs (r:, 72) in which neither 7; nor rz exceeds n'; }"s 
over all pairs in which at least one member exceeds n'. As before, we find 


Di ~ exp [-Cz] D. exp[-3Cnn, + 19] 


roresn 


: exp [-Cal( 2 exp [—3Cr,n“])” ~ ( exp [-4¢z}) ‘ 
o(1), 


* exp [—Cz] > exp [—Crn™] ~ Cn exp [—Cz] 


rsn 


Ds 
ds 


= 0(1), 
o(1). 


ll 


da 


Therefore, 


(2.4) S,~ a (7 exp [-402l). 
. 2!\c 
Similarly we get for S, 


(2.5) S, ~ - (7 exp [-4¢21) 
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Hence from (2.2) and the fact that S, — 0 with v™', we have 


pin) nes = _1)" — x —$Cr 
ola 1+ 2 ( 1S, = exp ( ae ), 





which is (1.3). 


3. We now consider P(n), the number of partitions of n into unequal sum- 
mands. Such a partition will be called an “unequal partition”’; a partition into 
odd summands we shall call an “odd partition”. We outline the proof of the 
following 


THEOREM 3.1. For almost all unequal partitions of n, the number of summands 
in a given partition not exceeding xn’ lies between 


2n' 2 ; - 4 
(3.1) D log i+e™ + en , D= a(4) ° 
To the odd partition 
(3.21) n = 1l-a, + 3-23 +--+ + (2r + 1) tera: 
corresponds in a one-to-one way the unequal partition 
r S2l+1 
(3.22) n= 2 (21+ 1) 2) aren = Do (2d + 12, 
i=Q t=1 i,t 


where® 
X= Qi + Q%i.2 + rere + Dries, 


Denote by A(x) the number of summands not exceeding an’ in a given partition 


of n, and by cm a sum which runs over all unequal partitions of n. Then 
P(n) 


(3.3) LA@= LY Pin), 


P(n) lsu<znt 


where P,(n) is the number of unequal partitions of n which contain the sum- 
mand u. Let u = 2‘(2v + 1). 

In order to calculate P,,(n), we consider all odd partitions of n (3.21) which 
contain (2v + 1), 


(3.41) r= 1-2 + 726 + (2v + 1) 22041 a coe, 
and in which, moreover, 2° occurs in the dyadic expansion of 2.41 , 
(3.42) Te0+1 = eee +f + eee, 


By the correspondence (3.21), (3.22), P.(m) is equal to the number of such 
partitions. 
In order to count these partitions we let k = 0, 1, 2,--- in turn. k = 0 


3 This correspondence, of course, furnishes a proof of Euler’s theorem. 





(3. 
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implies wu is odd. Then in (3.41), 2eo4: runs through all odd integers, since in 
(3.42) a 2° = 1 must occur. Hence, we are interested in those odd partitions 
which contain 2v + 1 exactly once, exactly three times, etc. Their number is 
clearly 


P(n — (2v + 1)) — P(n — 2(2v + 1)) 
+ P(n — 3(2v + 1)) — P(n — 4(20 + 1)) + ---, 


and this must be summed on v = 0, 1, 2, --- , such that u = 2v + 1 < an’. 
In the same way we count, for a general k, those odd partitions which con- 
tain 2v + 1 exactly 2*,2* +1, .-., 2*** — 1 times; 2°*' + 2, 2***?4 2° +1,..., 
2** times; etc. The number of such partitions is seen to be 
P(n — 2*(2v + 1)) — P(n — 2-2*(2v + 1)) 


+ P(n — 3-2*(2v + 1)) — P(n — 4-2*(20 + 1)) + «+, 


(3.51) 


(3.52) 


this to be summed on »v = 0, 1, --- , such that uw = 2*(2v + 1) < ani’. 
To these sums we can apply the method of §2, using the asymptotic expression 
for P(n) given by Hardy-Ramanujan ((2], p. 113),* 


exp [Dn'] 
In this way we obtain the asymptotic value of > A(z) as 
P(n) 
2n* 2 
(3.62) » A(z) ~ D P(n) log ite 


Next we consider 


a(a) = 3 [A() — nt F@)P 
(3.71) ~ ¥ A(z) — nP(n)F*(2), 


P(n) 


where we have written for abbreviation 


2 2 
F(a) = p08 Ty eae 
Now 
(3.72) D> A(z) = DY Parns(n), 
P(n) 1suj,ugern 


where P,,,u,(”) denotes the number of unequal partitions of n containing both 


4 See also L. K. Hua, On the number of partitions of a number into unequal parts, Bulletin 
of the American Mathematical Society, vol. 46(1940), p. 419, abstract no. 279. 
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u, and tw ; Pu,u,(n) = Pu,(n). We calculate P,,,.,(n) by the same methods 
used to find P,(n). It turns out that? 








_ Pi, (n) _ P,,(n), 
(3.73) Puy .u,(”) — E;-E,-P(n), E, = P(n) ’ E, = P(n) ’ 
thus 
(3.74) > A*(z) ~ nF*(x)P(n) 
P(n) 
and 
(3.75) A(x) = o(nF*(x)P(n)). 


For a fixed « > 0, let N(x, ¢€) be the number of unequal partitions of n for 
which 


| A(z) — n'F(x)| > en’. 
Then 
A(x) > N(z, ©)-én, 
and by (3.75), 
N(a, €) = o(P(n)). 
This is equivalent to Theorem 3.1. 
This leads to the following (x — ~) 


THEOREM 3.2. For almost all unequal partitions of n the number of summands 
in a given partition lies between 


i 
cd log 2 + en’. 


By sharper arguments we can obtain 


THEOREM 3.3. The number of unequal partitions of n in which the number of 
summands in a given partition is less than 


2n} 
wad 2 3 
p oe2+yn 
is given by a Gaussian integral. 


We add the following two theorems, which may be of some interest. They 
can be proved very easily by using the methods of this section. 


THEOREM 3.4. Let 
(3.81) Nn=Q+at+---+a; 


5 (3.73) expresses the independence, in the sense of probability, of the function 
P.(n)/(P(n))*. This holds, however, only for the values considered, i.e., u; , uz < zn. 
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be any partition of n. Define 
f(n; a, a, +++, a) = f(n) = Do Ai, 


where A; runs over the different summands in the given partition. Then for almost 
all partitions f(n) lies between 


(3,82) as (1+. 


THEOREM 3.5. Let o(n; a, , 2, +--+ , ax) = o(n) denote the number of different 
summands in the partition (3.81). Then for almost all partitions y(n) lies between 


4 
(3.9) 7 (l+e, C=-x(3). 


4. We now discuss the asymptotic behavior of p,(n) for k = o(n*) and prove 
the following 


THEOREM 4.1. 


(4.1) a 
p(n) ~ ki” 
this formula being valid uniformly in k for k = o(n').° 


Lemma 4.2. Let k = o(n'). Then’ 


(4.2) pa(n) > 5-[5-Pe-a(n). 


In the proof of this lemma, we shall consider partitions into exactly k sum- 
mands some of which may be zero. This is equivalent to the case of partitions 
into k or fewer summands. 

First we show that 

n 


(4.31) p(n) > B Pr_i(n). 


Let 
(4.32) n=q+@t+---+a1, OSMSaS--- SF M4, 
be any partition of n into k — 1 parts. Clearly a, > n/k. Now if we write 


Qai= 2+ y,0 S x S y, we obtain from each partition (4.32) at least 


i : 
6 T.e., for every « > 0, and0 < k*n™! < e¢, the ratio of px(n) to (i a 1)/at remains between 


lteasn— a. 
7 This result no doubt holds for k = O(n). 








342 PAUL ERDOS AND JOSEPH LEHNER 


a/2 > n/2k partitions of n into k parts. Hence, from all partitions (4.32) 
we get at least p,_1(n)-n/2k partitions of n into k parts, 


(4.33) n=bhth+---+th, OSh Sh S--- Sh. 


>) times; therefore 


In the set (4.33) no partition is duplicated more than ¢ 


Pi-1(n) ° si = p(n) . (5) , 


and (4.31) follows. 

Next, in (4.32), let Ai, A2,---,A, be the distinct positive summands, 
0<Ai<.---<A,. If we break up each A; into two parts as in the preceding 
paragraph, we obtain at least 


(4.41) $(A; + Ao +--+ + A,) 


partitions in (4.33). 
In the following we denote by > a sum which runs over all partitions of n 
PR(n) : 
into k parts some of which may be zero. We shall estimate pm >, A. 
Pk—-1(n) i=l 
We have 


(4.42) LD LA = L smealn — 3), 
Pk-1(n) i=l s=1 
since a given integer s appears in the left member as many times as there are 
partitions of n into k — 1 parts one of which is s, i.e., just px_o(n — s) times. 
By an extension of the same reasoning we get 
k-1 


D a; = npys(n) 


Pe-1(n) t=1 


(4.43) . 
- p> 8{ Pr_o(n — 8) + Di-s(n - 2s) + Pra(n _ 3s) + «+. Xs 
the series in the braces terminating of its own accord. Now 
(4.44) Prs(n — 28) + pra(n — 38) + --- < 3pp-o(n — 8). 
For, clearly, 


Pr_s(n — 28) S Pr_o(n — 8), 


lA 


Pr_s(n — 38) S px_s(n — 8), 


ee 


Prou(m — (u — 1)8) S Pr—ugi(n — 8) 
(see footnote 2); hence 


Pr—s(n — 28) + prs(n — 38) + --- S pr_o(m — 8) + pr_s(n — 8) + ---. 
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Applying (4.31) to the last inequality, we see that the left member does not 
exceed 


Pr-2(n — od + &-2) & — 3)'(k — 2)° . +. 


n—s8 (n— 8) 


We remark that we need only consider s < }n, for otherwise the right member 
of (4.43) reduces to the first term. For s < $n, the above expression in braces 
is less than 


2 3 3\, 2 
1+ 4 (7) +es- C1 +9+3+--- =2, 
since k = o(n*). This proves (4.44). 

Finally, (4.42), (4.43), (4.44) give 


> A; = >> Spx_2(n ai 8) 


Pe—-1(n) i=l 


(4.45) > : > s{prs(n — 8) + prs(n — 2s) + +++} 


= inp,_i(n) . 


(4.41) and (4.45) mean that by the process of breaking up each A; into two parts 
we obtain from the set (4.32) at least {np;,_,(n) partitions in (4.33). Moreover, 


ao ‘ i 
no partition is duplicated more than { ,} times. Hence 


oo 


pnpra(n) < p,(n)- (5), 


and this proves Lemma 4.2. 


Corotiary 4.3. If k = o(n'), then the number of partitions of n into exactly 
k positive summands is asymptotically equal to the number of partitions of n into k 
or fewer positive summands. 


For by a ¢-fold application of Lemma 4.2, we have 
° ok t 
Pr(n) < (*) px(n) ; 


hence 


> Pr-(n) < px(n) > ax’ = o(p,(n)), 
t=1 t=l n 


since k = o(n’). 


Lemma 4.4. The number of partitions of n into exactly k positive summands 
not all of which are different is o(p,(n)). 
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Let any such partition be given by 


(4.51) n=tbh+ bb +--- + tb., Lt=k, 


i=l 
and t; > 1 for some i, i.e., x < k. To this we make correspond 
(4.52) N=C, +eet--- +z, c; = td;. 


This furnishes a single-valued mapping of (4.51) into a subset of the set of 
partitions of n with fewer than k summands. This inverse mapping is far from 
being single-valued, however. In fact, given a fixed partition of (4.52), 


(4.53) n= d,;+ de+--- + dit, t> 0, 


we inquire in how many ways it can be mapped into (4.51). The inverse map- 
ping exhausts the set (4.51). 

For this purpose we select v of the d’s, say dj, , di, ,--+,di,, and split dj, 
into w, equal parts, d;, into w2 equal parts, ---,d;, into w, equal parts 
(w,; = 2,---,w, 2 2).° We must evidently have 


(4.54) Wt+w+t--- +u,=vt+t. 


ty 


Since in a given decomposition v S t, we get 
(4.55) W, + We + --- + w, S 2. 


Hence, the total number of decompositions obtainable from all possible choices 
of v and w,, w2, --- , w, is less than’ 


(4.56) p(1) + p(2) + --- + p(2t) < 4‘. 


From a given decomposition (4.54) we obtain at most (k — t)’ S (k — t)' < k' 
partitions in (4.51), so that, all in all, we get at most 4‘k' partitions in (4.51) 
from our fixed partition (4.53). But for each ¢ there are p,_,(n) partitions of 
the form (4.53); hence the total number of partitions of n into & positive sum- 
mands not all of which are different is less than 


k-1 
> 4‘ k‘ py_1(n), 
t= 
and by Lemma 4.2 this is less than 
k-1 2\ t k-1 3\t 
2k 8k 
pr(n) Do ve(? _) = p(n) Do (*) = o(p.(n)), 
t=1 n t—1 \ 1 
by virtue of the condition k = o(n’). Thus Lemma 4.4 is proved. 


5 We assume here w; | di, , --- , W»| di, . This assumption only strengthens the inequali- 
ties which follow. 

® This estimate follows from an elementary inequality for p(n), p(n) < 2". For the 
proof of the latter, see footnote 11. 
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Lemma 4.5. The number, p(n), of partitions of n into k positive summands 
whose order is considered (i.e., two partitions are counted as different if they differ 


only in the order of their summands) is “ = ') > 


k-1 
Let 
(4.61) N=Q+at+--- +a, a; > 0. 
To this partition we make correspond the combination 
(4.62) G, , @) + G2, 0, + Og + a3,---, a taet--- + a4, 


and this correspondence is clearly one to one. But each of the k — 1 integers 
in (4.62) is not greater than n — 1, since a, = 1.” 

Now we can prove Theorem 4.1. From Corollary 4.3, it is clear that we 
need consider only partitions having exactly k positive summands. Moreover, 
from Lemma 4.4, we see that we may assume all summands in a given partition 
to be different. But from a partition in which all k summands are different we 
obtain k! partitions of the type considered in Lemma 4.5. Thus the theorem 
follows. 


5. By the application of the Hardy-Littlewood method we can obtain a 
second proof of Theorem 4.1. But it hardly seems worth while to use this 
elaborate method unless something more results. It is easily seen that the 
essential contribution is furnished by the neighborhood of x = 1. Hence what 
we need is information about the asymptotic character of the generating function 


1 ~ : 
Gnd te ace 71+ A ae 





around z = 1. The possibility of obtaining a suitably sharp asymptotic repre- 
sentation remains to be investigated. 
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RIESZ SUMMABILITY METHODS OF ORDER r, FOR &(r) < 0 


By G. E. Forsyte 


(-<} 
Given a series >, u, of complex terms and a complex parameter r, whose 


n=0 

real part will be denoted by R(r), let 

n—l r 
(1) w= © (1-4) Un (n = 1,2, +++), 

k=0 n 
and let 

{¢]-1 k r 

a = 2 (1-4) (st< ). 


By a’, where a > 0, will always be meant exp [r log a], where log a is given its 
real value. If lim a, = L, then >> up is said to be summable-A, to L. If 


no 


lim A(t) = L, then >> u, is said to be summable-B, to L. These summability 
t-—ra 


methods are due to M. Riesz, and this notation is due to Agnew.’ 

If —1 <r < 1, then A,, B, and the Cesiro method C, are all equivalent,” 
while for some values of r > 1, A, and B, are not equivalent.’ For R(r) < —1, 
A, and B, are not equivalent.‘ For other values of r, the question of the equiva- 
lence of A, and B, seems not to be discussed in the literature. 

The object of this note is to give a criterion for the equivalence of A, and B, 
for R(r) < 0, based on Agnew’s work, and to apply this criterion to show that 
Aun and Bizn (-—%” < h < @) are equivalent if and only ifh = 0. It 
follows’ that A_; can take the position r = —1 in the scale of Cesaro sum- 
mability methods C,. 


Let ¢,(z) = >0 n’x", for |x| <1. ¢,(x) has a simple zero at the origin, so 
n=1 


that we can define the coefficients {eS} by 


~~ —_ = de = (r) n 
(2) fla) = = dena", for|z| < R,R>O. 


Let ec? = 1, for all r. 


Received January 17, 1941; presented to the American Mathematical Society, October 
26,1940. The author is a Sigma Xi Fellow from Swarthmore College. 
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Mathematical Society, vol. 35(1933), pp. 532-548. (See this paper for references to Riesz.) 

2 Agnew, op. cit., p. 544; and M. Riesz, Sur l’équivalence de certaines méthodes de somma- 
tion, Proceedings of the London Mathematical Society, (2), vol. 22(1923-24), pp. 412-419; 
p. 418. 

3 Agnew, loc. cit., Theorem 4.4, and Riesz, loc. cit., p. 418. 

4 Agnew, loc. cit., Theorem 10.2. 

5 Agnew, loc. cit., p. 544. 
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THEOREM 1. If R(r) < 0, the methods A, and B, are equivalent if and only if 


the constants {eS} of (2) satisfy the following two conditions: 


(3) lim nes” = 0; 
n+l | k r 
(4) > (4) -|e.| <M (n = 1, 2, ---). 
kat | \n 
Given any {a,}, we can always solve (1) uniquely for {u,}. To do this, we let 
(5) u(z) = Do uaz”, formally. 
n=0 


™" 
From (1) we have n'a, = >, (n — k)'u,. Then, formally, 
k=0 
CJ «o n—l 
p> ann’ 2" = > x” > (n — k)'u = u(x)¢,(z). 
Then 
C) +o 
u(x) = {u(z)y-(x)}-{e(z)}* = p> nanz"}-{ dL ez" }, 


formally; or 


Cs n+l 
(6) u(x) = a x" > Ke ax. 
n=0 k=1 
n+1 
Equating coefficients in (5) and (6), we obtain u, = >> k’ eS, a as our solution, 
k=l 
so that 
n+l k r oo 
(7) Nn" Un = p (*) ef an = > Ank Ok (n = 1, 2, aah +), 
k=1 \N k=1 


where the matrix || d,x || is defined by (7). 

Now suppose that a, > L. If we set uw = uo — L, and u, = up (n = 1), 
we get the corresponding a, = a, — L (n = 1) from (1). Hence we may 
suppose that L = 0 without loss of generality in determining u, for n 2 1. 

From a theorem of Agnew’ it follows immediately that A, and B, are equiva- 


lent for R(r) < 0, if and only if lim a, = L implies that lim nu, = 0. As 


remarked we may assume L = 0, and by (7) we see that A, and B, are equiva- 
lent if and only if ||d,.|| is a null-preserving matrix.’ But for this it is 


® Agnew, loc. cit., p. 536, Theorem 5.1. 
eo 
7A matrix || cnx || is called null-preserving if lim z, = 0 implies that lim Zz. Cak te = 0. 
kw no k=l 
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necessary and sufficient® that we have both 


(8) lim da = k’ lim n “eS, = 0 (k = 1,2, ---) 
and 
(9) > |du| <M (n = 1,2, -++). 


k=1 
But (8) is obviously equivalent to (3), while (9) is identical to (4), and Theo- 
rem 1 is proved. 
TueoreM 2. For —x <h < = the methods A_1,, and B_1,: are equivalent 
if and only if h = 0. 


(—1) _n 


I.h = 0. Then g(x) = —log (1 — 2), and by (2) > eS? 2" = -1/z - 
n=0 


1/log (1 — x). These constants {eS} are well known. We have’ 


Hp _ ¢_ qn f ez —1)---(@—n), _ 1 
(10) eo o(-) I (n+ 1)! as =0(—1.,), 





whence 


(11) nes” > 0, asn— ©, 


From (1), if w = 1 and u, = 0 (nm 2 1), we have a, = 1 (nm 2 1) forall r. 
Hence from (7) we have 


n+l k r 
(12) ; (*) ec, = 0 (n = 1, 2, ---;allr). 
eS” = 1, while from (10) we have e—” <Oforn = 0. Hence 
n+1 -1 n —1 
| k (-1) ae *) (-1) n 
> |(2) [leas x(t we eel 


(13) = a > () eS? 








2n 
+ 2ay from (12) forr = —1, 
<2 (n = 1,2, ---). 
But (11) and (13) are (3) and (4) for r = —1. Hence A_,; and B_, are 


equivalent, by Theorem 1. 
II. h # 0. The analytic function ¢,(x), whose principal branch is defined 


8 T. Kojima, On generalized Toeplitz’s theorems on limit and their applications, Téhoku 
Mathematical Journal, vol. 12(1917), pp. 291-326; p. 300. 
® J. D. Tamarkin, Problem 3276, American Mathematical Monthly, vol. 35(1928), p. 500. 
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for |x| < 1 by > nz”, has singularities only at 0, 1 and «, and the principal 
n=l 


branch is regular at 0." For r # —1, —2, --- and for | log z| < 2x we have” 
ag c) ‘ 
g(a) = Tl + 1) (10g *) +2 oat = see, 
x v=0 vi 


whence for r = —1 + 7th we get for the principal branch 
—ih 
(14) g—14in(z) — T(th) (toe *) —¢(l1—th), aszr—1—Q0, 


so that ¢_1,.(x) oscillates finitely as s — 1 — 0, without approaching a limit. 
Fix r = —1 + th. 

Now if ¢,(x) has a zero x» with 0 < | x9| < 1, then the series (2) has a radius 
of convergence R < |2| < 1. From the Cauchy-Hadamard theorem” it 
follows readily that lim | ne’ | = «©, whence (3) fails, so that A, and B, are 
not equivalent in this case. 

If v(x) has no zero for 0 < |z| < 1, then R = 1 in (2), since 1 is an essen- 


tial singularity of ¢,(x). Suppose, if possible, that >> e’ = A. Then by 
n=0 
Abel’s theorem” we would have f,(z) — A as x — 1 — 0, by (2). But this 
cannot happen, by (14) and the definition of f,(z). 
Hence >> e{” diverges, and so > | ef’ | = «©. Therefore 
n=0 


n=0 
n+1 | ty 
= |G) | 
So (4) fails, and A, and B, are not equivalent in this case. This proves Theorem 
2 completely. 

The question of the equivalence of A, and B, for —1 < R(r), r not real, is 
still open. Although Theorem 1 is a possible tool when —1 < R(r) < 0, the 


problem of determining the zeros of ¢,(x) makes the question appear difficult 
to answer. 





n+l n—l 
n 

-[e&.| > Dd les ~> > |e&”|- @, asn— ©, 
k=l ko” t= 
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UNSTABLE MINIMAL SURFACES OF HIGHER TOPOLOGICAL 
STRUCTURE 


By Marston Morse anp C. TomMPKINS 


1. Introduction. We are concerned with extending the calculus of variations 
in the large to multiple integrals. The problem of the existence of minimal 
surfaces of unstable type contains many of the typical difficulties, especially 
those of a topological nature. Having studied this problem for the case of one 
boundary [11], [12], we turned to the case of m boundaries. We discovered new 
difficulties not found either in the general theory when m = 1 or in the extensive 
minimum theory when m > 1. The case m = 2, however, appeared to contain 
the essentially new difficulties, and in order to present the relevant new ideas 
in their simplest form we have kept to this case. 

We shall illustrate our results by a theorem which might have been conjec- 
tured by Newton. Let go and g; be two parallel circles with planes orthogonal 
to their line of centers. Two such circles sufficiently near together bound a 
minimal surface of revolution of minimum area. This surface is generated by a 
segment of a catenary, and is always accompanied by another minimal surface 
of revolution not of minimum type. This classical result admits a simple 
generalization. 

First recall that a simple, closed, rectifiable curve g is said to satisfy the chord 
arc condition 1a if the ratio of the length of an arbitrary chord of g to the mini- 
mum of the corresponding are lengths of g is bounded from zero. A surface S 
is said to be a disc surface (ring surface) if S is given as the continuous image 
of a disc (circular ring). The above theorems on minimal surfaces of revolution 
admit the following generalization. 

Let go and g, be simple, rectifiable, closed curves in n-space satisfying the chord 
arc condition, separated by an (n — 1)-plane and possessing convex projections on 
suitably chosen (n — 1)-planes. If go and g; bound a ring minimal surface belong- 
ing to a minimizing set, go and g; also bound a ring minimal surface not of mini- 
mum type. 

Our methods are based on the general critical point theory [11], [8]. We seek 
a function W(P) defined on a metric space II and of such a character that its 
critical points define ring minimal surfaces bounded by go and g;, or in the 
“restricted”’ case (see $7) define disc minimal surfaces bounded respectively by 
go and g,. To apply the general theory the function W should be boundedly 
compact, regular at infinity, and weakly upper-reducible in the sense of [11]. 


Received January 28, 1941; presented to the American Mathematical Society December 
1939. See [10] and [13] for abstracts. Max Shiffman has written an independent paper 
on problems similar to the ones treated here. The methods he uses differ from those 
used here. 
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The restricted case is represented by points on the “restricted” projection Z 
of II. In a special sense Z consists of ideal points added to the space of un- 
restricted points of II. The metrizing of II becomes difficult neighboring Z. 
The function W is obtained by an essential modification of the function defined 
by the classical Dirichlet integral sum. (See [2], [3], [4], [5].) 

We determine a suitable space II and function W(P), and with the aid of the 
general theory draw the relevant conclusions. 


2. Monotone transformations. The space II on which W(P) is to be defined 
depends for its definition and metric properties upon the characteristics of the 
special monotone transformations which we shall employ. Cf. [2], [3], [4], [5]. 
§2 concerns these transformations in their simplest form. In §3 we study the 
subclass of restricted transformations. In §4, pairs of such transformations 
obtainable one from the other by conformal transformations are studied. In §5, 
the classical Dirichlet integral sums are reviewed. In §6, the space II and 
function W(P) are defined. 

The material and results of §2 are largely expository in character. We are 
concerned with transformations of the form 


(2.1) B = h(a) (-2“ <a< o), 
in which h(a) is real and non-decreasing and 
(2.2) h(a + 27) = h(a) + 2e. 


The variable a may be regarded as the are length on a unit circle of points 
(u, v) = (cos a, sina). The function h(a) then defines a transformation of the 
unit circle into itself. 

The points of discontinuity of h(a) are at most enumerable, and form a dis- 
crete set. At such points h(a) has right and left limits. Among transforma- 
tions h(a) which are discontinuous we shall be principally concerned with those 
whose discontinuities occur exclusively at a set of points of the form a = c¢ 
(mod 27), where c is a constant, with h(a) constant between these points of 
discontinuity. Such transformations are termed degenerate. If a transforma- 
tion is degenerate, the right and left limits of h(a) at each singularity differ 
by 2r. 

Let h(a) and k(a) be two admissible transformations, and let r be any integer. 
We introduce the Lebesgue integral 


(2.3) I(h, k, r) = [ 'y (h(a) — k(a) + Qerl? da. 


The minimum of J, as r ranges over all integers, will be denoted by [h, k]. That 
this function satisfies the triangle axiom 


(2.4) [h, k] S [h, Y + [1 &] 


may be seen as follows. 
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Let r and s be integers such that 
Ih, l,r) = [h,U, Ik, s) = [l, kl, 
and let n = r+ s. We see that 


(2.5) I(h, k,n) S Ih, l, r) + I(L, k, 8). 
The relation (2.4) follows upon noting that [h, k] is at most the left member 
of (2.5). 


Two transformations h(a) and k(a) will be said to be almost congruent if there 
exists an integer r such that 


(2.6) h(a) = k(a) + 2er, 


except at most at the singularities of hand k. If h and k are almost congruent, 
[h, k} = 0. Conversely if [h, k] = 0, h and k are almost congruent. Two 
transformations which are almost congruent will be regarded as representatives 
of the same point in a metric space J with distance function [h, k]. 

If h and & are almost congruent and A or k is continuous, then both A and k 
are continuous and h and k are congruent mod 27 in the ordinary sense. 

Convergence and limits in the space J will be referred to as I-convergence and 
I-limits respectively. If a sequence h(a) (n = 1, 2, --- ) of transformations 
I-converges to h(a), then suitably chosen transformations k"(a) respectively 
congruent to the transformations h(a) converge in the mean’ on the interval 
(0, 27) to h(a). That is, 


lim [  [k"(a) — h(a) Fda = 0. 
0 


A sequence k"(a) (n = 1, 2, --- ) of transformations such that 


lim k"(a) = k(a) 
at each point a on a set w will be said to converge pointwise to k(a) on w. 

If the sequence of transformations k"(a@) converges almost everywhere to 
k(a), it follows from the Lebesgue integration theory that k"(a@) converges in 
the mean to k(a). Conversely if k”(@) converges in the mean to k(a), k"(a) will 
converge pointwise to k(a) at each point of continuity of k(a@). This follows 
from the monotone character of our transformations. We thus have the fol- 
lowing lemma. 


Lemma 2.1. A necessary and sufficient condition that a sequence of transforma- 
tions converge in the mean to a transformation k(a) is that the sequence converge 
pointwise to k(a) except at most at the singular points of k(a). 


We continue with the following lemma. 
Lemma 2.2. The space I is compact. 


1 Convergence in the mean shall always refer to the interval (0, 27). 
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Let h"(a) (n = 1, 2, --- ) be a sequence of transformations. We seek a limit 
transformation of this sequence on the space 7. It follows from the definition 
of distances [h, k] on J that the transformations h"(a@) may be replaced by con- 
gruent transformations without loss of generality. In particular, we can suppose 
that the functions h"(a) are bounded on the interval (0, 2x). According to a 
theorem of Helly (cf. [15], p. 17) there then exists a subsequence k"(a) 
(m = 1, 2,--- ) of the sequence h"(a) (n = 1, 2, --- ) which converges point- 
wise to a transformation k(a@). Hence the sequence k"(a) converges in the 
mean to k(a). 

The lemma follows. 

Convergence in the mean of a sequence of transformations to a transformation 
k(«) implies pointwise convergence except at the points of discontinuity of k(a), 
but it does not imply uniform convergence unless k(a) is continuous. We have 
the following lemma. 


Lemma 2.3. If the limit in the mean of a sequence of transformations is con- 
tinuous, the convergence is uniform with respect to a. 


This lemma follows at once from the monotone character of our trans- 
formations. 


3. Restricted transformations. We shall choose three values of a, a < 
a < a;, on the interval 0 S a < 22, and consider continuous transformations 
of the type admitted in §2, subject to the conditions 


(3.1) g(ai) = a (¢ = 1, 2, 3). 


Such transformations will be termed restricted. Restricted transformations will 
be designated by Greek letters ¢, y, etc., while unrestricted transformations will 
be designated by Roman letters h, k, etc. as before. We term (3.1) the fixed 
point condition. The values a; will be fixed throughout the paper. 

We shall be concerned with directly conformal transformations of the unit 
disc u” + v” < 1 onto itself. Such transformations may be continuously ex- 
tended to the circle u” + v’ = 1, and when so extended, these transformations 
are one-to-one. On the unit circle a point (cos a, sin a) is replaced by a point 
(cos 8, sin 8) where 8 is obtainable, mod 22, from a by a transformation 


6B = T(a) 


of the type admitted in §2. We term 7(a) a Mébius transformation of a unit 
circle, or simply a MOébius transformation. The function 7'(a) is strictly in- 
creasing. The given conformal transformation determines not only 7a) but 
each congruent image of 7(a). We shall write product transformations of the 
form A[7'(a)] more simply as AT’. 

If a transformation h(a) has the form ¢7', where ¢ is a restricted transforma- 
tion and 7 a Mdbius transformation, ¢7' will be termed a canonical representa- 
tion of h. 
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Lemma 3.1. A continuous transformation h(a) of §2 admits at least one ca- 
nonical representation oT. 


The values a; used in defining the fixed point condition will be assumed by 
h(a) at least once, since h(a) is continuous and varies through all real values. 
Thus there exist values c; (¢ = 1, 2, 3) such that 


(3.2) Qa; = h(e;) (a = 1, 2, 3), 
with 
Cy < C2 < C3 < Cy + Qe. 


There will accordingly exist a Mébius transformation S(a) (see [1], p. 6) such 
that 


(3.3) c; = S(a;) (¢ = 1, 2, 3). 
With this choice of S, 
(3.4) h{ S(a;)] = h(c;) = aj, 


so that AS is a restricted transformation g. Hence h = gS’, and the proof of 
the lemma is complete. 

If the transformation h(a) of Lemma 3.1 is strictly increasing, h(a) admits but 
one canonical representation h = g7'. For in this case h has a single-valued 
inverse, and 


T*(ai) = h"{e(as)} = W*(as) (¢ = 1, 2, 3). 


Thus T' is thereby uniquely determined. 
We shall need the following lemma. 


Lemma 3.2. Let y, and h, (n = 1, 2,---) be sequences of transformations 
converging pointwise to transformations y and k respectively. If is continuous, 
¢nhn converges pointwise to Wk. 


Were y not continuous one could show by example that ¢,h, would not 
necessarily converge as stated to wk. 

Since y is continuous, ¢, converges uniformly to y, and we see that ¢,h, con- 
verges pointwise to yk. The lemma also follows readily for convergence on I. 


Lemma 3.3. Lemma 3.2 holds if pointwise convergence is replaced throughout 
by convergence on I. 


4. M@ébius transformations. Let z and w be complex variables. The most 
general directly conformal transformation of the unit circular disc into itself 
has the form (see [1], p. 18) 





(4.1) w =e” 
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where a is a complex constant, @ its conjugate, | a | < 1, and b is a real constant. 


The corresponding Mébius transformations, 8 = 7 (a), of the unit circle | z| = 1 
into the unit circle | w{| = 1 are obtained (mod 27) upon setting 
(4.2) z =e, w =e" 


in (4.1). The functions 7'(@) may be regarded as depending on the parameters 
a and b, and they admit representations by functions 7T'(a, a, b) which vary 
continuously with (a, a, b), provided |a| < 1. In particular, if (a, b) tends 
to a pair (a*, b*) for which | a* | < 1, a branch function Ta, a, b) will converge 
uniformly to T'(a, a*, b*). 


If |a| = 1, the transformation (4.1) is singular. Here a@ = 1, and the 
denominator in (4.1) vanishes when z = a. When /|a| = 1 and z # a, (4.1) 
takes the form 
(4.3) w = ae”. 


Upon making the substitution (4.2) and setting a = e“, we find that for a # c 
(mod 27), 


(4.4) B=bt+e (mod 27). 


Singular transformations such as this are not included among our Mobius trans- 
formations. 


Lemma 4.1. An I-limit h(a) of a sequence of Mébius transformations is a 
Mobius transformation or degenerate. 


Let T,(a) (n = 1, 2, --- ) be a sequence of Mébius transformations with an 
I-limit h(a), and let (a, , b,) be the constants (a, b) of the transformation (4.1) 
defining 7',(a). The pairs (a, , b,) will have at least one limit pair (a*, b*). 
Without loss of generality we can suppose that the sequence (a, , b,) converges 
to (a*, b*). There are two cases to consider. 

Case I. |a*| < 1. Among the various congruent choices of T(a, a, b), 
choose 7'(a, a, b) so that it is continuous in its arguments for (a, b) on a neigh- 
borhood of (a*, b*). Now 7,(a@) is congruent to T(a, a,, b,) and the latter 
converges uniformly with respect to a to T(a, a*, b*) as n becomes infinite. 
Hence 7’,(a) J-converges to T(a, a*, b*). In Case I then 7,,(a) I-converges to 
a Mobius transformation. 

Case II. |a*| = 1. When a = a*, the transformation (4.1) implies the 
relation (4.4). We see that as n becomes infinite T(a, a, , b,) converges point- 
wise to a transformation 7’ satisfying (4.4) except at most when a = c (mod 2z). 
The transformation T is clearly degenerate, and the J-limit of the sequence T',(a). 

The proof of the lemma is complete. 

The space J is compact. The preceding lemma accordingly leads to the 
following lemma. 


Lemma 4.2. The set of Mébius transformations T and degenerate transforma- 
tions forms a compact subset of I. 
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5. The functions D(p) and D(p., pi, p). Let x be a vector representing a 


point (x, --- , 2,) in a Euclidean space E of n rectangular coérdinates z;. In 
E let p be a simple closed curve represented by the vector’ equation 
(5.1) x = p(a) (0 S a S 2). 


We suppose p(a) such that p(a + 27) = pla). Let (r, 6) be polar coérdinates 
in a plane of rectangular coérdinates (u, v). The representation p(a) defines a 
“harmonic surface” S of the form x = x(u, v) in which x(u, v) is harmonic for 
r < 1, continuous for r <= 1, and such that 

z(cos 6, sin 0) = p(@). 


Let w(a) represent the region u® + v* < a’ < 1. Set 
; ax\’ axz\’ 
(5.2) D(p) = + lim J | | (#) + (2) Janae 
w(a) 


understanding that D(p) may be infinite. 
We turn to the case of two contours. Let 


(5.3) r=pil(a), x = pra) (0 S a S 2m) 


be a representation of two simple non-intersecting closed curves, with 
Pola + 27) = po(a) and pi(a + 27) = pi(a). Let B be a region in the (uw, v)- 
plane bounded by concentric circles Cy) and C, , with centers at the origin and 
radii o) and o; respectively. We suppose that 0 < o,. Let zr = H(u, v) bea 
vector representing a ring harmonic surface defined as follows. The function 
H(u, v) shall be harmonic on B, continuous on B, the closure of B, and such that 


Ho; cos 6, o% sin 6) = p,(8@) (k = 0, 1). 
Let 79 and 7; be constants such that 
Oo <% <1 < O. 
Let p = oo/o; and set 
“1s JL (G2) +(By]ee 0 
(64) (pe, pa, 6) = lim 5 | oHY' 5 (24) lauds (k= 0,1), 
re<r<ri 


understanding that D(po, pi, p) may be infinite. The limiting integral here 
defined depends merely on the ratio p and not on oo and o; in any other way, 
since a simple radial magnification of the region B obviously will lead to the 
same limiting integral (5.4). 

Let 


a,(m), by(m) (k - 0, 1) 


2 Points, curves and surfaces will be represented in vector form in the space E unless 
otherwise stated. 
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be the m-th vector Fourier coefficients of p,.(6). When D(po, pi, p) is finite, 
it is known* ({7], p. 280) that 


(5.5) D(po » Pi, p) ” D(po) + D(px) + T (po , Pi, p) + R(po » Pi, p), 


where, on summing with respect to m, 








R(po, Pi, p) = 7 De fe [a5(m) + bo(m) + ai(m) + bi(m)] 
(5.6) 2 
—2r# >> relia mn [ao(m)ai(m) + bo(m)b;(m)] (m = 1,2,---), 
(5.7) Tp», pr, 9) = —5 KO — eaOOE (0 <p<)). 
We shall extend the definitions (5.6) and (5.7) by setting 
(5.8) T(po, Pi, 0) = R(po, m1, 0) = 0. 


We shall remark on the convergence and continuity of the functions T and R. 
Let M be a constant such that 


(5.9) | px(@) | < 3M (k = 0, 1). 


The Fourier coefficients a,(m), b,(m) then have magnitudes at most M. More- 
over, these coefficients vary continuously with po(@) and p,(9). In defining this 
continuity we think of the sets (p» , p: , p) as points in a metric space in which 
the distance to a second point (go, 91, a) is the square root of 


1 Qe = 
sz ff ra(6) — a0(0) + | pal6) — ax(0) '} d0 + Co — 9) 
It appears at once that 7'(po . p; , p) is continuous. 
To see that R(po, pi, p) is continuous, let p be restricted to an interval 
(5.10) Gs ae <p < I, 


where uw is a constant. Under the conditions (5.9) and (5.10) the sum of the 
two terms in (5.6) involving m has a magnitude less than 





(5.11) --. 

‘=, 
where c is a constant independent of m. The series of terms (5.11) converges. 
Hence the series (5.6) converges uniformly with respect to p and with respect to 
any arguments on which the Fourier coefficients continuously depend, (5.9) 
holding. We draw the following conclusions. 


Lemma 5.1. The functions T(po, pi, p) and R(po, pi, p) are continuous in 
their arguments and are bounded subject to (5.9) and (5.10). 


* This was shown by Douglas in [4], p. 339. 
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We add the following lemma. 


Lemma 5.2. For a fixed p (0 < p < 1), D(po, pi, p) ts finite of and only if 
D(po) and D(p;) are finite. 


To verify this lemma, replace p, (k = 0, 1) by the curve 
H(r;, cos 0, rg sin 0) = qx(8) (k = 0, 1), 


where a) < ro <1 <1. Set r= 7/ri. Then D(q, m1, 7) is finite and (5.5) 
holds in the form 


(5.12) D(qo »M; t) = D(qo) +> D(q) + Tq , qi; t) + R(q »H, 7). 


Let r, tend to o, (k = 0,1). The terms T and R in (5.12) remain bounded, 
while the functions 


D(qo,u,7), Dg), Dm) 


tend to the functions 
D(po » Pi; p), D(po), D(p,), 


respectively by definition. The lemma follows. 

We shall have occasion to differentiate T(po, pi, p) and R(po, pi, p) with 
respect to certain parameters. 

For p # 0, T, exists and becomes positively infinite as p tends to 0, provided 


| a,(0) — ao(0) | ¥ 0. 


Moreover, #, is readily seen to exist and to be obtainable by termwise differen- 
tiation of the series in (5.6). Subject to (5.9) and (5.10) R, is bounded, and 
subject to (5.9) it tends to 0 uniformly with respect to po and 7; as p tends to 0. 

Let 8 = A(a, e) be an analytic family of analytic transformations of a of the 
type of §2 in which e ranges on an interval 0 S e S e,, on which A,(a, e) ¥ 0. 
We shall set 


R(po > Pr, p) + T (po » Pi, p) _ Q( po > Pi; p); 


and 
Q[po(A), pi(A), pe] = f(po, Pr, e; p). 


We shall prove the following lemma. 


Lemma 5.3. The partial derivatives f, exist and are continuous in their arguments 
(po, Pi, @, p) for arbitrary admissible representations po, pi, forO Se S a, 
and forO S p <1. 

It will be sufficient to prove the lemma for uniformly bounded | po(q@) | and 
| pi(w) | and for 0 S p < w < 1, where uz is a positive constant. The lemma 
will follow from Lemma 4.1 of [7] once we have proved that the Fourier vector 
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coefficients a;,(m), b.(m) of p.(A) (k = 0, 1) satisfy conditions of the form 


da,(m) 
de 








(5.13) < mK, 
where K is a positive constant independent of p, , p, and e. 
We have 


(5.14) b.(m) = = r prlA(a, e)] sin mada. 
27 Jo 


Set ¢ = A(a,e). The inverse transformation a = a(t, e) is of the type of §2 
and is analytic for all real ¢ and for0 S e S e,. From (5.14) it follows that 


(5.15) vo - [ " el da tak, da 


We can differentiate under the integral sign with respect to e. One can treat 
a,(m) similarly. Relations (5.13) follow for bounded | p,(a@) |, for 0 S p < 
uw <l,andfor0 Se Se,. The lemma follows from Lemma 4.1 of [7]. 

We turn to the case of one contour. Let A(@) be a real analytic function 
with a period 27, and let p(a) be an admissible representation of a simple closed 
curve g. Let e, be a positive constant so small that 1 + ed’(a) ¥ 0 for 
0 Ses e,. The following lemma is a consequence of Lemma 6.2 of [11]. 


Lemma 5.4. For 0 S e S e and for D(p) ‘finite, the e-derivative S(p, e) of 
Di pla + ed(a)}} exists. If c is a finite constant, and q a representation for which 
S(q, 0) < 0, then S(p, e) is negative and bounded from 0 for e sufficiently near 0 
and for p on a sufficiently small neighborhood of q relative to the set on which 
Dip) Se. 


In [11] neighborhoods in the space of representations p are not defined by 
“convergence in the mean’’. However, if they are so defined, the above lemma 
remains valid. In fact, with this change in the notion of convergence S(p, 0) 
remains continuous in p, as one readily sees from (6.17) in [11], using the fact 
that the integral (6.17) has a removable singularity. The remaining analysis 
goes as before. 

A deformation. If h,(a) and k,(a) (r = 0, 1) are arbitrary transformations 
of I, we shall have occasion to consider a deformation of h,(a) into k,(@) in 
which h,(a) is replaced at the time ¢ by 


(5.16) h; = th, + (1 — Ok, (( =0,1;0 St <1). 
For fixed representations po(a) and p;(a), we set 
Q[po(ho), pilhi), p] - F (ho ? hy ’ t, p). 


It is easily seen that F is continuous in its arguments. We continue with the 
following lemma. 
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Lemma 5.5. If the representations p,(a) (r = 0, 1) are of class C’, the t-deriva- 
tive of the function F(ho, hi, t, p) exists and is continuous for (ho , hy) on I’, for 
0 < ¢t S 1, and for0O S p < 1. Moreover, for p bounded from 1, F; tends to 0 
uniformly as (ho, h:) tends to (ko, ki) on I’. 


The Fourier coefficient b,(m) of p,(h;) has the form 


2a 
b(m) = | p-(h!) sin mada (r = 0, 1), 
2r Jo 
so that 


0 a - Meyty os 
i b-(m) = = l (h, — k,)p,(h,) sin ma da. 


A similar formula holds for the ¢-derivative of a,(m). The lemma follows from 
the representation of Q(po , p: , p) by means of (5.6) and (5.7). 


6. The functions A(g, h) and B(ho, hi, p). Let g be a simple rectifiable curve 
with a vector representation of the form 


with ¢ proportional to the are length and g(t + 27) = g(t). Weshall use other 
representations of g of the form 


x = p(a) = glh(a)], 


where h(a) is a continuous transformation of the type admitted in §2. According 
to Douglas, the Dirichlet sum D(p) equals the improper integral 


7 [p(a) — p(s)l 
(6.1) Ag, h) = a! sin? [}(a — a“"* 


y 








extended over the parallelogram 
(6.2) Q:0S5 a5 27, -7t<a-—-B Er, 
excluding the singular line a = 8. In case h(a) is discontinuous we shall under- 
stand that A(g, h) is defined by (6.1). 

In the case of two contours we shall start with two curves go and g; satisfying 
the following conditions: 


(6a) The curve g, shall be a simple, rectifiable, closed curve with the representation 
x = g.(t) (k = 0,1;0 St < 2m), 
where t is proportional to the are length and g,(t + 2x) = gi(t). 
(6b) The derived vectors g, shall satisfy Lipschitz conditions 
| g(t + At) — gi(t)| < M | At], 


where M is a positive constant. 
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The condition (6b) will subsequently be replaced by the chord are condition. 
The function B(ho , hi, p). The curve p,(@) of the preceding section will now 
be replaced by the curve 


(6.3) Pu(O) = gulhe()] (k = 0, 1), 


where /,(6) is a continuous transformation of the type admitted in §2. Subject 
to (6.3) we set 


(6.4) D(po , Pi, p) = Bho, hi, p) (O<p< 1), 
and write (5.5) in the form 
(6.5) Biho , hi, p) = A(go, ho) + A(gi, ti) + Q(po, Pi, 1). 


When either ho or h; is discontinuous, or p = 0, we understand that B(ho , hi , p) 
is defined by (6.5) with Q = T + R given by (5.6) and (5.7), subject to (6.3). 
The function B(ho , ii , p) is defined for 0 S p < 1 and for hp and h, arbitrary 
transformations of the type admitted in §2. Nevertheless it is not adequate for 
our purposes. 

To apply the general critical point theory it is desirable that the function F 
whose critical points are sought be boundedly compact, regular at infinity, and 
weakly upper-reducible. See §2, [11]. Moreover, it is desirable that each 
homotopic critical point define a minimal surface. This is not the case with 
Bho ps p). 

Some of the difficulties inherent in the problem have already appeared in the 
study of A(g, h) in the case of one contour g. The transformations h were 
restricted transformations. Without this limitation the following difficulties 
would be encountered in the study of A(g, A). 

(1) The subspace of continuous transformations h of J, for which A(g, h) is 
at most a finite constant, is not in general compact unless completed by the 
degenerate transformations. 

(2) If h(a) defines a minimal surface, the transformation h7T, where T is an 
arbitrary Mébius transformation, defines the same minimal surface (apart from 
parametrization). 

(3) If h is degenerate, A(g, h) = 0. Such transformations fA give a trivial 
minimum to A(g, h). 

(4) The space J contains non-bounding 1-cycles composed of 1-parameter 
families of transformations h(a) of the form 


h(a) = k(a) + + (0S tr < 2m), 


where k(q@) is a particular transformation, and 7 is a parameter which varies 
from transformation to transformation. 

The transformations k(a) and k(a) + 2m are to be regarded as defining the 
same point on J in accordance with our conventions, thereby closing the 1-cycle. 
(5) The function A(g, h) is not upper-reducible in h at degenerate points h. 

The domain of definition of B(ho , hi, p) may be taken as the product space 
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I XIX J, where J is the interval 0 S p < 1. The subspace on which p = 0 
is the product I X J, and on this subspace 


B(ho , hi, 0) = A(Go, ho) + A(gr, Mr). 


The difficulties (1) to (5) just enumerated appear in corresponding form in this 
subspace. 

We shall surmount the difficulties by the introduction of a new space II of 
points P, and a new function W(P) obtained from B(ho, hi, p) by essential 
modifications. 


7. The space II and function W(P). We shall make use of the possibility of 
representing continuous transformations h(a) in the canonical form ¢7' by taking 
restricted transformations and Mébius transformations as new independent 
variables. The procedure is as follows. 

Let J denote the interval 0 < p < 1. Let I‘ X J denote the product of I‘ 
by J. The space II shall consist of points 


P= (go, ¢1, T, Ti, P), 


in which g (k = 0, 1) is a restricted transformation, 7, a Mébius or degenerate 
transformation, and p is on J. We add the following conventions of identity. 
The pair {go , ¢:} enclosed in braces will be termed the restricted projection of P, 
and will be regarded as a point on J°. For p = 0, two points with the same 
restricted projection shall be identical on II and may be represented by their 
restricted projection {go, gi}. For p > 0, the conventions of identity on II 
are those on J* X J. No point of II for which p > 0 shall be identified with a 
point for which p = 0. 
The distance function PQ will now be defined. Let 


Q= (Yo, Vi, G0, 71, @) 


be a second point of II. Let d(P, Q) be the distance between P and Q given by 
the conventional metric’ of I‘ x J. Let 


5(P, Q) = [¢o, wo] + [ei , Kil +o + 4. 
Finally let 
(7.1) PQ = min [d(P, Q), 5(P, Q)}. 
We continue with a proof of the following lemma. 


4 Let S be the product of metric spaces S; (i = 1, --- , m) with points p; , qi , etc., and 
distance functions 6;(p; , qi). The distance between points 


P= (Pi,***,Pm)y 9 = (G1, °** 5 Om); 
of S will be conventionally defined as the sum 


Pq = 5:(pi, G1) + °° + Sm( Dm, m)- 
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LemMaA 7.1. The distance PQ = 0 if and only if P = Q on II. 

We begin by assuming that PQ = 0. Two cases arise. 

Casel. 6(P,Q) = 0. This is possible only if p = a = 0, and if the “restricted 
projections” of P and Q on I’ are identical. Hence P = Q. 

Case II. 6(P, Q) # 0. In this case d(P, Q) = 0. In particular p = a. 
Moreover, p and a are positive. Otherwise d(P, Q) 2 4(P, Q), so that 
5(P, Q) = 0, contrary to hypothesis. With p = a > 0, the condition d(P, Q) = 0 
implies that P and Q are identical in the sense of points on J‘ & J. Thus 
P = Qon Tl. 

Conversely, it is seen that when P = Q, PQ = 0, and the proof of the lemma 
is complete. 

Lema 7.2. The distance function satisfies the triangle relation 

PP" = PP’ + FP’. 

Set 

P = (go, ¢1, 0, ki, p), 


; , , , 
a = (go, ¢1, ho, Ai, p’), 


P” = (yo ,¢1 , ho , hi , 9”). 
By virtue of (7.1) 
(7.2) PP" s d(P, P”) s d(P, P’) + d(P’, P”), 
(7.3) PP" s 0(P, P”) s OP, P’) + &(P’, P”). 


Let the projection {go , ¢:} of P on I’ be denoted by p, those of P’ and P” by 
p’ and p” respectively. Let distances on I* be denoted by | p, p’ |, ete. Then 


PP" = 6(PP”) = |p, p"| +p +e” 
lp pli +i\p,p’|+\le— po | +p +p” 
S {lp,p'|+\e—e' |} + tp’, p”| +o +e"} Sd(P, P’) + oP’, P”). 


A similar relation results upon interchanging P and P’’. Thus we have the two 
relations 


IAW 


(7.4) PP" s d(P, P’) + 6(P’, P”), 
(7.5) PP” s &(P, P’) + d(P’, P”). 
The relation to be proved has the form 
PP” Ss min [d(P, P’), 6(P, P’)] + min [d(P’, P”), 6(P’, P’’)). 


This relation reduces to one of the relations (7.2) to (7.5), depending on what 
the minima indicated in the formula in fact are. 
The distance function PQ thus satisfies the usual metric relations. 
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The subspace p = 0 of II may be identified with the subspace of restricted 
pairs {go , gi} of the space J * both as to points and as to metric. Understanding 
that a point (go, ¢1, ho, di, p) of TI shall correspond to the point of rx J 
with the same components, we shall show that for the subspace p > 0 of I and 
the corresponding subspace of J‘ X J this correspondence is topological. For 
if Po is a fixed point of II for which p > 0, and if PP is sufficiently small, 


PoP < 6(Po, P), 
so that 


PP = d(Po, P). 


Thus sufficiently small spherical neighborhoods of Po on II are identical with 
the corresponding neighborhoods on J* x J. 
A point P for which hy or h; is degenerate and p > 0 will be termed degenerate. 
The function W(P). For each point 
(7.6) P = (g0,¢1, 7, 1, P) 


of II, we set 


(7.7) W(P) = A(go, go) + A(gr, 1) + Qlgo(goro), 9:(¢171), Pl, 
where Q = R + T and gi(gerx) is an abbreviation for 
(7.8) gelgulte(a)]} = pela) (k = 0, 1). 


We shall compare W(P) with D(po, pi, p) where px is given by (7.8), and D 
by Biho , hy P p) in (6.5). 
When P is non-degenerate and p > 0, 


(7.9) A(ge , Get) = A(Ge, x), 
since 7 is a Mébius transformation. In this case 
W(P) = D(po, Pr , p)- 
If P is degenerate, at least one of the left members of (7.9) is null, so that 
W(P) > D(po, Pi, p)- 
Finally, for p = 0, 
W(P) = A(go, go) + A(gi, 1) 2 D(po, 1, p)- 
Thus, in all cases, 
(7.10) W(P) 2 D(po, Pi, P); 


for pe given by (7.8). 

We continue with the following lemma. 

Lemma 7.3. When p tends to 1, W(P) becomes infinite uniformly with respect 
to the remaining components of P. 





ct 
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Let p tend to 1, holding the remaining components of P fast. When the 
transformations h,(a) are continuous or degenerate, D[go(ho), gi(hi), | becomes 
infinite uniformly as p tends to 1, in accordance with a formula of Lebesgue 
explicitly developed for this purpose by Courant. See [3], Lemma C, p. 701. 
But (7.10) holds in all cases, and we infer the truth of the lemma. 


8. Bounded compactness and regularity at infinity. Bounded compactness. 
Let the subspace of II on which W S c be denoted by W.. We shall show that 
W.. is compact for each positive constant c. 

The function A (g, h) is lower semi-continuous as is well known. The function 
W(P) as defined by (7.7) is likewise lower semi-continuous. 

The function Q(p» , p: , p) is continuous in its arguments by virtue of Lemma 
5.1. If [¢x, 7x] converges on J* to a pair [yx , ox], where yy is restricted, gers 
will converge on I to yo; , in accordance with Lemma 3.2. The representation 
ge(¢eTx) Will then converge in the mean to gx(yxox%). The continuity of the last 
term in (7.7) as a function of P then follows from the continuity of Q(po , pi , p), 
at least for p > 0. When p tends to 0, the last term in (7.7) tends to 0 uni- 
formly with respect to the remaining variables in P. Hence W(P) is lower 
semi-continuous. 

For P on W.., p is bounded from 1 in accordance with Lemma 7.3. Hence 
the term Q in (7.7) is bounded for P on W,. It follows from (7.7) that 
A(gx , ge) (k = 0, 1) is likewise bounded for P.on W,. If 


P" = (@ ,¢1,7,71,P) (n = 1,2,---) 


is a sequence of points on W., g¢ will admit a subsequence converging to a 
restricted transformation y¥, since A(g; , gi) is bounded. (Cf. [11].) The sub- 
space of Mébius and degenerate transformations + is compact on J. Hence a 
subsequence of P,, (n = 1, 2, --- ) will converge to a point Q of Il. Since W(P) 
is lower semi-continuous, Q will lie on W.. Hence II is boundedly compact 
relative to W(P). 

We say that W(P) is regular at infinity on II if corresponding to each compact 
subset A of II on which W is finite, there exists a continuous deformation of A 
into a set on which W is bounded, a deformation such that any subset of A on 
which W is bounded is deformed through a set of points on which F is bounded. 

Before verifying the condition of regularity at infinity, we recall the definition 
of the improper integral H(@) (see [11], p. 448), 


ll |@(a) — 0(8) |? 
(8.1) H(@) = 16x | | sin? [}(a — pi 
QV 


where @(a) is a restricted transformation. It follows from condition (6b) on 
gx that gy satisfies the chord are condition of the introduction. From this we 
can infer that H(@) and A(g, , @) lie between two positive constant multiples 
each of the other, where the constants involved are independent of @(a). 
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The deformation Ay(¢). Corresponding to an arbitrary restricted transforma- 
tion y, we shall define a continuous deformation A,y(¢) of each restricted trans- 
formation ¢g. In this deformation the time ¢ shall run from 0 to 1 inclusive, 
and ¢ shall be replaced at the time ¢ by the transformation 


(8.2) e'(a) = tY(a) + (1 — de(a). 


The transformation ¢‘(a) is clearly restricted. The transformation g(a) is 
thereby deformed into the transformation ¥(a@). It follows as in [11], p. 451, 
that a set of restricted transformations on which A (gz , ¢) (k = 0, 1) is bounded 
is deformed through a set of transformations ¢‘ on which A (g, , ¢') is bounded. 

The deformation Ao(P). We shall deform II on itself into a point. We shall 
let p decrease to 0, holding the other components of P = (go, ¢:, ho, hi, p) 
fast. In this deformation the time ¢ shall equal —p, and shall increase on the 
interval —1 < ¢< 0. A given point P shall be fixed until ¢ increases to —p 
and shall thereafter be replaced by the point (go , ¢:1 , ho, hi, | ¢ |). We denote 
this deformation by Ao(P). Under Ap, each point P of II is deformed into its 
restricted projection {go , ¢:} on FP. 

The deformation Ay(P). Let ¥ bea restricted transformation such that H(y) is 
finite. Then A(g, , ) is finite. Under A,(P), a point P is first deformed under 
Ao(P) into its restricted projection {go, gi}. We continue by applying the 
deformation A,(y) to go and ¢; , thereby deforming {go , yi} into {y, y}. The 
resulting deformation of II into the point {y, ¥} will be denoted by A,(P). 

Regularity at infinity. Under Ay(P), any subset of points of II on which W 
is bounded is deformed through a set of points on which W is bounded, while II 
is deformed into the point {y, ¥}. The function W is accordingly regular at 
infinity. Incidentally we see that the 0-dimensional Betti number Ry (the 
0-connectivity) of the subspace of II on which W is finite is 1, while the remaining 
Betti numbers are 0. 


9. The homotopy theorem. Let F(p) be a real function defined on a metric 
space M of points p. A point g at which F is finite is said to be homotopically 
ordinary relative to F if some neighborhood of p relative to the set F < F(q) 
admits an F-deformation ({9], p. 30) which displaces p. A point at which F 
is finite which is not homotopically ordinary is termed homotopically critical. 

If one is concerned with a single contour g, F is taken as the function A (g, ¢) 
defined on the space /* of restricted transformations g. A transformation y 
of I* is said to be differentially critical if the harmonic surface defined over the 
unit disc by the boundary vectors g[y(@)] is minimal. Otherwise y is termed 
differentially ordinary. In the case of two contours go and g,, F is taken as 
W(P) with P on Il. A point 


(9.1) Q = (W, v1, 0,1, a) 


of II for which a > 0 will be said to be differentially critical if the harmonic 
surface defined on the ring a S r S 1 with boundary vectors 


(9.2) Po = Yo(Yooo), Pi = gi(¥io1) 





or 


- 
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is minimal. In case a = 0, Q is termed differentially critical if the two harmonic 
surfaces defined over the unit disc by boundary vectors g;(¥x) (k = 0, 1) respec- 
tively are minimal. 

We shall need the following lemma. 


Lemma 9.1. If Q is differentially critical, then Yo and y, in Q are strictly in- 
creasing; and if further a > 0 in Q, Q is non-degenerate. 


If Q is differentially critical and if a > 0, Q is non-degenerate as we shall now 
show. This can be established by reference to (5.6) and (5.7). In particular, 
when oo and o; in Q are both degenerate, W, = 7, at Q. Moreover, the Fourier 
coefficients a (0) and a,;(0) of po and p; respectively in (9.2) reduce to vectors 
defining points of go and g;. In this case [a,(0) — ao(0)}’ ¥ 0 in (5.7), so that 
atQ,W, = 7, > 0. Incase one of the transformations o; , say oo , is degenerate 
while the other o; is non-degenerate, we again make use of (5.6) and (5.7). In 
terms of the Fourier coefficients of p; in — we find that 

m’ p 
W, = R, ~w Ee 7 
at Q. Hence Q is non-degenerate if a > 0. 

That Yo and y; are strictly increasing if a = 0 follows as in Radé [12], p. 75. 

We return to the case a > 0. If Yo were not strictly increasing, Yooo would 
not be strictly increasing, and the reasoning of Radé then shows that the ring 
minimal surface with boundary vectors (9.2) would reduce to a point. This is 
impossible since pp and p; in (9.2) do not reduce to points. 

The proof of the lemma is complete. 

The homotopy theorem is as follows. 


THEOREM 9.1. A point Q at which W(Q) is finite and which is differentially 
ordinary ts homotopically ordinary. 


[ai(m) + bi(m)] > 0 (p > 0) 


We consider three cases. 

Case 1. a > 0 in Q, W,(Q) ¥ 0. Suppose for simplicity that W,(Q) < 0. 
We subject the points P neighboring Q to a deformation in which p increases 
from a, while the other arguments of P remain fixed. For a sufficiently small 
neighborhood of Q and sufficiently small variation of p this is clearly a 
W-deformation actually displacing Q. The theorem follows in this case. 


Case Il. a > 0,W,(Q) = 0. Let hy (k = 0, 1) be a continuous transforma- 
tion.. With 


(9.3) Pe = gx (he) (k = 0, 1), 
set 
D(po ’ Pi ’ p) - Biho ’ hy ’ p). 


Referring to Q in (9.1), set by = yor. The harmonic surface defined on the 
ring a S r < 1 by the boundary vectors (9.3) when h, = b; is not minimal by 
hypothesis. Moreover, B, = W, = 0 when p = a, hy = and P = Q. It 
follows from Theorem 6.4 of [7] that there exists a real analytic function \(q@) 
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with a period 27 such that when e = 0, one at least of the following conditions 
holds: 


(9.4) © Bibo, ila + eX(a)], a} <0, 


(9.5) £ Biba + eX(a)], bi, a} <0. 
We suppose that (9.4) holds. We shall make use of the relation 


(9.6) D(po , ~i , p) = D(po) + D(pi) + Q(po , Pi, p)- 


Taken subject to (9.3) we have here a formula for B(ho, hi, p). It follows 
from Lemmas 5.3 and 5.4 that for B(ho , hi , p) bounded, for (ho , hi , p) sufficiently 
near (bo , b; , a), and for e sufficiently near 0, 


(9.7) ° Btho, hila + ed(a)], p} < constant < 0. 


Designate a + ed(a) by B(a, e). We regard f)8 as a deformation in which e 
is the time and in which /, is replaced at the time ¢ = e by 48. We wish to 
define a similar deformation of g; and 7 neighboring y; and o; respectively. 

The transformation o; (k = 0, 1) inQis non-degenerate. Otherwise, as we have 
seen in the proof of Lemma 9.1, W,(P) > 0 at Q, contrary to hypothesis in Case 
II. Hence o; has an inverse o;' as does 7; if the distance [o; , 7:] is sufficiently 
small. Likewise 6 has a single-valued inverse if | e | is sufficiently small. When 
8‘ and 7;' exist, we determine a Mobius transformation 7 by the conditions 


T'=,'rn (a = a 3% = 1, 2, 3). 
The transformation 7 reduces to 7; when e = 0, and depends continuously on 


(7, a, e) for | e| and [o, , 7] sufficiently small. 
With 7 so defined, we introduce the transformation 


(9.8) @ = $1 BT". 


For PQ and | e| sufficiently small, @ depends continuously on (¢:, 71, @, @), 
reducing to ¢; when e = 0. Moreover, ® is a restricted transformation. For 
when a = qy, 


>= e786 Ti = gi(ai) = aj (¢ = 1, 2, 3). 
Finally we see from (9.8) that 
@7T = o7;8. 


Recall that when P is non-degenerate (that is, 7» and 7; non-degenerate) and 
p> 0, 


W(P) = W(¢o »%1, TO, Ti; p) = B(goto , ¢171 , p)- 





an 
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In particular, 
(9.9) W (go, ®, 70, T, p) = B(goto , gitsB, p) 


if PQ is so small that the transformations involved are non-degenerate and 
p> 0. This is an identity in e and the arguments of P. It follows from (9.7) 
as qualified above that 


(9.10) . W(¢o, ®, to, T, p) < constant < 0 


if PQ and | e | are sufficiently small and W(P) s W(Q). 

We now deform P neighboring Q as follows. We hold (go, 70, ») fast and 
replace (¢; , 7:) by (®, 7’) at the time ¢ = e, increasing ¢ from 0. If PQ and t 
are sufficiently small, this is a continuous deformation, and by virtue of (9.10) 
a W-deformation. The theorem follows in Case II. 

Case III. a = O0inQ. The subspace p = 0 of II is the topological image of 
the product /* X J*, where J* is the space of restricted transformations. On 
this subspace 


W(¢go,¢1, 7, 71,9) = A(go, go) + A(gi, $1). 


If Q is differentially ordinary, one of the representations g:(Wx), say gi(y), fails 
to determine a minimal surface defined over the dise r S 1. As shown in [11] 
in the case of one contour, there will then exist a transformation B(a, e) = 
a + ed(a) of the type used in Case II of this proof such that 


(9.11) ° © Ag, ¢i8) < constant < 0 





for |e| and |g, , ¥1 | sufficiently small and A bounded. 
Let T be a Mébius transformation such that 


T'=,° (a = a; ;1 = 1, 2, 3), 
and set 
@ = 9 fT". 


The transformation ® is seen to be restricted. It reduces to g; when e = 0. 
For | e| sufficiently small, @ depends continuously on e and g;. Moreover, 


(9.12) 67 = o,f. 


We now deform P neighboring Q as follows. We hold go, 7, 7: , p in P fast 
and replace ¢; at the time ¢ = e 2 O by ®. Recall that 


(9.13) W(go,®, to, 1, p) = Algo, oo) + A(gi, ®) + QAgo(yo7e), gi(#r1), pl. 


This is an identity in the components of Pande. The e-derivative of the term Q 
in (9.13) tends to 0 with p uniformly with respect to the remaining components 
of P and e, for e sufficiently small. Moreover, 


A(gi, ®) = A(gi, ¢18) 
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by virtue of (9.12) so that the e-derivative of A(g: , ®) satisfies (9.11) as qualified. 
It follows from (9.13) that the e-derivative of the left member is negative and 
bounded from 0 for | e | and PQ sufficiently small and W(P) < W(Q). 

The theorem follows in Case III. 


10. The functions H (gp , ¢;) and A*(¢go, ¢:). We set 
H (go , ¢1) = H(go) + H(¢:), 
A*(g0 , #1) = A(go, go) + A(gi, ¢1)- 
We shall establish theorems for H(go , ¢1) and A(go , ¢1) similar to those estab- 
lished for H(g) and A(g) in [11]. On the parallelogram (6.2) we separate off 
the region w, on which 
(10.1) 0 S @ S 2z, —e<a-—-B <e, 
and let 
HAgo,¢:), Algo, ¢), Hey) 
denote integrals with the integrands of H(go , ¢1), A*(¢o , ¢1), H(¢) respectively, 


but with the domain w, instead of the parallelogram (6.2). Theorem 4.2 of [11] 
is replaced by the following lemma, the proof remaining essentially the same. 


Lemma 10.1. As e tends to 0, the ratio of AF (eo , 41) to HAgo, ¢1) tends to 1 
uniformly for any subset of Il for which A*(go, ¢:) is bounded. Moreover, 
H (go, ¢1) is bounded on sets for which A*(go , ¢1) ts bounded, and conversely. 


The deformation Ayy,(¢o , 1). Let (Wo, yx) be a pair of restricted transforma- 
tions for which H (yx) (k = 0, 1) is finite. In the deformation Ay,,, of a restricted 
pair (go, ¢:), we understand that g (k = 0, 1) is replaced at the time ¢ 
(0 s t S 1) by the transformation 


(10.2) vk = t(a) + (1 — tyx(a). 


Lemma 10.2. Under the deformation Ay,y, , the image (go , ¢1) of an arbitrary 
restricted pair varies so that 


(10.3) H.Ag ’ ¢1) 4 max [H.(¢0 ’ ¢1), H Abo ’ ¥1)). 


We assume that H(go, ¢;) is finite. Otherwise the lemma is trivial. Upon 
making use of the definition of H(¢o , ¢i) we find as in the proof of (4.12), [11], 
that 


H.lgo , i) S CHA, vi) + 2t(1 — O[H*(g0)H' (Wo) + Hi(¢:) Hi.) 
+(1—- t)’H.(go » 1). 


By virtue of the elementary Cauchy inequality ((6], p. 16), the middle term is at 
most the product of 2¢(1 — ¢) and 


(10.4) H} (yo, ¢:)H' (Yo , vn), 
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so that 


H.(go , ¢1) S [tHe (vo, vs) + (1 — DHE, eI, 
and the lemma follows directly. 
We continue with the following lemma, similar to Lemma 5.1 of [11]. 


Lemma 10.3. Under the deformation Ay,y, , 


(10.5) oH, v1) S Hi(go, e[Hio, 1) — H'(eo, o)] (0 st < ), 
whenever 
(10.6) H Ago, ¢1) > He(Wo, r). 

We find as in the proof of Lemma 5.1 of [11] that when 0 S ¢ S 3, 


Hes, ot) < UH Wo, vi) + 2(1 — 20 [H*(e) (Wo) 
+ H(o) HW] + 2¢ — DH (eo, 0. 


Use may now be made of the Cauchy inequality to replace the middle term by 
the product of 2(1 — 2t) and the term (10.4). Upon factoring the resulting 
right member, we find that when 0 < ¢ S 3}, 


S H(gs, #1) S AC — Deo, g) + UP Wo, WILE, va) — Hes, 0} 


A similar relation is valid when the subscript e is added throughout to the 
function H, and the lemma follows with ease. 
The following lemma is similar to Lemma 5.4 of [11] and has a similar proof. 


Lemma 10.4. If Yo and y are strictly increasing, then under the deformation 
Ayov, Jor a fixed e and bounded A*(go , ¢:), the t-derivative of 
(10.7) A*(go , ¢1) — H.(¢o , 1) 
tends to 0 uniformly with respect to t as (go , ¢1) tends to (Yo , ¥:). 


In proving this lemma, one writes the difference (10.7) in the form 
[A*(go , et) — Ar (eo, ¢1)] + [AZ (eo, ei) — H.(¢0, ¢1)], 


and proves that the éderivative of each bracket tends to 0 uniformly with 
respect to ¢t as (go, ¢1) tends to (Yo, ¥1). In treating the second bracket one 
follows the proof of Lemma 5.3 of [11] except for the simplification arising from 
the fact that Yo and y, are strictly increasing. On this account the case specified 
by (5.16) in [11] can never arise except in the trivial case where a = 6. See the 
correction to [11]. 


11. Weak upper-reducibility. We shall be concerned with weak upper- 
reducibility at a point, 


(11.1) Q = (Wo, vi, 0, 1, @). 


We begin with a deformation 69(P). 
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Understanding that P = (go, ¢1, 7, 71, p), We replace gy, at the time ¢ by 
g=t.+(1- t)y (k = 0, 1). 
We see that ¢, is a restricted transformation, depending continuously on g, and ¢. 
We understand that yy is fixed. When ¢ = 0, g = gx; whent = 1, % = x. 
Under d9(P), the variables 7, 7: , pin P shall be held fast. Let P* be the point 


replacing P at the time t. 
We shall investigate W(P'). Recall that 


(11.2) W(P') = A(go, 0) + A(gi, 1) + Dgo(ho), gi(ru), pl, 
where 
hk = torte + (1 sated tere (k = 0, 1). 
Observe that 
dh 
= = QeTh — WkTk, 


so that this derivative tends to 0 as P tends to Q. It follows from Lemma 5.5 
that the ¢-derivative of the term © in (11.2) exists and tends to 0 uniformly 
as PQ tends to 0, provided p in P is bounded from 1. 

The following lemma is a restricted counterpart of Lemma 5.4 of [11]. 


Lemma 11.1. If Yo and y in Q are strictly increasing, then under 5g(P) for a 
fixed e and bounded W(P) the t-derivative of 


(11.3) W(P') — H.(¢o , ¢1) 


tends to 0 uniformly with respect to t as P tends to Q. 
By virtue of the definition of W(P), the difference (11.3) equals (ef. §10) 


A*(go , v1) — Helga, i) + Q, 


where © is the last term in W(P'). The lemma follows at once from Lemma 
10.4 and from our remarks concerning 2. 
The fundamental theorem of this section is as follows. 


THEOREM 11.1. The function W(P) is weakly upper-reducible at each point Q 
of Il at which W(Q) is finite. 


We give the proof under two cases. 

Case 1. Q is differentially critical. In this case Yo and y; in Q are strictly 
increasing by virtue of Lemma 9.1. Hence we can apply Lemma 10.4 as well 
as the other lemmas of §10. The theorem follows in Case I from the lemmas 
of §10 and Lemma 11.1, as did Theorem 5.1 of [11] from the corresponding 
lemmas of §5 of [11]. 

Case II. Q is differentially ordinary. The deformations used in proving the 
homotopy theorem in §10 suffice to prove the theorem in this case. 
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12. The existence of minimal surfaces of non-minimum type. We have now 
shown that W(P) is boundedly compact on II, regular at infinity, and weakly 
upper-reducible. We have seen that a homotopic critical point Q is a differ- 
ential critical point and determines a ring minimal surface bounded by go and 
gi if p > 0 in Q, and two disc type minimal surfaces bounded by go and g; respec- 
tively if p = 0 in Q. We have further shown that the subspace of II on which 
W(P) is finite has a Betti number Ry = 1 with its other Betti numbers null. 
The general theory as developed in |8] and [9] thus applies. 

We recall certain definitions. See [9], p. 39. 

Let F(p) be a function defined on a metric space M of points p. By a homo- 
topic critical set o at the level c is meant a set of homotopic critical points on 
which F = c and which is at a positive distance from other homotopic critical 
points at the level c. The set o is closed relative to the set at the level c. A 
homotopic critical set ¢ at which F assumes a value less than at points of M — o 
sufficiently near o will be called a minimizing set. A point q of M will be 
termed non-minimizing if in every neighborhood of g there is a point p such 
that F(p) < F(q). A homotopic critical set which is not a minimizing set con- 
tains at least one non-minimizing point of F. 

These terms will be carried over to the space II and function W. We shall 
also apply the terms minimizing set or non-minimizing point to minimal sur- 
faces whenever the terms apply to the corresponding points of Il. We extend 
these terms to the function A(g , ¢). 

Let S, (k = 0, 1) be a minimizing set of disc minimal surfaces belonging to 
the function A(g, , ¢), and let H; be the set of points on all surfaces of S,. If 
Hy and H, do not intersect, Sp and S, will be said to be spatially disjoint. The 
transformations g;, representing the surfaces of S, form a compact set a, . 
Hence Hp is bounded from H, if Sp and S, are spatially disjoint. 

To the hypotheses (6a) and (6b) (alternately (la)), we add the following 
hypothesis. 

(12a) Corresponding to the curves g, (k = 0, 1), there shall exist spatially disjoint 
minimizing sets S;, of disc minimal surfaces. 


This condition is satisfied if go and g; are separated by an (n — 1)-plane. 
It will be well to review the nature of the previous hypotheses: 


(la) This is the chord arc hypothesis. 

(6a) This concerns the representation of go and g, , and postulates rectifiability. 

(6b) This imposes a Lipschitz condition on go and g;. It will eventually be 
replaced by (la). 

The minimizing set 2. We suppose hypothesis (12a) is satisfied. In the sub- 
space p = 0 of II, let 2 be the subset of points {Yo , ¥:} determined by the product 
w) X w. Let h be a continuous or degenerate transformation, and let E*(h) 
be the dise harmonic surface with boundary vector g.(h) (k = 0,1). If N is 
the closure of a sufficiently small neighborhood of Q of points {go , ¢:}, no surface 
E*(go) will intersect a surface E'(g;) for {go, ¢:} on N. If 7% is an arbitrary 
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Mébius or degenerate transformation, the surface E*(g,7,) as a point set is on 
E*(¢x). Hence E°(gor) and E'(g,7;) are bounded, one from the other, for 
{go , gi} on N. 

For {¢go, ¢:} on N, the Fourier coefficients a,(0) of gi(gete) (kK = 0, 1) are 
bounded from one another since they represent points on E°(g) and E’(¢) 
respectively; hence 
(12.1) | a,(0) — ao(0) | 


in (5.7) is bounded from 0. It follows from (5.5), (5.6) and (5.7) that Q is a 
minimizing set for W(P). 
We can now prove a special theorem. 


THEOREM 12.1. Jf Hypotheses (6a), (6b) and (12a) hold, and if go and gy 
bound a ring minimal surface = belonging to a minimizing set, there either exists 
a ring minimal surface of non-minimizing type bounded by go and g, , or else a 
disc minimal surface of non-minimizing type bounded by go or by gi . 


Let Q be the point determining 2, and let w be a minimizing set of W(P) to 
which Q belongs. The set w may intersect 2. But p = 0 on Q and p > Oat Q. 
There is accordingly a subset of w, say @, which is a minimizing critical set, 
which contains Q, and which does not intersect ©. 

It follows from the general theory that there exists a homotopic critical set ¢ 
whose first type number is at least 1. Such a set is not a minimizing set, and 
accordingly contains at least one homotopic critical point Q* of non-minimizing 
type. If p > 0 in Q*, Q* determines a ring minimal surface in accordance with 
the homotopy theorem. If p = 0 in Q*, Q* determines two disc minimal sur- 
faces, at least one of which must be of non-minimizing type. 

The proof of the theorem is complete. 

The hypotheses of the theorem permit a particularly simple specialization as 
follows. If go and g; are separated by an (n — 1)-plane, (12a) is satisfied. If 
go and g, each possess a convex (n — 1)-plane projection, go and g; each bound a 
minimizing disc minimal surface, and no other disc minimal surface. Hence we 
have the following corollary of the theorem. 


Coro.tiary. Lf go and g; bound a ring minimal surface belonging to a mini- 
mizing set, if go and g, are separated by.an (n — 1)-plane and possess convex plane 
projections, there exists a ring minimal surface of non-minimum type bounded by 
go and g, . 

The subspace p = 0. If a point Q for which p = 0 is a homotopic critical 
point of W(P), the restricted projection {Yo , wi} of Q on the subspace p = 0 
of II is a homotopic critical point of 
(12.2) A (go , ¢0) +A (91 ’ ¢1), 
while y is a homotopic critical point of A (gx , gx) (k = 0,1). One is here con- 
cerned with a product space X X Y and a function 
(12.3) A(x) + By), 
in which A(z) is defined on X, and B(y) on Y. 

The following question immediately arises. Is the r-th type number of a 
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critical set of the function (12.3) determined by the i-th and j-th type numbers 
of the corresponding critical sets of A(x) and B(y) respectively for i + 7 = r? 
A. E. Pitcher [14] has investigated this question and given an answer under 
certain general conditions. The result of Pitcher is easily verified if X and Y 
are Euclidean spaces with Cartesian coérdinates (x) and (y) respectively and 
if A(x) and B(y) are non-degenerate quadratic forms. The theorem in the 
general case appears rather deep and involves new functional and topological 
considerations. 

Reduction of hypotheses. Theorem 12.1 and its corollary have been established 
under conditions (6a), (6b), and (12a). Condition (6b) can be replaced by the 
much weaker chord are condition of the introduction, leading to the following 
result. 


THEOREM 12.2. Theorem 12.1 and its corollary hold if condition (6b) on go 
and g, ts replaced by the chord arc condition on go and g, . 


The details of the proof of this theorem are similar to the details of the proof 
developed in [12] for the case of one contour. 


BIBLIOGRAPHY 


. C. Caratutopory, Conformal Representation, Cambridge University Press, 1932. 
. R. Courant, The existence of minimal surfaces of given topological structure under pre- 
scribed boundary conditions, Acta Mathematica, vol. 72(1940), pp. 51-97. 
3. R. Courant, Plateau’s problem and Dirichlet’s principle, Annals of Mathematics, vol. 
38(1937), pp. 679-724. , 
4. J. Dovuaias, The problem of Plateau for two contours, Journal of Mathematics and 
Physics, vol. 10(1931), pp. 315-359. 
5. J. DouGias, Minimal surfaces of higher topological structure, Annals of Mathematics, 
vol. 40(1939), pp. 205-298. 
6. G. H. Harpy, J. E. Lirrtewoop, ano G. Pérya, Inequalities, Cambridge University 
Press, 1934. 
7. Marston Morsg, The first variation in minimal surface theory, this Journal, vol. 6(1940), 
pp. 263-289. 
8. Marston Morse, Rank and span in functional topology, Annals of Mathematics, vol. 
41(1940), pp. 419-454. 
9. Marston Morse, Functional Topology and Abstract Variational Theory, Mémorial des 
Sciences Mathématiques, Paris, 1939. 
10. Marston Morse anv C. Tompkins, Minimal surfaces of unstable type, Bulletin of the 
American Mathematical Society, vol. 46(1940), p. 222. 
11. Marston Morse anv C. Tompkins, The existence of minimal surfaces of general critical 
types, Annals of Mathematics, vol. 40(1939), pp. 443-472. (Corrections for this 
paper appear in the Annals of Mathematics, vol. 42(1941), p. 331. 
12. Marston Morse anv C. Tompkins, Minimal surfaces of unstable type by a new mode of 
approximation, Annals of Mathematics, vol. 42(1941), pp. 62-72. 
13. Marston Morse anv C. Tompkins, Unstable minimal surfaces of higher topological 
structure, Proceedings of the National Academy of Sciences, vol. 26(1940), pp. 
713-716. 
14, Everetr Pitcuer, The cap heights of a sum function on a product space, Bulletin of the 
American Mathematical Society, vol. 46(1940), p. 887. 
15. TrBorR Rapé, On the problem of Plateau, Ergebnisse der Mathematik, vol. 2(1933). 
16. Max SuirrmMan, The Plateau problem for non-relative minima, Annals of Mathematics, 
vol. 40(1939), pp. 834-854. 


Tue INSTITUTE FOR ADVANCED StuDY AND PRINCETON UNIVERSITY. 


wore 








THE BEST POLYNOMIAL APPROXIMATION OF FUNCTIONS 
POSSESSING DERIVATIVES 


By J. SHOHAT 


1. Best polynomial approximation and interpolation. Let f(x) be continuous 
in the finite closed interval (a, b). Denote by I1,(x; f) the polynomial, of degree 
not exceeding n, of best approximation, in the sense of Tchebycheff, to f(x) on 
(a, b). Its well-known characteristic property ({6], p. 76)' is the following 

Property E. Among the points in (a, b) where f(x) — II,(x; f) attains its 
extreme values + E,(f) (“points of deviation”) there exist at least n + 2 points, 
Lin < Ton < +++ < Ln42.n, Where the signs of f(zi.n) — In(2i,n ; f) alternate. 

It follows that f(x) — II,(x; f) vanishes at n + 1 points, at least, in (a, b). 
Thus, every function f(x), continuous in (a, b), possesses therein a uniquely deter- 
mined sequence of Lagrange interpolation polynomials (LIP) T1,(x; f) (n = 1, 
2, --- ), characterized by the property that lim II,(2; f) = f(x) holds uniformly 


on (a, 6), and more rapidly than for any other sequence of polynomials. 

It is this close connection between the theory of interpolation and that of best 
approximation that is being utilized in the present paper. In this way we estab- 
lish in a simple manner certain general theorems on best approximation for 
functions possessing derivatives—as many as needed in the discussion. Some 
of these results have been stated previously in a more restricted form and 
proved more elaborately by 8. Bernstein [1, 2] (ef. also [5]). In our more 
general statements we replace, among other things, the sign > by 2. The 
usefulness of such extension is seen, for example, from the fact that it enables 
us to draw at once, without any further consideration, the conclusion that 


n+l we ae 
2 (+>) cos (n + 1) are cos (2 a) 


b-—a 
deviates the least from zero on (a, b) among all polynomials of the form 
x" + ---,a conclusion which is often used in the general theory of polynomials. 


Our chief object is to establish new results dealing with the distribution of the 
points of deviation; we also treat briefly the highest coefficients of II,(x; f). 

Our main and practically only tool is the following elementary relation in the 
theory of interpolation: 


m g°"@ n+l ss 
a f(a) = Isle) + Gy I (x — «) 


(aszxsbjasSa <e2 < +++ < Cay: SD), 


Received February 10, 1941; presented to the American Mathematical Society, May 3, 
1941. 
1 Numbers in brackets refer to the bibliography at the end of the paper. 
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where L,(x), of degree not exceeding n, is a LIP for f(x): La(e:) = fle) (i = 
1, 2,---,m + 1). (& here and hereafter denotes a certain quantity lying 
inside (a, b), different in different formulas.) 


2. Some direct consequences of Property E. 
(i) f(x) — TL,(2; f) has n + 2 + m points of deviation, m > 0, where 
Six) — M1, (2; f) alternates sign, if and only if 


(2) E,(f) = Ens(f) = «++ = Ensm(f), 
which is equivalent to 
(3) Tn(;f) = Mnsi(z; f) = +--+ = Wnym(2; f). 
(ii) Assuming the existence of f* (zx) in (a, b), we write, by virtue of (1), 


the following relation: 


o - ger'® nt+1 = 
(4) f(x) II, (2; f) = (n +1)! I (x Ein) 


(a Sz Sd; Bin < bin < Li4t.n), 


where the x;,, are the points of deviation characterized by Property E. Assume 
further that f(x) does not change sign in (a, b),” say (no loss of generality), 


(5) f(x) = 0, asrcxb. 


It follows that f(z) — Il,(2; f), n < v, has in (a, b) at most » — 1 interior 
points of deviation; hence, the total number of points of deviation does not 
exceed y + 1. This is a trivial application of Rolle’s theorem whose complete 
statement is as follows: F(a) = F(b) = 0 implies that F’(c) vanishes and changes 
sign, a < ¢ < b (under well-known conditions on F(x), F’(x)). In particular, 
if f°" (x) = 0 in (a, b), then f(x) — I,(ax; f) has therein precisely n + 2 points 
of deviation X;,» : 


(6) @ = 21.5 < Zan < °° < Zasin < Znen = OD. 
Moreover, (4) yields the important equalities 
(7). S (Xin) — I, (Zi, if) — (—1)""E,(f) (¢ = 1,2,---,m + 2). 


(iii) Combining (i) and (ii), we conclude that if neither f‘"’(x) nor f‘"*" (x) 
changes sign in (a, b), then E,1(f) ¥ E,(f), and this is equivalent to 1,.(2;f) # 
I1,(x;f). The case of a = —1, b = 1, f(x) = x"*" (see below) shows that the 
last conclusion does not always hold, if one at least of the conditions stated is 
not satisfied. 


? This means here and hereafter either 2 0 or S 0, but not = 0. 
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3. Bounds for Z,(f). 


Turorem I. Jf in (a, b) (i) | f°"? (x) | S Maa, or (ii) f(z) = m > 0, 
then correspondingly 








° b -— ¢@ pe M, 1 

@ Bi) 32(°F*) aby 
or 

oe b —@ oo Mn 1 

(i) E,(f) = a(*z*) omy 


Consider L,(x), a LIP, coinciding with f(x) at the n + 1 zeros of the trigono- 
metric polynomial 


Tala) = 2( 


b—a\" 


+1 
r ) cos (n+ 1)0 = 2"*' +... 
(cos 6 = %os—t), 
b-—a 


(n+1) n+l 
(9) fz) — Lala) = f 7 2(° : *) whet ese6R. 


Assumption (i) leads at once to 


B.(f) $ max | f(z) — La(z)| <2 (° 
aszsb 





(8) 


and apply (1): 











pas “. Man 
4 (n+ 1)! 
Under assumption (ii), (9) shows that at the n + 2 points in (a, b) where cos 
(n + 1)@ = +1, f(x) — L,(x) takes values of alternating signs which numerically 
are not less than 2[3(b — a)]"**m,4:/(m + 1)!, and (ii) follows, by the funda- 
mental result of de la Vallée-Poussin which gives a lower bound for E,(f) 
((6], p. 78). 
Coro.iary |. 
0 < may Sf" (xz) S Mass in (a, b) implies 
(10) b = n+1 m 4 b —a n+1 M 
Rook re | eg 
a(°s*) "tet se s2(*F*) et, 


Note that (10) gives the “best possible results”. In fact, it yields E,(2"™') = 
2[3(b — a)]""’, whence, by (9), 


II, (2; z"*) na yg" = 2 (° — & 





n+l 
) cos (n + 1) are cos (= *). 
b-—a 


COROLLARY 2. If in (a, b) 0 < muy S f™(2) oe ow 
fr") - Mase ’ then 


n+ 2 Masi < E,(f) < n+ 2 May 
b—a Mase” Enysl(f) ~ b—a@ maze’ 


lA 

















i al 


IIA 
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whence 


b-—a 
Max > 4(n + 2) Mn42- 
Write (10) for Z,(f) and E,4:(f), and observe that here E,(f) > Ensi(f). 
4. Comparison of E,(f) and E,(¢). 
Tueoreo II. f‘"™(x) = g""*” (x) = 0 in (a, b) implies E,(f) = E,(¢). 


Apply (6) and (7) to f(z) and g(x). Letz =a < mw < +--+ < Znyo = b denote 
the points of deviation for g(x) — II,(x; ¢). Consider the function 
A(x) = f(x) — I.(z; f) — [e(z) — T,(2; ¢))- 
We have, on the one hand, by virtue of (6) and (7), 
(11) (—1)""A(@) = (—1)""[(—1)""E,(f) — (—1)"" E,(¢)] = En(f) — En(o)- 


On the other hand, if E,(f) < E,(¢), then at the points r = 2; (¢ = 1, 2,---, 
n + 2) A(x) has the sign of II, (x; ¢) — g(x); that is, (—1)"** “A(z,) > 0, whence, 
by (1), 


(n+1) n+l 
a a) = 9 TI @ - w, aszs<b 
(F(x) = f(x) — ofa); 2% < mi < ey). 

Hence, 
(—1)""a(a) 2 0 


since, by assumption, F‘"*”(x) = 0 in (a, b), while (11) gives (—1)""A(a) < 0 
if E,.(f) < E,(¢). 


5. Distribution of the points of deviation. Denote by 6, the minimum dis- 
tance between two successive points of deviation z;,, (¢ = 1, 2, --- ,n + 2) for 
(x) — I,(x; f), where this difference alternates sign. It follows immediately 
from (4) that’ 


: ! 
mm If") | S$ Mas in (a, b) implies 8, 2 as es 
and that 


(n+1) . j j Mn+1 b—a 
(14) 0 < May S f (x) Ss Masi in (a, b) implies 6, = M., anti * 








3 de la Vallée-Poussin ((6], pp. 81-83), by means of an elaborate analysis, puts a factor 2 
in the numerator. 
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This estimate (as well as that of de la Vallée-Poussin’) is obviously very rough. 
Far more important is the following 


THEOREM III. Assume neither of the functions 
whe gt (2) 
Ef) Enaly) 


changes sign in (a,b). Let {xin}, [2jna} (@ = 1,2,---,n + 2;7 = 1,2,---, 
n + 1) denote the points of deviation for f(x) — T1,(x; f) and g(x) — Tn-a(z; ¢) 
respectively. Then (see (6), (7)) 


(x), fo), J 





a = fin = 21,n-1 < T2,n < 22,n-1 
(15) 
Sree < 2n,n—1 < Tn+i,n < 2n+1,n—-1 = Lai2n = b. 


Introduce the functions 


E,(f) 
E,«(¢) 


By our assumptions, F$"*” (x) («@ = 1, 2) do not change sign in (a, b), so that 
F(x) may have therein at most n + 1 zeros. To abbreviate, write 2; , z; for 
Lin,2jn- Itis seen that F,(2,)F.(tiz1) < 0, Fo(z;)Fo(2j41) < 0, unless 2; = 2; 
for a certain pair (7, j); in this case one (but not both) of F,(x), F2(x) is zero 
at z;, and z;, assumed # a, b, is a multiple root. (Since f(x) — II,(x; f) and 
g(x) — TI,-1(x; ¢) both have horizontal tangents at 2; = z;, F,(x) or F2(x) has 
at least a double root at z;.) Assume now Theorem III does not hold. Then 
several z; may fall inside a certain (x; , 7:41); also some of the z; may coincide 
with some of the z;. Compare the number of variations of sign in the sequences 
f(an) — Tn(ae 3 f)} (A = 1,2, --- ,m + 2), {F.(x)}, in the latter two sequences 
x taking the values z;, z;, arranged in increasing order of magnitude. It is 
readily seen that if two or more z; lie between z; and 2,4; , the number of varia- 
tions of sign in (x; , --+ , Zi41), for at least one sequence {F,(x)}, is greater than 
for the sequence {f(z,) — T1,(a, ; f)}. Furthermore, if 7; = z; (# a, b) and, 
say, F\(x;) = 0, while F,(z;1)Fi(vi41:) # 0, the number of zeros of F;(z) in 
(ai-1 , Zi41) is at least 2, which is precisely the number of variations of sign for 
f(z.) — TI,(ax ; f)! in the same interval, since z; is a multiple root for F;(z). 
For the same reason, if F,(z;) = Fi(aigs) = --- = Fi(tigz) = 0 (l = 1), the 
number of zeros of F;(x) in (xi-1, 2i4241) is greater than the number of varia- 
tions of sign for {f(2,.) — I,(a ; f)} in the same interval, whether (x; — a) 
(tixn — 6b) # O or = O (with slight proper modifications in the latter case). 
In a similar manner we treat the case where the z; are so located that no two 
(or more) z; lie between two successive z,’s, and one or more z; coincide with 


> hn A 4 
one or more z;, but no two (or more) successive x;’s coincide with the z;’s. 


[e(x) — Tn_s(2; ¢)]. 





Fi 2(x) = f(z) — I, (2;f) * 


4 This case was pointed out to the writer by the referee. For the underlying ideas in 
the above reasoning consult the more elaborate analysis of S. Bernstein ((2], pp. 85-87), 
who proves the particular statement of Corollary 1 to Theorem III only. 
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Thus, rejecting the validity of Theorem III leads to the conclusion that at least 
one F(x) has in (a, b) more then n + 1 zeros, and this is impossible. Taking 
g(x) = x", we derive 


Corotuary 1. Jf f‘"*" (x) does not change sign in (a, b), then 


@ = Qin < Yen < C1 < gn < Ce Koes K Cy < Tatiana < Latzen = b, 


(16) = 
G¢ = ims i) r 4°3? (¢ = 1,2,---,n— 1). 


Remarks. (i) If each of the two functions 


| amie i e"* (2) f°™(2) ge" (zx) 


E,(f) E,-1(¢) F E,(f) E,~(¢) 


keeps a constant sign in (a, 6), then adding or subtracting, according as these 
signs are alike or opposite, we find correspondingly that f‘"*” (x) or g‘"*” (z) 
keeps a constant sign in (a, b). (ii) If ¢“"*” (x) keeps a constant sign, say, => 0 
in (a, b) (including the case of ¢‘"*” (x) = 0) and if of the two functions 


f°*(2) 7“ ¢”"* (2) f°™(2) ¢"*” (z) 


Ef) — Eaale)’  Enf) + Enato) 


the first = 0 or the second < 0 in (a, 6), then the other function and f‘"*” (zx) 
both keep the same and constant sign in (a, b), as is seen directly. Hence, we 
have the following conclusion. Theorem III holds if the conditions stated 
therein are modified as follows: neither ¢‘”’ (x) nor g"*” (x) changes sign in (a, b), 
say, g"*” (x) = O (including the case of g‘"*” (x) = 0), and of the two functions 


g*") _ (a) f°) oe" (2) 


E.f) ~ Eaaly)’  Enlf) * Eoato) 


the first = 0 or the second S 0 in (a, b). Moreover, under these modified condi- 
tions, neither of the functions f'"? (2)/E,Af) F o"*? (x)/En-1(¢) vanishes iden- 
tically in (a, b) (disregarding the trivial case where f‘"*” (x) = 0, ¢"*” (xz) = 0). 
For then accordingly, 




















fle) = +g". (2) + PQ), 
where P(z) is a polynomial of degree not exceeding n, whence 
E,(f) 





E n(f) = E,(¢), E,(¢) = E,-1(¢). 


E,(¢) 


This is incompatible with the condition that neither ¢‘" (x) nor tae 


sign in (a, b) (ef. (iii) in §2). 


(x) changes 
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Taking g(x) = f(x), we derive 
Corotiary 2. If neither f‘” (x) nor f‘"*” (x) changes sign in (a, b), then the 
points of deviation {xin} and {x;,,-,} alternate; namely, 
a = Xn = BM1,n-1 < Zen < Le,n-1 < X3,n 
(17) 


< see < Patina < Latin—-1 = Ln42,.n = b. 


Hence, if each f”’(x), p = N, keeps a constant sign in (a, b), then (17) holds for 
alln = N. 


In fact, here E,4(f) > E,(f), and 
sor") + go"'@) we Fs 
E,(f) E,-(f) E,(f) 
{1 * E£,(f)/E,(f)} does not change sign in (a, b). 


s*60. 


6. Further generalizations of Theorem III. 

TueoreM IV. If neither f‘"*?(x) nor ¢"*” (x) changes sign in (a, b), then 
E,(f)/En(g) = | f°"? (&)/e"*? (& | at a certain point = inside (a, b).° 

Consider the functions 


(n+) (7) e”* (2) 
a(x) = F = . 
hale) = EO) * EG) 
If neither function vanishes inside (a, b), we introduce, as above in proving 
Theorem III, 





, E, 
fialz) = fiz) — m(2;f) ¥ 2D [o(x) — mA(z; @)], 
E,(¢) 
and employ the same reasoning. This leads to inequalities analogous to (15), 


namely, 
@ = Xin = Zn < Lan < Zan < Lan 
Seer < Tn4i,n < 2n+i,n < Ln42,.n = 2n42,.n = b, 


and, interchanging f(z) and g(x), we get precisely the same inequalities with the 
Zin and 2;,, interchanged. This is manifestly absurd. The alternative assump- 
tion zi. = %i,., fori = 1, 2,---,mn + 2, must be rejected; for it yields, since 
we may assume f‘"*” (x) = 0, g‘"*? (x) = O in (a, b), filain) = 0 (6 = 1,2,---, 
n + 2), and this is impossible. Thus, at least one of ¥.2(x) vanishes inside 
(a, b), and our statement follows. Theorem IV gives at once the statement of 
Theorem II, also the following one: f‘"*” (x) > g"*” (x) > 0 inside (a, b) implies 
E,(f) > E,(¢). 


5 This holds, in a trivial sense, if one or both derivatives f*» (zx), ¢*(z) vanish iden- 
tically. 





en- 
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Corottary 1. If neither f"*?(z) nor ¢'"*?(z) changes sign in (a, b), then 
(18) sae f(x) < E,(f) < f°? (a) 


© oe Petre ls 
E,(¢) ~ aseso | o*(z) 





n+1 


Taking g(x) = x"”’, we derive 


Corotiary 2. If f\"*” (x) does not change sign in (a, b), then 


ae n+1 (n+1) 


From (19) relation (10) follows directly. (19) shows the advantage of the best 
approximation over that furnished by Taylor’s formula. It further yields the 
following property of indefinitely differentiable functions. If f(x) has in (a, b) all 
derivatives and if therein f‘" (x) = m, > 0,n > N, then lim 3(b — a)"m,/n! = 0. 


(18) generally gives better results than those obtainable from (10). 
Illustration. In the interval (0, 1) 











n+l E,(e"*) n+1 —h 
- <e E.(e) <h"e (h > 1), 
bk + 1) ---(k +) — Ex((a— 2) ") — kk + 1)--- (k +m) 
a®—(n + 1)! E,((a@ — z)~) (a — 1)*"*(n + 1)! 


(a > 1;k > 1, arbitrary). 


With the notations of Theorem III and by the same reasoning, we now 
establish 

TuEeoreM V. Assume (i) neither g‘” (x), nor f°"*? (x), nor f®(x)/E,(f) ¥* 
¢” (x)/En-+(¢), v > n, or (ii) neither o"*? (x), nor f*? (x), nor f” (xz)/E.(f) — 
¢” (x)/E,(¢), v > n + 1, changes sign in (a, b). Then correspondingly: (i) not 
more than n — v points z;,,, may fall between any two successive x;,, ; (ii) not 
more than n — v points z;,, may fall between any two successive Xj,» . 


7. Bounds for the highest coefficient of II,,(z; f); its sign. Let 
(20) 11,23 f) = Wa(2) = wat” + weant” + --- 


Assume E,,(f) > £,(f). At the points of deviation z;,,1 (j = 1, 2,---, 
n + 1), where f(x) — II,-1(z) is of alternating signs, the difference 


(21) I1,(z) — M,a(r) = f(x) — Mra(x) — [f(r) — I, (2x)] 


has the same sign as f(z) — II,:(x); hence, II,(2) — I,-:(z) vanishes between 
any two 2j,n-1, Lj41,n-1,/ 80 that II,_,(z) is in (a, b) a LIP, of degree not exceeding 


6 Since II, (x2) — In_:(z) has at most n real zeros, we thus learn once more that En,_:(f) ¥ 
E,(f) implies f(z) — Tn_1(z; f) has precisely n + 1 points of deviation, in accordance with 
(2) and (8). 
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n— 1, forTl,(x). By (1), 


(22) T(z) = Wy-a(z) + tan I] (x — y;) (Xj.n—a < Yj < Tin). 
= 
Moreover, 
(23) \T.(z) -Ma(r)| S$ Bitk, asrsb (E, = E,(f)). 


By the inequalities of Tchebycheff and W. Markoff [4], we get, taking hereafter, 
to simplify writing, a = —1,b = 1, 
| Trin | s 2° 1B. + E,|, 
(24) scala 
| Fa-1,n — Tn-1,n-1 | S 2" (Ena + En, +--+. 


This procedure, applicable to any continuous f(z), is trivial. We can go 
further if we assume 


(25) neither f(x) nor f*” (x) changes sign in (—1, 1). 


Then certainly E,_, # E,, hence, Z,. > E, , and we can use, in addition to 
(22), also (4), (6) and Corollary 1 to Theorem III. We readily show that 
under (25) wn,» has the sign of f(x). In fact, assume f(z) = 0 in (—1, 1). 
Then, by (4), (6), (7) and (22), 


T1,(1) — Maa(1) = [f(1) — Maa(t)) — (f.) — 11,.(1)] 
= Bua t By = ton I (1 - wy) (-l<y; <1) 


(— or +, according as f“*”(z) = 0 or S$ 0 in (—1, 1)), so that here x,,, > 0. 
Similarly, if f(z) < 0 in (—1, 1), then, with the same y;, 


II,,(1) << II,-1(1) = —E,-1 + E, = ren II ce! —_ yi) < 0 


(— or +, as above), so that z,,, < 0. 

Assume again, to be definite, f(z) = 0 in (—1, 1). We get from (22), by 
Corollary 1 to Theorem III, making use of the trigonometric polynomials 7’,,_:(x), 
T.-1(z) (see (8)), for z = +1, > 1, 


n 


n-1 


E,.1 + E, = tn I] (l1— yj) < i 
i= 
(26) , 
E,.. — E, = ton I] (1 + yj) < a Tn,n- 
}™= 


Thus (see (24), (22)) 





n—4 
(27) = i (E,-1 + E,) < Tan < 2” "(En + E,), 
1 . ~ E,-1 4+ E,, n—1 
(28) grt < II (1 = yi) > he < one ° 








or 
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It follows, by (23), that, under condition (25), a ,(I,(r2) — Mn-a(x)] converges 
to zero uniformly in (—1, 1) asn — ©; more precisely, 


1 II,,(x) = II ,-1(x) | n—1 
E. on A. wt # 
— < | a | aa (-ls2z1). 
As to other coefficients of II,(2), we confine ourselves to the following remark. 
(22) gives 





(29) 


n 

Tn—1,n—1 Tn—1,n 

Saat a DH, 
Tan Tan j=1 


whence, again using Corollary 1 to Theorem III and 74_,(x), we get 


(30) -3< SS St <2 

Tan Tan 
We close with the following remark. The foregoing is generally applicable to 
functions with bounded derivatives in the interval under consideration. If, for 
example, f‘"*” (x) = m in (a, b), m < 0, we may introduce the function 


+a at 
oa) = fiz) + pan ae (a = 0). 


Regarding the general case of f(a) known only to be continuous in (a, b), observe 
((3], pp. 91-92) that the approximate construction of II,(z; f) can be reduced to 
that of II,(2; P), where P(x) is Weierstrass’ approximation polynomial for f(z) 
on (a, b), of sufficiently high degree. The foregoing discussion evidently applies 
to P(x), also to g(x) introduced above, and we may then return to f(z) using the 
property that both II,(z; f) and E,(f), considered as operators on f(x), are 
continuous. 
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THE DECOMPOSITION OF MEASURES 
By Paut R. Haumos 


1. Introduction. The main purpose of this paper is to prove a theorem on the 
decomposition of measures (Theorem 1 of §5)—a theorem which asserts that 
under certain hypotheses a measure space can be expressed as a direct sum of 
measure spaces. Although the result is of a certain independent interest, it is 
proposed chiefly as a new method: a tool to be used in the theory of measure- 
preserving transformations. In §6 we shall give, using this method, an easy 
proof of a theorem, due to von Neumann, on the decomposition of an arbitrary 
measure-preserving transformation into ergodic parts. In a subsequent paper 
we shall apply the method to the spectral theory of measure-preserving trans- 
formations to obtain a decomposition of an arbitrary measure-preserving trans- 
formation into parts which have either pure point spectrum or pure continuous 
spectrum. 


2. Measure spaces and separability. Let 2 be any set of elements w and let 8 
be a Borel field of subsets of 2.' We suppose that on & there is defined a 
measure m with m(Q) = 1: m is a non-negative, countably additive function of 
sets. We shall call 2, together with & and m, a measure space; when necessary 
we shall write 2(&, m) for 2, to emphasize the particular Borel field and measure 
under consideration. All the Borel fields we shall consider will be supposed 
to be (not necessarily proper) subfields of &, so that we may assume that the 
measure m is defined on them. If (@ is a Borel field and A a set, A ¢ @, we shall 
say that A is measurable (@); instead of measurable (%) we shall generally say 
measurable. A similar terminology will be used concerning the measurability 
of functions. We shall call the smallest Borel field containing a given collection 
of sets the Borel field spanned by them. For two sets, functions, transforma- 
tions, etc., we shall use the symbol = to denote the fact that they are equal 
except possibly for a set of measure zero (i.e., equal almost everywhere or a. e.).” 
Two Borel fields @ and @ (both contained in $8) will be called equivalent, in 
symbols @, ~ Q@:, if to every set E in either one of them there corresponds a 
set F in the other so that FE = F. 

There are two common notions of separability for measure spaces. (8, m) 


Received February 12, 1941. 

1 For a definition of the notions field, Borel field, strict separability, etc., to be used 
throughout this paper, see [3], pp. 752-753. Numbers in brackets refer to the bibliography 
at the end of the paper. 

? Thus if EF and F are measurable sets we write E = F if m(EF— + EF) = 0, where 
we use the notation E~ for the complementary set 2 — E£. 
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is strictly separable if & is spanned by a countable sequence of its sets. To 
define the other concept of separability we associate with every measure space 
2 = 2(B, m) a complete metric space 2* = 0*(B, m) as follows. The points 
of Q* are the sets E «B; two sets E and F are the same point of 0* if EH = F; the 
distance between E and F is defined by m(EF~ + E™'F). In terms of this 
metric space we define 2 to be separable if Q* is a separable metric space.’ 

Lemma 1. If 2(%, m) is strictly separable, then it is separable; if Q(B, m) is 
separable, then B contains an equivalent subBorel field B’ such that Q(B’, m) is 
strictly separable.* 

Proof. If Q is strictly separable and the sequence B, , Be, --- (¢€ B) spans B, 
then the field spanned by the B, is countable and spans %. A well-known 
approximation theorem shows that @ is then separable.’ 

Suppose on the other hand that Qis separable. Let B, , B: , --- bea countable 
everywhere dense sequence in 2*, and let {’ be the Borel field spanned by 
the B,. Then the space 2*(%’, m) is a subset of 2*(B, m) and since it is a 
complete metric space, it is a closed subset of 2*(%, m). Since, finally, 
02*(B’, m) is everywhere dense in 2*(B, m), it follows that 2*(B’, m) = Q*(B, m). 
But the last statement is equivalent to B’ = &. 

In applications it is usually permissible to assume separability; we proved 
Lemma 1 in order to justify our assumption, to be made later, of strict separa- 
bility. Using Lemma 1, we can easily prove, by means of the standard methods 
of measure theory, that every function or transformation which is measurable 
(B) is equal almost everywhere to one measurable (%’). 


3. Direct sums of measure spaces. Let X = X(X, uw) be a measure space 
and suppose that to each xe¢X there corresponds a measure space Y, = 
Y.(Y., vz). Denote by & the set of all pairs (z, y) withaeX andyeY.. In 
order to avoid the introduction of any more new notation than necessary we 
shall write Y,, for the set of all pairs (a, y) (points of Q) for which ye Y.,. 
We shall say that a set EZ ¢ © depends on z alone (or E is an z-set) if for every 
x eX either E-Y, is empty or E-Y, = Y,. Once more we carry over to 2 the 
notation 6f the component spaces: we denote by 9X the class of all x-sets E for 
which the set of points x such that H-Y, = Y, is a measurable subset of X. 

Let & be the class of all sets E ¢ for which Z-Y, is a measurable subset 
of Y, for each x, and for which »,(Z-Y,) is a measurable function of z. (& is 
not in general a Borel field: it is a normal class. See [7], p. 83.) It is clear 


3 It is easy to see that Q is separable in this sense if and only if all the function spaces 
L,(Q2), p 2 1, are separable. 

4 The unit interval, with the Lebesgue measurable sets and Lebesgue measure, is sepa- 
rable but not strictly separable. Concerning the hereditary properties of separability the 
following comments are relevant. If 2(B, m) is separable and &’ is a Borel field, B’ | B, 
then 2(B’, m) is separable. The analogue of this result for strict separability is not true. 
Thus the unit interval, with the Borel sets and Lebesgue measure, is strictly separable, but 
the Borel field spanned by the sets consisting of exactly one point is not. 

5 See, for example, [4], p. 4. 
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that X © &. For every E «& we define 
(s) m(E) = | v.(B-Y.) du(z): 


this integral exists since v,(H-Y,) is by hypothesis measurable, and by the 
definition of a measure space, 0 S v.(Z-Y;.) S$ 1. If Bis a Borel field of sub- 
sets of 2 such that XC ¢ B ¢& & and such that the set function m is a measure 
on $8, then we say that the measure space 2(%, m) is a direct sum of the spaces 
Y, formed with respect to X. We note that 2(, m) is not uniquely determined 
by the spaces X and Y,: it depends also on the choice of the Borel field &. The 
definition is not, however, vacuous: the Borel field C can always be chosen 
for &. For we have already observed that XC ¢ &, and since (*) guarantees 
that for Z «9X, m(E£) = u(E£), we know also that m is a measure on SX. Without 
any further hypotheses it does not seem possible to prove that a & different 
from °X always exists: in the applications, of course, we shall generally start 
with a Borel field & much larger than °X. 


4. The relative density function. Let 2 = 2(&%, m) be a measure space, and 
let @ be a Borel field, @ ¢ &. For an arbitrary fixed set B ¢ & the set function 
n(A) = m(AB) is a finite measure which vanishes whenever m(A) vanishes. 
Hence we may apply the Radon-Nikodym theorem* to this set function con- 
sidered on the measure space 2(@, m) (not Q(B, m)), and find a relative density 
function 5(B, w) such. that 

(i) 6(B, w) is measurable (@), as a function of w €Q for every B; and 


(ii) m(AB) = / 8(B, w) dm(w) for every A e@ and Be." 


5(B, w) is uniquely determined by the conditions (i) and (ii) in the sense that 
if 5’(B, w) also satisfies these conditions, then, for every B, 6(B, w) = 8’(B, w). 
The set of measure zero on which 6 and 6’ differ belongs to @ and may, of course, 
depend on B. Before discussing the dependence of 4(B, w) on B for fixed w, 
we wish to emphasize the following fact. The condition (ii) alone does not, in 
general, serve to determine 6(B,w). (ii) is satisfied, for example, by the charac- 
teristic function of B, but unless B ¢ @ this function does not satisfy (i). (The 
relation of 6(B, w) to the characteristic function of B will be discussed in more 
detail below.) As a very illuminating example, illustrating this point as well 
as all others to follow, the reader is advised to keep in mind the unit square in 
the réle of 2 (with the class of all Borel sets and Lebesgue measure for & and m 
respectively) and take for @ the class of all Borel sets depending on x alone. 
If gs(z, y) is the characteristic function of B, then it is not ga(z, y) but rather 


1 
the function I ga(z, y) dy that plays the réle of 6(B, w). 


6 See [7], p. 36. 

7 The idea of introducing the relative density function is a familiar one in probability 
theory, where functions similar to our density are known as conditional probabilities. See, 
for example, [5], pp. 41-44. 
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We now mention two further properties of 6(B, w) concerning the way in 
which it depends on B for fixed w. 

(iti) If Q(B, m) is strictly separable, there exists a function 5'(B, w) with proper- 
ties (i) and (ii) of 5(B, w) (so that 5'(B, w) = 5(B, w)), and a set A’ e@ with 
m(A’) = 0, such that for w fixed and not in A’, 5'(B, w) is a measure on 8. 

This result is due to Doob (see [2], pp. 95-98). The statement and proof of 
his theorem are given in a notation very different from ours, but the proof 
applies to our case. In the statement and proof of the following property we 
retain the notation established in (iii) and use the result quoted there. For any 
set E we write ¢(E, w) for the characteristic function of E. 

(iv) If Q(B, m) and Q(A, m) are both strictly separable, then there exists a set 
A” «Q@, with m(A”) = 0, such that for w not in A” and A arbitrary in Q, 
6(A, w) = 9A, w). 

Proof. Let A;, Az, +--+ be a countable sequence of sets of @ which span @. 
There is no loss of generality in assuming that the sets A, form a field, i.e., that 
they are a system closed under the processes of forming finite sums, products, 
and complements. Since for each n = 1, 2, --- ,¢g(An, w) is measurable (Q@) 


and for every A e@, m(AA,) = [. , w) dm(w)—in other words, since 
A 


¢g(A, ,) has the two defining properties (i) and (ii) of 6(A, , #)—there must 
exist a set A), € @, with m(A.,) = 0, such that for w ¢ Ai, ,9'(An,w) = o(An,w). 
We write 


A” = A’ + Ai + Ag + -:- 


(where A’ is the set described in (iii)). If w is not in A”, then, in the first place, 
6’(B, w) is a measure on $8, and therefore on @, and in the second place (since 
6'(A, ,w) = (A, , w)) its value for any set A, is one or zero according as w € A, 
orwe’A,. Since the A, form a field which spans (?, the measure 6’(A, , w), 
considered, for the moment, as if it were defined for only the A, , has one and 
only one extension to @.* The fact that 4’(A, w) and ¢(A, w) are both measures 
on @t, which agree if A = A,,, implies therefore that 6’(A, w) = ¢(A, w) for all 
Ae@Q@. Since for we’ A”, 5’(B, w) = 6(B, w) for all B eB, the assertion (iv) 
is proved. 


5. The decomposition theorem. In this section we shall assume that (8, m) 
is a strictly separable measure space and that @ is a Borel field, @ ¢& &, such 
that 2(@, m) is also strictly separable. In terms of 2 = Q(B, m) and @ we shall 
now describe certain other measure spaces which will serve to express 2 as a 
direct sum. 

We observe first that the Borel field @, being strictly separable, is atomic: 
i.e., there exists in @ a system (ty of sets such that if Ao ¢ @ then no proper sub- 
set of Ao is in @ and such that every A ¢@ is a sum (not necessarily countable) 
of sets in @. For let A; , Az, --- be a countable sequence of sets of @ which 


8 See [5], pp. 15-16. 
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span (@f and let (@ be the class of all non-empty sets of the form J] A‘‘, where 


i=1 
€; = +1, Aj" denotes A;, and Aj’ denotes, as usual, the complement of A;. 
It is clear, moreover, that if f(w) is any function measurable (@), then on any 
atom Apo of @ (i.e., for any Ao € (to) f(@) is constant. 

Changing to a more suggestive notation, we denote by X the set of all those 
atoms of @ which are disjoint from the exceptional set A’ described in (iv) 
of §4, and we proceed to define a concept of measurability and measure in X. 
A subset of X will be called measurable if the sum of the atoms in it is a set 
measurable (@), and we assign as measure yu to this set the measure m of the 
corresponding set of @. For every x«X we denote by Y, the atom corre- 
sponding to z: Y, is a subset, belonging to () , of 2, whereas z is to be thought 
of as an abstract entity, an element of a measure space X. The concepts of 
measurability and measure are defined in Y, as follows. A subset of Y, is 
measurable if it is of the form Y,-B with B eB; we choose an arbitrary w ¢« Y, 
and define v,(Y.-B) = 6(B, w). Concerning this definition we make the fol- 
lowing two comments. 

I. Since 6(B, w) is measurable (@) its value on any atom of @ is a constant 
independent of w. Hence the definition of »,(Y.-B) does not depend on the 
particular w « Y, that was chosen. 

II. It may happen that for two different sets B’ and B” (eB) Y,-B’ = Y,-B”: 
we have to show that in this case w e Y, implies 6(B’, w) = 6(B”,w). Since we 
have already excluded the exceptional set A” of (iv), §4, we know that (with 
w fixed in Y,) 6(B, w) is a measure on &, whose value for a set A ¢€@ is one or 
zero according aswe¢eAorwe’ A. Inparticular therefore 5(Y,,w) = 1. Accord- 
ing to a result of Doob’ a measure (such as 6(B, w)) uniquely determines a 
measure On a measurable subspace (such as Y,) in the way in which we described, 
if and only if the measure of the subspace is one. Since we have shown that in 
our case this condition is satisfied, we may conclude that our definition of 
v,(Y,-B) depends only on the intersection Y,-B and not on the particular set B. 

If we compare the defining property (ii) of 6(B, w) with the relation (+) used 
in the description of direct sums, it is clear that we may sum up our results in 
the following decomposition theorem. 

TueoreM 1. Jf 2 = Q(B, m) is a strictly separable measure space and @ a 
Borel field, @ & SB, such that Q(@, m) is also strictly separable then, except possibly 
for a set A” €(@t of measure zero, 2 is a direct sum of measure spaces Y, formed 
with respect to a measure space X in such a way that the Borel field 9X of all measur- 
able x-sets coincides with the given Borel field Q. 


6. Measure-preserving transformations. We shall call a one-to-one trans- 
formation of a measure space 2({8, m) on itself measure preserving if the image 


® [1], pp. 109-110. Doob’s result is more general than what we need here: it requires only 
that the outer measure of the subspace be one. 
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of a measurable set under both T and T™ is a measurable set of the: same 
measure. A set E is an invariant set (of T) if TE = E.° The transformation T 
is ergodic (or metrically transitive) if for every measurable invariant set E we 
have either m(Z) = 0 or m(Z) = 1. An equivalent, and for our purposes more 
convenient, form of this definition is the following. T is ergodic if for every 


measurable set E the measure of the set E*, defined by E* = >> TE, is one 


or zero. 

Before stating von Neumann’s decomposition theorem, we make a remark on 
separability. If 7 is a measure-preserving transformation on 2(8%, m), the 
collection @ of invariant sets is easily verified to be a Borel field. Even if we 
knew that 2(, m) (and therefore Q(@, m)) is separable, we would not be able 
to apply Theorem 1, for there we assumed strict separability. We may, how- 
ever, apply Lemma 1 and find a countable sequence of sets C; , C2, --- which 
span a Borel field &’ equivalent to & and which are such that at the same time 
those C, which belong to @ span a Borel field @’ equivalent to @. Then the 
countable collection of sets of the form T'C; (i, 7 = 1, 2, --- ) span a Borel 
field ” also equivalent to &, and we may apply Theorem 1 to &” and @’. 
In order to avoid a superfluity of notation we shall not, therefore, assume 
separability, in the statement of Theorem 2 below, but we shall assume that 
both Borel fields we shall consider are already strictly separable. 


TuroreM 2. Jf 2 = Q(B, m) is a strictly separable measure space and if T 
is a measure-preserving transformation on Q whose invariant sets form a Borel field 
@ such that 2(Q@, m) is strictly separable, then, except possibly for a set A” «@ of 
measure zero, 2 is a direct sum of measure spaces Y, formed with respect to a 
measure space X, in such a way that each Y, is an invariant set of T and, except 
possibly for an x-set of measure zero, the transformation T, induced by T on Y, 
is an ergodic measure-preserving transformation." 


Proof. An application of Theorem 1 shows immediately that Q is a direct 
sum and that each Y, is invariant. It follows that 7 induces a one-to-one 
transformation T, of each Y, on itself: the only thing that has to be proved is 
that 7’, is measure preserving and ergodic (for almost all 2). 

Since for any measurable set B and any z, T(Y.-B) = Y.-TB, and 
T (Y.-B) = Y,-T''B, it is clear that for any measurable subset E of Y, both 
T,-E and T;'E are measurable. 


10 An invariant set is sometimes defined as a set E for which TE = E. The present 
definition is a little more convenient for our purposes. 

11 This theorem was proved by von Neumann ((6], pp. 601-618) not for a single trans- 
formation but for a one-parameter group of transformations (a flow), and not on an arbi- 
trary measure space but on a space satisfying certain topological restrictions (an m-space), 
which in his case need not have finite measure. Our proof applies, with the usual changes 
necessitated by measurability difficulties, to the case of a flow on a space of not necessarily 
finite measure, and thus our result is a generalization of von Neumann’s theorem inasmuch 
as it does not use topological considerations. 
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Let B,, Bz, --+ be a countable sequence of measurable sets which spans 8; 
as in the proof of (iv) in §4 we assume that the B, form a field. For any 
n = 1,2, --- and any A ¢e@ we have 


m(A-TB,) = m(TA-TB,) 


/ 8(TB, , w) dm(w) 


they « / 8(B, , w) dm(w). 


It follows that except for w in a set A, ¢ @ of measure zero 6(7B, ,w) = 5(B, , w). 
Hence if w does not lie in the set A” + A, + A; + --- (where A” is the set 
described in (iv), §4), 6(7'B, w) and 6(B, w) are both measures on & which agree 
on a field which spans &: it follows that they agree for all Be&.” Thus we 
see, remembering the definition of measure in Y,, that for almost all z, 7, is 
measure preserving. 

Using the results of the preceding paragraph and of §4, we know that if wo 
is taken outside a certain fixed set of measure zero, then 6(B, wo) is a measure 
on &, 5(A, wo) = ¢(A, wo) for A €@, and 6(7B, wo) = 6(B, wo). In other words 
0(B, 6(B, wo)) is a measure space, 7’ is a measure-preserving transformation on 


this space, and the fact that for every B eB, B* = > T"'Be@ (ie., B* is an 


invariant set of 7), implies that 6(B*, w) = ¢(B*, w) = 1 or 0. Recalling 
once more the definition of measure in Y, and the definition of ergodicity, we 
infer that 7, is ergodic. This completes the proof of Theorem 2. 
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FUNCTIONS HAVING SUBHARMONIC LOGARITHMS 
By E. F. BeckenBAcH 


1. Introduction. A function x(u, v), defined in a domain D (non-null con- 
nected open set), such that x(u, v) < +, is said to be subharmonic’ in D pro- 
vided it satisfies the following conditions: 

1.1. z(u, v) is upper semi-continuous in D; 

1.2. for every domain D’ comprised together with its boundary B’ in D, and 
for every function h(u, v), harmonic in D’, continuous in D’ + B’, and satisfying 
h(u, v) = x(u, v) on B’, we have also h(u, v) = z(u, v) in D’. 

A function x(u, v), which is upper semi-continuous and # — © in D, is sub- 
harmonic there if and only if it satisfies 


t(uo,%) -f r(uo + p COS ¢, Uo + p sin g) dy 


for every point (uw, v) in D and for every p such that the circular disc 
(u — uo)” + (v — w)* < p’ is comprised in D. A function z(u, v), having con- 
tinuous second derivatives in D, is subharmonic there if and only if its Laplacian 
satisfies the inequality 


2 2 
Az(u, v) ol? 4<? = 0. 
Ou? 


A function p(u, v), defined in a domain D, is said to be’ of class PL in D pro- 
vided p(u, v) = 0 and log p(u, v) is subharmonic there. 

A function of class PL necessarily is subharmonic, but the converse is by no 
means true. Indeed, a non-negative function p(u, v) is of class PL if and only 
if [p(u, v)]* is subharmonic for all choices of the positive constant a. Other 


criteria for functions of class PL are contained in the following Theorems 
A and B. 


Received February 19, 1941. 

1 For a discussion of subharmonic functions, see T. Radé, Subharmonic Functions, Berlin, 
1937. There, as usual, subharmonic functions are defined to be functions which satisfy 
z(u, v) # —~, in addition to the conditions we have here given; but, for example, 
log | f(u + iv) |, where f(z) is analytic, is subharmonic, and we prefer not to exclude the 
important special case f(z) = 0. The discussions in the present paper would not, however, 
be affected by the restriction z(u, v) # —@. 

2 See E. F. Beckenbach and T. Radé, Subharmonic functions and minimal surfaces and 
Subharmonic functions and surfaces of negative curvature, Transactions of the American 
Mathematical Society, vol. 35(1933), pp. 648-661 and 662-674 for definition and applications 
of functions of class PL. 
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TueoreM A. If p(u, v) = 0 in D, then p(u, v) ts of class PL in D if and only 
if e*“***n(u, v) is subharmonic there for every choice of the real constants a, B. 


Theorem A was proved by Montel on the assumption that p(u, v) has con- 
tinuous second derivatives, and by Radé in the general case. Further results 
suggested by Theorem A have been obtained by Saks and Beckenbach.* 

In the present note, we shall give yet another extension (see §2) of Theorem A; 
namely, we shall introduce the parameters a, 8 in quite a different way. 


THeorEeM B. [If p(u, v) is continuous and = 0 in D, then p(u, v) is of class PL 
in D if and only if 


9 


1 1 Qe 
xe LD alu + &,v +n)! d§dn s sf p(uo + p COs ¢, vo + psin ¢) ae 


holds for every point (uo, v) in D and for every p such that the circular disc 
(u — uw)” + (v — w)” S p’ is comprised in D. 

The inequality in Theorem B is essentially the isoperimetric inequality, 
a < [/(4m); it follows from this theorem that the isoperimetric inequality 
characterizes surfaces of negative curvature. 

While Theorem B gives a characterization of a function of class PL in terms 
of itself, in what follows we shall present (see §3) an analogous theorem giving 
a characterization of these same functions in terms of other functions of class PL. 


2. A two-parameter characterization of functions of class PL. We observe 
that in Theorem A, the function 
em the -_ ar | 


is just barely of class PL, for its logarithm, au + 8v, is harmonic. But a similar 
remark might be applied to the absolute value of any other analytic function 
f(z); and the fact that au + v is actually linear in wu, v appears to be unim- 
portant in this connection. 

THeoreM 1. If p(u, v) = 0 in D, then p(u, v) is of class PL in D if and only 
if [(u — a) + (v — B)"Ip(u, v) is subharmonic there for every choice of the real 
constants a, B. 


Necessity. Let p(u, v) be of class PL. We observe that also 
[(u — a)’ + (v — BY] =| (w+ w) — (a + #8) | 


is of this class. It follows from the definition of the class PL and the fact that 
the sum of two subharmonic functions is again a subharmonic function, that 


3 P. Montel, Sur les fonctions convezes et les fonctions sousharmoniques; Journal de Mathé- 
matiques, (9), vol. 7(1928), pp. 29-60; T. Rad6é6, Remarque sur les fonctions subharmoniques, 
Comptes Rendus, Paris, vol. 186(1928), pp. 346-348; S. Saks, On subharmonic functions, 
Acta Szeged, vol. 5(1930-32), pp. 187-193; E. F. Beckenbach, On subharmonic functions, 
this Journal, vol. 1(1935), pp. 480-483. 

4E. F. Beckenbach and T. Radé, loc. cit., pp. 662-674. 
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[(u — a)’ + (v — 8)’|p(u, v) is of class PL. Indeed, the product of any two 
functions of class PL obviously is again of class PL. Then 


[(u — a)’ + (v — 8)"Ip(u, ») 


is subharmonic, since a function of class PL necessarily is subharmonic. . 
Sufficiency. For the non-negative function p(u, v), let 


[(u — a)’ + (» — B)'Ip(u, ») 
be subharmonic for all choices of the real constants a, 8. We assume first that 
p(u, v) is positive and has continuous second derivatives in D. A computation 
yields 
A{[(u — a)’ + (v — 8)'Ip(u, »)} 
= [(u — a)’ + (v — 8) ]Ap + 4pu(u — a) + 4pe(v — 8) + 4p, 
whence, by assumption, the quadratic in (u — a), (v — 8) satisfies 


[(u — a)’ + (v — B)']Ap + 4p.(u — a) + 4po(v — 8) + 4p 2 0 
for all points (u, v) in D and for every choice of the real constants a, 6. It 
follows immediately that the discriminant satisfies 
pap — (p. + ps) = 0. 
But | 
pAp — (pu + pi) = pA log p, 


so that p(u, v) is of class PL. 

We assume now that p(u, v) is only non-negative and has continuous second 
derivatives in D. Then the function p(u, v) + € is positive and has con- 
tinuous second derivatives in D for every « > 0. Further, since 


[(u — a)’ + (v — 8)’Ip(u, ») 


is subharmonic, it follows that also 
[((u — a)’ + (& — 8)'I[p(u, ») + 4 


is subharmonic. Hence, according to the preceding paragraph, p(u, v) + « is 
of class PL, and therefore its uniform limit as « — 0, p(u, v), is of class PL. 

Suppose finally that p(u, v) is given to satisfy only the conditions specified in 
the theorem. We shall show first that p(u, v) is subharmonic. That p(u, v) 
is upper semi-continuous follows from the fact that [(« — a)* + (v — 8)’] is 
continuous and [(u — a)” + (v — 8)*}p(u, v), being subharmonic, is upper semi- 
continuous. Further, from the subharmonic character of 


[((u — a)’ + (v — 8)'Ip(u, »), 
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it follows’ that 


a) [(wo — a)’ + (v0 — 8)"Ip(wo, v0) < = l ; [(wo — @ + p cos ¢)° 


+ (v — 8 + psin ¢)"|p(w + p cos ¢, » + psin ¢) dg 


holds for all circular discs, with center (wo , vo) and radius p in D, and for every 
choice of the real constants a, 8. For a fixed (wo, vo ; p), let 


(wo — a)* + (w — 8) = M’, M>O. 
It follows from (1) that 


2 2a 
p(uo, v) = (*H+) (=) [ p(uo + p cos ¢, % + psin ¢) dy. 


Since M is arbitrarily large, we obtain 
Fwy 
luo, ») $ 5- [ p(uo + p Cos ¢, % + psin ¢) dy, 


whence it follows® that p(u, v) is subharmonic. 
Since p(u, v) is subharmonic and # — ~~, it is summable,’ so that we may 
consider the averaging functions, 
Pp’ (u, v) = p(u, »), 


pr uo=A ff rut evtndedy b= 1,2.) 
T E24+q2<r2 


mr- 


From the fact that p(u, v) satisfies (1), it follows that the averaging functions 
ps (u, v) also satisfy (1). Thus 


[ue — a) + (oo — BY (w,m) = ff tlw + @ - @ + OF 
+ [(v + n) — (8 + n)F}p(wo + &, v + ») dé dn 


2 | (zs f [(we — @ + pcos y)’ + (v — 6 + psin ¢)'] 


IIA 


ar? 2 
-p(u + & + pcosy,um ++ psin ¢) de} dt 


5 F. Riesz, Sur les fonctions subharmoniques et leur rapport a la théorie du potentiel, I, 
Acta Mathematica, vol. 48(1926), pp. 329-343. 

6 J. E. Littlewood, On the definition of a subharmonic function, Journal of the London 
Mathematical Society, vol. 2(1927), pp. 189-192. 

7 For justification of various statements made in this paragraph, see T. Radé, Sub- 
harmonic Functions, §§1.10, 2.21 and 3.8. 

* Of course p{*’(u, v) can be defined thus for only a subdomain D‘? of D, but this is of 
no consequence since r is arbitrarily small. 
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= EPRI tem + pcos 9) + (o — 8 + psin 


plus + E+ p 605 ¢, m+ 9 + psin v) dd} de 


Qe 
-=[ [(wo — & + pcos y)* + (v — 8 + psin ¢)’] 


i . 
“ps (wo + p COs ¢, 9 + psin ¢) dg, 


so that p{”(u, v) satisfies (1). Similarly p&(u, v) and p{(u, v) satisfy (1). 


Further, p{(u, v) = 0 and has continuous second derivatives. Therefore, as 
above, p*”(u, v) is of class PL. But we have shown that p(w, v) is subharmonic, 
so that p{(u, v) \. p(u, v) asr — 0. Since the limit of a decreasing sequence 
of functions of class PL is again of class PL, it follows that p(u, v) is of class PL. 

The class of functions of class PL is invariant under conformal mappings of 
the (u, v)-domain of definition; accordingly, we have the following corollary. 

Corotitary. Let U + iV = f(u + ww) be a given analytic function, which is 
not ideniically constant, in D. If p(u, v) = 0 in D, then p(u, v) is of class PL 
in D if and only if 


{[U(u, v) a a)’ + [V(u, v) = B)'}p(u, v) on | f(u + wv) en (a@ + 18) *p(u, v) 
is subharmonic there for every choice of the real constants a, 8. 

We note that Theorem 1 still holds if we replace 

(u — a)’ + (v — 6) 
by the distance function 
[(u — a)’ + (v — 8)’f. 
It follows that a similar remark may be made concerning the corollary. 

3. An isoperimetric characterization of functions of class PL. We have stated 
the following Theorem 2 in terms of all continuous functions q(u, v) of class PL 
in order to have the necessity of condition (2) general; but for the sufficiency 
we note that we need assume only that (2) holds for a suitable two-parameter 


subclass of functions of class PL, for example, the subclass e““**” of Theorem A 
or the subclass [(u — a)* + (v — 8)] of Theorem 1. 


THEOREM 2. If p(u, v) is continuous and = 0 in D, then p(u, v) is of class PL 
in D if and only if, for every continuous function q(u, v) of class PL in D, 


© Li... twlwe + & v0 + mllaCwe + &, v0 + n)]a& dr 
Lt §2-+92<p? 
(2) siz Plus + p 60s g, v6 + psin e) de | 


25 
{2 q(uo + p cos yg, » + psin 0) de 
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holds for every point (uo, vo) in D and for every p such that the circular disc 
(u — uw)” + (v — »)” S p’ is comprised in D. 


Necessity. If p(u, v) and g(u, v) are of class PL in D, then obviously 
[p(u, v)][q(u, v)] and [p(u, v)}'{a(u, v)} are of class PL in D. It follows from 
Theorem B and the inequality of Schwarz’ that 


1 
a | I, iis [p(uo + &, vo + n)][q(uo + &, v0 + m)] dé dn 
= (x [ [p(uo + p cos ¢g, v» + p sin ¢)}*[q(ue + p cos 9, % + psin ¢)]}! ie) 


s[£ [ riw + p08 ¢,0 + psin «) de| 


2n 
1 os , 
{ef q(uo + p COs ¢, % + p sin ») de . 
Sufficiency. For the given non-negative continuous function p(u, v), we shall 
use only the fact that (2) holds for the particular functions q(u, v) = e*“*** of 


class PL. But we could just as well restrict our consideration to the functions 
q(u, v) = [(u — a)’ + (v — 8)’. 

We assume first that p(u, v) is positive and has continuous second derivatives 
in D. Using finite Taylor expansions, we obtain 


3 i. [p(wo + &, % + n)Ilq(uo + &,% + n)] dé dy 
= pq + 30 l(puqu + Pode) + pAgq + 4qAdp] + op’), 


lz [ p(uo + p Cos ¢, v% + p sin ode|[ 2 [ q(uo + p cos ¢, w+ psin ) de| 
T Jo 2r 
= pq + tp lpdg + gdp] + o(p’), 


where p, g, and their partial derivatives are evaluated at (wo, vo), and where 
o(p”) denotes a quantity (not always the same quantity) such that 0(p”)/p” — 0 
as p—0. Therefore, by (2), 


Puqu + Poe + ¥pAg + 3qAp S pdg + gdp + o(p’). 
Letting p — 0, we obtain 
(3) Puqu + Pode — ¥pAq — 3q4p SO. 
Putting g = e*“**" in (3), we obtain the quadratic inequality 
p(a’ + 6°) — 2pya — 2p.8 + Ap = 0 


9 See, for instance, Hardy, Littlewood and Pélya, Inequalities, Cambridge, 1934, p. 132. 





». 132. 
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for all a, 8. Hence the discriminant satisfies 


pAp — (p. + p.) = 0, 


so that, as in Theorem 1, p(u, v) is of class PL.” 

We assume now that p(u, v) is only non-negative and has continuous second 
derivatives in D. Then the function p(u, v) + € is positive and has continuons 
second derivatives in D for every « > 0. Further, since q(u, v) is subharmonic, 
we have 


(4) 7 a quo + &, vm + 0) dé dn 


1 29 ; 
< =f q(ue + p Cos ¢, vo + p sin ¢) dg; 


it follows from (2) and (4) that (2) is still satisfied if we replace p(u, v) by 
p(u, v) + e throughout. Hence, according to the preceding paragraph, 
p(u, v) + €is of class PL, and therefore its uniform limit as e — 0, p(u, v), is of 
class PL. 

Suppose finally that p(u, v) is given to satisfy only the conditions specified in 
the theorem. That p(u, v) is at least subharmonic follows immediately when we 
set a = B = Oing(u, v) = e*“**”, so that (2) becomes” 


am f | plus + & 00 +1) dédn s 2 [” ple + p.008 ¢, v + psin ¢) de. 
mp? J Jetigtcy? 2m 


For a fixed (uo , vo) in D, let the positive quantities p and r be so small that 
the circular dise (uw — uo)” + (v — )* S (9 +r)’ is comprised in D. By assump- 
tion, we have 


Lf ww t+etemtnt a) 
i. &2+n?<p? 


-[exp {a(wo + & + &) + Blvo + 1 + 7’) }] dE dn 


Qe 
6) s|2[ Plus + & + pcos ¢, m+ 9! + psin ¢) de | 
us 


Pal exp {a(uo + &’ + pcos ¢) + B(m% + 9’ + psing)} ae | 


1° If we had chosen the functions g(u, v) = [(u — a)? + (v — 8)?}, the quadratic inequality 
would have been [(uo — a)? + (vo — 8)*]/Ap — 4pu(uo — a) — 4po(vo — 8) + 4p 2 0, with 
the same implications as above. 

11 If we had chosen the functions q(u, v) = [(u — a)? + (v — 8)?], we could show that 
p(u, v) is subharmonic as we did in the proof of Theorem 1. 
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for all é’, n’ satisfying &” + 9” <r’, and for every choice of the real constants a, 8. 
Dividing both sides of (5) by the positive constant e“*’**"’, we obtain 


1 ’ , 
el Lip Pm FEF Em tat WD 


-[exp {a(wo + £) + B(vo + n)}] dé dn 


6) s(z-[ plus + & + pcos ¢, t+’ + psin e) de| 
T 40 


9 


{zt [ exp {a(uo + pcos gy) + Blu + psin oi de, 


Now integrating both sides of (6) over &” + 7” < ?’, dividing by mr’, and 
reversing the order of integration, we have 


a / i [pr” (wo + &, v0 + n)]lexp {a(uo + £) + B(vo + 2) }] dé dn 
mp J Jertqtcot 


Lr ; 
s(z/ pS" (us + p cos ¢, + psin ¢ de | 


iE I “ep {a(ue + p cos g) + B(u + psin ¢)} ae. 


2r 
That is, (2) is still satisfied for q(u, v) = e*“** when we replace p(u, v) by 
ps (u, v).” Similarly, (2) is satisfied by p®(u, v). Further, p(w, v) is non- 
negative and has continuous second derivatives. As above, then, p°(u, v) is 
of class PL. But we have shown that p(u, v) is subharmonic, so that p? (u, v) \, 
p(u,v)asr—0. Since the limit of a decreasing sequence of functions of class PL 
is again of class PL, it follows that p(u, v) is of class PL. 


Tue UNIVERSITY OF MICHIGAN. 


12 A similar device may be used for the functions g(u, v) = [(u — a)? + (v — 8)?]. 
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RIEMANNIAN MANIFOLDS WITH POSITIVE MEAN CURVATURE 
By S. B. Myers 


1. Intuitively it is natural to expect that a manifold whose curvature is every- 
where positive and bounded away from zero will, if indefinitely extended, be 
closed. Illustrating this geometric idea, in 1931 Hopf and Rinow! proved that 
a complete surface whose curvature is everywhere greater than or equal to a 


* positive constant e? is closed (compact) and has a diameter not exceeding 2/e, 


and its universal covering manifold is also closed with diameter not exceeding 
m/e. In 1935? the present author generalized this result to complete n-dimen- 
sional Riemannian manifolds. There the curvature K is a function of a point 
and a plane of directions; and if K = e? for all points and all planes of direc- 
tions, the space is closed and has diameter not exceeding w/e, the same results 
holding for the universal covering manifold. 

The question now arises as to what conclusions can be drawn if the curvature 
is allowed to vary more freely on a complete manifold, but the mean curvature,’ 
a function of a point and a direction, is kept = e?. The result of the present 
paper is that such a manifold M is closed and has‘ diameter not exceeding a, 


where 
rn - 1. 
ej 


a= 


also, its universal covering manifold is closed and has diameter not exceeding a. 
This implies that the fundamental group of M is finite. An important appli- 
cation of this result is to spaces of constant positive mean curvature, which are 
solutions of the field equations in the general theory of relativity.’ 


2. Let M be an n-dimensional Riemannian manifold® of class C“, whose 
mean curvature everywhere 2 e?. We prove first the following lemma. 


Received March 3, 1941; presented to the American Mathematical Society, December 
31, 1940. 

1H. Hopf and W. Rinow, Uber den Begriff der vollstandigen differential-geometrischen 
Fliche, Comm. Math. Helvetici, vol. 3(1931), p. 224. 

28. B. Myers, Riemannian manifolds in the large, this Journal, vol. 1(1935), pp. 42-43. 

3’ The mean curvature at a point P with respect to a vector (v) is the sum of the n — 1 
2-dimensional curvatures obtained by pairing (v) with each of a set of n — 1 mutually 
orthogonal vectors all orthogonal to (v), and is independent of the choice of such a set. 
See Eisenhart, Riemannian Geometry, p. 113. 

‘ If mean curvature were defined as an average instead of a sum, then this upper bound 
for diameter would be simply z/e instead of a. 

5 The results of this paper are, however, proved for positive definite metrics, and hence 
are not immediately applicable to the physical theory. 

® See, for example, Myers, op. cit., p. 40. 
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Lemma. Onan n-dimensional Riemannian manifold M of class C” whose mean 
curvature with respect to every point and every direction = e*, no geodesic arc of 
length greater than x(n — 1)'e* can be the shortest arc joining its ends. 


Let g be any geodesic arc of length a, with endpoints P and Q. Set up coérdi- 
nates (r) = (z',-.--,2") in the neighborhood of g such that the functions 
Jas (a, 8 = 1, --- , nm) appearing in the fundamental quadratic form satisfy the 
following conditions along g: 

09a 
Jas = bas 5 = (a, B, ¥ = 1, -+-,n), 
while the coérdinates z', --. , 2" are constant along g and z" is the are length 
s on g measured from P.’ 

In this codrdinate system the curvature of M at a point P on g with respect 

to the plane of directions determined by the unit vector (0, 0, --- , 1) tangent 


n—l 


to g at P and any vector (7', 77, --- , n" ’, 0) orthogonal to g at P is given by* 
Rainkn' 1 . 
K(P, 9) = "9" G5, k= 1, 0+) — DV. 


The functions R,;..(s) are Riemann symbols of the first kind in the coérdinates 


(x) taken along g. The mean curvature K at P with respect to the vector 
(0, 0, --- , 1) is given by 


R(P) = Rurnk = —Ran, 


which is the trace of the determinant | Rains |. 
Now consider the second variation J(n) along g in the non-parametric cal- 
culus of variations problem associated with 


dx* dz“ , , 
[ (001 ” 


J(n) is to be evaluated for arbitrary functions 9'(s), --- , 9" '(s) of class D’ 
vanishing at s = 0 and s = a, and must be positive for all such (7) not = (0) 
unless g contains a point conjugate to P (perhaps at Q). Upon computation, 
we find’ 


J(n) = [ o's" — Rainn‘ 9") ds. 


7 See T. Levi-Civita, Math. Annalen, vol. 97(1927), pp. 291-320. Also see M. Morse, The 
Calculus of Variations in the Large, Am. Math. Soc. Colloquium Publication, New York, 
1934, pp. 108-110. 

8 We are using the summation convention of tensor analysis. 

° Cf. J. L. Synge, On the neighborhood of a geodesic in Riemannian space, this Journal, 
vol. 1(1935), p. 527. 
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Integrating the first term by parts, and using the fact that (7) vanishes at both 
ends, we obtain 


J(n) 


-| (n'n'”’ + Rainey’ n*) ds 


=- [ [n'n'” + K(s, 0)n‘n']ds. 
Now 7'(s) can be written as f(s)¢"(s), where 
sai, cet =0, ge = sy" 
and 
fO) = fla) = 0. 
We find 


J(n) 


- [ Lfc'(fe'” + aps” + ft’) + Kf'lds 


~ [ a" + f(K — ¢"¢")) ds. 


J(n) must be greater than 0 for f(s) # (0) vanishing at both ends and all unit 
vectors ¢'(s) unless g contains a point conjugate to P. 
Now choose 
f(s) = sin e(n — 1)? 8, 
so that 


° 


wt e a 


and choose n — 1 constant unit vectors ¢}(s) = 6}. For } = ft} we obtain 


son) = — [s19" +e wids = [¢(S - x) ao 
¥ sin) = [Pe — Bae 


But K = e?, so that 


p> J (nj) = 0. 


Hence for at least one value of j, J(n;) S 0. 
Therefore g must contain a point conjugate to P (perhaps at Q). Thus no 


geodesic arc of length greater than a can be a minimizing arc, and the lemma is 
proved. 








404 Ss. B. MYERS 


3. Now suppose M is complete. Then’® every pair of points P and Q on M 
can be joined by a shortest curve which will be a geodesic with length equal to 
the distance between its ends. From the lemma it follows that the shortest 
curve joining P to Q is of length not exceeding a, hence the distance PQ S a. 
This makes every set of points on M bounded. But completeness implies that 
every infinite bounded set on M has a limit point,’® so that every infinite set 
on M has a limit point and M is compact (closed). 

We have, then, the following: 


THEOREM I. A complete n-dimensional Riemannian manifold whose mean 
curvature at every point and with respect to every direction = e? is closed and has 
diameter not exceeding x(n — 1)*e™. 


Now the universal covering manifold of M can be provided with the same 
local differential geometry as M, and will also be complete. So we have 


THeoreM II. The universal covering manifold of a complete n-dimensional 
Riemannian manifold with mean curvature everywhere not less than e? is closed and 
has diameter not exceeding x(n — 1)'e™. 


Coro.uary. A complete n-dimensional Riemannian manifold with mean curva- 
ture everywhere at least equal to e* has a finite fundamental group. 


As a special case of these theorems we have the 


CoroLtuary. A complete n-dimensional Riemannian manifold with constant 
positive mean curvature e? is closed, has a finite fundamental group, and has diameter 
not exceeding x(n — 1)'e*. 


4. The n-dimensional unit sphere, which has constant unit curvature and 
hence constant mean curvature = n — 1, and has diameter z, is an example 
showing that the upper bound for diameter just given cannot be improved. 
An example to show that the results of this paper go beyond the previously 
treated case of manifolds with positive curvature bounded away from zero is 
the topological product of two 2-dimensional unit spheres, provided with a local 
Riemannian quadratic form which is the sum of the forms for the two 2-spheres. 
This 4-dimensional manifold has constant positive mean curvature 1. The 
curvature itself varies from 0 to 1 inclusive, and thus is not constant and not 
even bounded away from 0. 


UNIVERSITY OF MICHIGAN. 


10 Hopf and Rinow, loc. cit. 
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AN ANALOGUE OF THE BERNOULLI POLYNOMIALS 
By L. Caruirz 


1. We define a set of polynomials 8,,(u) with coefficients in GF (p", x) by means 
of 


V(tu) — SF Bn(U) om 
1.1 pXtu) Ss Bm) pm 
oe uv(t) m=O Jim 
The function y(t) may be defined by* 


(1.2) V(t) = y(-y's, 
where 
F, = (2" — z)(x™ — 2”)... oe ~ ae) Fy = 1; 
and the denominator in the right member of (1.1) is given by 
(1.3) gm = g(m) = Fo°F}' .-- Fe, 
where 
m= d+ ap" +--- +a,p™ (0 S a; < p”). 


Thus it is clear that the coefficients in 6,,(u) are rational functions over the 
GF(p"), indeed over the GF(p). 


If we put 
t = Bm im 
1.4 ——— —t 
4) v(t) = gm” 
then by (1.1) and (1.2) 
= ae __g(m) ‘a ‘ pri—} 
(1.5) Bm(u) —_ alras ( 1) F,g(m ae pr + 1) By—priqn . 


On the other hand, if we use the expansion 


(1.6) vitu) = (- 4X yen, 


Received April 10, 1941. 

1 The right member of (1.1) contains only terms for which p* — 1 | m; 8»(u) is defined for 
such m only. 

? For the properties of ¥(¢) and yx(t) used here see L. Carlitz, On certain functions con- 
nected with polynomials in a Galois field, this Journal, vol. 1(1935), pp. 137-168. 
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then we get 

1 iVilu) , 
1.7 * =_ ~ a a. 
(1.7) Bm (u) es 1) r 4 
where A is given by 
(1.8) vm = 41 ae, 

m=(0 Ym 
and 
k 
—i F, ni 
_ _ k-i a Pp 
where 
Li os (2? - ry(2r" = 2) Ee (2”” = x), 7. a 1. 


We also remark that ¥y(u) = II (u + M) the product extending over all M 
(including 0) of degree < k. 
In (1.1) the value u = 0 is excluded; however, it is clear from (1.5) that 


Bn(0) = Bn. 
Also from (1.7) follows 
(1.9) B»(1) = 0 for m > 0, 
since ¥»(1) = 0 for m > 0. We may also notice that 
(1.10) Bu(cu) = B»(u) (cin GF(p"), c # 0). 


(1.9) and (1.5) yield a recursion formula for B,,. More generally, from (1.1) 
we get the recursion for 8,,(u): 


(- 1)* yw 


Bp ete) = | 


Tam Feg(m — p™) 0 otherwise 


for m = p™, 





Properties of B,, have already been discussed. In the present note we de- 
rive various theorems on the arithmetic nature of 8,,(u), when wu is restricted to 
polynomial values. Since the methods are similar to those of the earlier papers, 
we shall not give the proofs in detail. 


2. In Bma(u) we now put u = U, a polynomial in 2; in view of (1.10) we may 
assume that U is primary. By a general theorem‘ AS” is integral, that is, a 


’L. Carlitz, An analogue of the von Staudt-Clausen theorem, this Journal, vol. 3(1937), 
pp. 503-517, and An analogue of the Staudt-Clausen theorem, this Journal, vol. 7(1940), 
pp. 62-67. These papers will be cited as I and II, respectively. 

‘I, p. 507. 
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polynomial in z; also it is easy to show that ¥,(U)/F; is integral for all U. Hence 
applying (1.6) we get at once 


THeorEM 1. For all polynomials U = U(zx) and all m (such that p" — 1|m), 
the product UB,,(U) is integral. 


Thus the denominator of 8,,(U) contains only factors of U. We can easily 
improve this result. From the identity 


vi(u) = veea(u) -F PT ye-r(u) 








follows 
WU) _ { bi (U) _ i} ¥e-1(U) 
Ug(p™ — 1) Fes" Ug(p**-» — 1)’ 
and therefore 
¥v(U) 
Ug(p™ — 1) 


is integral. Note that by (1.3) 
F, 


k 


g(p™ — 1) = (FoF, +++ Fea)” = 
We require also the fact that® 
(2.1) g(p™ — 1) | AS’. 


Hence (1.7) may be put in the form 
F. 
(2.2) Ba(U) = a, 
r li 


where G; is integral. Now if the fraction F,G,/Li is put in reduced form, it is 
clear that the irreducible factors (if any) of the denominator are simple, and 
except possibly for the case p" = k = 2, are of degree k. For p” = k = 2, 
F,,/Li reduces to 1/(z* — x), and therefore the denominator of F:G2/L3 may 
involve factors of the first degree also. This proves 


THEOREM 2. If we put B»(U) = N/D, where N and D are relatively prime, 
then D has simple factors only. 


By Theorem 1 it follows that D consists of a product of some (possibly none) 
of the irreducible divisors of U. We call D = D,(U) the denominator of 
Bn(U). 


In the next place for G an arbitrary polynomial, consider 





G—1 m _ W(tGU)  y(tU) 
2.3 UV)’ = _- ; 
ae 2 PaO" = aay ~ TH) 
5 This is a special case of a general theorem. See Carlitz, A set of polynomials, this 


Journal, vol. 6(1940), pp. 486-504; p. 502, Lemma 2. 
®* I, Theorem 3. 
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Now in (1.6) put u = G and substitute in the right member of (2.3). We may 
7 


prove 

THEOREM 3. For all G the product 
(2.4) G(G™" — 1)Bn(U) 
is integral. 


Suppose next that P is any irreducible factor of the denominator of 8,,(U), 
that is, P| D in the notation of Theorem 2. Since in (2.4) G is arbitrary, we 
may take it equal to a primitive root (mod P); it follows that m is a multiple 
of p™ — 1, where k is the degree of P. 

TuHeoreM 4. If, in the notation of Theorem 2, P is an irreducible divisor of D 
of degree k, then p™* — 1 must divide m. 


As a consequence of Theorems 2 and 4 we may put (1.7) in the following form 
1 e¥e(U) 
2.5 m(U) = Gun + = —1)° ——A, , 
(2.5) BU) = Gant De (-D 


where G,, is integral and the summation extends only over such k for which 
nk 


p —1|m. 
3. We now make use of the following result: 


(3.1) yy = (= (—1)** ‘aa =| —_ P), 


=o) | Fg 





where P is irreducible of degree k. From (3.1) and (1.8) it follows that 


( sas ppc 


a Bua 

(3.2) A, = (al) (mod P), 

where 

(3.3) m = >, dap’ (0 < & < p) 
h 

and 

(3.4) 6= Zz Waki; (mod 2); 


also the conditions 


(3.5) nk(p — 1) = dbs, p —1\|m 


must hold. Note that, for fixed m, (3.5) is satisfied by at most one value of k. 
If (3.5) does not hold, then AX’ = 0 (mod P). 


7 For the proof compare I, Theorem 5. 
8 I, Theorem 8; for a simplified proof see II, p. 66. 





ay 


orm 


rich 


1 2); 


of k. 
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4. Returning to (2.5), from the above we see that 





—— yk WU) 4 n 
(4.1) Bm(U) — Gm + ( 1) U-F, An (p # 2), 


where k satisfies (3.5); if, however, (3.5) does not hold, then £,,(U’) is integral. 
To simplify the right member of (4.1) note that if P is irreducible of degree k, 
then 


-1 for P | U, 
— =- TI] w+m= 

deg <i 0 for PX U, 
the congruences being (mod P). If we now apply (3.2), we get the following 


THEeorEM 5. (p” # 2.) Let p" — 1\|m; put 
m= >, dap” (0 S & < p). 
If the system® ; 
(4.2) nk(p — 1) = dds, p* —1\|m 


is inconsistent, then B,(U°) is integral; if (4.2) is consistent, then k is uniquely 
determined and 
r . 1 
(4.3) Bm(U) = Gn — e : D? 
P\U 


where G» is integral, the summation is extended over those irreducible P of degree 
k that divide U' and 
(— ee 


6 = -ey—_, 6= 1 nki+j (mod 2). 
II (&!) y “i 
h 
For p" = 2, there is the possibility that the denominator may contain addi- 
tional irreducibles of the first degree. Note that 


- =(U+1)(U+2(U+2+41) 


0 (mod 2’) for x’ X U, 
~ |x (mod2z*)  for2’ | U, 


with similar results (mod (x + 1)*). A detailed examination of A2’ now 
leads to” 


® Compare II, p. 63. 
10 Compare I, Theorem 10. Note that the last part of that theorem is incorrectly stated. 
It should read: “‘If (7.3) is inconsistent, then for m odd of the form 2* + 1, 


1 1 
Bae Gn t+. + Sai" 


while for other m, B,, is integral.”’ 
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TuroreM 6. (p" = 2.) If the system (4.2) is consistent for k # 2, then 


(4.4) BU) =Gat+ DO pi 
deg P=k 
P\u 
if k = 2, m even, then 
€ 
(4.5) Bm(U) = Ga + #4241’ 


where e = 1 forxz? +2+1|U,€=Ofor2? +2417 U;whileifk = 2,m 
odd, then 


€ 1 


(46) eddies Liat 


If (4.2) is inconsistent, then for m odd of the form 2“ + 1, 


(4.7) e{-@,+ 5 }, 
“3.45° Q 


while for other m, By(U’) is integral. 
As an immediate corollary of Theorem 5 we may state 
THEOREM 7. (p” # 2.) For U and V relatively prime, 
Bu(UV) = Bu(U) + Bu(V) + Gn. 
In the next place it is clear that (for p” # 2) 
Bu(P*) = Bu(P™™) + Gn (¢ > 0), 
and this leads to the following 
TuHroreM 8. (p" # 2.) For arbitrary U, 
Bu(U) = Gn + 21 Ba(P); 


the summation extending over all irreducible P dividing U. 

We remark that the last two theorems are not true for p" = 2, as is clear 
from an examination of the several cases of Theorem 6. The case of failure is 
that arising from (4.7); in all other cases the theorems hold. 

Comparison of Theorem 5 with the corresponding result" concerning Bn 
leads to 

TueoreM 9. (p" # 2.) If U is a multiple of D,, , the denominator of B,, 
then Bu(U) — Bm is integral. 


In particular, in view of (2.3), we may take ’ = G(G” — 1), where G is 


J, Theorem 9. 








| 0), 
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arbitrary; the simplest choice is U = 2(2" — 1). On the other hand if (4.2) 
holds, we may take for U any multiple of 


o%= I] P; 


deg P=k 


a particularly simple choice is U = x” *_gz. Note again that the last theorem 


may fail for p" = 2. 


5. Results of a different nature may also be derived from (1.7). Define the 
operator A‘ by means of 


Af(u) = f(xu) — af(u), 
A Y4(u) = a*f(ru) — 2” a*f(u). 
It may be verified that for k S i 


F; n 
A‘ yu) = pe yi.(u). 
i-k 
Thus (1.7) yields 


f 


(5.1) A'{UBa(U)} =  (-1)** ve 





pnk 
(i+k) 
Yas 


Clearly by (2.1) each term on the right side of (5.1) is a multiple of g(p™ — 1), 
and therefore 


(5.2) A*{UBe(U)} = 0 (moa 72). 


For U = 1, (5.1) becomes 
(5.3) A* {uBm(U)}umr = (—1)*AL?, 


which incidentally expresses A“ in terms of B,,(z'). 

It is easy to derive another formula of this type from (1.7) in the following 
way. In (1.7) replace u by uM, and let M run through the primary polynomials 
of degree k. Since” 











¥i(Mu) _ k F; pnrk 
as (—1) L,FP vi-+.(u), 
we get 
ini i (—1)' ilu " (+a) 
nee snPrins Pau) = eT rf 4» 


which may be compared with (5.1). 


12 See L. Carlitz, Some sums involving polynomials in a Galois field, this Journal, vol. 
5(1939), pp. 941-947; p. 943, formula (4.4). 
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In (5.4) put uw = 1: 
> Ba(M) = + A®, 
™ ik 
which is similar to (5.3). Comparison with the results of §3 now leads to the 
following 
THEOREM 10. (p” #2.) The sum 
(5.5)  . Bm(M) 
deg M=k 


is integral if m and k do not satisfy (4.2); if, however, (4.2) holds, then the sum 
(5.5) equals 


1 
Gnu — =, 
. deg Pak P 
where e has the same meaning as in Theorem 5. 
As a corollary it follows that 
po Bm(M) = Bn + Gm 
deg M=k 
In this connection we may note that (1.5) yields 
Dd’ Bu(M) = Ba, 
deg M<s 
the summation extending over all primary M of degree < s, where p™ > m + 1. 


Duke UNIVERSITY. 








the 


sum 
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A MINIMUM PROBLEM IN THE THEORY OF ANALYTIC FUNCTIONS 
By J. L. Doos 


Let f(z) be a complex-valued function defined on y:|z| = 1. F. Riesz’ has 
investigated the problem of minimizing the integral 


(0.1) [ | fle) — plz) | | de | 


for functions p(z) which are the boundary functions on y of functions analytic 
within y. Riesz assumed f(z) to be a polynomial in 1/z. He found that there 
is a minimizing function p(z) = g(z) (uniquely determined in the sense that two 
minimizing functions differ at most on a set of measure 0), which is a polynomial. 
The zeros of f(z) — g(z) are distributed in a simple way, and Riesz’ uniqueness 
proof depends on that fact. Riesz’ problem can also be considered as the 


problem of minimizing | | h(z) || dz | for functions h(z) which are the boundary 
Y 


values of functions A(z) analytic within y, a finite number of whose initial power 
series coefficients are given. In this form, the problem has been generalized 
by Kakeya,” who imposes other conditions on the functions h(z) within y: the 
values of A(z) and its derivatives are prescribed at given points. In all this 
work, the uniqueness theorem depends essentially on the fact that the minimiz- 
ing h(z) can be written down explicitly, or at least that the minimizing A(z) is 
rational with a known peculiar distribution of zeros and poles. 

Before describing the problem which is to be solved in this paper, we shall 
state the facts which will be needed from the theory of analytic functions.’ Let 
f(z) be a complex-valued Lebesgue integrable function, defined on y. Then 
f(z) has a Fourier series: 


02) fe)~Saue, a= f a= sd [sere as 
— 2r Jo 


~ Qei J, 20 
The function f(z) is said to be of power series type if a. = ag =--- = 0. 


If f(z) is of power series type, >, a,z” converges within y to an analytic function 
. 0 


Received March 24, 1941. 

1F. Riesz, Uber Potenzreihen mit vorgeschriebenen Anfangsgliedern, Acta Mathematica, 
vol. 42(1920), pp. 145-171. 

2S. Kakeya, Proceedings of the Physico-Mathematical Society of Japan, (3), vol. 
3(1921), pp. 48-58. 

* See for the results summarized in this paragraph, F. Riesz, Ueber die Randwerte einer 
analytischen Funktion, Mathematische Zeitschrift, vol. 18(1923), pp. 87-95; F. and M. Riesz, 
Ueber die Randwerte einer analytischen Funktion, Compte Rendu du Quatriéme Congrés 
des Mathématiciens Scandinaves A Stockholm (1916), pp. 27-44. 
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fi(z), since a, — 0. Moreover, fi(z) within y is given by the Cauchy integral 
formula, if the boundary function f(z) is used, and 


(0.3) lim fi(re”) = file”) 
rfl 


exists for almost all 6, with f; = f for almost all 6. Thus f(z) coincides almost 
everywhere on y with the boundary function of an analytic function. A bound- 
ary function f(z) has many properties which we shall use below without further 
reference. For example: its discontinuities, if any, cannot be jumps; if it is of 
bounded variation, it must be absolutely continuous; if it vanishes on a set of 
positive measure, it vanishes identically. We shall also use the fact that if f(z) 
and g(z) are of power series type, any linear combination is of power series type, 
and if g(z) is bounded, f-g is of power series type.* 

The purpose of the present paper is to minimize the integral (0.1) for any 
given f(z) integrable on y, where p(z) ranges through the functions of power 
series type. It will be shown that there is a minimizing p(z) = g(z), uniquely 
determined (neglecting sets of measure 0), and the properties of f(z) — g(z) will 
be investigated. The class of minimal functions f(z) — g(z) will be completely 
described. 

The following facts on functions of power series type will be useful. The 
proofs are obvious. 


Lemma 1. If f(z) and z*f(z) are both of power series type, then if N < 0, 
f(z) = 0 almost everywhere on y, and if N = 0, f(z) coincides almost everywhere 
on y with a polynomial of degree not exceeding N (or the null polynomial). If R(z) 
is real, and if z“R(z) is of power series type, then if N < 0, z“R(z) = 0 almost every- 
where on y, and if N = 0, z“R(z) coincides almost everywhere on y with a poly- 
nomial of degree not exceeding 2N (or the null polynomial). 


We shall need the following theorem, generalizing a result proved by Riesz.° 


TuHeorEeM 2. Let f(z), g(z) be Lebesgue integrable functions defined on 
y:|2| = 1, where |g| > 0 ona set of positive measure. Define &(d) by 


(2.1) en) = [| f) +r9(2) | | de]. 
Y 
Then &(X) is a continuous function of the complex parameter , and &(\) > © 


when||— «©. The function &(A) assumes its minimum value & either at a single 
point or on a closed (finite) line segment. Moreover, &(0) = & if and only if 


[sol lee, 
f=0 


lA 


(2.2) J 9p lel 


* Op. cit. (footnote 1), pp. 161-162. 
5 Op. cit. (footnote 1), pp. 159-160. 
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and &(A) = & on the real interval (—1, 1) if and only if g(z) = o(z)f(z) almost 
everywhere on y, where o(z) ts real-valued, |o| < 1, and 


(2.2’) / o(z) | fle) || dz | = 0, 


The function &(A) is evidently continuous, and becomes infinite when | A | 
does. If a, 8 are positive numbers with sum 1, 


(2.3) E(ady + Bro) S a&(Mi) + BE(Ad), 


so &(A) assumes its minimum value £ on a closed bounded convex point set. If 
A= pe, where p, 6 are real, &(A) (@ fixed) assumes its minimum as p varies 
either at a single point or on an interval of p-values. It is easily verified® that 


. £(pe”) — £0) _ a f as al 
(2.4) lim = £0) fe [9 ; jde|p+ [lol ldel 


plo p 


where R(w) denotes the real part of the complex number w. If &(0) = &, the 
difference quotient must be not less than 0 for every 6. Then (2.2) is true. 
Conversely, if (2.2) is true, the derivative in (2.4) is not less than 0 for any @, 
and then, because of (2.3), £0) = &. Now suppose that (A) = & on the 
(real) interval (—1, 1). There is equality in 


(2.5) ifls4ift+ol+4if—-9a| 


only if either arg (f + g) = arg (f — g) orf = +g, that is only if g = of, where 
ois real and|o| < 1. But the integral over y of both sides of (2.5) is &, so 
g = o(z)f almost everywhere on 7, where o(z) is real, | ¢(z)| S$ 1. In this case 
(2.2) becomes (2.2’). Conversely, if g = of almost everywhere on 7, where ¢ is 
as described above, and if (2.2’) is true, then (2.2) is true, so that &(0) = &, 
and it is easily verified that (A) = &(0) = & on the interval (—1,1). To finish 
the proof of the theorem we must show that the equation &(A) = & cannot be 
true on an open set. It is no restriction to assume that the open set includes 
a circle of radius 1 with the origin as center. Then if @ is any real number, 


[ is + reat ae 


- . — . 7) 
assumes its minimum value on the real interval (—1, 1). But then e"g = 
oe(z)f almost everywhere on y, where o@(z) is real, and this is certainly im- 
possible. 


With these preparatory results established, we can now treat the minimum 
problem which is the subject of this paper. 


®° Cf. F. Riesz, op. cit. (footnote 1), p. 160, footnote, 
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TueorEeM 3. Let f(z) be a Lebesgue integrable function, defined on y:|z| = 1. 
There is then one and only one function g(z) (neglecting differences on sets of measure 
0) of power series type such that 


(3.1) [ \s@ - 0 \\az\ s [ \s@ - v@ | a, 


if p(z) is of power series type. 

Although the proof of the existence of a minimizing function g(z) follows 
Riesz, we shall outline it, since the same type of argument will be needed again. 
Let & be the greatest lower bound of the integrals on the right in (3.1), for p(z) 
of power series type. Choose p,(z) of power series type so that 


(3.2) lim [| s(@) — pale) | | dz | = &. 


nO 


Define F(z), P,(z) by 
(3.3) F(z) = [ f(z) dz, P,(z) = [ Paz) dz 


(where the integration is over the are (1, z) of y in a counter-clockwise sense). 
Since p,(z) is of power series type, there is only one value, 0, assigned to P,,(1), 
but F(1) may have two values, corresponding to the null are on y, and the full 
perimeter. Then the sequence {P,(z)} is a uniformly bounded sequence of 
functions of power series type, of uniformly bounded variation, at most 


m+itf |s@ || ae| 


for large n. By Helly’s theorem, some subsequence converges everywhere on 
y. Wecan suppose that the original sequence has been chosen to be convergent: 
P,(z) > G(z). Then F(z) — P,(z) > F(z) — G(z), so 


(3.4) Var. (F — G) S lim inf Var. (F — P,) = lim inf / |f — pa| | dz| = &p. 

no no 7 
Moreover, G(z) is of power series type, and of bounded variation, so as we have 
remarked above, it coincides almost everywhere (and therefore everywhere ex- 
cept at possible discontinuities) with an absolutely continuous function G(z). 
Evidently G’(z) = g(z) is of power series type, and 


(3.5) Var. (F — G) = [ |f—9|\dz| < Var. (F - 6) <&. 


Then by the definition of &, there must be equality throughout (3.5), and 
g(z) is the required minimizing function. 

Now suppose that g:(z), ge(z) are minimizing functions which differ on a set 
of positive measure. We shall derive a contradiction from this hypothesis. 
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The integral 
(3.6) / \f — g1 + AGi — ge) | | dz | 


takes on its minimum value & at’ = OandA = 1. If ¢ = f — 4(gi + ge), 
¥ = 3(g2 — gi), then | | > 0 on a set of positive measure, and the integral 


(3.7) [ etal lae| 


takes on its minimum value & when \ = +1. By Theorem 2, &(A) = & on 
the real interval (—1, 1), and y = og almost everywhere on y, where ¢ is real 
and |o|< 1. Moreover, since y is of power series type, and | ¥| > 0 on a set 
of positive measure, y, and therefore ¢, can vanish almost nowhere on y. By 
definition of &, if n = 0, 


(3.8) [ le + ave" | | ae | 
Y 
takes on its minimum value & when \ = 0. Then, by Theorem 2, 
baat 
(3.9) | lel ym | ae| =0. 
+ ¢ 
This means that | ¢ | ¥/(zg) = p(z) is of power series type. But then 


+|¥|=ol|¢| = zp(z) 


is also of power series type. According to Lemma 1, this implies that y = 0, 
almost everywhere on y, contrary to hypothesis. 

If f(z) is a given function, integrable on y, we have shown that there is a 
corresponding function g(z) of power series type, uniquely determined, neglecting 


sets of measure 0, minimizing / |f — p || dz | for all functions p(z) of power 
Y 


series type. We shall call the difference f — g a minimal function. A function 
is then minimal if and only if its corresponding function is 0. The uniqueness 
statement of the preceding theorem states that if f(z) is minimal, f + g is never 
minimal if g is of power series type, unless g = 0 almost everywhere on y. To 
solve the minimum problem of the paper we need only give a complete descrip- 
tion of minimal functions. Such a description will be given in Theorem 5, but 
it will be necessary to prove a preliminary lemma first. 


Lemma 4. Let {f,(z)} be a sequence of measurable functions on y, and suppose 
that | f.(z)| S u(z) on y, n 2 1, where u(z) ts integrable on y. Suppose that 
tf, — f almost everywhere ony. Then if fa — gn, f — g are minimal functions, 


(4.1) lim [ ee [ oa, 


no 


(4.2) tim f° | fale) — gale) | de | = f 10) - 92) | | ae 


everywhere on . 
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Define F,, F, Ga, G by 


Fle) = [ fale) de, Gale) = gule) a, 
(4.3) 4 
F=f sea, G@=f ea. 


The variation of G,, is 


[ioiidels fit —onlidel+ f itiiae: 


(4.4) 
<2 |\fijjde| <2] w(e)|de|, 


By Helly’s theorem, there is then an everywhere convergent subsequence {Gz,} 
of {G,}:G., > Gi(z). The function G,(z) is of power series type, and of bounded 
variation, so it coincides except at possible discontinuity points with an abso- 
lutely continuous function G(z), also of power series type, with derivative (z). 
Since F., — Ga, > F — G, on 7, 


Var. (F — @) = [ \f —g||dz| Ss Var. (F — G,) 


lim inf Var. (F., — Ga,) = lim int [ | fa, — Ga, | | dz | 
7 


no no 


(4.5) 


IIA 


lA 


tim inf f | fe, —g||de| = f \f-9| el. 

no 7 7 
Since f — g is minimal, and since there is essentially only one such g, we must 
have g = g almost everywhere on y: there must be equality throughout (4.5) 
and G, = G=G. Thus the sequence {G,} has only one possible limiting func- 
tion, G, so it must converge to G, as was to be shown. Moreover, we have shown 
that 


(4.6) tim if-—o0| |de| = ff - 9 lael. 
Now if J is any are of y not containing 1 in its interior, 
(4.7) Var. (F-G@Gs lim inf Var. (F, — G,), 
that is, aa 

(4.8) [if = o{ (de) tim int ff. — gn) \de|. 


This is incompatible with (4.6) unless there is always equality in (4.8). Since 
the equality in (4.8) must hold not only for the original sequence, but also for 
any subsequence, the “lim inf’ can be replaced by “‘lim’’: (4.2) is true. 








or 





PROBLEM IN THEORY OF ANALYTIC FUNCTIONS 419 


THEOREM 5. Let p(z) be a function of power series type, of modulus not exceeding 
1 almost everywhere ony. Then if o(z) is a non-negative integrable function on y, 
which vanishes almost everywhere where | p(z) | < 1, 


(5.1) fe) = == 


is a minimal function, and every minimal function can be obtained in this way. 


In other words, f 7s minimal if and only if | f |/2zf coincides almost everywhere 
on y, where f ¥ 0 with a function of power series type, of modulus not exceeding 1. 
We shall prove this in several steps. 

(i) Suppose that the minimal function f(z) never vanishes, or vanishes at 
most on a set of measure 0. Then the fact that, if n = 0, 


(5.2) [se + re" | |e) 

7 
has its absolute minimum when A = 0 implies, according to Theorem 2, that 
(5.3) / IF z"|dz| = 0, 

1 J 
that is, that | f |/zf is of power series type. Then Theorem 5 is true in this case, 
in which | p(z) | = 1 almost everywhere on y. 


(ii) Let «be any number. Then there is a function g,(z), of power series type, 
such that 


(5.4) ez) = fle) + 5 — gle) 
is minimal. We shall prove that ¢.(z) = 0 on at most a set of measure 0 on y 


if ¢« is not in some exceptional set which is at most denumerably infinite. Let 
E, be the z-set where ¢.(z) = 0. Then 


(5.5) A= = gale) — dal) (2 E.,-Es), 
or 
(5.6) = (e = €2) “igs z[g.,(z) anes 9e,(2)] (z € E.,-E.,). 


If m(E.,-E.,) # 0, the function on the right in (5.6) is a function of power 
series type, vanishing on a set of positive measure. Then it vanishes almost 
everywhere on y, so (5.5) is true almost everywhere on y. But if «4 # & the 
function on the right in (5.5) is of power series type, whereas that on the left 
is not, so equality almost everywhere on vy is impossible. Thus if 4 # e, 
m(E.,-E.,) = 0. Then at most denumerably many sets E, are of positive 
measure. 

(iii) Let {e,} be a sequence of constants converging to 0, chosen so that 
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¢«,(2) = 0 at most on a set of measure 0. Then according to (i), there is a 
function p,(z), of power series type, such that 


(5.7) | @e,(Z) | = 2G, (2) Pn(2) 

almost everywhere on y. We can suppose the sequence {e,} to have been 

chosen so that the sequence {P,(z)}: { / pn(z) dz> (a uniformly bounded se- 
1 


quence of functions of uniformly bounded variation) converges everywhere on y. 
The limit function P(z) is of power series type. Since it is of bounded varia- 
tion, it coincides on y except for possible jumps with an absolutely continuous 
function P(z). We denote by P(z), P,(z), p(z), pa(z) the functions analytic 
in y, with boundary functions P(e), P,(e"), p(e”) = P’(e"), pale”) respectively. 
If we use the Cauchy integral formula, P,(z) — P(z) uniformly in every closed 
subregion of y. Evidently p,(z) = P’,(z), p(z) = P’(z) in y, and p,(z) > p(z) 
uniformly in every closed subregion of y. Since | p,(z) | S 1 in y, | p(z)| < 1 
in y also, so | p(z) | S 1 almost everywhere on +. 

(iv) To prove (5.1), with the p(z) obtained in (iii), and with o = | f |, we shall 
prove that 


(5.8) [ \s@\ 2 \ae\ = [ Pepe \ae\, 
Y Y 
for every integer k. To prove (5.8) it will be sufficient, because of (5.7), to prove 
(5.9) lim / | g.,(z) | 2* |dz| = | | f(z) | 2* | dz | 
nov ¥ 7 

and 
(5.10) lim / z*** >. (z)pa(z) |dz| = / z**" f(z)p(z) | dz |. 

no 4 Y 


Now, according to Theorem 4, 
(5.11) lim [ | ees() | [ae | =| | fle) | | de | 
no 41 1 


on y, and (5.11) implies (5.9) (integrate (5.9) by parts). To prove (5.10) it is 
sufficient to prove 


(5.12) lim | z**'f(z)pa(z) |dz| = / z***f(z)p(z) | dz | 
and 
(5.13) lim | z'**9. (z)pa(z) |dz| = 0. 


Now (5.12) is true if f(z) has a continuous derivative (integrate by parts, using 
the fact that P,(z) — P(z)), so (5.12) is true for any integrable f(z) since such 
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an f(z) can be approximated arbitrarily closely (in the sense of distance in I) 
by functions with continuous derivatives. According to Lemma 4, 


(5.14) lim / g..(2) de = 0 
no 1 
on y. It follows that 


(5.15) im | f #4 a =0 
neo 2m? y t—z 

uniformly in every closed subregion of |z| < 1 (integrate (5.15) by parts). 
Thus if g.,(z) (for |z| < 1) denotes the analytic function in (5.15), which has 
the boundary function 9, (e"), g.,(z), and therefore g.,(z)p,(z), converge to 0 
uniformly in every closed subregion of |z| <1. But this means that the deriva- 
tives of g.,(z)p,(z) converge to 0 also, and this convergence at z = 0 is precisely 
the content of (5.13) for k < 0. The integrals all vanish when k 2 0, since 
G-,(2)Pn(Z) is of power series type. The proof of (5.1) is now complete. 

(v) Conversely suppose that f(z) is given by (5.1), with o, p as described. 
Let g(z) be any function of power series type. Then p(z)g(z) is also of power 
series type, since p is bounded, and 


(5.16) in J g ide = F Il. p(e)g(e) de| 


=|f_,rieroeyae| sf iot|\ael, 


so that 
(5.17) | \s@ + ro) | |e! 


according to Theorem 2, takes on its minimum value at \ = 0. Then f(z) isa 
minimal function, as was to be proved. 

The following theorem relates a given f to the g of power series type which 
makes f — g minimal. 


TuHeoreM 6. Let f(z) have the form 





(6.1) «SE, jar<r 


I (2 - a;) 


where u(z) is of power series typeandn = 1. Then the function g(z) which makes 
f — g minimal has the form 


epee. ae 
(6.2) g(z) = f(z) II (z — a;)(1 — az)’ 
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where G(z) is a polynomial of degree not exceeding 2n — 2, uniquely determined 
by f. In particular, if f(z) is a rational function with no poles on y, the correspond- 
ing g ts also rational. 

If f — g is minimal we can write | f — g | = (f — g)zp, where p(z) is of power 
series type. Thenf — g = (f —g)z’p’. In this case the latter equation becomes 


_ [u-g oI (z — a;)] I] G- _ %) 


(6.3) u— oI] & ~ - a) ens 2 TT az — = _ 2p, 
If G is defined by 
(6.4) Ge) = TI] - az)lu - g I] & - @)I, 


then G is of power series type, and, using (6.3), we have 
(6.5) 2" *G(z) = G(z)p(z)’. 


Thus z’"*G is also of power series type so (Lemma 1) G is equal almost every- 
where to a polynomial of degree not exceeding 2n — 2. Since g is uniquely 
determined, neglecting sets of measure 0, G(z) is a uniquely determined poly- 
nomial. We have now verified (6.2). The minimal f — g in this case is a 
rational function. The next theorem gives some additional information on the 
character of this rational function, that is, on the character of G(z). 


Corotiary. If f(z), given by (6.1), ts minimal, then f is rational: 
; Ge) 
IT (2 = a;)(1 - — az) 





(6.6) f(z) = 


In fact (6.6) is merely the condition that g vanish identically. More gen- 
erally, (6.2) shows that if the minimizing g is to be rational, the original f must 
also be rational. 


TuHeoreM 7. Let f(z) (# 0) be a function defined and analytic in the annulus 
A:1/K <|z|< K(K>1): 


(7.1) f(z) = > Anz 
Define fi(z) by 
(7.2) iis) = > oe. 


Then if f(z) ts minimal, fi/f can be continued analytically over the whole plane, 
and is a rational function, having no poles within y, with a double zero at the origin. 
The zeros of f(z) in A are distributed as follows: if f(a) = 0 v times, 1/K <|a| <1, 
then f(1/a) = Ov’ = v times, where v' — viseven. If f(a) # 0,1/K <|a| <1, 
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but f(1/a) = 0 v times, then v is even. The zeros on y, if any, are of even multi- 
plicity. 

If a, = 0 forn > N, then f(z) is a rational function of z. If a, = 0 for 
n< —N(N > 0), then z*f(z) is a polynomial in z of degree not exceeding 2N — 2. 


By definition, f, = fon y. According to Theorem 5, | f |/zf = p is of power 
series type ony. Then f,; = 2’p'f on 7, and p’, defined in the given annulus by 
the equation p” = f,/z’f, is meromorphic in the annulus. Moreover, the zeros 
of f,; and f cancel each other on y so p’ is actually analytic on y and does not 
vanish there. Then p(z), defined within y as the analytic function with bound- 
ary function p(e”), can be continued analytically across y. Since | ple”) | = 
p(z) can be continued analytically over the whole extended plane, by the use of 
the Schwarz reflection principle, and is analytic except for poles. The function 
f/f is therefore a rational function. If a; ,--- , a, are the zeros of p(z) in y, 


(7.3) pz) =e J] 7 


i ajz _ oe 
We now have 
(7.4) filz) = p(z)’2*f(e) 


in A. Simple examples (with p(z) 1) show that f(z) may have circles inside 
and outside y as natural boundaries. If f(a) = 0» 2 O times, and if p(a) = 0 
uw = O times, where 1/K < |a| < 1, fe’p’ = Ov + Qu times. Then f(1/a) = 
fila) = Ov + 2u times. Since zpf = | f | ony, the zeros of f on 7, if any, must 
be of even multiplicity. Then the zeros of f are as described in the theorem. 

If a, = 0 for n > N, z*f, is of power series type, and we have, using (7.3) 
and (7.4), 


4 fie) I] (ajz a 1)’ u(z) 


* es ee a) m 2? TT & - a)" 


where u(z) is of power series type. Then by the corollary to Theorem 6, f(z) 
is rational. 

If a, = Oforn < —N (N > 0), 2”f is of power series type, and, using (7.4), 
z’’~*2"f = p’z*f is also of power series type. Then according to Lemma 1, z*f 
coincides almost everywhere on y with a polynomial of degree not exceeding 
2N — 2. This is the case considered by Riesz, who showed that the distribu- 
tion of zeros described above for f is sufficient that f be minimal (A is replaced 
by the whole plane in Riesz’ case). Similar considerations, as Riesz remarked, 
can be carried through for rational functions, to find the distribution of zeros 
and poles necessary and sufficient that a rational function be minimal. 

It would be natural to vary the minimal problem of the paper by supposing 
that | f(z) |, | p(z) | in (0.1) have integrable k-th powers (k > 1), with p(z) still 
of power series type, and using the k-th power of the integrand in (0.1). This 





(7.5) f@ = 








424 J. L. DOOB 


hypothesis is easier to treat than the case k = 1. In fact in the analogue of 
Theorem 2, with k > 1, there cannot be equality in (2.3), so there can only be a 
single minimum point A. Equation (2.2) becomes, if g is bounded, 


Fan 
(2.2”) g —— |dz| = 0. 
imo of 
The existence of a minimizing g is easily proved in the analogue of Theorem 3, 
and its uniqueness follows from the simpler version of Theorem 2. From (2.2”) 
with g = z”, n = 0, f is minimal if and only if 
Is 
= ap, 
f 
where p is of power series type, and p*’ is integrable (k’ = k/(k — 1)) almost 
everywhere on 7, if we interpret the left side as 0if f = 0. This means that the 
minimal function f can vanish only on a set of measure 0 unless f = 0 almost 
everywhere on ¥, unlike the situation when k = 1. A function f is then minimal 
if and only if it can be written in the form 


o(z) _ | pz) |» * —, 
zp(z) nal 2 p(z) ’ 


where o(z) 2 0 is integrable, vanishing almost nowhere, and p(z) is of power 
series type such that | p| = o'*’. The case k = 2is particularly simple, because 
in this case a function f is minimal if and only if its Fourier expansion contains 
only negative powers of 1/z. This can be checked by the direct evaluation 
of (0.1). 

Another natural problem is to minimize (0.1) where p(z) is now to range 
through the polynomials of a given degree n. The existence of a minimizing 
polynomial can be proved as in Theorem 3, with some simplifications made 
possible by the fact that g is a polynomial. The minimizing g is, however, not 
uniquely determined. In fact, let n = 0, f(e”®) = 1for0 < @<2,f = —1 
for S 6 < 2x. Then g = c minimizes (0.1) for any real constant c between 
—1 and 1. 





(5.1’) f(z) = 


UNIVERSITY OF ILLINOIS. 


7 Cf. a similar proof in J. L. Walsh, Interpolation and Approximation, American Mathe- 
matical Society Colloquium Publications, vol. 20, New York, 1935, pp. 363-366. 








of 
ea 


2”) 


ost 
the 
ost 
nal 


ver 
ise 
ins 
ion 


ge 
ng 
ide 
10t 
—] 
en 


he- 





CHANGE OF VELOCITIES IN A CONTINUOUS ERGODIC FLOW 


By WarrREN AMBROSE 


Introduction. The fact that the proofs of the ergodic theorem and related 
theorems hold for general measure-preserving transformations has led to the 
formulation of the theory of flows in terms of measure theory without reference 
to the classical dynamical systems from which the theory arose.’ In this paper 
we consider flows from this standpoint and prove some theorems about con- 
tinuous ergodic flows. Our main theorem (Theorem 5) asserts that by a change 
of velocities any such flow can be put into a certain geometrical form; a flow 
in this form we call a flow built on a measure-preserving transformation. Asso- 
ciated with any flow is a 1-parameter group of unitary operators and the spectral 
resolution of such groups of operators has proved a useful tool in discussing 
flows.” Because a flow built on a measure-preserving transformation cannot 
have a purely continuous spectrum, this theorem can be considered as a theorem 
about what can be done to the spectral resolution by a change of velocities in 
a flow. 

Roughly, our proof proceeds as follows: we show the existence of a set R (called 
a regular set) with the properties: (1) almost all points go in and out of R 
infinitely often, and (2) whenever a point gets into either R or CR, it stays 
there for some time interval of positive length.’ Each of the sets R and CR is 
then a set of finite segments of paths of the flow. We then alter the velocities 
in such a way that each of these segments is traversed in the same fixed length 
of time. Except for a number of measurability difficulties it is easy to see that 
the resulting flow is built on a measure-preserving transformation. 

Although we start with a continuous flow, simple examples show that we do 
not in general end up with a continuous flow after such a change of velocities. 
However, we show that the flow that we obtain will take Borel sets into Borel 
sets and will be a measurable flow. Since any essential change in velocities 
will yield a flow under which the original measure will no longer be invariant, 
it is necessary to find a new measure invariant under the new flow and “‘properly”’ 
related to the original measure. We show that there is a measure equivalent 
to the original measure (two measures are equivalent if they vanish for the 
same sets) which is invariant under the new flow. 


Received October 14, 1940. 

1 See, for example, [3] and [6]. (Numbers in brackets refer to the bibliography at the 
end of this paper.) 

2 The idea of using this spectral resolution for studying flows and measure-preserving 
transformations is due to Koopman [4]. 

3 The referee of this paper has pointed out that we have used our hypothesis that the 
flow be ergodic only in proving the existence of regular sets and that for this purpose it is 
sufficient to assume the weaker hypothesis that almost all points of the space lie on tran- 
sitive (dense) paths. 
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In the first section we state our notation, definitions and assumptions. In 
the second section we prove the existence of regular sets and use them to define 
our change of velocities. The last section contains a proof that the altered flow 
is built on a measure-preserving transformation, that it has the desired measure 
properties, and that the measure invariant under it is equivalent to the original 
measure. We conclude the last section with a theorem on the representation of 
continuous ergodic flows. 


1. Notation, assumptions and definitions. Throughout this paper 2 will de- 
note a metric separable space on which a measure m(M) is defined having the 
following properties: 

(a) all Borel sets are ineasurable; 

(b) if M is any measurable set, then m(M) = inf m(OQ), for O open and in- 
cluding M; 

(c) m(Q) < ~; 

(d) spheres have positive measure; 

(e) points have measure zero. 

DEFINITION 1. A measure-preserving transformation is a 1:1 transformation 
of Q into itself with the property that if M is any measurable set, then the sets 
TM and TM are also measurable and m(M) = m(TM) = m(T™'M). 

DEFINITION 2. <A flow is a 1-parameter family 7, (— © <t< «) of measure- 
preserving transformations of Q into itself with the group property: 7:7. = T+, 
for all real ¢ and s. 

DEFINITION 3. The flow 7’; is continuous if the function 7,P is continuous in 
the two variables ¢ and P. It is a measurable flow if for any open set O the 
(t, P)-set 

[7.P € O] 
(t,P) 
is measurable in the product space of the real line with Q. 

Derinition 4. The flow 7; is ergodic’ if the only measurable invariant sets 
are of measure 0 or are complements of sets of measure 0. (By an invariant set 
we mean a set M with the property that if P « M then 7,P e M for all ¢.) 

Dertnition 5. Let 7; be a flow on Q, and S; a flow on. 1 is isomorphic? 
to S, if there exists a 1:1 measure-preserving correspondence between Q and 
Q, with the property that if P (in Q,) corresponds to Q (in Q), then 7,P cor- 
responds to S,Q for all t. 

DerFtniTion 6. Let 7 be a measure-preserving transformation of a space Q’ 
into itself. Consider the product space 2’ xX IJ of Q’ with the interval 
I: 0 S x < 1 (taking measure on Q’ X TJ to be the measure defined multiplica- 
tively in terms of the given measure on 2’ and Lebesgue measure on J). Define 
the flow 7, on 2’ X I by 


4We prefer the word “ergodic’’ to the more common term ‘‘metrically transitive’’ 
because it is shorter and because this concept is not a metric concept. 

5 This is a narrower definition of isomorphism than is sometimes used. Sre [6], for 
example. 





CHANGE OF VELOCITIES IN ERGODIC FLOW 


T(P, 2) = (TP, t+ 2 — [t+ 2) fort = 0, 
T (P, x) = Tx(P, 2) fort < 0 


(where [¢ + 2] = integral part of f+ x). We call 7, the flow built on T. 

Derinition 7. If 7; and S, are flows on 2 with the property that for each 
P the paths 7,P and S,P are the same, both in the sense of being the same point 
sets and of having these points in the same order, then we say that 7’, and S, are 
obtained from each other by a change of velocities. 

We remark that if 7 is a flow built_on a measure-preserving transformation, 
then it has infinitely many eigenfunctions, for the function F(P, x) = &"*™* (n 
any integer) is an eigenfunction of eigenvalue n. This remark shows that not 
every flow is built on a measure-preserving transformation and that (for con- 
tinuous ergodic flows) Theorem 5 implies that by a change of velocities it is 
possible to obtain a flow with infinitely many numbers in its point spectrum. ' 

Throughout the rest of this paper T, will denote a fixed continuous ergodic flow 
on Q. We shall denote T,P by P;. We now define two functions, associated 
with any set M, which will be fundamental in all our considerations. 

If M is any set in Q, then fy(P) and gy(P) are defined by 


sup 6 if PeM, 


ae , 
consi [ 0 if PeCM, 


sup (b — a) if PeM, 
0 if PeCM, 


gu(P) oh 
( 


where the first sup is to be taken over those 6’s such that P_,e M for0 <i <6 
and the second sup is to be taken over those a and b for which a S 0 Sb 
and P_,« M fora < t <b. (These functions may be infinite valued.) For 
P « M the function f y(P) represents the length of time that a particle now at 
P has been in M since its last entry into M, while g y(P) represents the length 
of time the particle has been in M since its last entry plus the length of time it 
will remain in M before leaving. 


2. Regular sets and change of velocities. In this section we begin by proving 
some lemmas about the functions fu(P), gu(P) just defined. Then we define 
the term regular set and prove that every open set contains an open regular set. 
Next we define the change of velocities along the paths of 7, to obtain the 
l-parameter group S,; which we are after. We conclude this section with a proof 
that S, takes Borel sets into Borel sets. 


Lemma 1. If O is open, then fo(P) and go(P) are L.s.c.. 


Proof. It is sufficient to prove that fo(P) is l.s.c. because if we denote by 
fo(P) the corresponding function for the flow T_,, then fo (P) is l.s.c. and hence 
go(P) = fo(P) + fo(P) is 1s.c. 
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Since fo(P) is obviously |.s.c. at points of CO, it is sufficient to prove that if 
P” «0, P «0, P” > P, fo(P") ~k (k © ~), thenfo(P) Sk. Leta, = fo(P"). 
Then P”,, e’ O and P",, > P_.¢’O. Since k = 0, we have fo(P) < k. 


Lemma 2. If F is closed, then fe(P) and ge(P) are Borel functions.® 


Proof. Choose open sets O, decreasing to F as n — ©. Then it is easily 
seen that fo,(P) — fr(P), go,(P) > g(P), asn— «. 

Dertnition 8. A measurable set R is regular if it has the following properties: 

(a) & can be subdivided into disjunct invariant Borel sets Q; and Q such that 
m(%) = 0 and the path of every point of Q; passes through FR; 

(b) for each Pe R the t-set for which P; ¢ R is a sum of finite open intervals 
whose complement is a sum of finite non-degenerate closed intervals. 

DerFtIniTion 9. A measurable set M is semi-regular if for each P ¢ M the ¢-set 
for which P; € M is open. 

Let M be any semi-regular set and define the sets M* and M~ by 


Mt=M+ [there exist t, | 0 such that P_i€ M\ = lim Mi, 
P to 


M~ = M + (there exist t, | O such that P,, ¢M] = lim M;. 
P 


tTO0 
Lemma 3. If M is semi-regular and if f u(P) and gu(P) are Borel functions, 
then fu+(P), fu-(P), gu+(P), gu-(P) are Borel functions. 


Proof. This theorem is a consequence of the following easily verified relations: 
Su+(P) = lim fu(Payn); fu-(P) = lim f u(Pin) 
gu+(P) = lim gu(P_iyn); gu-(P) = lim g w(Pin) 


THeorEeM 1. Every (non-empty) open set contains a (non-empty) open regular 
set. 


(u— @). 


Proof. Let O be the open set. Choose an open set 0; included in O and such 
that O — O, contains an open set O02. Choose 6 > 0 such that 


P 
is non-empty. Because go,(P) is Ls.c., this set is open and hence 


0’ = (90, (P) > 3] 


P 
is open and non-empty. 
Now define R by 


R= 0". [fo,(P) > 46]. 


Then R is open because fo,(P) is |.s.c.; we shall now show that R is regular. 


° By a Borel function we mean a function h(P) with the property that for every real 
number k the P-set [h(P) > k] is a Borel set. 
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Define 2; and 22 by 


Q) = (1 z. 7.0") ( ; 7 r.0)(T] >» 7.0.)( I] p is 1.01), 


n=1 t2>n n=1 ts—n n=1 t2>n n=1 ts—n 
Qe = CQ; 


(Q2 may be empty) so that Q; consists of those points whose paths enter both O’ 
and OQ, for infinitely large ¢ and for negatively infinitely large ¢. Q, and Q are 
obviously invariant Borel sets whose sum is 2. Because our flow is ergodic, 
each of the four sets that were multiplied to obtain Q; contains almost all of Q; 
hence Q, contains almost all of 2, and m(Q) = 0. If P «Q,, then the path of 
P passes through O’ and hence through R. From the definition of 2; we see 
that paths of points in Q; go in and out of O’, and hence of R, for infinitely large, 
and negatively infinitely large ¢; from the definitions of O’ and R we see that if 
P eR or PeCR, then there is a ¢-interval (about O) of length at least $6 for 
which P, lies in the same set. Hence R is regular. 


Corotuary. The regular set R of Theorem 1 may be chosen with the following 
property: there exists an n > 0 such that if P « RQ, (or P eCR-Q;) then for some 
t-interval containing 0 and of length at least n the points P, will also lie in R-Q, 
(or in CR-Q). 


We are now ready to change the velocities along the paths of T,. We first 
choose a fixed open regular set R and in terms of it define the new 1-parameter 
group S;. In doting this we shall consider only the set Q, associated with R; on 
this space 7’, is still a continuous ergodic flow, so our previous theorems hold 
for it. To define S, we shall first define a transformation Q and then define 
S,tobe Q'7T,Q. (It is easy to see that every change of velocities can be defined 
in this way.) The transformation Q will take each path into itself in a 1:1 
order-preserving way (the flow 7’, orders the points on each path; it is this order 
that is preserved). This definition shows immediately that the S, form a group, 
i.e., that S,,, = S,S, ; also each S, is a 1:1 transformation of Q, into itself be- 
cause each of Q, 7, and Q™ has this property. We remark that in general the 
transformation Q will not preserve the measurability of sets in Q, though we shall 
show that each S, does. In showing that S, is built on a measure-preserving 
transformation we shall have to “factor’’ our space Q; into a product of the real 
line with some subspace ©’ of Q ; i.e., we shall have to find a subspace 2’ whose 
product space with (0, 1) is—with respect to measure properties—the same as 
Q,. We shall take 0’ to be the set of points at which the paths of our flow enter 
the regular set R; this subspace serves this purpose because it is a cross section 
of the flow with the property that under S, the length of time between successive 
crossings of Q’ will be 1 for every point of Q, . 

Now let R be the fixed open regular set. We shall define Q separately along 
each path =. Pick a point P* on 2; then each point of = is of the form PY. 
Let the ¢-intervals for which P? ¢ R be denoted by (a, , b,); then map the real 
line into itself in an order-preserving way so that (a, , b,) is mapped linearly 
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on (n, n + 4) while (6, , @n4:) is mapped linearly on (n + 3,2 + 1). Denote 
this mapping by F(t). Then define Q for Pe = by QP? = Pry. Doing this 
for each path, we have Q defined for all points of 2;. Now define S, (for any 
P €Q) by S.P = Q'T.QP. We note that this definition of Q depended upon 
which point P* of = we chose in order to represent every point of = as a P? and 
also upon the labelling of the intervals (a, , b,). Theorem 2 below shows, how- 
ever, that the definition of S, is independent of these choices. 

We define 2’ to be 2,-(R” — R) so that 2’ consists of these points at which 
the paths of our flow enter R. We shall frequently denote points of 2’ by P’. 
Now we define the function 7(P) by 





[ 1 fa-(P) for Pe R™, 
(P) ] 2 gr-(P) 
J ai 
| 1 4. 1 fea-(P) for PeCR. 
\2 2 gcr-(P) 


The function j(P) will be very important throughout the rest of this paper; the 
next theorem shows that j(P) measures how far a particle now at P is through 
R and CR since its last entry into R, where the measurement is made in terms 
of S,. The fact (an immediate consequence of its definition) that j(P) is a Borel 
function then practically ensures that S, will have all the measurability proper- 
ties that we desire of it. 


THEorREM 2. If P = S,P’, where P’ €Q’ andO Ss B < 1, andif S,P’ ¢ 2’ for 
all a satisfying 0 < a < 8, then j(P) = 8. 


Proof. We shall prove this for 0 < 8 S 3; the proof for } < 8 < 1 is essen- 


tially the same. Let P” be the first point beyond P’ on the path of P’ which 
lies in CR. Then, writing a(P) for fe-(P) and b(P) for ge-(P), we have 


P = TapP’, a = TxpP’. 


Let 'P = QP’,’*P = QP and *P = QP” (where Q is the transformation in terms 
of which S, was defined as Q'7,Q). From P = S,P’ = Q'T7;QP’ we see that 
*P = T,'P. Because, for 0 < t < b(P), we have QP) = ‘Paw , where G(é) is 
the linear mapping of (0, b(P)) into (0, 3), it follows that 


aif). 
2 ge-(P) 


Lemma 4. If h(P) is a Borel function, then the transformation 


B j(P). 
P td TipP 
is a Borel transformation.” 


7 By a Borel transformation we mean a transformation S with the property that if O is 
any open set, then the P-set [SP ¢ O} is a Borel set. 
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Proof. Suppose first that h(P) takes only a finite number of values, the 
values a, --- , a, on the sets M,,---,M,. Then, if N is any Borel set, 


[Tr P €N] = M,-T2,N + eee + M,-T.,N, 


so the lemma is true for such h(P). 

Now let h(P) be any Borel function. Then let h,(P) be a sequence of Borel 
functions, each taking only a finite number of values, and such that h,(P) — h(P) 
(n— ©). Then each 7), :»)P is a Borel transformation, and because 7’; is con- 
tinuous, 7),.»)P — Tiw)P; hence T;:»)P is a Borel transformation. 


THEOREM 3. Each S, takes Borel sets into Borel sets. 


Proof. We shall show that if 0 S 6 < 4, then S; is a Borel transformation, 
thus showing that for such 6 S_; takes Borel sets into Borel sets. By the 
group property of the S, it will then follow that each S_,, for t = 0, takes 
Borel sets into Borel sets. Similarly, it may be shown that each S,, for t < 0, 
takes Borel sets into Borel sets. 

Let 6 be a fixed number, with 0 < 6 < 4. Then S,R is a Borel set because 


SR = [1-6 <j(P) < 1]+ [0s j(P) < 3-4, 
P P 
so the sets R"-S_,;R”, R--CS_,R’, CR’-S_;R™, CR"-CS_,R™ are Borel sets. 


Now write c(P) for gr-(P) — fe-(P) and d(P) for gcr-(P) — fer-(P). Then 
defining h(P) by : 


(26gn-(P) forPeR -S,R, 
h(P) = gr-(P) + 2[9(P) + 6 — 43lgce-(TemP) —fe-(P) for PeR' -CS_R, 
| 26gce-(P) for PeCR -CS_,R , 


\gcr-(P) + 2[ j(P) + é— $])ox-(TacrmP) — fer-(P) for PeCR -SR, 


it can be shown by a direct computation that S,P a Tw P. Since h(P) is 
clearly a Borel function, it follows from Lemma 4 that S; is a Borel 
transformation. 


3. Proof that S, is built on a measure-preserving transformation. If P «Q), 
then we make correspond to P the coérdinate pair (P’, x), where P’ «Q’, S,P’ = P 
and j7(P) = x. This establishes a 1:1 correspondence between Q, and the 
product space of 2’ with the interval 7: 0 S x < 1. Now we shall find a Borel 
field in 2’ whose product Borel field with the Borel sets in 0 < z < 1 corresponds 
to the Borel sets in 2,;. Then we shall put a measure on ® such that S,; (S; 
obviously takes 2’ into itself) is a measure-preserving transformation on Q’. It 
is obvious that the flow on 2’ X I which is built on S; on Q’ corresponds to 8S, 
and hence that this product measure is invariant under S,. We shall show also 
that this product measure is equivalent to the original measure, thus complet- 
ing the proof that S, is isomorphic to a flow built on a measure-preserving 
transformation. 
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Let & be the collection of Borel sets in Q, , and let &’ be the collection of sets 
of the form A-Q’, where Ae&. Let &, be the sets of 2’ K I which are in the 
product Borel field of &’ and the Borel sets of 0 S x < 1. Let &e be the sets 
of 2; which correspond to sets of {, under the above correspondence. 


Lemma 5. B= Be. 
Proof. If A’ C Q’, we shall call the set A = > S.A’ the strip based on A’. 


. 0<t<l 
We see that A’ « &’ if and only if A eB, because if A « B then A’ = A-Q’, while 
if A’ « B’ then A is the origin of A’ under T_j:»)P, where 
fe-(P) ifPeR, 
for-(P) + ge+(T-son-P) if PeCR, 


so by Lemma 4 A € &. 
The determining sets of ‘8, are sets of the form A’ X (a, b) where A’ ¢ 8’; the 
correspondent of such a set in Q, is the set 


A.[a < iP) < O, 


h(P) = 


where A is the strip based on A’, so the sets of this form are a determining collec- 
tion for B.. Because such sets are in &, it follows that Be C &B. Also because 
such sets obviously go, under each S,, into sets of &., it follows that each S, 
takes sets of &e into sets of Be. 

We now want to show that & C &. To prove this it is sufficient to show 
that if O is any open set in R, then O«%,. This is sufficient because assuming 
it and letting A be any set in & we can write 


A=AR+A-S)R + A-(R* — RJ + A-[R° — R] 


and then show these sets to be in &: as follows: 

(a) AR is a Borel set in R; since open sets in R belong to Be , it follows that 
Borel sets in R belong to &®. , and hence AR ¢ Be. 

(b) A-S;R is a Borel set, so (by Theorem 2) S_,(A-S,;R) = S_,A-R is a Borel 
set; since it is in R, it belongs to &. Hence (by the last paragraph) 
Si(S_A-R) = A-SiR e Be. 

(ec) A-(R” — R) = A-Q belongs to 8B’ and hence to Be. 

(d) A-[R* — R] = Sx(S_4A)(S4[R* — R]) = Si(S4A)O’. 

Again because the S, take sets of & into sets of B and sets of Be into sets of Be , 
it follows that this set belongs to Re . 

To conclude the proof of this lemma we shall now let O be an arbitrary open 
set in R and show that Oe &®.. Let {O,,.} be a denumerable basis for the open 
sets in Q and let {O;,} be the non-empty sets of the form O,,-'; then let Z,, be 
the strip based on O;,. Define the sets M*, , ™M*. by 


M*, = [k2™ S ge-(P) < (kK +12") (n=1,2,---;k = —@~,.-., w), 
P 


"M* = Z,,-M* (n = 1,2,---;k = —@, «++, w), 





A 
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Because M* + S:M* is obviously a strip and in $8, and because 
M*, = [0 < j(P) < 4)-{Mi + S;M4}, 
P 


we see that each M* is also in ®.. Now consider the following sums, where 
the summation is extended over all sets of the indicated form which are in- 
cluded in the given open set O: 


An= Dd, [r<j(P) <1r']-"Mi 
r.r’smk P 


(here the r, r’ range through the rational numbers, k ranges through all integers, 
and m ranges through the positive integers). We shall show that A, — O as 
n— ©, Since A, C O, we must show only that if P «O then P «A, for suffi- 
ciently large n. In what follows P will denote a fixed but arbitrary point of O. 
We shall prove separately the statements (i), (ii) and (iii) below and then use 
them to show that P €A, for large n. For simplicity in notation we write f(P) 
for fe-(P) and g(P) for ge-(P) throughout the remainder of this proof. 

(i) There exist a neighborhood N(P) and a number a > 0 such that if 
P* ¢ N(P) then fo(P*) > a, go(P*) — fo(P*) > a. This follows immediately 
from the fact that these functions are l|.s.c. and positive at P. 

(ii) If « > 0. then there is a neighborhood of P, N(P), included in O, and an 
integer K, such that if n > Ki, PeM‘*, P*eN(P)-M*, then | f(P) — 
f(P*) | < «First we choose K; such that 2“! < }e. Then 

(a) if P, P* belong to the same M*, for n = Ki, then | g(P) — g(P*)| < e. 
Next we choose N’(P) such that 

(b) f(P*) > f(P) — 4e for P* e« N’(P). 

Lastly we choose N’’(P) such that 

(c) g(P*) — f(P*) > g(P) — f(P) — 2 for P* eN’(P). 

For the N(P) to satisfy statement (ii) we choose any N(P) included in N’(P). 
N"(P). Then ifn => Ki, P eM‘, and P* « N(P)-M*, , we have 


S(P*) > f(P) — 4 by (b), 
S(P) — f(P*) > g(P) — g(P*) — 2 by (c), 
>—e by (a). 


Hence | f(P) — f(P*)| < «€ as we desired to show. 

(iii) If ¢ > O, then there is a neighborhood of P, N(P), included in O, and an 
integer K, such that if n => Ki, PeM* and P*eN(P)M‘, then |j(P) — 
j(P*%) | < «. Choose N’(P) included in O and a > 0 such that if P* « N’(P), 
then P? «0 for —a < t <a. Choose N”(P) C O and an integer K2 such that 
if P*eN’(P), n = Kz, and P, P* belong to the same M*, then | f(P) — 
S(P*) | < 4ea. Then let N(P) be any neighborhood included in N’(P)-N’’(P) 
and let K, be any integer not less than K2 and such that 2“! < }ae. We now 
show that this choice of N(P) and K, satisfies (iii): 
| f(P)g(P*) — f(P*)g(P) | 

S | f(P)g(P*) — f(P)g(P) | + | f(P)g(P) — F(P*)9(P) | 
S f(P) | g(P*) — g(P)| + g(P) | f(P) — f(P*) |. 
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Because of our choice of N(P) and K, we see that for n = K, and P, P* « N(P)M* 
this expression is less than or equal to g(P)-ae. Dividing by g(P)g(P*) we get 
\f(P) _ f(P*)| ae 


lg(P) — g(P*)| < giP% = * 





This proves (iii). 

We are now ready to show that P « A, forlargen. Choose first an N’(P) C O, 
and an a > 0, in accordance with (i). Then choose r, r’ rational and such that 
r < B <r’ (where 6B = j(P)), and r’ — r < a/{g(P) + 1]. Then choose an 
N’’(P) and an integer Ke in accordance with (iii), with « = minimum of 6 — r 
and r’ — 6. Now let K, be an integer not less than Kz and such that 2“! < 4a. 
We shall show that Pe A, forn = K,. 

Let N(P) be any neighborhood included in N’(P)-N”(P). Now T,P’ = P, 
where P’ €Q’ and y = f(P). Because 7, is continuous, we can find a neighbor- 
hood of P’ and hence a set O/, containing P’ such that 7,0}, is included in N(P). 
Now let n be any integer not less than K, ; choose k such that P e M*.. We 
shall show that with these choices of r, r’, m, k the set 


A =[r < j(P*) < r']-"M* 
Pp* 


is included in O, thus showing that P eA, , forn = K,. 

We note that 

(a) if P*e”"M*.N(P), then P* eA. This is true because if P* is in N(P) 
then | j(P*) — 8| < min (@ — r, r’ — 8) and hence r < j(P*) < 7’. 

(b) If P* «A, then for some t, with —f(P*) < t < g(P*) — f(P*), T.P* «"M*. 
N(P). To see this write P* = T,P*’, where P*’ €Q’ and z = f(P*). Then 
P*’ €O,, (because P* « "M*) and hence T,P*’ ¢ N(P), i.e., T,-2P* ¢N(P). We 
want to show that —f(P*) < y — z < g(P*) — f(P*), ie., that 0 < y < g(P*). 
Obviously y > 0 and since P e N(P) we have 


y Sg(P) — a < g(P*) — 3a < g(P*). 
(c) If P* «"M*,.N(P) and if T,P* «A, where —f(P*) < t < g(P*) — f(P*), 
then —a <t<a. This is proved as follows: 
rg(P*) < f(P*) < r’g(P*), 
rg(P*) < f(P*) + t < 1’g(P*), 
- a * a. on a 
a =p 4il? ) < (r — r')g(P*) 
' — r)g(P*) < —" _ g(P*) <a. 
<t< (r’ — r)g( )< cp) pi 9 S24 


Now let P* be any point in A. Then by (b) and (ce) P* = 7,P*, where 
P*«"M‘N(P) and —a < t <a. Since P*¢N(P), it follows that P* = 
T,.P* « O, because of the original choice of N(P). HenceAC O. Hence P €An, 
forn 2 Ki. 
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We now define the measure u(M) which will turn out to be the invariant meas- 
ure for S,. Letting m(M) be the original measure on Q we define u(M), for 
any measurable set M, by 





1 
6) = | Pat ™ 


Because this integrand is bounded by 2/6 (where 6 is the number used in defining 
the regular set R, i.e., 2/5 is the » of the corollary to Theorem 1) and is non- 
negative, u(M) is a finite measure equivalent tom(M). The purpose of the next 
three lemmas is to show that u(M) is the direct product megsure of a measure 
on 2’ which is invariant under S; and Lebesgue measure on 0 S z < 1. 

Let A be a Borel set which is a strip; then we shall call the sets 


A.[0 < j(P) < 4], A-[ < j(P) < 1] 
half-strips. The former we shall call an upper half-strip, the latter a lower 
half-strip. 
Lemma 6. If M is a half-strip, then u(M) = u(SyM). 


Proof. We note first that each set N = [j(P) = constant] has measure 0 
because for 0 S t < 36 the sets T,N are mutually disjunct and are all Borel sets 
of the same m-measure. 

We shall prove this in case M is a lower half-strip; if M is an upper half-strip, 
the proof is essentially the same. With each point P of Q we associate the 
point P* defined by 


P* = P*(P) = SyimP. 
Now we define the sets Aj, , «Aj. , *Ajx by 


Aje = [32 S gu(P*) < (9 + 12]. [k2™ S gee (P*) < (k + 1)2*] 
-[gee(P) — far(P) < j2*]-[fer(P) < k2™], 


aA jx = M-Aje, *A tk = S,M-Aj, 
and we define the functions *g"(P), «g"(P) by 
j2” if Ped «An, 
k 
“(P) = 
7 0 ifPe’>d.A%, 
k 
ko if Peds *Ap, 
*9"(P) = 
’ 0 if Ped) *Ap. 
7 
Then it is obvious that for PeA = M + 83M 
*9"(P) > ger-(P), — 49"(P) — ge(P) (n— ©), 
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Now define the functions ¢,(P) by 
1 
eaP) = 1 *9°(P) + x9"(P) 
0 for other P. 
Then for P eA — N, where N is the null set [i(P) =4)+ LG) = 0], we have 


for P such that *g"(P) + «g"(P) > 0, 


1 
ge-(P) + gcr-(P) 


Because the ¢,{P) are uniformly bounded for large n (more precisely, if K is 
such that 2“ < 46, then ¢,(P) < 4/5 for n = K), we can conclude that 


1 
I, ea(P) ates M gx-(P) + gcr-(P) mm, 


1 
L en(P) dm SyM gr-(P) + gcr-(P) om. 


Hence it will be sufficient to show that, for each n, 


(a) [ ea(P) dm = I 4 Pd 





(n— ~), 


¢n(P) “—— 








Because of 


[ ¢n(P) dm = p> iL. a dm, 


1 
n(P) dm = / re 
I, #0 m= J spam 


it is sufficient to show that for fixed j, k: 


(8) / : 1 I : d 
7p, am = as a. 
eAjk *9 (P) ‘ *AtE *9 (P) 
Now 
1 y 
ctl Mian Setay 
F ¥J (P)°™" Aja J = Jj mloAsa) 


1 2” 2° n 
e *9"(P) m= I, it k m= k m(*Ajn)- 
Hence to prove (8) it will be sufficient to show that 
n k n 
() (eA) = Fm(*A}0) 


To show this we subdivide ,Aj;, into the sets 
«A(a@) = +Aje- [22 < ge(P) - Se(P) < (a+ 12] (a = 0, saa J ni 1) 
- 


and subdivide *Aj, into the sets 


*A(8) = *Aju- [62 < fer(P) < (8+ 1)2"] (8 = 0,---,k — 1). 





i = | 


A 


bis 
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Then m(xA(a@)) = m(*A(8)) for each a, 8 since these sets are all transforms of 
one another under members of 7, (more specifically, *A(8) = T'q—a+s)/ #A(a@)). 
Since the number of ,A(a) sets is 7 and the number of *A(8) sets is k, this proves 
(y). 

We now define the measure yu’(A’) for sets of $8’ as follows: if A’ eB’ and A is 
the strip based on A’, then we define u’(A’) by y’(A’) = (A). 

Lemma 7. Both S, and S;" take sets of B’ into sets of B' and preserve p'-measure. 

Proof. Because S; and S;' take sets of & into sets of ® and take ©’ into 0, 
it follows that they take sets of {8’ into sets of 8’. Consequently, by Lemma 6; 
if A is a strip, then u(S:A) = u(A) = w(Sy'A) and hence y’-measure is preserved 
by S; and Sy". 

Lemma 8. [If A is a strip and a Borel set andO0 S a < b S 1, andif M = 
A-[a < j(P) < }], then 

P 

u(M) = (b — a)u(A). 

Proof. Because of Lemma 6 it is sufficient to prove this assuming 6 
Also it is sufficient to show that if N is any positive integer and if M, an 
are defined by 


I 
dM, 


M, 


A-[(j — D2" < j(P) < j2-"] 
P 
(j2™” = 3), 
M, 
then u(M;) = u(M2). 
We note that guv,(P) = 2-“ge(P) for P « M;, so it will be sufficient to show 
that 


A- [ja < j(P) < (GG + 192”) 


1 1 
ah py f — hae 
{. at” 6 iment 
To show this we first define the sets "Mj , "M3 by 
"Mi = [k2 < gu,(P) < (k + 1)2]-[gu,(P) — fu,(P) < 2), 
P P 


"M2 = [k2"" < gu,(P) < (k + 1)2"]-[fu,(P) < k2™] 


and define the functions gi (P), g:(P) by 
| k2 if Pe"Mi, 
gi(P) = Oi Ped "Mi, 
| k2" if Pe"M3, 
g2(P) = jo if Pe DM. 
k 
Then we note (as in the proof of Lemma 6) that up to a set of measure 0 the 
sets "Mj , "M? are all translations of one another under members of 7’; and hence 
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have the same m-measure; also gy,(P) — gu,(P) as n — © fori = 1, 2, and 
the g?(P) are uniformly bounded for large n. These facts show that 


1 ma 2" nygsk int 2" nygsk = i 
I. gp) " ey k we > k ween ‘ g2(P) 
and 





| tr dm — | . dm (j= 1,2;n— ~) 
ms gj (P) Mi gu;(P) 
and hence that 


dm. 





J mM i _— J Ma ius 


THEOREM 4. SS, ts isomorphic to that flow on Q’ X I which is built on the 
measure-preserving transformation S, on Q’. The measure on Q, that is carried 
over from the product measure on Q’ X I is invariant under S, and is equivalent to 
the original measure on Q,. SS; is a measurable flow. 


Proof. Denote by Si the flow on &’ X I which is built on S; on Q’. We 
have remarked before that the 1:1 correspondence that we have set up between 
2’ x I and Q, carries S; into S, ; i.e., if P corresponds to (P’, x), then S,P cor- 
responds to S;(P’, x). Because the product measure on 2’ X J is invariant 
under S;, it is also invariant under S, ; denote this measure on Q; by a(M). 
We want now to show that 7(M) is equivalent to m(M), and it is for this purpose 
that we had to prove Lemmas 5, 6, 7 and 8. 

Consider sets of the forms: 


A-[a<j(P) <b], A-[a <j(P) < 5], 
A-[a < j(P) Sb], = A-[a < j(P) 5], 


where A is a strip and a Borel set. Those sets which are finite disjunct sums of 
such sets form a field, F, and the Borel field determined by this field is the col- 
lection of Borel sets, by Lemma 5. By Lemma 8 we see that if M ¢ then 


die } 
aan = J, gu-(P) + gow) 


It follows from the fact that the normal family of sets determined by * is the 
same as the Borel field determined by * that if M is any Borel set then 


saath 1 
= I, ga-(P) + gen(P) 


Hence j-measure is equivalent to m-measure. 
Because S, and S;' take Borel sets into Borel sets, it is easily seen that if 
A is a strip and a Borel set then the (¢, P)-set 


[ SiP eA-[a < j(P) < d]] 











1S 


di 


on 
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is measurable in (t, P)-space; hence, since the sets of the form 


A.[a < j(P) < bd] 


determine the Borel sets in Q, , we see that if M is any Borel set in Q, then 


[ S:P «M] 
(t,P) 
is measurable. This proves that S; is a measurable flow. Because the measure 
invariant under S, is equivalent to m-measure, and because we already know 
that S, takes Borel sets into Borel sets, it follows that S, takes measurable sets 
into measurable sets. 
We have now proved our main theorem; we restate it as follows: 


THEeorREM 5. If 7, is a continuous ergodic flow on a separable metric space of 
finite measure, then Q = Q, + % , where 

(1) Q and Q2 are disjunct invariant Borel sets and m(Q) = 0, 

(2) by a change of velocities along the paths of T; on Q, it is possible to obtain a 
flow S, which is isomorphic to a flow built on a measure-preserving transformation, 
and such that the measure invariant under S, ts equivalent to the original measure 
on Qh ° 


As we pointed out before this theorem shows that by a change of velocities we 
can obtain a flow with an infinite number of eigenfunctions. This leads to the 
question whether it is possible by a change of velocities to obtain a flow with a 
pure point spectrum; i.e., a flow S, for which there exist a sequence of numbers 
{A,} and a complete orthogonal set of functions {¢,(P)} with the property that 


on(SiP) = e®*'y,(P). 


We shall not settle this question although it seems likely that the answer is 
negative; however, we shall prove the following theorem which is related to 
this matter. 


TuHEeoreM 6. If T, is a flow built on T, then T, has a pure point spectrum if and 
only if T has a pure point spectrum.° 

Proof. We denote by @ the space on which T is defined, and denote points 
of Qby P. We denote points of 2 X J on which 7; is defined by (P,z). As has 
been shown by von Neumann, F(P, x) is an eigenfunction of 7, of eigenvalue 
d if and only if 

F(P, x) = e“y(P), 

where ¥(P) ¢ Lz on @ and satisfies ¥(TP) = e°y(P). Therefore the eigenfunc- 
tions of 7, consist of functions of the form 


(i) efOntiem) (P), 


8 T is said to have a pure point spectrum if there exist a sequence of numbers {A,} and 
a complete orthogonal set of functions {y,(P)} with the property that ¥.(7T7P) = e®»y,(P). 

* See [6], p. 637. This property is stated in [6] only for a special transformation 7, but 
the proof given there proves our statement. 
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where the function y,(P) is an eigenfunction of T of eigenvalue \,. It is easy 
to see that the functions (i) are complete in Q X J if and only if the functions 
¥,(P) are complete in Q. 

We shall now prove a simple result about the form of a continuous ergodic 
flow; first, it is necessary to give the following definition. 

DeFINITION 10. Let 7 be a measure-preserving transformation of a space 
0’ into itself. Consider the product space 2’ X T of 2’ with the real line, defining 
measure multiplicatively on this product space. Now let F(P) be a positive 
function defined on Q’ and consider the subspace Q of Q’ X T consisting of 
points (P’, x) for which 0 S x < F(P’). Define the flow 7, on Q by 


TP’, x) = (T"P’,2 +t — F(P) —.-- — F(T"P)) 
if 
O<F(P’)+---+F(T"P’) —x St <F(P) +---+F(1""P’) —-2, 
T(P’,x) = Ti(P’,z) if t <0. 
We shall call this flow a flow built under the function F(P) on the measure- 
preserving transformation T. 


TueoreM 7. If T, is a continuous ergodic flow on a separable metric space of 
Q finite measure, then Q = Q, + Q, where 

(1) Q; and Q are disjunct invariant Borel sets and m(Q2) = 0, 

(2) T,0n QQ ts isomorphic to a flow built under a function on a measure-preserving 
transformation. 


Proof. To prove this we take a regular set R and let 2; and Q be the sets 
associated with R in the definition of a regular set. Then we again define 0’ 
as the set of points where the paths of 7, enter R,i.e., we define 2’ to 
be Q,(R” — R). Then for P’ €Q’ we define the function k(P’) by 


k(P’) = minimum positive ¢ such that P; eR” — R. 


Then with measure on Q’ taken as the u’-measure defined above and T as the 
transformation used above on ’ it is easy to see that 7, on Q; is isomorphic to 
the flow built under the function k(P’) on the transformation T on Q’. 
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SUMS OF n-TH POWERS OF QUADRATIC INTEGERS 


By Ivan NIVEN 


1. Introduction. Consider the quadratic fields R(@) defined by 6 = m, 
m being a square-free rational integer not 0 or 1. Our first problem is to deter- 
mine for which fields R(@) every integer of the field is expressible as a sum of 
n-th powers of integers of the field. For odd powers this question is answered 
in §3 (Theorem 3), necessary and sufficient conditions being given in terms of 
mand n. For even powers, necessary and sufficient conditions are again given, 
but these are not as explicit as in the case of odd powers; this situation is 
treated in §6. 

The second problem is to determine necessary and sufficient conditions that 
an integer of R(@) be expressible as a sum of n-th powers of integers of the field. 
If n is odd, again we are able to give a complete answer; this is done in §4 (Theo- 
rems 4 and 5). For even powers we treat only imaginary fields, that is, fields 
for which m is negative; this is the material of §5 (Theorems 6, 7, and 8). 

Quadratic integers are usually of the form z + y@, x and y being rational 
integers (as are all Roman letters in this paper). We shall say that such quad- 
ratic integers are of the first kind. When m = 1 (mod 4), however, quadratic 
integers may also be of the form }(u + v6), wand v being odd. These will be 
called integers of the second kind. In §2 we study powers of quadratic integers 
of the second kind, and determine whether these powers are of the first or 
second kind. We show (in Theorems 1 and 2) that the n-th power of an integer 
of the second kind is an integer of the first kind if and only if n is divisible by 3 
and m is congruent to 5 modulo 8. This result is used extensively throughout 
the paper, wherever integers of the second kind are under consideration. 


2. Powers of quadratic integers of the second kind. We first prove a series 
of lemmas. 


Lemma 1. The product of two integers of the second kind, }(a + 60) and 
3(c + d6), is an integer of the second kind if and only if abed = 1 (mod 4). 

Using the fact that m is congruent to 1 modulo 4, we see that the proof is an 
easy consequence of elementary congruence theory. Similarly we obtain the 
following result. 

Lemma 2. The product of an integer c + dé of the first kind and an integer of 
the second kind is an integer of the second kind if and only if c and d are incon- 
gruent modulo 2. 


Lemma 3. If an integer x + y@ has the property that x and y are incongruent 
modulo 2, then any power of this integer has the same property. 
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We write 
(x + y@)" = X + YO, 
so that 
xX “ x” + (5) "am + (7) eum? 4 ; 
and 


(1) Y = (7) a” y+ (3) 2” tym + (") a” yom +... 


Since one of x and y is odd and the other even, we see that X + Y is congruent 
to x" or y” modulo 2 according as z or y is odd, and this implies the result. 


Lemma 4. Let m be congruent to 5 module 8. Then the cube of any integer 
of the second kind is an integer of the first kind. 


This follows from examination of the equation 
(2) (3a + 3b0)° = 3(a° + 3ab’m) + $0(3a°b + b’m), 
and the fact that a’ is congruent to b” modulo 8, a and b being odd. 


THEeoreM 1. Let m be congruent to 5 modulo 8. Then the n-th power of any 
integer of the second kind is of the first or second kind according as 3 is or is not a 
divisor of n. 


By Lemma 4 every cube is of the first kind; consequently any power of a cube 
is of the first kind. 

Next we consider n-th powers where n is not a multiple of 3. First we show 
that the cube (2) has the property described in Lemma 3. That is, we prove 
that 


4(a® + 3ab’m) + 4(3a°b + b’m) = 1 (mod 2), 
or the equivalent congruence 
(3) a’ + 3ab’m + 3a’b + b’m = 8 (mod 16). 
It is easily seen that 
a + 3b = 0 (mod 2) and a’ + 3b°m = a’ — b’ = 0 (mod 8). 
Multiplication of these two congruences gives 
(4) a’ + 3a°b + 3ab’m + 9b’m = 0 (mod 16). 


Since b and m are odd, 8b’m is congruent to 8 modulo 16, and hence (4) implies 
(3). 

We have proved that the cube of an integer of the second kind has integral 
coérdinates which are incongruent modulo 2; Lemma 3 shows that the (3k)-th 
power of an integer of the second kind has the same property. Hence by Lemma 
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2 the (8k + 1)-th power of an integer of the second kind is of the second kind. 
The same argument applies to (3k + 2)-th powers, because Lemma 1 implies 
that the square of an integer of the second kind is of the second kind. This 
completes the proof of the theorem. 


THEeorREM 2. Let m be congruent to 1 modulo 8. Then any power of an integer 
of the second kind is an integer of the second kind. 


We prove this by mathematical induction. Assume that 
(3a + 3b0)"* = 3c + 348, abcd = 1 (mod 4). 
Note that this is true if nm = 2. Then we have 
(3a + $b6)” = }(ac + bdm) + 40(ad + be). 


By Lemma | this is an integer of the second kind. In order to complete the 
proof we must show that 


ac + bdm ad + be 


(5) ' ab ; —¥ 








= 1 (mod 4). 


First let ab be congruent to 1 modulo 4. Then congruence (5) is equivalent to 
3(ac + bdm) = }3(ad + bc) (mod 4), 
or 
(6) ac + bd — ad — be = 0 (mod 8), 


since m is congruent to 1 modulo 8. The truth of this congruence follows from 
factoring the left side and observing that a — b is divisible by 4 and c — d is 
even. 

In the second place, let ab be congruent to 3 modulo 4. Then congruence (5) 
is now equivalent to 


(7) ac + bd — ad — be = 4 (mod 8). 


Now the hypothesis that abed = 1 (mod 4) implies that cd = 3 (mod 4). Hence 
we can conclude that both a — 6 and c — d are even but not divisible by 4, and 
this establishes (7). 


3. Fields whose integers are sums of odd powers. In this section we deter- 
mine those fields all of whose integers are sums of n-th powers, n being odd. 


THEOREM 3. Let n be any odd integer greater than 1. Then every integer of the 
quadratic field R(@), defined by 6° = m, is expressible as a sum of n-th powers of 
integers of the field if and only if (m, n) = 1 and, when 3 | n, m is not congruent 
to 5 modulo 8. 


That the latter condition is necessary follows from Theorem 1. For if every 
n-th power is an integer of the first kind, so is every sum of n-th powers. 
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In order to prove that the condition (m, n) = 1 is necessary, we examine 
(x + y@)". The coefficient of @ in this n-th power, by equation (1), is a sum of 
terms each of which is divisible by the greatest common divisor of m and n. 
It is clear that the same result holds for n-th powers of integers of the second 
kind, because (m, n) is an odd integer. Hence if (m, n) > 1, the integer a + bé 
is not expressible as a sum of n-th powers if b is not divisible by (m, n). 

We now show that the conditions are sufficient. First we treat integers of 
the first kind. The method was suggested by a paper of Tornheim.' Define 
D, by the equation 


1 te tm "> | 


_[n n n 2 9? eee | 
(8) d. = (7)(3)-*(4 1) ae and at eee j 
n—1 (n—1) --- (n—1)""| 


By the Euclidean algorithm for rational integers, any quadratic integer a + bé 
satisfies an equation of the form 


(9) a+bdé=yD,+mn (yn =c+ dé, 0sc<D,, 0<d<D,), 


where 7 is a quadratic integer. Now consider the equations 
(10) gta t (Trt tr (r = 1,2,---,n— 1). 


We can consider these to be n — 1 linear equations in the n — 1 unknowns 
vy, Y,-+:,y7" , and solve for y by Cramer’s rule. Thus we have 


(11) Day = E,, 


where E, is a linear homogeneous polynomial in the n-th powers y”, r", and 
(y + r)", with r ranging over the values 1,2, ---,n— 1. If any of the integral 
coefficients of this polynomial are negative, they can be made positive by in- 
corporating the signs into the n-th powers, n being odd. Having thus shown 
that D,y is a sum of n-th powers, we turn to the quantity 7: of equation (9). 
We write 


(12) 6” = hj, (i+ 6)"=hé+khk, 
where 
(13) hy = mir? he =n+ (3)m + (7) ” ee 


The integers h; and hz are prime to each other; for if a prime p divides h, it must 
divide m and consequently h, — n, but p does not divide n and hence not he. 


1 Leonard Tornheim, Sums of n-th powers in fields of prime characteristic, this Journal, 
vol. 4(1938), p. 360. 
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Then there exist integers u and v such that wh; + vhe = 1, and it follows that 
ue” + v(1+ 6)" = 6+ vk, 
and 
1 = c+ dé = udd” + vd(1 + 0)" +c — od. 


Again incorporating any negative signs into the n-th powers, and writing 
c — vdl, as a sum of n-th powers of 1 or —1, we have expressed 7; as a sum of 
n-th powers. 

Finally we must consider any integer of the second kind, $(a + b@). Theorem 
1 shows that (4 + 436)" is an integer of the second kind. Hence the integer 


(14) (a + b0) — (3 + 36)" 


is of the first kind, and consequently is expressible as a sum of n-th powers. 
So also is $(a + 66), and this completes the proof of the theorem. 


4. Integers which are sums of odd powers. We now determine necessary 
and sufficient conditions that any integer be expressible as a sum of n-th powers. 
We begin by treating integers of the first kind. 


TuHeoreM 4. Let n be any odd integer greater than 1, and define k by the equation 
(15) k = (mn). 


Then a + b@ ts a sum of n-th powers of integers of the field R(@) if and only if 3k | b 
when 3|k and m = 3 (mod 9) and n > 3, and k | b otherwise. 


We prove that this condition is necessary by examining equation (1). It is 
clear that k | Y, because k divides each of the coefficients 


as (i) Gm (3a 


Now let 3°, where a > 0, be the highest power of 3 dividing k, and suppose 
m = 3 (mod 9). Then 3°’ divides all but the first two terms of the series 
(16). Thus we can show that 3° divides Y of equation (1) by showing that 
3°*' divides the first two terms of the expression for Y, and these terms may be 
written in the form 


(17) pay {20 —(n—1)\(n— ayn, 


If x or y is divisible by 3, then this expression is divisible by 3°"’, since 3° divides 
n. If, on the other hand, zx and y are prime to 3, then 2’ and y’ are congruent 


to 1 modulo 3. Hence we have 


22° — (n — 1)(n — 2). = 2 — (—1)(—2)(1)(1) = 0 (mod 3), 
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so that expression (17) is divisible by 3°’. An exception must be made to 
this argument when we take x = 0, y prime to 3, and n = 3. Hence the 
condition » > 3 in the theorem. 

We have shown that Y of equation (1) is divisible by 3k or k in the different 
cases. Since k is an odd integer, these arguments hold for n-th powers of 
integers of the second kind, and consequently any sum of n-th powers has 
this divisibility property. 

Conversely, suppose that b is divisible by 3k or k as outlined in the theorem. 
Equation (9) can again be written, and D,y is a sum of n-th powers. Since D, 
is divisible by 3k, it follows that d is divisible by 3k or k according as b is so 
divisible. 

In order to prove that c + dé@ is a sum of n-th powers, we use equations (12), 
(13), and 


(18) (1+ 20)"=hs@ +h, hy = 2n + 8(3) m+ 32( 7)? tone, 


Casel. 34k. Weshow that (hi, he) = k. First, if a prime does not divide 
k, then it does not divide h;. Second, if p*, with a > 0, is the highest power 
of a prime p which divides k, it is obvious from (13) that p* divides h; and he. 
Furthermore, since p > 3, p**’ divides hy — n but not n, so it does not divide he . 

Hence there exist rational integers u and v such that uh; + vhg = k. And if 
d = kd, we have 


c+ dé = dé” + dw(1 + 0—)" + ¢ — dwk, 


the right side of this equation being a sum of n-th powers. 

Case 2. 3|k, m = 6 (mod 9). Again we assume that k | d, and we show 
that (hi, 4’) = k. For primes greater than 3 the proof of this is the same as 
in Case 1. Next let 3° be the highest power of 3 dividing k, whence 3° divides 
n, but 3°*' does not. The second of equations (13) shows that 3°* divides 


he —- i= (5) m. 


n+ (;)m = inf? — (n— 1)(n — 2) =I, 


We write 


and 


2—(n—1)(n— 2)5 = 2 — (—1)(—2)(2) = 1 (mod 3). 


This proves that 3° is the highest power of 3 dividing n + (3) m, and hence the 


same result holds for he. Thus the g.c.d. of h; and he is k, and the remainder 
of the proof is analogous to Case 1. 
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Case3. 3|k,m =3 (mod 9). If3|k, then 3 | m, and m must be congruent 
to 3 or 6 modulo 9, since it is square-free; thus Cases 1, 2, and 3 exhaust the 
possibilities. When n = 3, we have 6" = m6; hence (hi, ho) = k = 3 and the 
proof in Case 1 applies again. When n > 3, we assume that 3k | d, this being 
in accord with the statement of the theorem. We show that (h; , he , hs) = 3k. 
For primes greater than 3, the proof is analogous to Case 1. Again let 3“ be the 
highest power of 3 which divides k. Now 3°” divides all terms of the series 
(16) except the first two, so that by (13) and (18), 3°** divides both 


in —n—(5)m and hy — 2n — 8( 3) m 


But 3°” is the highest power of 3 dividing both 


n+ (;)m and n+ 4(3)m. 


For the difference between these terms is 


3(5)m = kn(n — 1)(n — 2)m, 
which is divisible by 3° but not 3°**; also the congruence in Case 2 now reads 


2—(n—1)(n— 2) 5 = 2 — (—1)(—2)(1) = 0 (mod 3), 


so that 3°** divides n + (3) m in the present case. Hence the highest power of 


3 dividing h2 and hs is 3°*'. Noting that 3°’ divides h; , we have proved that 
the g.c.d. of hi , he , and hs is 3k. And this enables us to find integers u, v, and w 
such that 


uh, + vhe + whs = 3k, 


so that c + dé is expressible as a linear combination of 1", 6", (1 + 6)", and 
(1 + 26)”. 

For integers of the second kind we can make an argument similar to that at 
the end of §3. The coefficient of @ in expression (14) is divisible by 3k or k 
according as b is so divisible. Hence Theorem 4 enables us to write the following 
result. 


THeoreM 5. Let n be any odd integer greater than 1. Define k by equation 
(15). Then an integer of the second kind, }(a + b@), is expressible as a sum of 
n-th powers of integers of R(0) if and only if b satisfies the conditions of Theorem 
4 and, when 3 | n, m is not congruent to 5 modulo 8. 


5. Integers which are sums of even powers. We restrict our discussion to 
imaginary fields, that is, fields for which m is negative. The first of equations 
(12) was used considerably in the last two sections, but is no longer true, m being 
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even. We consider (x + y@)", and particularly equation (1). Hensel” has shown 
that the g.c.d. of the infinite set of values Y (obtained by giving z and y all 
possible integral values) equals the g.c.d. of the finite set of values of Y obtained 
by assigning n consecutive integral values to x and n consecutive values to y. 
Let k denote the g.c.d. of the values of Y when, say, x and y range over the 
values 1, 2,--- , n, that is, 


(19) k = (Yn, Yu, +++, Yin, Ya,+++, Yun); 


where Y;; is the value of Y whenz = itandy = 7. By Hensel’s result, if a + bé@ 
is expressible as a sum of n-th powers of integers of the first kind, then 6 is 
divisible by k. 


TuHEeoreM 6. Let n be a positive even integer, and let m be a negative integer 
incongruent to 1 modulo 4. Then a + b@ is expressible as a sum of n-th powers of 
integers of R(6) if and only if b is divisible by k as defined in (19). 


Having shown this condition to be necessary, we now assume that k | b, and 
show that a + b@ is a sum of n-th powers. Let n = 2‘N, where N is odd. Hil- 
bert® has shown that to any positive integer s there corresponds the identity 


M 


(20) (ai + oes + 25)" = D> ralauti + e+e + Osnts)™, 


h=1 
where the 7, are positive rational numbers and the a, are rational integers, and 


_ (2s + 1) -++ (28 + 4) 


M 1.2.3.4 





Thus if u(s) denotes the g.c.d. of the denominators of the r,, then we obtain 
from (20) 


M 
(21) u(s)(zi + +++ +23) = > Ry(auzi + +++ + agate)”, 


where the R, are positive rational integers. Now define D by the equation 
(22) D = 2Dyu(N)u(2N)u(4N) --- u(2°"N), 


where r = N + 2N+4N 4+... + 2°°N. 
We now prove that Dy, where y is any integer of R(@), is a sum of n-th powers. 
First, by the proof of Theorem 3, Dy vy is a sum of N-th powers: 


Duy = > (xi + yi6)", 


2K. Hensel, Ueber den gréssien gemeinsamen Theiler aller Zahlen, welche durch eine 
ganze Function von n Verdnderlichen darstellbar sind, Journal fiir die reine und angewandte 
Mathematik, vol. 116(1896), pp. 350-356. 

3 David Hilbert, Lésung der Waringschen Problems, Mathematische Annalen, vol. 
67(1909), p. 283. 
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so that 


2"Dyy = >> (2x; + 2y.0)*. 
It has been shown by the author‘ that 2z; + 2y,6 is expressible as a sum of three 
squares of integers of R(@). Using this and Hilbert’s identity (21) we obtain 


2"Dyyu(N) = >> (wi + 2,0)”. 


In the same way we can show that 2”Dy yu(N)2°*u(2N) is a sum of (4N)-th 
powers of integers of R(@). Proceeding thus, we obtain the desired result. 

Let b = DB + d, where0 Sd < D. By the necessity of the condition of the 
present theorem, the fact that Dy is expressible as a sum of n-th powers implies 
that k | D; and since b is divisible by k by hypothesis, so also is d. Since k is 
the g.c.d. of the n’ numbers Y;; , it is expressible as a linear combination of these 
numbers with integral coefficients: 


k= anYu + aeYio + +++ + GanYann 
Recalling the definition of Y;; in equation (19), we have 


(23) kO@ = an(1 + 0)" + an(l + 26)" + --- + Gua(n + n6)" + Q, 


where q is a rational integer, positive or negative. Some of the coefficients a;; 
in (23) may be negative. For example, suppose that ay is negative. Then 
the coefficient of 6 in | ay |-(1 — 6)” is the same as that in ay(1 + 6)". Thus 
equation (23) can be replaced by 


(24) k@ = |ayn|-(1 + 0)" + | aw |-(1 + 26)" + --- + | ann |-(n + 0)" + 4m, 
where the sign in each (¢ + j@) is the same as the sign of a;;. Note that the 
integer g has been replaced by q.. Let d = kd,. Then equation (24) enables 
us to write 


a+ bé =a-+ DBé + dé 


a + DBO + di De | ai |- (i + 90)" + dig. 


.J7= 


By the Euclidean algorithm there exist integers A and c such that a + diq, = 
AD + c, where 0 <= c < D. Hence we have 


a+ be = D(A + Be) +ce4+ di- Du | ay; |-(i + 70)". 
i= 
We have proved that D(A + Bé@) is a sum of n-th powers; and the positive 
integer c is a sum of n-th powers of 1. Our theorem has now been established. 
This theorem also applies in case m = 1 (mod 4), but it is concerned with 
integers of the first kind only. Theorem 1 gives 


THEorEeM 7. Let n be a multiple of 6, and let m be a negative integer congruent 
to 5 modulo 8. Then a + b@ is expressible as a sum of n-th powers of integers of 
R(6) if and enly if b is divisible by k as defined in equation (19). 


4 Ivan Niven, Integers of quadratic fields as sums of squares, Transactions of the American 
Mathematical Society, vol. 48(1940), p. 413. 
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The necessity of this condition depends upon the fact that the codrdinate 
of 6 in the n-th power of any integer of the second kind is divisible by as 
high a power of 2 as the coérdinate of 6 in, e.g., (1 + 26)". The demonstration 
of this is not trivial, but a congruence proof similar to those in §2 is all that 
is needed. 

Finally we turn to those imaginary fields wherein the n-th power of an integer 
of the second kind is of the second kind. We can write 


(b + 40)" = He + Jo), 


where e and f are odd. Let 2° be the highest power of 2 dividing k of equation 
(19), and let k = 2°K. It is clear that K | f, and moreover, if }(a + 60) isa sum 
of n-th powers, then K | b. 

Conversely, suppose that K |b. Let x be the least positive integer such that 


b — af = 0 (mod 2"). 


Such an integer exists, because if z ranges over a complete residue system modulo 
1 
2°*' so does xf. Therefore we have 


(25) h(a + b0) — 2(h + 46)" = Ha — ze) + 40(b — af). 


Now 3(b — af) is divisible by 2° and by K, and hence by k. The integer z is 
odd, so that $(a — ze) is a rational integer. By the proof of Theorem 6, the 
integer on the right side of equation (25) is a sum of n-th powers. Hence 
3(a + 66) is a sum of n-th powers. 


THEOREM 8. Let m be a negative integer congruent to 1 modulo 4, and let n be a 
positive even integer such that 34n when m = 5 (mod 8). Define K as the odd 
integer obtained from k of equation (19) by dividing out the highest power of 2. 
Then an integer of R(@) is expressible as a sum of n-th powers of integers of the field 
if and only if its imaginary codrdinate is divisible by K. 

We have yet to prove this statement for integers of the first kind. The 
necessity of the condition is apparent. To prove it sufficient, suppose K | b, 
and write 


a + b6 — (} + $0)" = 3(2a — ec) + 40(2b — f). 


Since K | 2b — f, the integer of the second kind on the right side of this equation 
is a sum of n-th powers; so also, therefore, is a + Dé. 


6. Fields whose integers are sums of even powers. We are now in a position 
to decide whether or not all the integers of R(@) are expressible as sums of even 
powers. Unfortunately the conditions are not given in terms of m and n ex- 
plicitly, but must also involve the integer k of equation (19), which is a function 
of m and n. 


TueoreM 9. Let n be a positive even integer. Then every integer of R(@) 
defined by 6 = m is expressible as a sum of n-th powers of integers of the field if 
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and only if m is negative and congruent to 1 modulo 4,m = 1 (mod 8) when 3 | n, 
and the integer k of equation (19) is a power of 2. 

Theorem 8 shows that the conditions are sufficient. The last two conditions 
are seen to be necessary by Theorem | and the definition of k, respectively. It 
is necessary that m be negative. For when m is positive the integers of the 
field are real numbers, and consequently no negative integer is expressible as a 
sum of even powers. 

Finally it is necessary that m be congruent to 1 modulo 4. For otherwise the 
integers of the field are of the first kind only. And since the square of any 


such integer has an even imaginary coérdinate, any sum of even powers has the 
same property. 


UNIVERSITY OF ILLINOIS. 








EXTENSION OF HOMEOMORPHISMS INTO EUCLIDEAN AND 
HILBERT PARALLELOTOPES 


By Ratpu H. Fox 


Let A be a closed subset of a space X, and let f be a homeomorphism of A 
into a space Y. A homeomorphism f* of X into Y is called an extension of f 
when f*(z) = f(x) for every xe A. If A is the null set, every homeomorphism 
f* of X into Y is an extension of f. Thus the problem of extending a given 
homeomorphism is a generalization of the problem of imbedding. Guided by 
this remark I shall prove the following generalization of the Menger-Nébeling' 
imbedding theorem: 


(1) Let A be a compact subset of a separable metrizable space X. Let n be the 
dimension of X — A, and let y be a point of the n-dimensional parallelotope’ E". 
If f is a homeomorphism of A into the (¢ + n)-dimensional parallelotope Y = 
E* X E”", where q = 1 + dim X, and if f(A) C E* X [y], then f can be extended 
to a homeomorphism of X into Y. 


The theorem holds also in the case n = ; it is then a generalization of the 
Urysohn imbedding theorem’ and reads as follows: 


(2) Let A be a compact subset of a separable metrizable space X and let y be a 
point of the Hilbert parallelotope’ E*. Any homeomorphism f of A into the 
Hilbert parallelotope Y = E* X E™, such that f(A) C E” X [y], can be extended 
to a homeomorphism of X into Y. 


For finite g every compact subset of the Euclidean g-dimensional space R* is 
contained in a homeomorph of £*; hence E* may be replaced by FR‘ in the state- 
ment of (1). In the Menger-Nébeling theorem it is immaterial whether EF‘ or R* 
is used, but for (1) the use of E* results in a theorem which is a priori stronger. 

It is interesting to compare (1) with the theorems* of Gehman and Adkisson- 
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MacLane. Although their theorems give a complete solution to the homeo- 
morphism-extension problem: (E) Under what conditions can a homeomorphism 
of a compact subset A of a space X into a Euclidean space R be extended to a 
homeomorphism of X into R? when X = R is the Euclidean plane and A is 
connected and locally connected, their methods lean heavily on the properties of 
the plane. In fact when X = R is the Euclidean 3-space, the problem becomes 
intricately tangled with the well-known knot problem, so that a complete solution 
could scarcely be expected in this case. 

In contrast, the conditions of theorem (1) impose no bound on the dimension 
of R, but furnish a solution of (E) only when suitable restrictions have been 
placed on the homeomorphism. Thus (1) implies that every homeomorphism 
of a compact subset of a 1-dimensional space into the plane can be extended to a 
homeomorphism into 3-space. Of course the more general statements below 
guarantee much more than the mere existence of a homeomorphism. That the 
homeomorphic extensions of a given homeomorphism are proved to constitute 
a residual set in the space of all extensions explains why the conditions of 
theorem (1) are so restrictive from the standpoint of existence only. 

Denote by Y~* the space whose elements are the continuous mappings of a 
separable metric space X into a bounded metric space Y, metrized by the 
formula d(g: , gz) = sup d(gi(x), ge(x)). Let f be a homeomorphism of a compact 

rex 
subset A of X into Y. For any e > 0 denote by N, = N,(A) the open eneigh- 
borhood of A in X and let K, = A + (X — N,). 

Let § denote the set of continuous mappings of X into Y which are exten- 
sions of f. For any pair of disjoint closed sets C; and C2 of X let §(Ci , C2) 
denote the set of elements g of F such that g(C)-g(C2) = 0; for any « > 0 let 
He(Ci, Co) = F(Ci-K., Co-K,). 


(3) For any disjoint sets C, and C2 of X we have §(Ci , C2) = II Sie(Ci , C2). 
k=l 





Obviously ¥(C,, C2) C [] Fie(Ci, C2). Therefore we need only prove that 
k=l 


u(Ci, C2) D at B1xe(Ci, C2). Suppose g ¢ I Biyx(Ci, C2) — F(Ci, C2) and 
let y € g(C,)- g(C2). Then there exist sequences {2},} CC; and {2°} C C2 such 


that g(zx},) > y and g(z’,) > y. Since, by hypothesis, y e’ g(C1-Kiy)- g(Co- Kin) 
for any k, it follows that Yam + yx intersects each of the open sets 
X — Kin = Nix — A. Therefore at least one of the sets }> xz}, or }> xi., 
say pm x), , intersects each of the sets Ni, — A. It follows’ that a subsequence 
of {x},} converges to a point z' of A. For simplicity let us assume & — 2, 

Then g(x},.) — g(z'), hence g(zx') = y. Since, therefore, y gC Eu for 
every k, it follows that y ¢’ g(C2-Kix) for any k. Hence >> a’, intersects each 
of the sets Ni, — A and hence a subsequence of {2x} converges to a point 2° 








5 Alexandroff and Hopf, loc. cit., p. 100, Satz II. 








454 RALPH H. FOX 
of A. As before, g(x”) = y. But g|A is a homeomorphism so that 2’ = 2’. 
This implies that C,-C2 # 0, and this is contrary to hypothesis. 

The main theorem (1) is a corollary of the more general theorem 


(4) Let A be a compact subset of a separable metric space X, and let n be the 
dimension of X — A. Let f be a homeomorphism of A into the p-dimensional 
parallelotope Y = E” C R”, where p = 2n + 1. 

If, for every linear subspace L of R” of dimension less than n which is disjoint 
to f(A), the complement of the span® of f(A) and L is dense in Y, then the set of 


topological extensions of f is a residual set in the complete metric space § of con- 
tinuous extensions of f. 


Proof of (4). Since § is obviously closed in Y* and since Y is compact, so 
that Y* is complete, it follows that § is complete. Hence,’ in order to prove 
that is residual, it is sufficient to show that §(C; , C2) is dense and open in §. 
Since’ C, and Cy, are closed and disjoint, §(C,, C2) is open in §. Since 
&(Ci , C2) | Fs(Ci , C2) whenever e < 4, it follows from (3) that it is sufficient 
to show that for every f* « § and « > 0 an element g ¢ §.(Ci , C2) can be found 
such that d(f*, g) < «. 

Let f* « § and let {G,, G., --- , G,} be a finite open covering of X — N, = 
K. — A which has the following properties:’ 

(5) G; C X — A, 

(6) d(f*(Gi)) < 4e, 

(7) no G; intersects both C; and C2 , 

(8) the nerve of {G;} is at most n-dimensional. 

One can now find r points y; , ye, --- , yr in Y such that 

(9) d(yi, f*(Gi)) < 4¢, 

(10) for no m < 2n + 3 are m of the points of {y;} contained in a linear sub- 
space of R” of dimension m — 2, i.e., any set of fewer than 2n + 3 of the points 
of {y:} are independent, 

(11) the linear subspace of R’ determined by any k < n + 2 of the points of 
{yi} is disjoint to f(A). 

In fact the points y:, --- , y, are picked out inductively. Choose for y; any 
point satisfying (9) and lying in Y — f(A); this is possible since by hypothesis 
Y — f(A) is dense in Y. Suppose y:,--- ,y: (t < r) have been chosen to 
satisfy (9), (10), and (11). The linear space determined by any set of m — 1 
of the points of y; , --- , y, is of dimension less than 2n + 1. Hence the union 
of all such linear spaces is of dimension less than 2n + 1. By hypothesis the 
span of f(A) and the linear space determined by any set of k — 1 of the points 
of y1, +--+, ye has a dense complement in Y. Thus there exist points in the 


6 By the span of two disjoint subsets B, and B: of a linear space R is meant here the 
union of the lines of R which intersect both B, and B,. 

7 Kuratowski, loc. cit., p. 339. 

8 Ibid., p. 338, footnote 1. 

* Ibid., p. 337. 
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3e-neighborhood of f*(G;) in Y which do not lie on any of the linear spaces 


determined by a set of m — 1 points of y:, --- , ys or in the span of f(A) with 
any of the linear spaces determined by k — 1 points of y1,--- ,y:. Choose 
Yt41 One of these points; it is easily verified that y:, --- , ya satisfies (9), (10), 
and (11), and the induction is complete. 

Let 


(12) p(x) = d(x, X — Gj) @ = 1,---,n), 
and let @ = 6, be a mapping of X into [0, 1] such that 
(13) 0X — 3G) = 1, 
(14) 0X — N,) = 0. 
Let g(x) be the center of gravity of the system which is obtained by placing a 
weight p;(x) at the point y; (¢ = 1, --- , r) and a weight 0(z) at the point f*(z). 
Explicitly 


g(a) = OF) + De pil)ys 
A(x) + >> p(x) 


From (13) we see that 0(z) = 0 only if x eG; for some i. But then p,(x) > 0. 
Thus 6(z) + >> p(x) > 0 for every x « X so that g is a continuous mapping. 
Since Y is convex, g(X) C Y. From (5) it follows that, when z « A, p:(x) = 0 
for every 7 and @(x) > 0. Thus for ze A, g(x) = f(x); hence g « §. 

Now we show that g « §.(Ci , C2). 

(I) Since A is compact, g(C:-A) and g(C2-A) are also compact. Hence 
g(C,-A)-g(C2-A) = g(Ci-A)-g(C2-A). Since g|A is a homeomorphism and 
C,-C. = 0, it follows that g(C,-A)-g(C2-A) = 0. 

(II) By (12) and (14) when zx « X — N, the point g(z) lies in the interior of 
the simplex y;, --- yi, , where G;, , --- , G;, are all the sets G which contain z. 
Let P; denote the union of all simplexes y;, --- yi, such that C;-G,;, --- Gi, # 0 
(j = 1,2). By (8), P: and P2 are at most n-dimensional, and, by (7), Pi and P2 
have no vertex in common. Hence, by (10), Pi and P: are disjoint. Since 
g(C;-(X — N.)) CP; = P;, it follows that g(C,-(X — N.))-g(C2-(X — N.)) = 0. 
(III) By (11) P; and Pz» are disjoint to f(A) = g(A). Hence 


g(Ci-(X — N,))-g(C2-A) = 0 = g(Ci-A)-g(C2-(X — NO). 




















Upon assembling these results we find that g(C,-K.)-g(C2-K.) = 0. Thus 
g € (Ci, C2). Finally we show that d(f*, g) < «. Clearly 


A(x) + >) pi(z) 


By (6) and (9), d(y;:, f*(z)) < « whenever r¢eG;. But if re X — G;, then 
p(x) = 0. Thus d(g(x), f*(x)) < «. This completes the proof of (4). 

Proof of (1). Letp =q+n. Then p 2 2n + 1, and we need only verify 
the “span” condition of (4). 


g(x) — f*(x) = DX pi(x)(ys — f*(z)) 
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Let y:, --- , Y¥ determine a linear subspace L of R” of dimension less than n 
which is disjoint to f(A). Ifn = , then v is finite so that the projection of the 
span of f(A) and L into the second factor of R® X R® is contained in a finite 
linear space. Since this finite linear space has a dense complement in E%, it 
follows that the span of f(A) and L has a dense complement in Y = E” X E”. 
If n is finite, we need only verify that the dimension of the span of f(A) and L 
is of dimension less than p. Since the span of f(A) and L is contained in a 
linear space of dimension 1 + q + dim L, this follows inductively from the 
following: If B is an at most (s — 1)-dimensional subset of an s-dimensional linear 
subspace L, then the span of B and a point y of R is at most s-dimensional. If y 
is in L, the span of B and y is in L and hence has dimensien not exceeding 
dim L = s. If y is not in L, then the relation dim {B X [0, 1]} $ 1+ dim B 
and an argument of Hurewicz’” shows that the dimension of the span < s in 
this case also. 


UNIVERSITY OF ILLINOIS. 


1 W. Hurewicz, Sur la dimension des produits cartésiens, Annals of Math., vol. 36(1935), 
pp. 194-197; especially p. 195. 
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A GENERALIZATION OF BROUWER’S FIXED POINT THEOREM 
By Suizvo KAKUTANI 
The purpose of the present paper is to give a generalization of Brouwer’s fixed 
point theorem (see [1]'), and to show that this generalized theorem implies the 


theorems of J. von Neumann ([2], [3]) obtained by him in connection with the 
theory of games and mathematical economics. 


1. The fixed point theorem of Brouwer reads as follows: if x — g(x) is a 
continuous point-to-point mapping of an r-dimensional closed simplex S into itself, 
then there exists an x9 €S such that x = (20). 

This theorem can be generalized in the following way: Let &(S) be the family 
of all closed convex subsets of S. A point-to-set mapping z — ®(r) e R(S) of S 
into R(S) is called upper semi-continuous if z, — 2, yn € ®(z,) and y, — Yo 
imply yo € P(x). It is easy to see that this condition is equivalent to saying 
that the graph of (2): e x X (2x) is a closed subset of S K S, where X 


ze8S 
denotes a Cartesian product. Then the generalized fixed point theorem may be 
stated as follows: 


THEOREM 1. Jf x — (x) is an upper semi-continuous point-to-set mapping of 
an r-dimensional closed simplex S into R(S), then there exists an xp € S such that 
Zo € (x). 


Proof. Let S‘” be the n-th barycentric simplicial subdivision of S. For 
each vertex x” of S‘" take an arbitrary point y" from 4(z"). Then the mapping 
xz” — y" thus defined on all vertices of S‘” will define, if it is extended linearly 
inside each simplex of S‘”, a continuous point-to-point mapping xz — ¢,(x) of 
S into itself. Consequently, by Brouwer’s fixed point theorem, there exists an 
z, ¢« Ssuch that z, = ¢,(z,). If we now take a subsequence {z,,} (v = 1,2, --- ) 
of {z,} (n = 1, 2,--- ) which converges to a point 2 ¢€ S, then this 2 is a re- 
quired point. 

In order to prove this, let A, be an r-dimensional simplex of S‘” which con- 
tains the point z,. (If z, lies on the lower-dimensional simplex of S‘”, then 
A, is not uniquely determined. In this case, let A, be any one of these sim- 
plexes.) Let 2 , 27 ,---,2; be the vertices of A,. Then it is clear that the 


sequence {z/"} (v = 1, 2,---) converges to x for i = 0, 1, ---,7r, and we 

have z, = >, Ara} for suitable {A7} (¢ = 0, 1,---,r; n = 1, 2,--+) with 
i=0 

A} = O and >> A? = 1. Let us further put y? = ¢,(z7) @ = 0, 1,---, 7; 
t=0 


Received January 21, 1941. 
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n = 1, 2,---). Then we have y? € ®(x?) and 2, = ¢n(tn) = >. Ay? for 
1=0 


n = 1,2,---. Let us now take a further subsequence {n,} (v = 1, 2, --- ) 

of {n,} (v = 1, 2,--- ) such that {y?"’} and {A7"} (v = 1, 2, --- ) converge for 

i= 0,1, ---,7r, and let us put lim y?’ = y$ and lim A?‘ = Af fori = 0, 1, --- , r. 

Then we have clearly \f = 0, >> 4? = 1 and m = >. Ay!. Since z?* ox, 
i=0 t=0 


y?* « &(x?*) and y?* — y! for i = 0, 1, ---,7, we must have, by the upper 
semi-continuity of (x), y{ « ®(x) for i = 0, 1,---,7r, and this implies, by 


the convexity of (xo), that 2) = > Ay? € &(ao). Thus the proof of Theorem 1 
i=0 


is completed. 

Remark. It is easy to see that Brouwer’s fixed point theorem is a special 
case of Theorem 1 when each (xz) consists only of one point g(x). In this case, 
the upper semi-continuity of (x) is nothing but the continuity of ¢(z). 

As an immediate consequence of Theorem 1 we have 


CoroLiary. Theorem 1 is also valid even if S is an arbitrary bounded closed 
convex set in a Euclidean space. 


Proof. Take a closed simplex S’ which contains S as a subset, and consider 
a continuous retracting point-to-point mapping xr — y(xr) of S’ onto S. 
(y(z) = x for any xeS and y(z) eS for any re S8’.) Then x — (y¥(z)) is 
clearly an upper semi-continuous point-to-set mapping of S’ into R(S) € RS’). 
Hence, by Theorem 1, there exists an 2 €S’ such that 2 € ®(Y(x)). Since 
&(y(xo)) & S, we must have x « S and consequently, by the retracting property 
of ¥(x), xo € (az) | S. This completes the proof of the corollary. 


2. THeoreM 2. Let K and L be two bounded closed convex sets in the Euclidean 
spaces R”™ and R" respectively, and let us consider their Cartesian product K XK L 
in R™*". Let U and V be two closed subsets of K X L such that for any xo « K 
the set U,,, of all ye L such that (a, y) « U, is non-empty, closed and convex, 
and such that for any yo € L the set Vy, , of all x « K such that (x, yo) « V, is non- 
empty, closed and convex. Under these assumptions, U and V have a common 
point. 

Proof. Put S = K X L, and let us define a point-to-set mapping z > ®(z) 
of S into R(S) as follows: (z) = V, X U,if z = (x, y). Since U and V are 
both closed by assumption, #(z) is clearly upper semi-continuous. Hence, by 
the corollary of Theorem 1, there exists a point 2 «K X L such that 2 € &(z). 
In other words, there exists a pair of points x» and y , to « K, yo e L such that 
(t, yo) «Vy, X Uz, or equivalently, x « V,, and ye Uz. This means that 
2 = (a0, yo) « U-V, and the proof of Theorem 2 is completed. 

Remark. Theorem 2 is due to J. von Neumann [3], who proved this by using 
a notion of integral in Euclidean spaces. The proof given above is simpler. 
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This theorem has applications to the problems of mathematical economics as 
was shewn by J. von Neumann. 


TueoreM 3. Let f(x, y) be a continuous real-valued function defined for x « K 
and y ¢ L, where K and L are arbitrary bounded closed convex sets in two Euclidean 
spaces R” and R". If for every x9 ¢ K and for every real number a, the set of all 
y « L such that f(t, y) S a is convex, and if for every yo e L and for every real 
number B, the set of all x « K such that f(x, yo) = B is convex, then we have 

max min f(z, y) = min max f(z, y). 
zeK ye yeL zek 

Proof. Let U and V be the sets of all z = (a, yo) «K X L such that 
S (xo, Yo) = min f(x, y) and f(x , yo) = max f(x, yo) respectively. Then it is 

vel zekK 


easy to see that both U and V satisfy the conditions of Theorem 2. Hence, 
by Theorem 2, there exists a point 2 = (2%, yo) «K X L such that m«U-.V 
or equivalently, f(z, yo) = min f(x, y) = max I(x, yo). Consequently, we 


have min max f(z, ys max f(x, a. = f(x , Yo) = ‘min fz ys max min fiz, y). 


Since it is ion that we < wl min max f(z, y) 2 max min f(z, ey ‘the aid of 
vel zexK zekK 


Theorem 3 is completed. 

Remark. Theorem 3 is one of the fundamental theorems in the theory of 
games developed by J. von Neumann [2]. 

In concluding this paper I should like to express my hearty thanks to Dr. 
A. D. Wallace for his kind discussions onthis problem. He has also obtained 
analogous results for trees. (A. D. Wallace [4].) 
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THE DOUBLE LAPLACE INTEGRAL 


By Dorotruy L. BERNSTEIN 


The Laplace integral 
| e F(x) dz, 
0 


where z is real and s is real or complex, has been the subject of many extensive 
investigations. More recently, the Laplace-Stieltjes integral 


I e* dy(z) 
0 


has been studied (see, for example, the series of papers by D. V. Widder which 
appears in the Transactions of the American Mathematical Society, vols. 31, 
33, 36, 39); this integral includes as special cases the ordinary Laplace integral 
and the Dirichlet series. 

The object of this paper is to investigate the analogous integral for functions 
of two variables: 


[[ e * dd, ¢(z, y). 
lo Jo 


In some cases, the results are direct generalizations of the one variable theory; 
in others, the methods and results are quite different. 


I. Introduction 


1. Let g(x) be a complex-valued function of a real variable x, defined on the 
closed interval (a, b). The definitions of a function of bounded variation and 
of the total variation V,fa, b], usually given for real-valued functions, apply 
equally well here. (See, for example, [18], p. 325.) If g(x) = @(x) + i(z), 
where 6(x) and (x) are real, g(x) is of bounded variation on (a, b) if and only 
if 0(x) and (x) are of bounded variation. Hence the properties established for 
real-valued functions ({18], pp. 325-330) can readily be extended to complex- 
valued functions. 

Although the concepts of positive variation P,[a, b] and negative variation 
N,{a, 6] apply only to real-valued functions, the following extension of the 
fundamental property of functions of bounded variation is valid: 


Lemma 1. A necessary and sufficient condition that g(x) be of bounded varia- 
tion is that it be expressible as a linear combination, with constant complex coeffi- 


Received July 26, 1939; in revised form, January 22, 1941. This paper is based, in 
part, upon the author’s dissertation written at Brown University under the direction 
of Professor J. D. Tamarkin. 
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cients, of a finite number of non-negative, bounded functions, all monotone increasing 
. 1 
or all monotone decreasing, on (a, b). 


If g(x) is of bounded variation on (a, b), the function v(x) defined thus: 
v(a) = 0, v(x) = V,fa, xz] fora <x <b, 


is a non-negative, bounded, monotone increasing function of z on (a, b). We 
can write, as a particular case of the lemma, 


4 

(1) e(z) = oa) + 2 e¢,(x), 
j= 

where the ¢;(x) are monotone increasing and 


(2) les] = 1; 0 S oz) S v(2) 


for all z on (a, b).” 
The classical definition of the Stieltjes integral 


| $@) dete) 


for a finite interval ((18], p. 538), and its elementary properties are applicable to 
complex-valued functions, with the above definition of bounded variation.’ 


2. Let g(x) be defined for all z = 0 and be a function of bounded variation 
in every closed interval (0, X). Then v(x) is defined for all x = 0, and g(x) can 
be written in the form (1). But in general, v(x) will not be bounded in 0 < 
x < #, even though ¢(z) is bounded; hence the ¢;(x) need no longer be bounded. 

If v(x) S M for all x 2 0, then ¢(z) is called a function of bounded variation on 
(0, ©). In this case the ¢;(x) are also bounded, and from (1) and the fact that 
v(x) and ¢;{x) are monotone, it follows that the limits of v(x), ¢;(x), and ¢(z) 
all exist as x becomes infinite. Furthermore, the statement of Lemma 1 re- 
mains true if (a, b) is replaced by (0, ~). 

If f(x) and g(x) are defined for all x = 0, and f(x) is continuous and ¢(z) is of 
bounded variation in every (0, X), the function S(x) defined by the equations 


x 
S(0) =0, S(X) = | f(x) de(z) for X > 0 
0 


1 A function of bounded variation might be defined as a function having the property 
specified in the lemma ([8], p. 9). 

* Let ¢j(a) = 0, and ¢i(x) = Pola, x], g2(x) = Nola, x], ¢s(x) = Pyla, x], g(x) = Nyla, x] 
fora<a2zsb. 

* Statements of the properties we shali use may be found in [16], pp. 269-272, where this 
integral is called a ‘‘norm’’ integral. This article contains various other definitions of the 
Stieltjes integral and the relationships between them. 
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exists for all 2 O and is of bounded variation in every (0, X) ((20], p. 283). 
If lim S(X) exists, we write 


X—02 
(3) lim S(X) = | f(x) de(z) 
X—2 0 
and say that the infinite integral converges. 
If 
(4) [ s@ ave) 
f) 


converges, then we say that the integral in (3) converges absolutely. Since 
([20], p. 283) 


b 
(5) Vala, 6] = [ f(z) do(2), 


the convergence of (4) is equivalent to the bounded variation of S(x) on (0, ). 

An absolutely convergent integral also converges, but not conversely. A 
simple case of an absolutely convergent integral occurs when ¢(x) is of bounded 
variation on (0, ©), and f(x) is bounded on (0, ©), as well as being continuous 
in every (0, X); in fact, this is often the only case for which an infinite integral 
is defined. 


3. Let o(z, y) be a complex-valued function defined on the closed rectangle R: 
asx<sb,c Syd. If for every net N consisting of a set of lines of the 
form 


z= 2; (t = 1,2, ---,m), a= 2% <%2< +++ Kom = 5D; 


II 
—" 
bo 
= 
a 
i) 


y=4i(9 =Y<ye<-++ < yn =, 


the quantity 


TAN) = > > lo(zxi, Y;) — 9(2i, Yi-1) — G(ti-n, y;) + o(tir, y;-1)| 
is bounded, g(x, y) is said to have bounded second variation on R. The least 
upper bound of T,(N), for all nets N, is called the total variation of g(x, y) on R, 
and will be denoted by V,f{a, 6; c, dj]. A function which has bounded second 
variation on R will be said to belong to class V on R. 

Similarly g(x, y) belongs to class H on R, if g(x, y) is a function of class V, if 
for some 2 on (a, b), g(a, y) is a function of bounded variation in y on (ce, d), 
and if, for some yo on (ce, d), o(x, yo) is a function of bounded variation in z on 


4 Compare the situation in the finite case ([16], p. 272). 

5 There are several possible definitions of functions of bounded variations in two vari- 
ables, see [3] and [4]. The definitions given below are extensions of definitions V and H 
given in [3], p. 825. 
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(a, b). If we denote the total z-variation on (a, b) of o(z, 9) by Vila, b; g], 
then for any gj not equal to yo 
(6) Vila, b; 9) $s Vila, b; Yo] + V fa, b; c, dj, 
and hence g(x, y) is of bounded variation in x for every y on (c,d). A similar 
statement is true concerning V,[#; c, d], the y-variation on (c, d) of ¢(, y). 
If g(x, y) « V on R, and if g(z,c) = O0,a Sx Sd; e(a,y) =0cSy sd, 
then ¢(z, y) belongs to class V) on R. Since Via, b; c] = 0 and Vila; c,d] = 0, 
Vo is a subclass of H as well as of V. 
If g(x, y) = O(2, y) + w(z, y), a necessary and sufficient condition that 
g(x, y) belong to class V (or H or Vo) on R is that @(z, y) and y¥(z, y) belong 
to class V (or H or Vo) on R. Hence the properties established for real-valued 


functions can be extended to complex-valued functions. (See [3], [4], and, for 
class H, [26].) 


4. If g(x, y) « V on R, define the variation function v(z, y) thus: 
v(z,c) = O,a Sz Sb; v(a,y) = Ofore Sy Sd; 
v(x, y) = V,fa, x; ¢, y] fora<zsbe<ysd. 


If g(x, y) «HH on R, define two additional functions v’(x, y) and v(x, y) in the 
following manner: 

v'(a, y) = 0, v'(z,y) = V la, z;y|fora <2 sb; 

v"(z,c) = 0, v"(z, y) = Vila; c,y|fore <y Sd. 
From (6), it follows that 


v'(x, y) S v(x, y) + v'(z, c). 
Similarly, 
v(x, y) S v(x, y) + v”"(a, y). 
Using the notation 
Awe(x, y) = o(t2, y) — o(%, y), 
Ang(z, y) = o(2, ye) — o(2, yr), 
Ang(z, y) = (22, y2) — o(a2, ¥1) — o(t%1, Y2) + o(t%1, m1), 
where 22 > 21, Y2 > yi, we easily see that 
| Aoe(x, y) | S Arow’(x, y), 
| Ane(x, y) | S Aow’’(z, y), 
| Ang(z, y) | S Anv(z, y) 
everywhere in R, when ¢(z, y) « H. When ¢(z, y) « Vo, we have 
|e(z,y)| Su'(z,y) & (2, y), 
Ss = 


| e(z,y)| S v(x, y) S vz, y) 
for all (x, y) in R. 
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The following important property, which corresponds to Lemma 1, can be 
proved from the analogous property for real-valued functions ([4], p. 718): 


Lemma 2. A necessary and sufficient condition that ¢(x, y) belong to class H 
on R is that it be expressible as a linear combination, with constant complex coeffi- 
cients, of a finite number of bounded functions ¢;(x, y) each satisfying conditions 


(a) ¢;(2, y) P- 0, Ary (x, y) Pa 0, Any;(2, y) 2 0, Ang;(2, y) P- 0 


or each satisfying conditions 


lA 
IV 
i) 


(8) ¢;(z, y) = 0, Awe (x, y) = 0, Ang i(z, y) - 0, Ang;(z, y) 


everywhere in R. 


Note that when ¢(z, y) « V on R, since V,{a’, b’; c’, d’] is an additive function 
of the subrectangles of R, it follows that v(x, y) satisfies (a) and is bounded; 
hence v(z, y) « V on R. 

The particular representation corresponding to (1), when ¢(z, y) « H on R, is 


() ole, ») = e(a, ©) + 2 ein, v), 


where the ¢;(z, y) satisfy (a) and 
(8) les} = 1, OS oz, y) S v(x, y) + v'(z, c) + oC, y) 


everywhere on R.° 


5. For complex-valued functions of two variables, the Stieltjes integral 


) [ [sew dedyele, v 


is defined exactly as for real-valued functions.’ 


Lemma 3. If g(x, y) « V on R, we can associate with it a function p(x, y) with 
the following properties: 

(1) (a, y) € Vo on R. 

(2) Vyla, b; c, d] = V,fa, b; c, d). 

(3) For a given f(x, y), the existence of either of the integrals 


[[sewaaven, ff se, ded, oe, 


implies the existence of the other and the equality of both. 


6 Young ((26], [27], [28]) uses v(x, y) + v’(x, c) + v’’(a, y) as his variation function instead 


of v(z, y). 
7 We shall use the ‘“‘unrestricted’”’ integral, as defined by Clarkson, [11], p. 930. Besides 


the references given in this paper, see Young [27], p. 280. 
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The proof is immediate if we set 


¥(z, y) = ¢(z, y) ie ¢(z, c) rt g(a, y) + g(a, c) 


and use the fact that Any(z, y) = Ang(z, y).* 

Hence, when dealing with integrals, it is often sufficient to consider functions 
of class Vo instead of class V; as we have seen, this will afford a considerable 
simplification of proofs. Furthermore, this lemma enables us to extend theorems 
on integrals established for ¢ belonging to H to the case of ¢ belonging to V. 
For example, we can say that (9) exists not only when f is continuous and 
ge V ({11], p. 933), but also when f ¢ H and ¢ is continuous and ¢ « V." 


6. An important subclass of H is formed by functions f(x, y) which are abso- 
lutely continuous.” Every absolutely continuous function is an “indefinite 
integral’; that is, 


giz, y) = [ [ P,v)dudo+ [ Glu) du + [” HO) do +¢ 


for all (x, y) on R, where F(z, y) is summable (Lebesgue) in R, G(x) is summable 
on (a, b) and H(y) is summable on (c,d). (See [10], p. 654; [18], pp. 592, 615.) 
If g(x, y) « Vo and f(z, y) is absolutely continuous, 


[ [ (x, y) dz dy f(x,y) = [ [ (x, y) £fe,9) dz dy. 





(See [28], p. 33.) If we use this fact and the corresponding result for one 
variable, the general formula for integration by parts ((27], p. 281; [18], p. 666) 
becomes in this case 

b 


af(x, d) 
> dx 





[ fa. v) ded, oe, ») = $0, De, ad - | ole, a 


— f° ola, » 


(10) ) b pd a’f 
a,y 
ay dy + | | (x,y) az dy dx dy. 





7. Let ¢(z, y) be defined for all (7, y) in R:0 S 2 < ~,O0 Sy < ~, and 
let it be a function of class V in every Rxy: 0 S x S X, 0 sar. & 
general, the total variation v(z, y) will not be bounded in R, even though ¢(z, y) 
is bounded. If there does exist an M such that v(z, y) S M in R, then we say 
that o(2x, y) belongs to class V on R. 


IIA IA 


8 See [17], pp. 319-320, where functions of class Vo are called functions of bounded 
variation. 

® [27], p. 281 for g eH. The properties of double Stieltjes integrals used in this paper 
are found in [11], [14], [17], [27], [28]. 

” According to the definitions given (for real-valued functions) by Carathéodory ((10], 
p. 653). Such a function is absolutely continuous according to Hobson’s definition ([18], 
p. 346) and f(z, c) and f(a, y) are absolutely continuous. Hence (({18], p. 346), f(z, y) «eH 
on R. 








466 DOROTHY L. BERNSTEIN 


Suppose that g(z, y) « H in every Rxy. Then v(z, y), v’(z, y), v(x, y) are 
defined in &, but are not bounded in general. It is still possible to represent 
g(x, y) as a linear combination of functions satisfying (a) (for example, (7) is 
still valid), but the functions will no longer be bounded. And ¢(z, y) cannot be 
represented as a linear combination of functions satisfying (@)." 


If g(x, y) « H in every Rxy , and if there exists an M such that v(z, y) S M 
for allz = 0, y = 0, v’(z, ¥) S M for all x = O and some g 2 0, v’’(%,y) S$ M 
for some = = 0 and all y = 0, then we say that ¢(z, y) belongs to H on R. One 
can easily show that v’(z, y) and v’’(x, y) are bounded for all x 2 0, y 2 


0. 
Since v(z, y) is bounded and satisfies (a), the following limits exist: lim v(z, y) = 


yo 


n(x), lim v(z, y) = f(y), = v(z, y) = lim n(x) = base ¢(y), where the double 


limit is taken as x and ¥ reneune infinite, ‘ienly but independently. 
From the one variable case, lim v’(z, c) and lim v’’(a, y) exist. 


Ered) yo 

From (7) and (8) it follows that the analogous limits for ¢;(z, y) and ¢(z, y) 

all exist, when g ¢ H on R; furthermore, Lemma 2 remains true when R is re- 
placed by R. 

If (x, y) eV on R and ¢(z, 0) = 9(0, y) = 0, for all z = 0, y = O, we say 

that v(x, y) belongs to class Vy) on R. As in the finite case, Vo is a subclass of H. 


8. Let f(x, y) and ¢(z, y) be defined for all x = 0, y = 
continuous and ¢g(z, y)«H in every Rxy:0 S x S X, 
S(X, 0) = 0, S(O, Y) = 0 and 


S(X, Y) = I I fla, y) de dy (2, y) 


0, and let f(z, y) be 
0sys Y. Set 


for X > 0, Y > 0. Then S(z, y) is defined for all x = = 0, and belongs 
to class Vp in every Rxy.” If im S(X, Y) exists, we —_ 


»Y¥-o 


(11) jim  S(X, Y) = [ k fz, y) dz dy oz, y) 
and say that the double integral converges.’ The finite integrals S(X, Y) are 
called the sections of the infinite integral (11), which we can denote by J(f, ¢). 

If J(f, ¢) exists, it need not be true that | S(X, Y) | is bounded in R. When 
this is the case, we say that J(f, ¢) converges boundedly. If 


(12) [] | fle, y) | de dy vz, y) = JUS |, ») 


11 In R, a function w(z, y) can satisfy (a) without being bounded, but if it satisfies (8), 
0 Ss w(z, y) S w(0, 0) so that it is necessarily bounded. This is an important distinction 
which is apt to be overlooked since for finite closed rectangles, boundedness follows from 
either (a) or (8). 

12 The proof follows the corresponding proof in one variable. 

18 For the analogous case of non-absolutely convergent Lebesgue integrals in R, see [9], 
pp. 311-318. 
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converges, then we say that J(f, ¢) converges absolutely. Since 


Y 4 
V0, 0; X, Y] = I | | fla, y) | ded, v(x, y), 


a necessary and sufficient condition that (12) exists is that S(z, y) be of bounded 
variation in R:0 <2 < ~,0S5y < @. 
If J(f, ¢) converges absolutely, it converges boundedly, and 
J(f, ¢) = lim S(X, Y) = lim lim S(X, Y) = lim lim S(X, Y). 
X,¥—o X—2 Yc Ye X00 
A simple test for absolute convergence is the following: If | f(z, y) | S | g(z, y) | 
and J(g, ¢) converges absolutely, then J(f, ¢) converges absolutely. 


9. If f(z, y) = g(x)-h(y), the following problem arises: when can the double 
Stieltjes integral be replaced by repeated integrals? For finite rectangles, we 
have the following result :"* 


THEoREM. Let f(z, y) = g(x)-h(y), where each of these is continuous. Let 
g(x, y)eVoon R. Then 


d 
(x) / h(y) dy o(z, y) 


and 


Ay) 


ll 


| g(x) dz g(x, y) 


b ed b d 
[ [ o2)-nw aa, 2, u) = [ o(2) aoe) = [ny ar). 


are functions of bounded variation ona S x S bande S y S d respectively and 


If f(z, y) = g(x)-h(y) is continuous and ¢g(z, y) « Vo in every Rxy , the corre- 
sponding theorem does not hold in R, even in the case of absolute convergence 
of J(f, ¢).”° We shall define a repeated infinite integral as follows. 

If 


” 
Ox) = lim [ h(y) d, g(x, y) 
Yo #0 
exists and is a function of bounded variation in z in every [0, X], and if 


lim [ g(x) d0(x) 
0 


xXx-o 


14 The proof for real-valued functions and “‘restricted”’ integrals is given in [14], p. 245; 
in this case the “‘restricted’’ and ‘‘unrestricted”’ integrals are equal ({11], p. 931). 
18 Note the difference in the case of the Lebesgue integral. 
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exists, this limit is called the repeated integral 


(13) [ " abd | i ” Nedeote, »|. 


Similarly, we define 


(14) hiv) | | g(x) dzg(x, »|- lim h(a) dy im [ g(x) dz g(x, »|. 


Yo 0 


A useful concept in the theory of double series is that of regular convergence, 
which means convergence in the Pringsheim sense and convergence of each row 
and each column. For if a series converges regularly, it converges boundedly 
and it can be summed by rows or by columns ([{19], pp. 49, 51; [2], p. 979). 
The analogous definition for double integrals is not very useful, since the exist- 
ence of J(f, ¢) and of @(x) does not imply the existence of (13) nor does it imply 
the boundedness of S(z, y). Hence we shall not use the concept of regular 
convergence but merely require the existence of (13) or (14) when necessary. 

The following theorem illustrates a particularly simple case: 


TueoreM. If g(x) and h(y) are bounded continuous functions of x and y respec- 
tively for all x = 0, y = 0, and if (x, y) « Vo on R, then 


[ w@ace,v, [ Male, », 
9 0 


[ [ g(x)h(y) dzdy g(x, y) 


converge absolutely and (13) and (14) exist and are equal to J(f, ¢). 


II. The double Laplace integral. Preliminary theorems 


1. Let g(x, y) € Vo in every Rxy , and let s = o + tA andt = + + ty be two 
independent complex variables. Then e ” “ is a continuous function of class H 
in every Rxy , and the integral 


Y x 
[ [ ert adel, » 
0 0 


exists for all X > 0, ¥Y > 0. Set L(X, Y;s, 0) equal to the above integral when 
it exists, and L = 0 when either X or Y is 0. 
The infinite integral 


[ [ er adee,») 
0 0 


is called the double Laplace integral, and will be denoted by &(¢; s, t). The 
function which this integral defines, when it exists, will be denoted by f(s, @). 
The above integral includes as special cases the Lebesgue integral 


| I e* F(a, y) dxdy, 
0 0 
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where F(x, y) is a function summable in every Rxy , and the double Dirichlet 
- 16 
series 


oO 


2 
ps : 8 Gane? **, 


m=1 n=1 


2. We shall consider in this section certain consequences of the following 
condition : 


(A) There exist real numbers M, ap , bo such that for all z = 0, y = 0 
| o(z, y) | S Mevor*or, 


THEOREM |. If (A) is true, L(g; 8, t) converges and its sections are bounded for 
all (s, t) such that ¢ > ao, t > bo ; for all such (s, t), 


S(s, t) -_ st-9(s, t), 
where g(s, t) is the function defined by the absolutely convergent Lebesgue integral 


(15) [ [ e ** (x, y) dx dy. 


Proof. By the formula for integration by parts, namely, (10), 


Y x 
L(X, Y;8,) = I I e * "dd, o(z, y) = e * ‘*9(X, Y) 
x : Y 
(16) + s/ e*' o(e VY) de + if eX y) dy 


Y x 
+ at | I e *  o(z, y) dr dy. 
Let ¢ = a + h, r = bo + k, where h > 0,k > 0. Then by (A), for all x = 0, 
y 2 0, 
(17) |e g(a, y) | = &* | (a, y) | S Me™. 


Hence 


x 
L(X, ¥;3,)| <M E rte tis| [ ema 
0 


Yy Y x 
+e"*\t [ e“’ dy + |st| [ | "hes “aedy |. 
0 ait 


6 Double Dirichlet series have been thoroughly investigated by Kojima [21] (Adams 
[2] contains references), Leja [22], and others. Some work has been done on double Rie- 
mann integrals by Vignaux ([23], [24], and papers referred to in them), and on slightly 
more general integrals by Biggeri ([5], [6], [7]), who has also considered double Dirichlet 
series. Stieltjes integrals of real-valued functions have been considered to some extent 
by Durafiona y Vedia and Trejo. 


(18)- 
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Since e"“* < 1, e&*” < 1 for all X, Y, it follows from (18) upon performing 
integrations, that 


; ls| , |é| , [st] 
(19) |L(X, Y;s,| 3M E + . + = + a] 


for all X = 0, Y 2 0. Thus the sections of L(y; s, t) are bounded. 

As X and Y become infinite, the first three terms in the last member of (18) 
tend to 0, and the integral in the last term converges absolutely, by the com- 
parison test. Hence the rest of the theorem is true. 


TueoreM 2.” Jf (A) is true, &(y; s, t) converges uniformly with respect to s 
and t, and has its sections uniformly bounded in every region 


R: ¢2a@+4, |s| S Ho; r2=bhb+ 7, |¢| S Kn, 
where 6 and » are arbitrarily small positive numbers and H, K are finite. 


Proof. We need to prove that given « > 0, there exist X» and Yo , depending 
only upon e, such that 


| L(Xe. Ye; 8, t) — L(X%, Yijs,)|<e 
for all X. > X,; 2 Xo, Y2 > Yi: 2 Yo, (s, t) n R. 


In the notation of Theorem 1, e”"*? < e™™'! < 1, e*" < &*" <1. 
Applying formula (16) at (Xi, Y:) and at (X2, Y2), using (17), and performing 
integrations, we obtain 


| L(Xe, Y2 > 8, t) “> L(X, Yi;8, t) | 
| | of | 
< 2M ome + ud e*™ + eon + oot (e**! + ery. 


Since h = dandk = nin R, 


For all (s, ¢) in R, 
| L(X2, Y2; 8, t) — L(X%, Yi; 8,8 | 

< 2M[eO"-™ + Ae + Re *™ + AKe™ + AKe™'); 
this last quantity does not depend upon s and ¢, and it can be made less than e, 


by taking X, and Y, sufficiently large. 
From (19), for all (s, ¢) in R, 


| L(X, ¥;s,0|< MUL+A+K + AR. 


17 Biggeri ([5], p. 811) establishes uniform convergence in a more general type of region, 
but under the assumption that the real parts of s and ¢ are always equal. 
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Corotuary. If (A) is true, L(y; 8, t) converges uniformly with respect’ to s 
and t, and has its sections uniformly bounded in every region 
Ri o2m+8, -a<rd<a; +r2eb+n —-B<u<B, 


where 6 and » are arbitrarily small positive numbers, and a and B are finite positive 
numbers. 


The proof is immediate, since R is contained in R, for sufficiently large H 
and K. 


If (A) is true, it can be shown exactly as in the one variable case ((25], pp. 
699-703) that for every ¢t such that +r > bp and for each x 2 0, the integral 


e dy g(x, y) 


exists, its sections are bounded by M,e**, and the function k(x; t) which it 
defines is equal to t-1(x; t), where I(x; ¢) is defined by the absolutely convergent 
integral 


| e” o(z, y) dy. 
Since (15) may be written as a repeated integral for ¢ > a), r > bo, 


(20) f(s, t) = at | e * o(x, y) dx dy 


= at | e “l(z;t)dt = s[ e "k(x; t) dr. 
0 


However, k(x; ¢) is not, in general, of bounded variation in z in (0, X), so that 
f(s, t) cannot be written as a repeated Stieltjes integral. 
Similar results are true concerning K(y; s), defined by 


[ "a d, o(z, y) . 
0 


3. If we define functions v(z, y), v’(x, y), v’’(x, y) as equal to V,[0, 0; z, y], 
V.(0, x; yl, Vela; 0, y], respectively for z > 0, y > 0, and equal to 0 when zx 
or y is 0, then 


(21) |¢(z,y)| S v’(z,y) S v(z, y), |e(z, y) | S v(x, y) S (2, y) 


for all z = 0, y 2 0. In this section we shall consider the consequences of 
replacing condition (A) by similar conditions regarding v’, v’’, v. 


THEOREM 3. If there exist M, ao , bo such that 
(22) o'(a, y) $ Merron 
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for all x = 0, y 2 O, the results of §2 are valid; furthermore, for every ¢ > a, 


tT > bo, k(x; t) ts of bounded x-variation in every (0, X) and 
(23) f(s, t) = [ ed, k(z; t). 
0 


Proof. From (21), (A) is a result of (22), so that the first part of the theorem 
is true. 
Since for r > bo and any z in (0, X) 


I e™ | ox, y) | dy 


converges, 
> | Ua, t) - Uri, t) | s I aa > | (xi, y) = ¢(ti-1, y) | dy 

“3 —boyv 1, agx 7” (bo—-1) y Me** 

s e °"v'(z, y) dy S Me’. | e dy = —— 

0 0 ; = bo 


for every net of the form 0 = x2 < 4% < +--+ < 2m = X. Hence I(x; ¢) and 
k(x; t) = t-lU(ax; t) are of bounded variation in (0, X). 


M |t| gor 


t — bo 


| k(x;t)| S$ V.[0, 2; 
for allz = 0. As in one variable, then ((25], pp. 699-703), 
| e  d, k(x; t) 
0 
exists for ¢ > ad, t > bo, and is equal to 
s| e k(x; t) dx. 
0 
Substituting in (20), we get (23). 
TuHeoreM 4. If there exist M, ao, bo such that 
(24) v(x, y) <= Me *o" 
for all x = 0, y = O, the results of §2 are valid; for every ¢ > ao, t > bo, K(y; 8) 
is of bounded y-variation in every (0, Y) and 
f(s, t) = I e “” d, k(y; 8). 
0 


TuroremM 5. If there exist M, ao , bo such that 
(25) v(x, y) S Met 
for allx = 0, y = 0, L(g; 8, t) converges absolutely for all (s, t) witha > ao, t > bo. 
The results of Theorems 3 and 4 are valid and the integrals defining k(x; t) and 
K(y; 8) converge absolutely. 





and 


, 8) 


and 
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Proof. Since v(x, y) «Vo, by Theorem 1 L(v; s, t) converges for all (s, t) 
such that ¢ > a9, t > bo. Taking real values of s and ¢, we see that 


L(v; 0, 7) = | [ e * ™ d, d, v(z, y) 
0 0 


converges for ¢ > a, 7 > bo; that is, L(y; s, t) converges absolutely. 
From (21), (22) and (24) are consequences of (25), so that the results of 
Theorems 3 and 4 hold. From (24), it easily follows that 


converges for r = by and every x 2 0; that is, 


—Ty d, v’ (2, y) 


® 


k(x; t) I ed, g(x, y) 


converges absolutely. Similarly, from (22), the integral defining k(y; s) con- 
verges absolutely. 

Remark. The theorems of §§2 and 3 are true if the hypotheses hold for all 
x 2 0, y 2 O, except for a finite subregion D. 


III. Regions of convergence of the double Laplace integral 


1. THEorem 6." Let the sections of 


Le; 8, t) = I | ety d- d, g(a, y) 
0 0 

be bounded at a finite point (8, to); that is, 
(26) | L(X, Ys 8%, te) | = | [ [ie “orto dd, g(x,y) | < M 
forall X 20, Y 20. Then L(y; s, t) converges boundedly for every (s, t) in 
S:¢ > 00,T> 7%. 

Proof. Let s = % + m,t = t + n, where R(m) = h > 0, R(n) = k > 0. 
Then ((28], p. 33) 


Y pX 
L(X, Y; 8, t) = I l emmy g 00 1" d, dy g(r, y) 
0 ~0 


Y -Xx 
- [ e™ ™ d,d, L(2, y; 80, to). 
lo 0 


18 Theorems analogous to Theorem 6 and its corollary are given in [1], p. 407, [24], p. 291, 
and stated in [12], p. 319. 
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Since g(x, y) « Vo, L(x, y; 80, to) € Vo in every Rxy , and | L(z, y; %, &)| < M 
for allxz = 0, y 2 0. Hence proceed as in Theorem 1, using 


(27) le ™ "L(x, y; %,t)| S Me***” 
instead of (17). 


Coroutiary. If L(y; s, t) converges boundedly at (so, to), it converges boundedly 
at every (s, t) such that > 09,7 > 7. 


2. TurorEM 7.” Let the sections of L(y; s, t) be bounded at (3, t). Then 
L(y; s, t) converges uniformly and has its sections uniformly bounded in every 
region 
Si:¢ = o + 6,|8 — %| S H(o — om); r2m+7,|t — &| S K(r — 70), 
where 6, » are arbitrarily small and positive, and H and K are finite. 


If we use (27), the proof is analogous to that of Theorem 2; in S; 
| n | 
:2 lames Wk Soman i <x. 

a h = & k ” 

Given any finite region D which is interior to S, H, K, 6, » can be selected 
such that D is interior to S,, and hence L(y; s, t) converges uniformly in D. 
Thus we have the following theorem: 

TueoreM 8. If the sections of L(y; so, to) are bounded, L(y; s, t) represents 
an analytic function f(s, t) within the domain S: ¢ > oo, t > 1, and in this 
region, 

a’* f(s, t) [ ia wne,~, i k 
— I = se~tu( _ x)" (—y)* d.d , y). 
ry rhe (—z)"(—y) v 9(Z, y) 

The proof is given in [12], page 322. Another proof can easily be constructed 
along the lines of the proof given by Widder in [25] for the one variable case, 
based on the extension of Vitali’s theorem given by Kojima, [21], page 380. 


3. THeoreM 9. If the sections of L(y; 01, 71) are bounded where (0, , 11) is a 
real finite point, there exists a constant M such that, for allx = 0, y 2 0, 
(28) lolx, y) | < Me™, 


where o. = max (0, o1), 72 = max (0, 7). 
Proof. 


Y 2X 
o(X, Y) I l erierniy vie 0. dd, oz, y) 


Y -X 
| [ ett gd. d, L(z, Y3 01, 71). 
0 “0 


19 Analogous results are given in [1], p. 407, [5], p. 317, and stated in [12], p. 321. 
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Integrating by parts, and using the hypothesis that | L(x, y; 01, m)| < M, 
we get 


x 
|o(X,Y)| <M joer +e" | o,| [ e** dx 
0 


(29) Y Y of 
+e * | 7, | [ ee’ dy + | ot: | I [ etn ax dy | 
0 0 

If o, 2 0, 

x 

| o: | | e dr = &* —1< &™, 

fy 

If o, < 0, 


x 
fail [ease ec. 

0 

For all real o; , 
x 
| o1 | | e”* dx < max (1, e!*) = e”*, 
0 
Similarly, 
7 
tos! e dy < e™, 
0 
The result then follows from (29). 
For any point (3, 7) where ¢ = 0, 7 = 0, and where 
| L(X, Y; 3, | < M, 
| e(x, y) | < Me***", 


Therefore the representations of §2, part II, hold for allo > 6,7 > 7. But if 
& < O0or? < 0, these representations will hold true only for those « > 6, r > 7 
which have « > 0, 7 > 0. 


4. From the corollary to Theorem 6, it follows that if L(y; s, t) does not 
converge boundedly at (s,, t), it does not converge boundedly at any (s, 2) 
such that ¢ < o,,7 < 7. Hence there exist two real numbers c and k with the 
following properties: 


B, : &(¢; s, t) converges boundedly for R(s) > c, R(t) > k. 
B, : L(g; s, t) does not converge boundedly for R(s) < c, R(t) < k. 


The numbers c and k are known as associated abscissas of bounded convergence, 
since if they are both finite, the region of convergence of L(y; s, ¢) consists of 
two half-planes, one in the s-plane to the right of the line ¢ = ¢ and the other 
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in the ¢t-plane to the right of the line r = k.” The numbers ¢ and & are not 
unique, but neither are they independent of each other. If (ce; , ki) and (ce , ke) 
are two pairs of abscissas of bounded convergence and c,; < ¢2, it follows from 
B, and B, that ki 2 ke. Given g(z, y), the determination of formulas for c 


and k has been discussed in some detail; we shall give some of the more im- 
portant results. 


5. Tueorem 10.” A necessary and sufficient condition that the positive numbers 

c and k be associated abscissas of bounded convergence is that 
—— log | (a, y) | 

30 l eo 
(30) aoe cx + ky 

Proof. Let (c, k) be a pair of positive constants satisfying (30). Let (3, f) 
be a point such that ¢ > c, + > k. Then there exists « > 0 such that ¢ > 
c(1 + €), + > k(1 + ©); given e, there exists finite 7 > 0 such that 


log | g(z, y) | 
“aethy ~)T% 


| g(r y) | < elitetestky) 
’ 


forallz +y> T. Since 0 < x + y S T isa closed finite subregion, by the 
remark on page 473, we can apply Theorem 1 and obtain bounded convergence 
of L(y; s, t) at all (s, t) such that ¢ > c(1 + ©), r > k(1 + ©) and hence at 
(3, 2). This establishes property B, . 

Let (s’, t’) be a point at which o’ < ¢, r’ < k, and suppose &(¢; s, t) converges 
boundedly at (s’, t’). It is sufficient to consider the case o’ > 0, r’ > 0. Choose 
e such that o < o +e<o' + 2e<¢e,r <P +e< rr +2e<k. Then 
by Theorem 6, &(g; s, t) converges boundedly at (o’ + «, r’ + €), and by Theo- 
rem 9: 


(31) lolz, y) | < Ke’ torte'tow 


foralla >0,y 20. Letébesuch that o’ + 2e < c(1 — 6), r’ + 2e < K(1 — 5). 
From (30), for certain z + y as large as desired, 


log lol Wi 54 _ 5 
cz + ky 
| (a, y) | > elf teste’ +2ey 


and this contradicts (31) for « + y sufficiently large. Hence &(¢; s, t) does not 
converge boundedly at (s’, t’). Thus B, is established. 


» If L(y; s, t) converges boundedly for every (s, t), we can takec = +”,k=+o. If 
&(¢; 8, t) converges boundedly for no (s, t), we can take c = —»,k = —x. For the cases 
where c or k is infinite, see the parallel discussion by Kojima in [21]. 

21 Given in [12], p. 323; the corresponding result for Dirichlet series is in [21], p. 150. 
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To show the necessity of the condition, let c > 0, k > 0 be a pair of abscissas 
of bounded convergence, and set 
| ag log | g(x, y) | 


r= lim 
zr+y—2 ‘Cx os ky 


Ifr > 0, 
_— log | ¢(z, y) Bh ae 
—. cx + ky - 
and by the first part of the proof (cr, kr) are a pair of abscissas of bounded 


convergence. This is impossible if r ¥ 1, since either c < cr, k < kr, orer < ¢, 
kr <k. If r Ss 0, for 0 < ¢€ < 1, there exists T such that 


? 


log | g(x, y) | 
cx + ky 


forxz + y > T. By Theorem 1 then, the integral converges boundedly for 
o > ce,7t > ke. This is impossible by property B,. Hence r = 1 is the only 
possible value. 


<r 4 e < é, | (a, y) | < gate 


Corotiary.” A necessary and sufficient condition that £(y; s, t) converge 
boundedly for ¢ > c, r > k, wherec > 0, k > 0, ts that 


a log | ¢(z, y) | 
<ji1Fs: 
ole cx + ky a1; 


TuroreM 11.” A necessary and sufficient condition that real numbers c and k 
be associated abscissas of bounded convergence is that 


v pz 
_ log [ [ eft eetti-ae dy d, g(u, v) 
(32) lim " 

zr+y—0 r+y 


Proof. Lets = S + m,t = T + n where m and n are real, so that R(S) = 
¢o—m, R(T) = +r—n. Let 


=1. 





G(X, Y) = [ : l * ™—" d, dy ols, y). 


Then 


ill vy ox 
| I ene d: d, g(x, y) = [ [ e ae-Te d, d, G(z, y). 
0 Jo 0 ~0 


Hence if L(y; s, t) converges boundedly at a certain point (3, 2), L(G; S, T) 
converges boundedly at the corresponding point § = § + m, T = i+ n, and 
conversely. Thus if £(G; S, 7) has a pair of abscissas of bounded convergence 


22 [12], p. 325. 
23 Stated in [12], p. 326. 
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(c’, k’), L@; s, t) has (c’ — m, k’ — n) as a pair of abscissas of bounded con- 
vergence. 
Letm =c-—1,n=k-— 1. Suppose c and k satisfy (32). Then 


(33) iim log | G(a, y) | a 


z+y—2 x + y 
and by the previous theorem, £(G; S, 7) has (1, 1) as a pair of convergence 
abscissas. Hence &(¢; s, t) has (c, k) as a pair of abscissas of bounded con- 
vergence. 
Conversely, let (c, k) be a pair of abscissas of bounded convergence of &(¢; s, 2). 
Then (c + m = 1, k + n = 1) is a pair of bounded convergence abscissas of 
&(G; S, T) and by the previous theorem (33) is true. 


6. The following sufficient conditions that (c, k) be abscissas of bounded con- 
vergence are useful in finding a pair of abscissas of bounded convergence for a 


given g(x, y). 
THEOREM 12. Let (m, n) be any real numbers, and set 


y =z 
log | [ [ en” du dy gu, o) 

34 en ——!' = A. 
- ats r+y 
If A > 0, then L(g; s, t) has abscissas of bounded convergence (c = A + m’ 
k=A+n). 

Proof. If we use the notation of Theorem 11, it follows from (34), since 
A > 0, that 


lim log | G(a, y) | on 1 

z+y—0 Az + Ay : 
Hence £(G; S, T) has a pair of bounded convergence abscissas (A, A). Since 
o = R(S) + m, r = R(T) + n, Le; 8, t) has a pair of convergence abscissas 
(A +m, A +n). 


THEOREM 13. Let 


(35) Ko) = im —ttlsley) I 


r+y—e y 





If c > 0, K(c) > 0, then (c, K(c)) form a pair of abscissas of bounded convergence 
of L(y; 8, t). 
Proof. From (35), 
eg log | g(x, y) ian 
cree cx + Klcly 


’ 


where c > 0, K(c) > 0. Hence apply Theorem 10. 





n= 


ince 


ince 
issas 


yence 





THE DOUBLE LAPLACE INTEGRAL 479 


It follows from the corollary to Theorem 10, or it can be shown directly, that 
if c and k are given by any of the formulas of this section, L(y; s, t) converges 
boundedly for ¢ > c, r > k, whether or not ¢ or k is positive. 


Coro.tuary. Letc > 0 and let n be such that 


‘ : 
log e~* | e~"” d, ¢(z, v) 
lim : - 


z+y- eo y 





=B>0. 


Then &(¢; 8, t) has o = c, r = B + nas abscissas of bounded convergence. 


Proof. In the transformation used in Theorem 12, we take m = 0, 


y 
G(z, y) = I e"” d, o(z, v). 
0 


7.* Let (E) represent the totality of all « such that for every o of (E), there 
exists a real + such that L(y; s, t) has bounded sections at some (s, ¢) with 
R(s) = o, R(t) = 7. If o belongs to (Z), by Theorem 6, all ¢ > o; belong to 
(EZ), so that if r is the lower bound of these values of « (r may equal — ~), 
E consists of the half-line r < ¢ < «©. For every o of E, consider all 7 such 
that L(y; s, t) has bounded sections with R(s) = o, R(t) = 7; let their lower 
bound be n(c). 


THEOREM 14. The curve r = n(c) is defined for all o of (E):r <¢ < ~, and 
has the following properties: 

(1) For 0, < o2, n(o1) = n(oe). 

(2) n(ac; + Bor) S a-n(o1) + B-n(o2) wherea 20,8 20,a+ 8 = 1. 

(3) If n(oi) = n(oe2), when o, < o2, then n(c) is constant on o, S o < &. 

(4) n(c) is continuous at every point of (E). 


Proof. Property (1) follows from Theorem 6. The lemma which forms the 
basis of the proof of (2) is as follows: If &(¢; s, t) is bounded at two finite points 
(s:,t) and (s.,%), it converges at every (s,¢) such that o > ao; + Bor, 
tT > ami + Bre, where a 2 0,8 2 0,a+68= 1. The proof is omitted since 
it is like the corresponding proof for Dirichlet series. Properties (3) and (4) 
follow from (1) and (2). 

Hence the domain 


D:r<a< @, tT > n(c) 


isconvex. Furthermore, for all (s, t) such that (¢, 7) lies in D, &(¢; s, t) converges 
boundedly. For all (s, ¢) such that (¢, 7) lies in the complementary domain, 
L(y; s, t) does not converge boundedly. 


8. Since the absolute convergence of &(¢; s, t) means the bounded convergence 
of another Laplace integral &(v; o, 7), the discussion of the region of absolute 


24 This section parallels the discussion given by Leja, [22], pp. 150-152. 
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convergence is parallel to that given for bounded convergence. The first 
theorem below, however, is slightly stronger than its parallel. 


TueoreM 15. If L(g; s, t) converges absolutely at (8 , to), then L(g; 8, t) con- 
verges absolutely for all (s, t) in 8S: ¢ = 00,7 > 10. Furthermore, both L(v; «, 7) 
and &(¢; s, t) converge uniformly and have their sections uniformly bounded in 8. 


Proof. For (s, t) in 8, 


Fete i cr < e707 T0Y 


Hence by the comparison test, &{v; ¢, r) converges in S. Let 
sl Y px 
L(X, Y;0,1) = | e*-"Y d. dy v(x, y). 
0 0 
xe > Be. Va > Fi, 
| L(X2, Yo; 8, ) — L(Xi, Vi; s, 0) | 


Yi eXe rag 
[ [radon [ [aed ole) 
0 x1 —— 





Y¥; pXe Yo pXe 
< l i] ec" dz dy v(x, y) + I e—" dy dy v(z, y) 
0 x; Y,; “0 


=> L(X2, Y2 9, r) —_ L(Xi, Y; 9, rT) 
< L(X2, Y2 ’ 9, 70) = L(Xi, Y; ; 90; 70). 
The last quantity is independent of (s, ¢) in S and can be made less than any « 
by taking X, and Y; sufficiently large. Hence &(¢; s, t) and &(v; o, r) converge 
uniformly for (s, é) in 8S. 
| L(X, Y; 8, t)| S$ L(X, Y; 0, 7) S L(X, Y; 00, 7) S L(v; 00, m) = A 
for all (s, t) in S and all X = 0, Y = 0. Hence the sections of L(v; ¢, 7) and 
L(y; s, t) are uniformly bounded. 
Corotiary. If o(z,y)eVoinR: 052 < ~,0S y < ~, Ly; 8, t) con- 
verges absolutely foro = 0, r 2 9. 
Using Theorem 9, we can prove 
THEOREM 16. If L(y; s, t) converges absolutely at (0; , 71), then, for all x 2 0, 
y 2 0, 
v(x, y) < Ke™?**™", 
o. = max (0, o:), tT. = max (0, 71). 
Hence for positive values inside the region of absolute convergence, the 


representations of Theorem 5 hold. 
The definition of abscissas of absolute convergence, and the determination of 
formulas are analogous to those for bounded convergence. For instance, cor- 


responding to Theorem 10, we have 





y) | 


con- 
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THEOREM 17. A necessary and sufficient condition that the positive numbers d 
and m be associated abscissas of absolute convergence of &(¢; s, t) is that 


lim log v(z, y) 
rty-0 dx + my 


The region of absolute convergence may be described just as in §7. 


9. In the introduction, we have seen that the concept of regular convergence, 
as defined for series, is inapplicable to integrals; hence the theorems concerning 
half-planes of regular convergence of double Dirichlet series cannot be general- 
ized. Even if one extends concept of regular convergence to mean the existence 
of repeated integrals, it is not true that if repeated integrals exist at (8 , t), 
they will exist for ¢ > 0, r > 7. One could, of course, obtain half-planes 
in which L(g; s, t) converges and satisfies certain auxiliary conditions, which are 
analogous to the properties of regularly convergent series. For example, if 


(36) l ed, k(x; 1) = [ ed, l ed, oz, y) 
exists and 
(37) VilO, x; ] < Me” 


at (8 , to), then (36) exists and (37) holds for all (s, t) such that ¢ > 0, 7 > 7. 
Using the other repeated integral, also, we could get a generalization of the type 
discussed. Or abandoning the idea of repeated integrals, one could say that 
L(¢; 8, t) converges regularly boundedly if L(¢; s, t) exists and if 


— ¥ 1 
[ [ ev gq d, ¢(z, y), [ " Mies d, o(X, y), gr sé e(z, Y) 
0 0 ° . 


are all bounded. Then one could get half-planes of regular bounded conver- 
gence. But these concepts are not of much value, since the auxiliary conditions 
are so restrictive. It is much simpler to state the conditions explicitly needed 
to obtain desired theorems. See, for example, Theorem 20. 

One could also define uniform bounded convergence (uniform convergence 
and uniformly bounded sections, with respect to s and #), and show the existence 
of half-planes of uniform bounded convergence. We shall not give the details 
here, but shall mention one fundamental result: 


THEOREM 18. If the sections of L(y; s, t) are uniformly bounded in d and yu 
ong = a, tT = bo, then L(y; s, t) converges uniformly and has its sections uni- 
formly bounded, with respect to \ and yp, on every o = a, tr = b, wherea > a, 
b>b. 


Proof. Let so = do + 1A, to = bo + iv; s = 3 + hit = &) + k, where h > 0, 
k> 0. 
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Y x 
L(X, Y;8, t) = [ [ e**-*" dd, L(X, Y; 8, te) = e* *" L(X, Y; 80, te) 
0 0 
x Y 
+h | e"*** T(x, Y; 80, to.) dx +k | e*¥"*.(X, 3 80, to) dy 
0 0 


Y Xx 
+ hk [ I e"**Y L(x, y; 80, to) dx dy. 
0 0 


Since h = a — a@,k = b — bo, and since by hypothesis | L(X, Y; 8, &) | < M 
for all \ and uy, the result follows. 


IV. Inversion of the double Laplace integral 


1. Let g(x, y) be a function of class Vp) in every Rxy. At every (w, z), where 
w > 0,z > 0, the double limits g(w + 0, z + 0), o(w + 0, z — 0), o(w — 0, 
z + 0), ¢(w — 0, z — O) exist; since ¢(z, y) is of bounded variation in each 
variable separately, the limits g(w, z + 0), ¢(w, z — 0), e(w + 0, z), o(w — 0, z) 
exist.” If (w, z) is a point of continuity, the above quantities are all equal to 
g(w, 2). 

Define a function @,,,,,(w, z) as follows, for all w > 0, z > 0:" 


Go0(w, z) = t[e(w + 0,2 + 0) + o(w+ 0, z —0) 
+ o(w —0,z+ 0) + o(w — 0, z — 0)]; 


Po,,0(W, Z) = a [ (w — z)"".3[g(z,z2 +0) + o(2,2-—O0)] dz (p>0); 
I'(pi) 

P0.02(W, z) - ,, ) [ (2 wa y)". slo(w + 0, y) + ¢(w = 0, y)] dy (p2 > 0); 
I'(p2) Jo 


1 z w aly ” 
Por.or(W, 2) = I | (w — x)" (z — y)”* "o(a, y) dx dy — (pi, p2 > 0). 
I'(oi)T(p2) Jo Jo 
By applying the formula for integration by parts, one can show that 


1 z w 
38 awaopauanl w— x)"(z — y)” d,d, (x, y) 
(38) lot) TetdD sd ‘ we-y y AL, y 
reduces to %,,»,(W, z), When p: > 0, pe > 0; if (w, z) is a point of continuity of 
g(x, y), (38) becomes ¢,, ,,(w, 2) when p; = 0 or when p2 = 0. 

In the following sections we shall obtain expressions for ¢,,.,(w, z) in terms 
of the function f(s, t) defined by the Laplace integral &(¢; s, 2). When double 


2 By [28], p. 31, and Lemma 2 of the introduction. 

26 So1.0,(wW, Z) is a generalization of a fractional derivative, when pj > 0. (See [25], p. 
710.) In particular, for integral values of p; , it gives the successive repeated integrals of 
¢(2, y). 

27 For inversion formulas in one variable, see [25], pp. 708-711. 
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infinite integrals are used, the Cauchy principal value will be understood. That 


is 
b+ico atic b+is atia 
i / h(s, t) ds dt means lim | h(s, t) ds dt 
b b a—ta 


—ivo Ya—io apo —is 


? 


as a and 8 become infinite simultaneously but independently. 

As in the introduction, V,[a, b; c, d] indicates the total variation of ¢(z, y) 
over arectanlea Sx Sb;e Sy <d, Vila, b; g| indicates the variation with 
respect to x of gona < x S b, for fixed J, and Vz; c, d] indicates the y-variation 
of gone S y & d, for fixed Z. 


2. Lemma. For any p, = 0, andz — yn > 0, 


b+ip e* 
Bo) | fo Cafe ole, dy < PIV eles2— a2 + a+ 1ole,2—W I), 


b—iB te2 
where P does not depend on B or x. 
Proof. If p. = 0, the integral in (39) becomes 
ztn b+iB z+n . a 
i g(a, y) lf . ft a| dy = 2i | ev) sin B(z — y) g(z, y) dy. 
z—7 b—i8 z—1 a” F 


For all p, g such thatz —yn Sp<qS2z+ 4%, 
[ ew) sin B(z — y) 
P 


dy < 2re'!". 
z—-y dj hie 


Hence by the theorem of the mean for one variable,” 


- z— 


ztn 
2i | oem ene oz, y) dy| S Que" V"[z;2— 9,2-+4]1+|¢(2,2—9) |}. 


If pp > O, the integral in (39) can be written as 


b+1B e” zt+n on 
(40) | . pm il te *” v(x, y) ay | dt 
i 2-7 


Since forz —-ynSp<qs2z+7 
ztn 
/ le ~ty dy < e bz+|b|n 
7—9 
by the theorem of the mean, 
ztn . - 
[te olx, y dy) < eV ole;2 — 2 + al + | ole, 2 — 0) II. 
| %z—n | 


28 Given in [18], p. 263 for real-valued functions. For complex-valued functions, the M 
which occurs in the inequality need only be replaced by 4M. 
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Hence the absolute value of (40) is less than 


8 bed a - 
LL reacts | MV eese — a2 + al + Lele — 15 


since 


c ee du 

o |b + tp \rett 

is finite, for pp > 0, the lemma is established in this case also. 
3. THEeorEM 19. Let M, ao, bo be real constants such that 

(A) | (a, y) | < Me**” for allz = 0, y = 0. 

Then for every pi: = 0, p2 = O, the formula 








b+ic patia gute 
Poy .03(W, Z) = ; $89 9, at [a> a@,a~0,b > b,b ¥ 0] 


b—ico Janico — 8?1+1 foatl 
is valid at each point (w, z) such that 
(B) Vilw — 6,w+ d;y] < Me™ for all y = 0, and some 6 > 0, 
(C) Vela; 2 — 1,2 + 2) < Me™ for all x = 0, and some n > 0. 
Proof. Set 


b+iB pat+ia eure 
I(a, B) = ee atte | LUPE 


a b—iB “get ti goat fe2tl 


By the corollary to Theorem 2, f(s, t) = lim L(X, Y; s, t) converges uniformly 
X,Y 


a—ia 


with respect to sand t ing = a,r = b, -a<A<a,—-B<yw< 8B. Hence 
I(a, 8) = lim J(X. Y;a, 8), where 
xX,Y¥~2 


b+iB patia erwtts 
LAX, F580) oy ay 


grit peat 


J(X, Y; a, B) = ee: 


i b—i8 ia 


The theorem will be proved if we can show that the two following statements 
are true: 


(I) J(X, Y; a, 8) converges to I(a, 8) uniformly in @ and 8, for all a 2 0, 
B 2 0. 
(II) If (M, N) are fixed values of X, Y, where M >w+1,N 22+ 1, 
lim J(M, N; a, B) = Por .02(W, z). 
apn 
Applying the formula for integration by parts to L(X, Y; s, ¢) and setting 


b+ip tay) 


atria a(w-—zr) 
H, (2, a) = | “ds, K,(y,6) = | Tasnci lt 
a—ta 8 


b—ip tv 





or 
an 


(4: 


Sin 


ng 





THE DOUBLE LAPLACE INTEGRAL 485 


we obtain 


—4n’.J(X, Y;a, B) = o(X, Y)HA,,4:(X, a)K,.4:(Y, B) 


b+iB e” Y 
+ HylX, «) [ a | [ er eXw) ay | dt 


(41) +K,A¥,e) [ | ” e*o(z, Y) az | ds 
0 


a-ia $?! 


b+iB patia erwtts Y Xx 
- i never I [ e * O(a, y) dx ay | ds dt. 
b-ip Ja—ia 8?! ?? 0 
To establish (I), we need to show that given ¢, there exist Xo, Yo, depending 


only on e, such that | J(X2, Y2; a, 8) — J(Xi, Yi; a@, 8) | < «for all a and 8, 
and all Xe > Xi = Xo, Y2 > Y; = ies 


—4n°[J(X2, Yo; a, 8B) — J(Xi, Ye; a, B)]) 
= Ky.4:(¥2, B)[Hp,41(X2, a)-e(X2, Yo) — Hy,4i(X1, @)-e(Xi, ¥2)] 


X2 
+ Kyn(¥a, 6) |)” Hy(2, a) ola, Ya) de 


b+if e* 


Yo 
(42) + Hy,4:(X2, a)- Pe | e Y.9(X, y) av | dt 


b+ip e* Ye 
+ A, .4(Xi, a): [ i e .9(X,, ) ay | dt 
0 


b~ig tP2 


b+if patia ee +tz Xe pY¥2 
—sz—ty 
+i. a: s?? tr i [ . o(z, y) dy az | ds dt. 


Since for |k| > 0,|a| >O0,y¥ 20,a 2 0, 
ak 
“as! s - 


| a—ta s? | k |’ 


| atia et 


where R does not depend on k or a, we have, when x = X,; > w+ 1, 
y2Y,22+1, 


(43) H,,+:(2, a) S Ne”, K,,4:(y, 8) Nee». 


Using these inequalities and (A) of the hypothesis, we see that the first two 
terms in the right member of (42) can be made arbitrarily small by taking X, 
and Y; sufficiently large. 

In the third term, the integral is equal to 


” b+iB e” atn 
K,,(y, B)-e(Xe, y) dy + i ro lf e .o(Xe, y) w| dt 
b—is U? _ 


i | 


z 


(44) Ye 
+ K,,(y, 8)-e(Xe, y) dy. 
a+9 
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From hypothesis (A), and from the fact that for0 < y < z — 7, 


Neo Ne&eu 
| K,,(y, 8) | = - -s oS 
z—y ” 
it follows that the absolute value of the first term of (44) is less than M,e*°*?. 


From the lemma, the absolute value of the second term is less than 
P{V([X2 52 — 1,2 + 2] + | o(X2,2— 0) |}. 


Using hypotheses (A) and (C), we see that this is less than Mze*°**?. From (A) 
and from (43), the absolute value of the third term of (44) is less than M;e**?. 
Hence the absolute value of the third term of (42) is less than 


Ne*”’—*®. Me%*? _ Pye, 


where P does not depend upon z, y, a, or 8. By taking X_ sufficiently large, 
this term can be made arbitrarily small. 

Similarly, the fourth term of (42) is bounded by Pe“*®*! and can be made 
as small as desired by taking X, large enough. 

The last term can be written as 


Ze bHB pte Yo \ 
/ H,, (2, a) . i e '” o(zx, y) ay | dt} dz. 
xX, vip t°2 | Jo J 


The integral in brackets is similar to the integrals discussed, hence the absolute 
value of this term is less than 


i Ne*”’ . Me™ dx ~ Pife“"*! aa F olin * 
x} 
This quantity can also be made arbitrarily small by taking X; and X_ sufficiently 
large. 
Hence given e¢, there exist Xo 2 w + 1 and Yo 2 z + 1, depending only 
upon e, such that 
| J(X2, Y2;a, 8) — J(X, Y2; a, B)| < de 


for X, > X; = Xo, Y2 > Yo, andallaand 8. By a parallel proof, using (B) 
instead of (C), and the corresponding lemma, 
| J(X,, Ye; a, B) — J(X1, Yi; a, B)| < fe 

for X, > Xi, Y2 > Yi: = Yo, and all @ and 8, where X, and Y, depend only 
upon «. These two statements establish (1). 

Let M and N be fixed numbers greater than w + 1 and z + 1 respectively. 
As in the one variable case, the proof of (II) is different for p; = 0 and for p; > 0. 

Case 1. p; > 0, > 0. Changing the order of integration ([28], p. 36), we 
get 


may N M 
J(M, N30, 8) = 5 [ [ H,,11(2, a)-K,si(y, B)-de dy o(x,y). 
0 ~0 


atix s(w—z) 


lim H,,4:(2, a) = / ds 


ea a—ieo grit 





He 


Hen 
may 


whe 


ly 


B) 
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converges uniformly for x in (0, M); its value is 





I'(pi + 1) 


2ri(w — x) 
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,f0O<2r<uw, 


and Oifz > w. (See [25], p. 711.) A similar statement holds for 


lim K,,+:(y, 8), 


where y is in (0, N). Hence ({14], p. 453) 


lim J(M, N; a, 8) 


a-o2 


1 





N M 
[] lim Hp,sa(2, a) -lim Kyysa(y, 8)-de dy ot, y) 


7 T(o. + 1)P(p2 + 1) | | (w — x)"(z — y) * d, d, ¢(z, y). 


And this is (38) and hence @,, ,,(w, 2). 
Case 2. » >0,p=0. If 


vy, s) = l a d, g(z, y), 


L(M, N; 38, t) 


e ‘“W(N, s) +t | e “yy, s) dy. 


Hence 


ag ee d, dy g(x,y) = [ e” d,w(y, 8) 


1 [ +is ef») | [ 1 a e’ y(N s) | 
A 4 — - _ - ° POM ke! Ben s 
JUL, Nie, BE b—i8 t a 2mt Jo-ia grit . 


N 


1 b+iB patia eres f 
~ ‘ee s) d dt. 
4or* Jo_is es gti if envy, 8) | 1 


In the first term, a and 8 are in distinct factors. The limit of the first factor 
asa — © is 0, since N 2 z + 1; the limit of the second factor as 8 > @ is 


((25], p. 711) 


7 1 
I'(pi + 1) 


Hence the entire term tends to 0 as a and 8 become infinite. 
may be written as 


[ w- 2)" a. ole, N). 
0 


1 atia sw 


© W(s, 8) ds, 


2ri a—ta grit 


R(a, 8) = 
where 


N : = 
W(s, g) = [ ef y) Sin oe v(y, s) dy. 
0 feed 


The second term 
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If we set 





N : a 
A(z, B) = of grew Sin BE ~ Y) ove, y) dy, 


0 e—y 


we can also write 
M 
W(s, 8) = I e* d-X(z, 8). 
For every 8 ((25], p. 708), 
‘ 1 “ pi 
J(8) = lim R(a, 8) = Tim + 1) I (w — x) dz d(x, B). 


By the theorem of the mean, 
| W(s, B) | Ss V,10, N; s]-20-M < P.V,{0, M; 0, N), 
where P does not depend upon a or 8. Thus 
Pp ; eM xe 
| R(a, 6)| $5 Vel0, M30,M- [a 


and since 


eM dN 

20 | a + an jer 

converges, R(a, 8) converges as a — ©, uniformly in 8, for all 8 2 0. Hence 
given ¢, there exists a» such that 

(45) | R(a, 8) — J(8)| < 4 


for a > ap and all B. 
Now from the case of one variable ((25], p. 708), 


lim A(z, 8) - ale(z, 2+ 0) + g(x, z—- 0)). 
Bo 


And i(z, 8) can easily be shown to be of bounded variation in z on (0, w), uni- 
formly in 8 for all 8 2 0. Hence 

, 1 “s 

lim J(8) = I (w — x)*"'-d,3[y(z,z +0 (x, z — 0). 

_ 8) Po +1) b w )” -dz3ly +0) +¢ )] 
This last quantity reduces to ,,,0(w, z) upon integration by parts. Hence 
given ¢, there exists 8) such that for 8B > Bo 
(46) | J(B) — Sp,.0(w, z) | < $e. 
(45) and (46) establish the fact that 


lim R(a, 8B) = p,.0(w, z). 


apa 





Ww 


Sil 


Sin 
clas 


whe 
(*) 
in R 


29 | 
Os, 
in R; 


1i- 


ice 
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Il 


Case 3. p, = 0,2 > 0. The proof is similar to that of Case 2. 
Case 4. p;: = pp = 0. Formula (16) for integration by parts becomes 


J(M,N; a, 8) = =) o(X, ¥)-Ki(N, 6)+Hi(M, a) + Hi(M, «)-X(M, 8) 





«{ T \ 1 a a(w—r = ( 
(47) + KAN, 6)-K(N, 0) + [oe ole, y) 
sin a(w — 2) sin B(z — y) ann 
w-2 z-y vs 
where A(z, 8) is defined on p. 488 and 
> 1 - a(w—z si me 
58) = ge [oe ES ole, ada 


Sinee M 2w+1,N22+4+1, 
lim H,(M, a) = 0, lim K,(N, 8) = 0, 
Bo 


a-a 


lim A(M, 8) = 3[e(M, z + 0) + ¢(M, z — 0)), 
Bo 


lim AN, a) = 3lo(w + 0, N) + o(w — 0, N)). 


aa 


Hence the first three terms of the right member.of (47) tend to 0 as a, B > ~. 
The last term of (47) is a double Dirichlet integral, and it tends to Qo,0(w, z) 
asa,8— ©. To prove this, write the term as the sum of four integrals taken 
over rectangles R,{0, w; 0, z], Re{w, M; 0, z], Rs[0, w; z, N], Ra[w, M; z, N], re- 
spectively. If we set »y = w — x,6 = z — y, the first integral becomes 


jinti= = [ oe ~ 9,5 ~ 0 eee en. 
tT Jo Jo v 6 


Since e” y(w — v, z — 0) is the product of functions of class H, it is also of 
class H ({4], p. 719). Thus 
ev? O(w — v, z — 0) = >. curv, 0) 
i=l 
where fori = 1, 2,---,r 
(*) wi(v, 6) 4 0, Aiowi(r, 6) 4 0, Aoiw:(v, 6) = 0, Anwi(y, 6) 2 0 


in R,;. But it is known that for such functions” 
lim 4 | [ ale, ne OF nde m tah, 40. 
tT Jo Jo v 6 


2° Bochner ({8], p. 201) proves this result for functions which satisfy (*) in R: 0 Sz < @, 
Os y< ~. Ifw(z, y) satisfies (*) in R,, set (x, y) = w(z, y) in R; and = 0 elsewhere 
in R; then &(z, y) satisfies (*) in R 
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Hence 


; lx 
lim Jia, 8) = r DX ciwi(+0, +0) = te(w — 0, z — 0). 
a,B—-o i=l 

Similarly by appropriate transformations, we can treat the other three in- 
tegrals, since all rectangles are finite, and show that their limits are respectively 


3¢(W + 0, ia 0), to(w ang 0, 2+ 0), ze(w + 0, 2+ 0). 


Adding them together, we get goo(w, z). This concludes the proof of the 
theorem. 
The following important corollary follows from Theorem 9. 


Corotuary. If a = 0, bo = 0, and (ao, bo) is inside the region of bounded 


convergence of L(y; s, t), the inversion formula is valid at every point (w, z) such 
that (B) and (C) are true.” 


4. In the above theorem and corollary, (B) and (C) may be replaced by 
stronger conditions. For example, each of the following conditions implies (B): 


(Bi) V{w — 6, w + 4; 0, y] < Me™ for all y = 0, and some 6 > 0. 
(Apply (6), and use the fact that g(z, y) € Vo.) 


(Be) (zx, y) is of bounded variation in z on (w — 6, w + 6), uniformly in y for 
all y 2 0. 
(Set bo = 0 in (B).) 


(B;) ¢(z, y) is a function of class H on the semi-infinite rectangle 
[jw-b6SxerSw+i;0 8 yl. 


(Set bo = O in (B;).) Similar conditions imply (C). 

5. The following theorems give conditions that the inversion formula hold 
for allw > 0,2 > 0. As in the introduction, v(z, y), v’(z, y), v’’(x, y) are fune- 
tions equal to 0 if z = 0 or y = 0 and equal to V,{0, 0; z, yj, V.[0, 2; y], 
Vil; 0, y] respectively for x > 0, y > 0. 


*® The proof given here is based upon one variable proofs given by Hamburger ((15], 

p. 6) for the case p = 0 and by Widder ((25], p. 710) for the case p > 0. Durafiona y Vedia 
and Trejo claim to have proved the inversion formula for p,; = p2 = 0 for any positive point 
in the region of bounded convergence of {(¢; s, t)—essentially, using only (A). There is 
an error in their proof, however, when they say ({13], p. 460) that (in the notation of this 
paper) 

- : 

/ eo (w —v,z2+ 8) = 6 0 

M 6 
has bounded variation in v on (0, w) by Lemma 1. But application of this lemma would 
require that (w — v, z + 6) belong to class H on0 S » S w, M S @ < ~ (essentially (B;)), 
and in general nothing is known about the variation of ¢(z, y) in this infinite region. How- 
ever, another proof of Theorem 19 for p; = p: = 0 using (B) and (C) as well as (A) could be 
constructed along the lines of their proof. 
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THEOREM 20. If there exist real constants M, ao, bo such that 


(D) v’(x, y) S Me*****” for all x = 0, y = 0, 
(E) v(x, y) S Me***” for all x = 0, y = 0, 
then for every p, = 0, pz = O the gem 
b+i% patio errs 
_ ee S(s, 
(48) Prrrea (Ws = b—iwo [os ght tl peat ae 


la>am,ax*x0,b >h&,b #0) 
is valid at every point (w, z) where w > 0, z > 0. 
Proof. Since | g(x, y)| S v’(z, y), (A) is true. For every w > 0, there 
exists a 6 > 0 such that w — 6 > 0. Then from (D), 
Vilw — 6, w + 8; y] S Vi[O, w + 5; y] = o'(w +4, y) S Me™ ov — ero 


and this is (B). Similarly, from (E), (C) is true for all z > 0. Hence 
the theorem is true. 


(As before, a or bo or both might be 0 in D and E. For these special cases, 
it is possible to obtain simpler direct proofs.) 

Corouuary 1. If there exist real constants M, ao, bo such that 
(F) v(x, y) S Met 


for allx = 0, y = O, then for every p: = 0, pe > 0 formula (48) is valid for all 
w>0,z> 0. 


Since v’(x, y) S v(x, y), vo’ (x, y) S v(2, y), the proof is immediate. 


Coro.tuary 2. If a 2 0, bo 2 0, and L(y; s, t) converges absolutely at (ao , bo), 
(48) is valid for all w > 0,2 > 0." 


6. In the proof of (I1), Theorem 19, only condition (A) was used. In the 
proof of (I), condition (C) was used only to get a bound for 


b+iB e” zt+n , 
> ty 
(SEU feanna 


where x = X, = w + 1, and condition (B) was used only to get a bound for 
the corresponding integral with respect to z and s. However, if p > 1, this 
term is bounded as a result of (A) alone, for its absolute value is less than 


i (s ere [ du da < MB. [ errivenn —_ Re*™ 
oe [otis hd, 4 


*! Biggeri ({6], pp. 23-31) establishes the corresponding inversion formula for Dirichlet 
series in the cases of absolute and regular convergence. He states Corollary 2 for his 
integral; the proof is analogous to that given for series. And since (D) and (E) give results 
somewhat analogous to regular convergence (see Theorems 4 and 5) Theorem 20 may be 
considered a generalization of his formula for regular convergence, 
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This is the same type of bound as that used in the proof of (I); hence the fol- 
lowing theorem is true. 


TuHeoreM 21. If (A) is true and p; > 1, pz > 1, the inversion formula (48) 
is valid at each w > 0,2z > 0. 


Coroutiary. If ay 2 0, bo 2 0 and (ay, bo) is in the region of bounded con- 
vergence of L(y; s, t), for every p: > 1, pe > 1, the inversion formula is valid at 
each w > 0,2 > 0. 


7. The following theorem gives a different type of condition: 


TueoreM 22. If sections of L(y; s, t) are uniformly bounded in d and uy, 
Where s = ay + tr, t = bo + tp, and p, > 0, p2 > O, formula (48) holds for all 
w>0,z > 0 (a 2 0, bo 2 0). 


Proof. Since | L(X, Y; ao, bo) | < M, by Theorem 9, (A) is valid, and hence 
the proof of (II) follows as before. From Theorem 18, given e, there exist Xo , 
Y,, such that 


| L(X2, Ye;a+ vr, b + iv) — L(X,, Yi; a+ r, b+ in) | < 
for X2 > X, = Xo, Ye > Yi = Yo and all \ and uw, where a > a,b > by, 


|a| #0,|b| #0. Hence 
e aw B bz 
[I (X, Yara, JM, Vase @i <e([ Pa) f om) 


Lelatapry\Ls [b+ PH 
< eA-B.d”™, 


where 


ae x dy oe 2 du 
A= [. la + id joa? B= [. lb + ip jos+t 
since p, > 0, p: > 0. Hence (I) is established. 


8. So far, we have considered inversion of f(s, t) by means of a double infinite 
integral. Let us now consider inversion by means of repeated integrals which 
are integrals of the type 


btie atic b+i8 atia 
| a | h(s, t)ds = lim [ dt lim | h(s, t) ds. 
b aio b 


19 A Bow 13 an “a—ta 


Then the proof reduces to the corresponding theorems for one variable (({25], 
pp. 708, 710). 


Turorem 23. If M, ao, bo are real constants such that 


(D) v(x, y) < Met" forallz 2 0,y 2 0, 





the 


(4s 


wh 


an 
on 


wh 


col 
the 


wh 
on 


4, 


ll 


te 





THE DOUBLE LAPLACE INTEGRAL 493 


then for every pi: = 0, p2 = O the formula 


= b-+ico e* a+ico e 
(49) Pol) = 75 f  Sadt- l pn TG, Dds 
la>a,b>h,a+0,b #0) 
is valid for each w > 0, z > 0. 


Proof. Under the hypothesis, &(¢; s, t) converges boundedly for ¢ > a, 
tT > bo, and 


fis, t) = [ e* d,k(z, t), 
0 
where 
k(x, t) = I e “dy o(z, y) 
0 


and k(x, t) has bounded variation in every (0, x). Hence by the theorem for 
one variable, 


1 a+ico e” 


f(s, )ds = k,,(w, t), 


2ri Joico 8?! 
where 


Fo(w, t) = 4y(w + 0, t) + o(w — 0, A], 


E,,(w, t) = [ (w — z)"“"k(x, t)dx for p> 0, 


1 
I'(p1) 
ool b-+ico e” a+tieo ee 1 b+ie e” 
An Joico tet! afr. gr Sts, on= Qri io test? K,(w, #) dt. 


Since g(w + 0, y) is of bounded variation in every (0, y) and its variation in 
(0, y) is less than Me**”**™” from the case of one variable, 


[ e “dy, o(w + 0, y) 
0 


converges absolutely for +r > bp and it is equal to k(w + 0, y). Using this and 
the corresponding result for k(w — 0, y), we get 


Ko(w, t) = | e “dy tig(w + 0, y) + ¢o(w — 0, y)), 
0 


where the integral converges absolutely. Hence by the inversion formulas for 
one variable, 


1 b +t00 g” 
[ Ko(w, t) dt = Qo,»,(w, z). 


2mri —teo test! 
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Suppose p, > 0. Then 


k,,(w, t) 7” [ (w = z)de. | ed, ¢(z, y) 


7 
T(p1) 
t I ” pi-l I ig —ty 
= —— w-2 dz-| e x, y) dy. 
In the last member, the inner integral converges uniformly with respect to 2; 
hence 


K,,(w, t) = if e ” A(y) dy, 


where 


ee 3. a _ ayant 
Aly) = ae L (w — x)” g(a, y) dz. 


It is easily seen that A(y) is of bounded variation in every (0, y) and 
A(y)| < Me™ 


for ally = 0. Thus 


K,,(w, t) = I ed, Aly) 
0 


and hence 
1 btiw tz F MT! 
St ha. per Mal Ot = Por .02(W, 2). 
The following result is obtained by a similar proof. 


Tueorem 24. Jf M, ay, bo are real constants such that 


(E) v(x, y) < Me**” for allz = 0, y = 0, 

then for every pi = 0, po 2 O 

(50) @>,.02(W, 2) = ee. age ds-[ La? t) dt 
— 4m Jain 8°*! --er 


la>a@,b>b,a+0,b #0) 


for each w > 0,z > 0. 

Combining Theorems 20, 23, 24, we have the result: 

Tueorem 25. If (D) and (E) are true, %,.»,(w, 2) is given by any one of the 
formulas (48), (49), (50), for every p, 2 0, p2 2 9. 
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Coroutiary. If 
(F) v(x, y) < Me™** for all x = 0, y = 0, 
Po1,02(W, 2) 1s given by any one of formulas (48), (49), (50). 


8. In this paper, inversion of the double Laplace integral has been treated 
by the classical method. It is also possible to obtain inversion formulas in 
terms of differential operators as has been done by Widder and others in the one 
variable case. This problem and the problem of necessary and sufficient condi- 
tions that f(s, ¢) must satisfy in order that it be expressed by a Laplace integral 
will be considered in a forthcoming paper. 
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NON-COMMUTATIVE CHAINS AND THE POINCARE GROUP 
By WiiuiamM W. FLEXNER 


J. W. Alexander, W. Mayer, A. W. Tucker and 8S. Lefschetz’ have abstracted 

from convex complexes an algebraic system carrying a “homology theory” 
which, when the algebraic system is itself a complex, becomes the ordinary 
homology theory of the complex. Chains are there commutative and the ele- 
ments of a homology group are classes of cycles, each class being composed of 
cycles whose difference bounds a chain of higher dimension. It is the object 
of this paper to abstract from finite convex complexes in another direction to 
obtain an algebraic system S carrying non-commutative chains and a “homology 
group” x of dimension 1 whose elements are classes of cycles whose differences 
“bound” non-commutative chains of higher dimension. ‘‘Subdivision” of this 
algebraic system will be defined; the group z will be shown to be invariant under 
this subdivision; and, a non-trivial step in this case, it will be shown that when 
S is a convex complex, z is the Poincaré group. 
1. The system S consists of “‘cells’’ each having associated with it an integer 
called its dimension and a function F (meaning boundary) whose domain is S 
and whose range is a subset of the “chains” of S.. The cells comprise the neutral 
cell 1 and n-dimensional cells {Hj} (called n-cells) in finite number for n = 
0, 1,2. It is convenient to suppose that 1 is an n-cell for each n. To simplify 
the notation, zero- and one-cells (or their inverses) will often be denoted by 
O, T, U, V and a, b, x respectively. 

By an n-chain will be meant a “‘word” in the sense of the theory of non- 
Abelian groups with a finite number of generators, the letters of the word being 
n-cells or their inverses. For instance, 


C" = (Ej,)" «+. (Bi), = at = +1, and 
D" (E},)"' —s (E},)" , Ve = +1 


(1.1) 


are n-chains, and if 
cy" ae (Ej) mel (E}.)**(E},)" a (E;,)", 


and (E?)( 7") ' are written 1, the n-chains form a free group C". Obviously, 
more than one word defines the same element of C". This distinetion between 
the word C" and the element C" of C" must be kept clear. A normal form for an 
element of C" can be obtained from a word giving rise to that element by sup- 


Received February 21, 1941. 
1S. Lefschetz, Bull. Am. Math. Soc., vol. 43(1937), pp. 345-359. (References to the 
other authors will be found on p. 345.) 
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pressing all adjacent pairs (E})(E?)~' and is independent of the order in which 
the suppression is made.” An element in normal form will be called normal. 
Two elements are the same if and only if they have the same normal form. 
If two words are identical as words, the notation will be A = B; if they define 
the same element of @", A = B. 

The function F may now be defined. 


(1.2) F(C") = (FE},)" --- (FER). 

(The definition of FE? will be found below, after Lemma 1.1.) 
(1.3) Fl =1, 

(1.4) FE} = 1 for all i, 

(1.5) FE; = E},(E%,)", where i; , 2 depend on 7. 


The outset of (E})” is E?, if x = 1, Ej, ifx = —1. 
The finish of (E:)” is (E},) if x = 1, (Ej,)~ if x = —1. 
The outset (finish) of the word C” is the outset (finish) of its first letter (last 


letter). 
A word C" (see (1.1)) has property ¢ if it = 1 or if the finish of (Ei,)” is the 
inverse of the outset of (Z;,,,)"'*! forj = 1, 2,---,s — 1. 


A word C’ has property @ if it = 1 or if it has property ¢ and the finish of 
(E;,)** is the inverse of the outset of (E;,)”. 

If C = a --- ap, then dgiidg2 --- a, O S 9 <r S p, is a factor of the 
word C. 


Lemma 1.1. If C has property ¢ (or 6) and D is the normal form of C, then D 
has property ¢ (or @) and the outset of D is the outset of C. 


The proof is immediate. 

Returning to the definition of F, we define FE; for each i to be a 1-chain having 
property 6. It follows that FFE; = 1. 

A single additional condition will be put on the system S. 

Condition. For every pair E? , E} , i ~ j there is a 1-chain having property 
¢, outset E? and finish (E})™. 

To define x fix a zero-cell 0. Then a 1-chain will be called a cycle if some 
word defining it has property @ with outset 0. The cycles form a subgroup 3 
of @. The elements C' of @ such that FC? = C’ for some 2-chain C* make up 
a subgroup § of C’. Let G be the smallest invariant subgroup of ¢ containing §. 
Then the intersection © = 3 G is an invariant subgroup of 3. The group + 
is defined as the factor group 


>= 3/9, 
and is called the Poincaré group of S. 


2K. Reidemeister, Einfiihrung in die Kombinatorische Topologie, Braunschweig, 1932, 
p. 33. 
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Lemma 1.2. If C €@ then 
(1.6) C = A:X,A;' --- A,X,A7", 
where A; eC’, X; = (FEj,)” for some k; and y; = +1 and conversely. 

Every element C given by (1.6) is contained in G, so the set of all such ele- 
ments is a subgroup @ of G. Since, for example, ABXB’CX’'C*A™ = 
(ABXB”A™")(ACX'CA™), Go is an invariant subgroup. As it contains §, 
@p is equal to G. 

Lemma 1.3. The group x is independent of the particular choice of the zero-cell0.8 


2. If S is a system, then S is a system and an elementary subdivision of S if 5 
is related to S in either of the two ways I and II. 

I. The elements of S are obtained from those of S by replacing a single 1-cell, 
a, of S by two 1-cells, a’ and a’’, and a zero-cell T™', where if S » E' # a, 
FE’ in S§ is the same as FE’ in S; while if Fa = UV in S, then 


(2.1) Fa' = UT in S, 

(2.2) Fa” = TV in 8, 

(2.3) F(E’) =1 in 5 for every zero-cell, 

(2.4) FE’ in § is obtained by replacing a wherever it occurs in the FE* of S 
by a’a”’. 


That S satisfies the conditions of §1 for a system is immediate. 
Il. If EZ is a 2-cell of S and if 


(2.5) FE = (C,DC; in S, 


where C, , D, C2 are 1-chains, then S is obtained from S by replacing E by two 
2-cells EZ’, E” and a one-cell xz, where 


(2.6) if S > E; ¥ E, then FE; in S is the same as FE? in S; 
(2.7) Fr = FD, Fz in normal form; 

(2.8) FE’ = C,2C; ; 

(2.9) FE” =2x"D; 

(2.10) if Ss E’ ¥ z, then FE’ in S is the same as FE’ in S; 
(2.11) if SH, FE =1inS. 


Condition I is here trivially satisfied. Obviously Fx = E}(E})™ or 1, where E? 
is the outset of D, and (E?)™ is the finish of D, so FE’ and FE” have property 6. 
Hence S is a system. 


’ The proof of this lemma follows the same course as a similar proof in L. Pontrjagin, 
Topological Groups, translated by Emma Lehmer, Princeton, 1939, p. 220. 
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A system S’ obtained from S by a finite succession of steps I and II is called v 
a subdivision of S. It is immediate that if S represents a simplicial complex K, is 
the regular subdivision of K is representable as an S’ (see §4). ( 
_ 3. Let the groups for S corresponding to the groups C”, --- , x for S be called L 
C*, +++, #. 0} 
TueoreM 3.1. If S is an elementary subdivision of S, then + and # are iso- 1 
morphic. ( 
Coro.uary 3.1. If S’ is a subdivision of S, their Poincaré groups are iso- 
morphic. le 


For the fixed zero-cell 0 of # take 0 = 0. 
Proof of Theorem 3.1 for I. Make the following change of basis for the 


1-chains of S: ws 

a’ > e(a’’)", where e = a'(a”); 

E}—E}, E¢«8, EE; #a’. 

ex 

Then Fe = Fa. After the change of basis the 1-cell a’’ occurs trivially in 1-chains 
C ¢ 3 (i.e., occurs in combinations a” (a’’) * or (a"’)‘a’’) because C has property (3. 
6, and T occurs only in Fa’. Let rC be the chain obtained from C, after sup- wi 
pression of a” by replacing e by a. Then + effects a homomorphism 3 — 3 . 
such that every element of 3 is the image of some Ce 3. Showing that (3. 
7 © = § will now suffice to prove Theorem 3.1 in case I.* 

Let F(Ei,)” be X; in S and X; in §, y; = +1. Then 7X; = X;. But by wh 
Lemma 1.2, C e § implies that (3. 
(3.0) C = A,X;A;' --- AiX,A7y" 

Sec 
for some k,, --- , k, and l-chains A;. Replacing a by e on the right side gives No 


a chain C of $ with rC = C, so the inverse images of the elements of § are in §. 

On the other hand, if C = A,X,Aj" --- A-X,A7’, only the A; may contain a” 
non-trivially. Since € is in 3, a” does not occur non-trivially in C, so setting Thi 
a” = 1 on both sides of the equation leaves C unchanged, preserves the equality 
and frees A; of a.” Therefore rC € S and every element of § is an inverse of 
some element of , which, combined with the result of the preceding para- 


graph, gives tS = §. whi 
Proof of Theorem 3.1 in case Ul. If € eC’, write or I 
- . ‘ Seco 
(3.1) C= 2°Hyx" ..-. Hi", P 
4B. L. van der Waerden, Moderne Algebra, Berlin, 1930, vol. 1, p. 136. Xir 
5 Jf C = Dand the word C does not contain the letter b, and D’ 18 obtained from D by setting TX; 
= 1,thenC = D’. Prove this by induction on the number, n, of times b occurs in D. It 
is true for n = 0, so assume it for n < s and prove it forn = s. If s > 0, D contains b™ 4 
at least once and there are chains H = 1, F and Gsuch that D = EbHb“G or D = Eb“HbG, i, 


so D = EG = EHG where EHG has n < s, and hence D = D’. 
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where yo or y; = 0 is allowed, and where H; is a chain of @' free of x and hence 
is also a chain of C’. If D is as given by (2.5), define 
(3.2) rC = D”*H,D" ... H,D". 

Let C = G and supposeG normal. Then it was obtained from C by a succession 
of suppressions of pairs (E;)(E;)". If E} ¥ 2x, the same suppression can be 
made in 7C. If the pair is xz’, it gives rise to DD = 1 in rC. So rC = 
7G, and 7 assigns a unique element of @ to each element of @. If € « 3, then 
7C ¢ 8, since Fx = FD by (2.7). Hence 7 defines a homomorphism A: 3 > 3. 
Because C ¢ 3 implies C ¢ 3, every element of 3 is rC for some Ce 3. Two 
lemmas, by proving that \-'S = §, suffice to complete the proof of the theorem. 


Lemma 3.1. If C € § is given by the right side of (3.2) and C as given by (3.1) 
is in 3, then Ce §. 


Lemma 3.2. If C as given by (3.1) is in §, then rC ¢ S. 


Proof of Lemma 3.1. First remark that in any multiplicative group the 
expression 


(3.3) g = dob, --+ bea, 

may be written 

(3.4) g = (Iubshi') --- (hebshi')g’, 

where 

(3.5) hi = do, he = Goh, --+ , hy = QoQ) --- Gea, g’ = Goh --+ a. 


Secondly, C « § implies C « $. To see this notice that C is given by (3.0). 
Now 4; is in @ as well as in ¢’, and unless Ei, = E, X; = X;. If Ei, = E, 


A,X;Aj' = Aj(FE')Cz'(FE")C2]}"‘Az" ¢ §. 
Thirdly, if C € © is given by (3.2), (2.8) gives x = D(FE")"'; so 
C = [D(FE"”)"!’H, .-- H{D(FE") "|" 


which is in the form (3.3) with g = C, b; = FE” or its inverse or 1, a; = H; 
or Dor D“ or 1. Then € can be put in the form (3.4) with g’ = Ce § (by the 
second remark). But b; €§, hieC; so hibshz'  S and C ¢ §. 

Proof of Lemma 3.2. Suppose C to be given by the right side of (3.0) with 
X; replacing X; , and suppose C ¢ 3. Then 7A; €@ and unless Ei, = E' or E", 
rX; = X;. But by (2.8) and (2.9) r(FE’) = FE and 7(FE"”) = 1, so 1 € ©. 


4. If K is a connected convex complex with boundary operator 0, let K* be 
the subcomplex of K composed of its 0-, 1- and 2-dimensional cells. Then if « 
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A system S’ obtained from S by a finite succession of steps I and II is called 
a subdivision of S. It is immediate that if S represents a simplicial complex K, 
the regular subdivision of K is representable as an S’ (see §4). 


3. Let the groups for S corresponding to the groups ¢", --- , x for S be called 
C’, +++, #. 

TueoreM 3.1. If S is an elementary subdivision of S, then x and # are iso- 
morphic. 

Corouiary 3.1. If S’ is a subdivision of S, their Poincaré groups are iso- 
morphic. 

For the fixed zero-cell 0 of # take 0 = 0. 

Proof of Theorem 3.1 for I. Make the following change of basis for the 
1-chains of 8: 


a’—e(a”)", where e =a'(a"); 
E}—E}, E¢3, Ea’. 


Then Fe = Fa. After the change of basis the 1-cell a” occurs trivially in 1-chains 
C ¢ 3 (i.e., occurs in combinations a’’(a’’)* or (a”’)‘a”’) because C has property 
6, and T occurs only in Fa’’. Let rC be the chain obtained from C, after sup- 
pression of a” by replacing e by a. Then + effects a homomorphism 3 — 3 
such that every element of 3 is the image of some Ce3. Showing that 
© = § will now suffice to prove Theorem 3.1 in case I.* 

Let F(Ei,)” be X; in S and X; in S, y; = 41. Then 7X; = X;. But by 

Lemma 1.2, C e § implies that 


(3.0) C = A\X;Ar --- AXA 


for some ki , --- , k, and 1-chains A;. Replacing a by e on the right side gives 
a chain C of with 7C = C, so the inverse images of the elements of are in 6. 

On the other hand, if C = A,X,Aj" --- A-X,A7", only the A; may contain a” 
non-trivially. Since C is in 3, a” does not occur non-trivially in C, so setting 
a” = 1 on both sides of the equation leaves C unchanged, preserves the equality 
and frees A; of a”. Therefore rC ¢ and every element of § is an inverse of 
some element of , which, combined with the result of the preceding para- 
graph, gives r © = §. 

Proof of Theorem 3.1 in case II. If C €¢’, write 


(3.1) C = 2H," ... He", 


4B. L. van der Waerden, Moderne Algebra, Berlin, 1930, vol. 1, p. 136. 

5 Jf C = Dand the word C does not contain the letter b, and D' is obtained from D by setting 
b = 1, thenC = D’. Prove this by induction on the number, n, of times b occursin D, It 
is true for n = 0, so assume it for n < s and prove it forn = s. Ifs > 0, D contains db“ 
at least once and there are chains H = 1, E and G such that D = EbHb™G or D = Eb“ HbG, 
so D = EG = EHG where EHG has n < s, and hence D = D’. 
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where Yo or ¥: = 0 is allowed, and where H; is a chain of @ free of x and hence 
is also a chain of @’. If D is as given by (2.5), define 


(3.2) 7C = D”H,D" ... HD”. 


Let C = Gand supposeG normal. Then it was obtained from C by a succession 
of suppressions of pairs (E;)(E;). If E; # 2x, the same suppression can be 
made in 7C. If the pair is rx’, it gives rise to DD’ = 1 in rC. So rC = 
7G, and 7 assigns a unique element of @' to each element of @’. If C ¢ 3, then 
rC ¢ 3, since Fx = FD by (2.7). Hence 7 defines a homomorphism \: 3 — 3. 
Because C ¢ 3 implies C ¢ 3, every element of 3 is rC for some C ¢ 3. Two 


lemmas, by proving that \' = §, suffice to complete the proof of the theorem. 


Lema 3.1. If C ¢ § is given by the right side of (3.2) and C as given by (3.1) 
is in B, then Ce §. 


Lemma 3.2. If C as given by (3.1) is in §, then rC ¢ §. 


Proof of Lemma 3.1. First remark that in any multiplicative group the 
expression 


(3.3) g = dobia; --+ bas 

may be written 

(3.4) g = (hbyhy") --+ (hebshe')g’, 

where 

(3.5) hi = do, ho = God, --+ , he = Ao +++ Qe, g’ = Mp, --+ a. 


Secondly, C « S implies C « §. To see this notice that C is given by (3.0). 
Now 4; is in @ as well as in @, and unless Ej, = E, X; = X;. If Ei, = E, 


A:X;Aj' = Ad(FE’)Cz'(FE")C2}"‘Az" € 
Thirdly, if C € © is given by (3.2), (2.8) gives x = D(FE")"; so 
C = [D(FE”)"/"H, --- H{D(FE”) "|" 


which is in the form (3.3) with g = C, b; = FE” or its inverse or 1, a; = H; 
or Dor D™‘ orl. Then C can be put in the form (3.4) with g’ = C « § (by the 
second remark). But b; ¢§, hi eC; so hd; € S and Ce §. 

Proof of Lemma 3.2. Suppose C to be given by the right side of (3.0) with 
X; replacing X; , and suppose C ¢ 3. Then 7A; eC and unless Ej, = E’ or E”, 
7X; = X;. But by (2.8) and (2.9) r(FE’) = FE and r(FE”) = 1, so Ce §. 


4. If K is a connected convex complex with boundary operator 0, let K’ be 
the subcomplex of K composed of its 0-, 1- and 2-dimensional cells. Then if ¢ 
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is the classical Poincaré group, o(K) = o(K’). But K°* gives rise to a system S 
on identifying cells with the same dimension in K* and S and translating 


0(E%) = 0 into F(E{) = 1, 
a(Ei) = — Ei, + Ei, into F(Ej) = (Ei,)(Ei,)", 


a(Ei) = nik} into F(E2) = (B},)"' ... (EL", 
j=l 
where j;, --- ,jr is a permutation of 1, --- ,r which gives FE; property @. 
Since Ej is a convex polygon, such a permutation may always be found. The 
connectedness of K gives condition T of §2. 


TuHeoreM 4.1. If the convex complex K gives rise as just described to the sys- 
tem S, x is isomorphic to o(K). 

The point O generating may be taken to be the same as that generating 7. 
Then the cycles of 3 identify themselves with the simplicial paths. To prove 
Theorem 4.1 each element C ¢ $ must now be shown to correspond to a product 
of closed paths (cgc*), where c is a path from O to the vertex of a 2-cell, and g 
is a path from that vertex around the boundary of the 2-cell. This is a result 
of Theorem 4.2 below and from it Theorem 4.1 follows in the standard way. 

Capital letters from now on denote 1-chains, small letters 1-cells. 


Lemma 4.1. If in S 
V = DUD, cee UD; = Y 
and 


(i) U; has property and is normal, 
(ii) Y cs normal, 
(iii) V = (a --- a,)(Gry1--- ) = GH with G = 1 implies that both a, and 
G4; are in some U;, 


then the outset of V is the outset of Y. 


Suppose Y = y:---y,. Then V = GoyiG, --- y.G., where G; = 1 for 
«= 0,1,---,s. Taking the G of the hypothesis to be G and using (i) show 
that the finish of a, is inverse to the outset a of y; which is also the outset of Y. 
Let W; = 1 be a factor of G) ending in a, and such that the number of letters 
in the word W; is a minimum. Then G) = WoW,;, Wo = Wi = 1 and W, = 
a, ---a,. If W; has no proper factors equal to 1, a, = (a,)". If Wi has 
proper factors equal to 1, these include neither a, nor a, (since W; is minimal). 
But W, can be reduced to 1 by successive suppression of proper factors that 
equal 1. Hence the next to the last step of the suppression leaves W; = 
a.a, = 1, and again a, = (a,). So a is the outset of a, and the hypotheses of 


6 See H. Seifert and W. Threlfall, Lehrbuch der Topologie, Leipzig, 1934, p. 158, ‘‘“Kanten- 
wege’’, etc. 
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the lemma make it possible to go through the argument again with Wp re- 
placing G,. In a finite number of steps this reasoning yields Lemma 4.1. 

The converse of Lemma 1.1: “D has ¢ implies C has ¢” is obviously false. 
Theorem 4.2 is a weaker substitute for this converse. As before let F(E;,)** = 
X;, so each X; is normal and has property §. Furthermore let A; = 
A;X,A;" # 1, where A is an arbitrary normal word. Now consider elements 
Z of @ such that Z has property ¢ and 


(4.1) Z=W=AjA;---A, #1 
for some {X;,} of the set of boundaries. Let 
(4.2) s(W) = s, 


the number of factors A; in W, 
(4.3) y(W) = p> a(Ai), 


where a(A,) is the number of letters in the word which is the normal form of A; , 
and let 8,(W) be the number of factors A; in W such that the first k letters of A; 
form the same word as the first k letters of Ai. If A; = 1 or if a(A:) < k, 
then 6,(W) shall be zero. 

Among the W such that W = Z let those with s(W) a minimum form a class 
M(Z). Let N(Z) be the subset of M2(Z) consisting of those W for which y(W) 
isa minimum. Let S' be the subset of 2(Z) consisting of those W for which 
6:(W) isa maximum. Let S*,k > 1, be the subset of S*” consisting of those W 
for which 6,(W) is a maximum. The set 6”? is non-empty for a Z satisfying 
(4.1). Call standard those W «S"*””. 


THEOREM 4.2. Given a Z ~ 1 with property ¢ and satisfying (4.1) there is a 
W = AA; ---A, = Z 
such that 
(i) A; = A;X,A7", A; normal, 
(ii) A; has property 6 for each i, 


(iii) the outset of A; is the same for each i as the outset of the normal form of Z, 
(iv) We R(Z). 


Putting Z « 3,c = Ai,g = X; for each factor shows that Theorem 4.2 implies 
Theorem 4.1. 
Corouuary 4.2. The normal form of Z has property 6. 


By Theorem 4.2, W = Z has property @, so the corollary follows from 
Lemma 1.1. 
Theorem 4.2 depends on two additional lemmas. 
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Lemma 4.2. If 
(ji) W=Z#1 
is standard, 


(ii) A, = B,C,, 

(iii) W = B,GH, 

(iv) (Gey1@ey2 ++ Qr)(Gryi +--+ ) = GH with G = 1, 
then both a, and a,4, are in some X;. 


If the break between a, and a,4; occurs in A; and Lemma 4.2 is false, let 
A, = BC, i =DE 
and 
(4.4) G = CX,D = 1. 


Eliminating C from A, = BCX,C~'B™ by means of (4.4) gives A: = BD X,DB™; 
so, since W eN(Z), a(BD™") = a(BC), even though BD™ is not known to be 
normal. Therefore a(D) = a(C), B’ = RE and D = C'R. Then (4.4) 
becomes 


(4.5) G = CX,C7R = 1, 


A, = BE = E“'R“E = E'CX,C"E and a(E'C) = a(BC) so a(E) = a(B) 
and R = 1. But then (4.5) gives A; = 1 and this contradicts W « Mt(Z). 
Hence if the break occurs in A; , the lemma is true. 

If the break occurs in A;,j > 1, let 


M = Ag--- Aju, 


N =Aju--- Ae, 
A; = B,C,, A; = BL ;. 
Then (4.1) becomes 
(4.6) W = (B,C,X,C;'By')M (B,C ;X ,C7'B;)N. 
Now assume Lemma 4.2 false. This means that for some j either 
(4.7) G = C,X,C;'B, MBC ;X/C;* = 1 
or 
(4.8) G = C,X,C7'By'MB; = 1. 
Using (4.7) to eliminate B, from (4.6) gives 
(4.9) Z = MA,(BYC,X,Cz'B;")N. 
Using (4.7) to eliminate B; in (4.6) gives 
(4.10) Z = B,B;'N, 


(4.11) Z = (B,C;X,C7'By MN = Vi. 





_. 2 a! Dee ete Ble aoe 
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If (4.8) is used in the same ways, 


(4.12) Z = M(BX,C7'B;")A,N, 
(4.13) Z = B,C;X ,C;7'B;'N, 
(4.14) Z = (B,C;X,C7'B, DAMN = V2. 


Since (4.6) is standard, W e R(Z) and so either (4.9) or (4.12) gives a(B,C;) = 
a(B,C,); therefore a(B,) S a(B,;). But either (4.11) or (4.14) gives a(B,C;) = 
a(B,C;), so a(B;) = a(B,;). Hence neither (4.7) nor (4.8) can hold unless 
a(B,) = a(B,;) and B,C; is normal and V, and V; are in R(Z). 

It is impossible that B, = B;, for then (4.10) yields Z = N and (4.13) yields 
Z=A;N. This contradicts the condition W «M(Z). But B, = 1 and a(B,) = 
a(B;) implies B; = 1 and B, = B;, so that 


(4.15) B, = 1 is impossible. 


But now in (4.11), (4.14) Baye, (Ve) > Bacs,(W) fora = 1,2. This contra- 
dicts the standard character of W; and so the hypothesis that Lemma 4.2 is 
false is untenable. 


Lemma 4.3. If W = Z is given by (4.1) and is standard, then 


(a) the outset of A, is the outset of Z, 
(b) A; has property 0. 


If W did not satisfy the hypotheses of Lemma 4.1 with V = W, Y = Z and 
U; = X;, then Lemma 4.2 would be false with B, = 1 and by (4.15) this is 
impossible. Hence by Lemma 4.1 the outset of W (i.e., the outset of A;) is the 
outset of Z. 

If A, = 1, (b) is obvious. If A; = a --- a, ¥ 1 and X; = apydpye---, 
suppose B, = a --- a,,q < p, has property ¢. Then by (a) By'Z has prop- 
erty ¢ and Lemma 4.2 shows that the hypotheses of Lemma 4.1 hold with 
Y = By'Z and U; = X;. Hence the outset of (a,)” is the outset of ag4:. 
Hence a; --- @¢@4: has property @ if a, --- a, has. From this and the fact 
that X; has property @ it follows that A, has property @. 

The proof of Theorem 4.2 now depends on an induction on the number of 
factors A; in the right side of (4.1). If that number is one, the theorem is 
Lemma 4.3. Now assume the theorem when the number of factors is less than s 
and prove it for s factors. Let W be standard and set Z’ = Aj'Z = Ap --- A, = 
W’. Since Aj’ = A,X7'Aj’, the outset of Z’ is the same as the outset of Z. 
Obviously W’ « N(Z’), so by hypothesis of induction there are Ay, --- , A, such 
that A, --- A, = Z’ satisfies Theorem 4.2. Hence Z = AjA; - -- A, also satisfies 
that theorem. 
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RINGS WITH MULTIPLE-VALUED OPERATIONS 


By Rosert 8. Pate 
Introduction 


One of the most familiar generalizations of the concept of a “group” is that 
of a “‘multigroup” in which we retain essentially all of our postulates except that 
two elements combine into a subset of elements rather than a single element of 
the set. Since the concept of a group is fundamental in other divisions of 
algebra, it is natural to wonder just what one would obtain if the groups there 
were to be replaced by multigroups. This paper is an investigation into various 
parts of algebra in which this replacement has been made. It is essentially 
the material presented in a thesis written at the University of Illinois under the 
guidance of Professor Brahana. I am greatly indebted to him and to Professor 
Baer for many criticisms and suggestions on the material. 

It shall be assumed that the reader has a general knowledge of the material 
on generalizations of groups.’ 

In §1 we introduce the concept of a generalized ring. This is defined much 
in the same way as is an ordinary ring, the fundamental difference between the 
two being that in our case addition and multiplication are not necessarily unique. 
We also obtain some elementary properties of those of our rings which are addi- 
tive groups. An interesting result in this connection is that every product 
contains the same number n of elements, and n is a divisor of the order of the 
additive group. 

We define an ideal which is similar to an ordinary ideal. By the use of a 
certain correspondence Q among the elements of our ring, we can isolate a certain 
subset of ideals composed of Q-ideals. We show that a satisfactory choice of 
the correspondence Q allows us to establish a representation of a Q-ideal which 
is similar to the classical one. It follows from our development, except in cer- 
tain cases, that any structure considerations must be made in terms of these 
Q-ideals. 

We consider the multiplicative properties of the elements in §4. We also 
discuss the case when we have unique factorization of elements into prime 
elements. This is done as preliminary work to §5. 

In certain types of our rings we are able to define an “indeterminate domain” 
in which the product of two polynomials is a subset of polynomials. For some 


Received March 1, 1941; in revised form, May 13, 1941. 

1 A good bibliography may be found in M. J. Dresher and O. Ore, Theory of multigroups, 
Amer. Jour. of Math., vol. 60(1938), pp. 705-733. Other papers include J. E. Eaton and 
Oystein Ore, Remarks on multigroups, Amer. Jour. of Math., vol. 62(1940), pp. 67-71; J. E. 
Eaton, Associative multiplicative systems, Amer. Jour. of Math., vol. 62(1940), pp. 222-232; 
Howard Campaigne, Partition hypergroups, Amer. Jour. of Math., vol. 62(1940), pp. 599-612. 
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specialized kinds of rings we then show that any polynomials contained in the 
product of two so-called “primitive polynomials” is primitive. We are also 
able to establish an analogue of the Gauss lemma. However, it results that 
the indeterminate domain of what we term an integral domain is an integral 
domain if and only if the integral domain is an ordinary integral domain. 


1. General concepts. 

DeriIniTIon 1. A set R of undefined elements between every two elements, 
say a and b, of which a product ab and a sum a + b is defined shall be called a 
ring if 

(a) R is a multigroup with respect to addition, 

(b) R is an associative multiplicative system with respect to multiplication, 

(c) a(b + c) = ab + ac and (b + c)a = ba + ca for any three elements a, b, 
and c of R. 

DeriniTion 2. An element 0 of R which is an identity of the additive multi- 
group shall be called a zero of R. If 0 is also an additive scalar, it shall be 
called a scalar zero of R. A scalar zero whose product with each element of R 
is itself shall be called a null zero. 

Let us consider the case when the additive multigroup of our ring is an ordi- 
nary group R. Then any element u of R defines an automorphism of R on the 
subgroup Ru. In particular, it defines an isomorphism between R/H(u) 
and Ru/H, where H is an invariant subgroup of Ru and H(u) is an invariant sub- 
group of R. Then Ou = H and ru isa coset of H under Ru. uO and Ov are both 
invariant subgroups of R. Furthermore, they are both cosets of 00 in RO and 
OR respectively. Hence u0 = 00 = Ov for any uandv. This shows-us that H 
is independent of the choice of the element u of R, and is the same for both right 
and left multiplication. 

A number of very useful results follow in a trivial way from the preceding 
discussion. We mention 


TueoreM 1. If a ring R is additively a finite group, every product contains 
the same number n of elements, and n is a divisor of the order of the additive group. 


In all subsequent discussion we shal] assume that addition and multiplication 
are commutative. 

Derinition 3. Any element 1 of a ring R shall be called a unity element if 
lr > r for every element r of R. 

Derinition 4. If R has at least one zero element 0, any element a’ such 
that a + a’ > 0 shall be termed an additive inverse of a. If R contains a unity 
element 1, any element b’ such that bb’ > 1 shall be called a multiplicative inverse 
of b. 

Let n be any positive rational integer and a any element of R. The symbol 
na shall mean a + a + a + --- nm times, while a” shall mean aaa --- n times. 
We have na + ma = (n + m)a, n(ma) = (nm)a, na + nb = n(a + b), a"a”™ = 
a"*™ and (a + b)” equals the usual thing. 

DerrimitTion 5. A subring A of R is an ideal if AR C A. 
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Certain types of our ideals have interpretations in terms of the “isomorphisms” 
of our rings analogous to those that ordinary ideals have for ordinary rings. 
However, we shall not deal with them in this paper. 

Dertnition 6. The crosscut (A;, Az, ---) of any set Ai, Ac, --- of ideals 
shall be the totality of elements of R contained in every A; . 

The crosscut of two submultigroups of a multigroup is not necessarily a sub- 
multigroup, because a + z > b may have solutions in one submultigroup which 
are not in the other one. As a result, it can easily be shown that the crosscut 
of two ideals need not be an ideal. In order to avoid this situation we now in- 
troduce the concept of a Q-ideal. For our immediate use we shall need the no- 
tion of a T-set, which shall be any set of ideals of R such that the crosscut of any 
subset of them is an ideal of the set. 

Dertnition 7. A correspondence among the elements of R shall be called a 
Q-correspondence if to a fixed element q and each element r of R correspond a 
subset f(r) of elements zx; and another subset g(r) of elements y; such that 
q+2; Drandq Cy; +r for alliandj. The z; and y; shall be called the 
correspondents of the element r. 

DerrinitTion 8. An ideal A of R which contains q, and, if it contains r, 
contains f(r) and g(r) shall be called a Q-ideal. 


THEeorem 2. The ideals of any T-set are Q-ideals for some Q, and for any Q 
the totality of Q-ideals form a T-set. 


Consider the crosscut of all the ideals of T. From this ideal we pick any 
element which we shall call g. Assume that no correspondence Q exists for gq. 
Let r be some element of the ideal A of the T-set. Then for every expression 
q + x Dr there is an ideal A, of T which does not contain z, but does contain r. 
The crosscut of all of the A, is not an ideal, contrary to the assumption that 
we had a T-set. 

We shall not give a proof of the second part of the theorem. The considera- 
tions that we have just discussed tell us that either some of the relationships 
a+ x > b have an infinite number of solutions, or we must proceed along the 
lines that we do. 

DertnitTion 9. The union of any set S of Q-ideals shall be the crosscut of 
all Q-ideals which contain every ideal of S. The union shall be indicated by 
brackets. 


THeoreM 3. The Q-ideals of R form a structure. 


Dertnition 10. An ideal A shall be called primary if the only products be, 
where b is not an element of A, which contain an element of A are from among 
those elements c such that there is a g such that c’ is contained in A. If g is 
always 1, A is a prime ideal. 


2. Q-ideals. Hereafter, all ideals discussed shall be assumed to be Q-ideals. 


Postutate I. If uw C A, where A is an ideal, and if u’ is any correspondent 
of u, then u'v C A. 
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This is a postulate about Q. 
Let A be any ideal and B any subset of elements of R. The symbol A/B 
shall denote the totality of elements e such that Be C A. 


THEOREM 4. The following two statements are equivalent: 
(a) Q satisfies Postulate I, 
(b) A/B is a Q-ideal for every A and B. 


For if ub and vb are in A, so are (u + v)b and (uv)b. If Q satisfies Postulate I, 
all the correspondents of the various elements are in A/B, and (ur)b = (ub)r CA, 
so that A/B is a Q-ideal. The converse is clear when we consider those subsets 
B composed of but one element. 

We shall not give the proof of 


TuHeoremM 5. (A, B)/C = (A/C, B/C). 


For the remainder of this section we shall assume that Q satisfies Postulate 
I. 


TuHEeoreM 6. Let A be any primary ideal. The totality B of elements c of R 
such that there is a g. for which c*’ C A is a prime ideal. 


If r CR, we see that (rc) = rc’ CA. If b is any element of B, 
(b+ cc)" = > (") b"“c’ C A, where n = g + g-. Postulate I tells us 


that if c’ is any correspondent of c then c’c’*™’ C A, and, since A is primary, 
there is a g.- such that c’”’ C A. Hence B is an ideal. 

Now let zy Dz, wherez C Bandz €B. Hence, forsomeg,,2 CA. This 
implies that zy” contains an element of A. Continuing this process, we 
conclude that y is an element of B. 

DEFINITION 11. Let A be any primary ideal and C an ideal containing A. 
If for every element c of C there is a g. such that c’* C A, C belongs to A. 


THEOREM 7. A primary ideal A has only one prime ideal belonging to it. 


Let P and P’ be two such primes. Then, if p C P, there is a g, such that 
p” CA CP’. Since P’ is a prime, this means that P C P’. In the same 
way, P’ CP. 

Derinition 12. If D = (D,, De, ---), where the D; are ideals, we shall 
call the set D, , D. , --- a representation of D. If D is not the crosscut of fewer 
of the D;, the representation shall be said to be irreducible. If the number of 
D; is finite, we shall say that we have a finite representation. 

Theorem 7 makes it easy to verify that we have 


TuEoreM 8. If D is the crosscut of two primary ideals D, and Dz which have 
the same prime P belonging to them, then D is primary and P belongs to D. 


THEorEM 9. If, in any finite irreducible representation D,, Dz, --- , D, of 
any ideal D by primary ideals, all the D; have different primes P; belonging to them, 
then D is not primary. 
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Let P; belong to D;. Out of each P; choose a; , an element which is not in 
P, , for all i except 1. For each a; there is a g; such that af‘ C D;. Hence, 
there is a g such that D,([] a;)’ C D. Therefore, if we choose d so that 
d<D,, but d €D, while e is any element in (]] a,)’, we know that 
de CD. ‘ 

Now, assume that D is primary. Eithere C P, ord CD. Sinced € D, 
e C P, where P is the prime belonging to D. Since P is a prime, this implies 
that some a;isin P. But P C P,, and this a; is in P; , contrary to our assump- 
tion. Hence D is not primary. 


TuEorEM 10. Let D,,--- , D, be any primary ideals, and B any ideal. Then 
if B is not contained in any of the primes P; belonging to the D; , (D, , --- , D,)/B = 
(D, pe D,). 


Let r be any element of R and bany elementof B. Thenifrb C(D,, --- ,D,), 
either r C (D,, --- , D,) or b is contained in some P; . 


TurorEeM 11. If D,,---,D,and Di, --- , Di are two irreducible representa- 
tions of the same ideal by primary ideals D; and D; for which P; ¥ P; and P; ¥ P; 
when i # j, then r = 8 and the primes belonging to the D; are the same as those 
belonging to the D; . 


For some P; , say P;, P: & P; when i # 1. We have two possibilities: (1) 
P; is contained in some P; , say Pj, or, (2) P: € P; for any 7. Let us first 
consider (1). We have two possibilities: (a) Pi is the same as some P; , or, 
(b) P; is contained in, but not equal to some P;, say P;. If (a) is true, the 
first step of our proof is complete. If (b) is true, we can interchange P; and 
P{ in what follows for (2). We have (D2,---, D,) = (R, Dz,--+, D,) = 
(D,/D; , D2/Dy , «++ , D,/D) = (D1, D2, +++ , Dp)/D1 = (Di , Dz, «++ , Dt)/Ds 
= (D;/D;, D3/D;, --- , D{/D:) = (Di, Dz, --- , Di) = (Di, D2, +++ , Dy). 
Hence, we do not have an irreducible representation, contrary to assumption, 
and (1), (a) is true. 

(D, , Dj) is primary and P, belongs to it. Ifr C Randd C (D,, Dj), rd CD, 
and rd C Dj. Therefore, D,/(D,,Di) = R = Dj/(D,,D;). Thus, 
(Dz, +--+, Dr) = (R, D,,--+, Dy) - (Di/(D; , Di), D2/(D; , Dj), «++, 
D,/(D: , Di) = (Di, De, +++, D,)/(Di, Di) = (Di/(Di, Di), Ds/(D, Di), 
-.» ,Di/(D;,, Di)) = (Dz, -+- , Di). Obviously, we have a proof by induction. 

These results are somewhat similar to some obtained for Dedekind structures. 
However, our results depend on multiplicative properties of the elements and 
are stronger than the results obtained there. Furthermore, we do not seem to 
have a Dedekind structure. This suggests that we should be able to obtain 
some decomposition results for structures which do not satisfy the Dedekind 
relation, probably for those satisfying some sort of an automorphism relation- 
ship. The classical development of ideal theory has been followed here.” 


2 The classical development may be found in van der Waerden, Moderne Algebra II. 
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3. The ascending chain condition. As in the preceding section, we shall 
restrict our attention to Q-ideals. 

Derinition 13. [a; , a2, --- ] shall stand for the Q-ideal which is the crosscut 
of all the Q-ideals. which contain every one of the elements of the basis 
a, ,@_,-+--. If the number of q; is finite, we shall say that it is a finite basis. 

In the customary way, we can prove that the necessary and sufficient condi- 
tion that every ideal shall have a finite basis is that every ascending chain of 
Q-ideals shall have but a finite number of different members. This last condi- 
tion, which is called the ascending chain condition, shall be assumed to obtain 
for the remainder of this section. 

DEFINITION 14. An ideal A is reducible if there are ideals B and C such that 
A = (B, C), where neither B nor C.is equal to A. If A is not reducible, it is 
irreducible. 

The ascending chain condition immediately gives us 

THEOREM 12. Every ideal may be written as the crosscut of a finite number of 
irreducible ideals. 

We now introduce 

PostuaTE II. If b is any element of R, Rb is an ideal. 

It is easy to verify 

THEOREM 13. Postulate II may be restated as follows: Let a, b, and c be any 


three elements of R such that ab > c. Then if c’ is any correspondent of c, the 
relation xb > c’ has a solution for x in R. 


Postu.ate III. Jf A and B are any two ideals, every element in [A, B] occurs 
in an expression of the form a + b, wherea C A andb CB. 


If R contains a unity element, the subset Ra contains a, so that we have 


TueoreM 14. Let Q satisfy Il and III. Then, if R contains a unity element, 
every element of [a,, d2,-++,@r] occurs in an expression of the form >. ra;, 
where r; is an element of R. 

PosrutaTE IV. Let A be any ideal of R. Then tf cd contains an element of A, 
cd is completely contained in A, for any two elements c and d of R. 


TuroreM 15. Let R have a unity element and Q satisfy I, II, III, and IV. 
Then any additively reversible irreducible ideal is primary. 

Assume that the theorem is false for A. By Postulate IV, we know that 
there are elements c and d which are not in A such that cd C A, while there 
is no g such that d’ C A. 

Suppose that e; C de; , where ¢ = c. Then, by Postulate I, the totality of 
elements r such that re; C A form an ideal, and we have an ascending chain 
because A/e; C A/eii:. Hence, for some k, A/eg = A/ezi:. We shall show 
that A is reducible because A = ([A, c], [A, Rex]), where e, has been chosen so 
that it is not in A. 
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If s C [A, c], Postulate III tells us that s C a + re and sd C ad + r(cd). 
Hence, sd CA. Ifs C[A, Re], s Ca’ + r’e, and sd Ca” + r'(de). Since A 
is reversible, r’(de,) contains an element of A. Consequently, some rex: C A, 
and thus re, C A. Therefore, s C A, and A is reducible, contrary to our 
assumption. 

We now prove the main theorem of this section, namely, 


TuroreM 16. Let Q satisfy I, II, III, and IV, R have a unity element, and 
every irreducible ideal be additively reversible. Then every ideal may be expressed 
as the crosscut of finitely many primary ideals, no two of which have the same 
prime ideal belonging to them. 


By Theorem 12 every ideal may be written as the crosscut of finitely many 
irreducible ideals. Theorem 15 tells us that these irreducible ideals are primary. 
Theorem 8 indicates that we may replace each set of ideals in the representation 
which belong to the same prime ideal by their crosscut. 

It is of interest to note that we now have the following partial Dedekind 
relationship. 


THEOREM 17. Let Q satisfy Postulate III and A be any additively reversible 
ideal. Then if C > A, [A,(B, C)] = (C, [A, B)). 


Before leaving the subject of ideals and the correspondence Q, one should 
notice that some of the results apply to the subject of structures of submulti- 
groups of a multigroup. Consequently, the correspondence Q is quite funda- 
mental there also. It is apparent from a little thought that a complex and 
interesting theory of the relations between different Q correspondences and the 
various structures associated with them can be developed. However, it seemed 
more important to derive first an analogue of the decomposition of ordinary 
ideals. Since these considerations were quite lengthy, further development 
along this line at this time would probably become tedious. 


4. Integral domains. We shall confine ourselves to commutative rings. 

DerinitTion 15. A ring M witha scalar zero 0 and at least one unity element 1 
shall be called an integral domain if 

(1) mym, > 0 implies that either m, = 0 or m, = 0; 

(2) mymz > m, implies that m, is a unity element, or m, = 0; 

(3) mymms = mm; , where m is any element contained in mym, . 

DerinitTion 16. If ab > c, we shall say that a and b divide c. If ¢ also 
divides a, then a and ¢ are associates. Any element is regular if it has an asso- 
ciate which is a unity element. 

It is clear that division is reflexive and transitive. If a and c are associates 
and a > be, then b is a regular element orc = 0. Successive applications of (1), 
(2), and (3) of Definition 15 tell us that 01 = 0, then 00 = 0, and finally that 
Oa = 0 for any a. 


3 The proof is essentially that used by Dresher and Ore in establishing a similar theorem 
about multigroups. 
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Let and n’ be any two elements of M and let nn’ Da. Then nn’ = n(n‘l) = 
(nn’)1 = al. Thus we have proved 


THEOREM 18. The elements occurring in any product nn’ are exactly those in al, 
where a is any element in nn’ and 1 is any unity element. 


DEFINITION 17. Let a and b be any two elements of M. Then any element c 
which divides both a and b and is divided by all elements which divide both 
a and b shall be called a ged (a, b). If ¢ is divided by both a and b, and if c 
divides any element which is divisible by both a and b, then c shall be called a 
lem (a, 6). 

DEFINITION 18. An element which is not regular and whose only divisors are 
its associates and regular elements is a prime. The elements a;, a, --- are 
relatively prime if the only elements which divide all of them are regular elements. 

In the customary way, we may show that we have 


THeroreM 19. If dis a ged (a, b), a C dt, and b C dt’, then t and t’' are rela- 
tively prime. 


Let a’ be any additive inverse of a. Assume that m is any element of M, 
and that k and r are any two elements contained in ma and ma’ respectively. 
Then, if  ~ 0, we have t(k + r) = t(ma + ma’) = tm(a + a’) Dtm0. Hence, 
if a’ is any additive inverse of a, any element in ma’ is an additive inverse of any 
element in ma. 

DeFIniTIon 19. Let F be an integral domain containing the integral domain 
M. Then F is a quotient field of M if 

(1) 1 is a unity element of F and 0 is a zero of F, 

(2) for every m ¥ 0 of M there is an m™ such that mm™ 
element, 

(3) every element of F is contained in some product nm™, where m and n 
are elements of M. 

M may be divided into disjunct subsets each of which consists of the elements 
in some product Im. In some cases, we may adapt the ordinary method of 
imbedding an ordinary integral domain in a field to these subsets. 

If any integral domain M is contained in a quotient field F, and if m, n, and p 
are any three elements of M such that mn > p for any n™’, then, since 
m < mnn* = pn, nand 7 are divisors of m. 

If any integral domain M is contained in another integral domain with the 
same unity elements, any multiplicative inverse s of a regular element s of M 
is itself contained in M. For, let s’ be any multiplicative inverse of s which is 
contained in M. Then s’ Cs "1 = s‘ss’ = ls’ C M. 

Let a, b, and c be any three elements such thata + b Dc. If —1 is any 
additive inverse of 1, then (—1)e C (—1)a + (—1)b. Consequently, a’, b’, 
and c’ exist which are additive inverses of a, b, and ¢ respectively, such that 
a+b’ De. 

DerFInNITION 20. An integral domain is a unique factorization domain if 


* contains a unity 
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(1) a ¥ O implies that there are primes p; such that a C ][ p;, oraisa 
regular element; 


(2) if sets of primes p; and q; are such that [] p;, > a C [] qi, thenr = 8 
and there is a 1-1 correspondence p; corresponding to qi) such that p; and gj 
are associates. 

DEFINITION 21. Two such factorizations as referred to in (2) of the preceding 
definition shall be called associated prime factorizations. If the p; and q; are 
not primes, the factorizations shall be termed associated, provided that the rest 
of the conditions of (2) are satisfied. 

The following facts may be shown in the customary way. 

(a) The necessary and sufficient condition that two elements of a unique 
factorization domain be associated is that they have associated factorizations 
into primes. 

(b) If the p; are primes in a unique factorization domain, every element in 

r+s 
II p; divides every element in [| p;. 
(c) Let a and b be any two elements in a unique factorization domain such 


that a divides b. Then if a C |] p;, and b CJ] qi, where the p, and q; are 
primes, then r S s and to every p; is associated a ¢ ji . 

(d) Any two non-zero elements in a unique factorization domain have at 
least one ged in it. 

(e) If a, b, and c are three elements in a unique factorization domain such that 
a and b are relatively prime to c, then ab is relatively prime to c. 

(f) Any two quantities in a unique factorization domain M have a lem in M. 


5. Indeterminate domains. In this section we shall consider a commutative 
ring R with a null zero 0 and at least one unity element 1. 

Consider the symbol x. With it and R associate the following conventions: 

(1) Ox" = x"0 = 0. 


(2) Form all possible new quantities f(z) = a + > ax‘, where the a; are 
subsets of elements of R and n is a positive integer. Then if fi(z) = 
bo + >> dix’ and fo(z) = co + >> civ’ are any two of these quantities, we have 
the following rules: 

(a) fi(z) = fo(x) if b; = c; for all 7; 

(b) fi(z) > fo(x) if b; > c; for all 7; 

(ce) filz) + fo(x) = (bo + co) + > (b; + ez"; 

(d) filx)fe(x) = » (dh a;_xby) 2". 


If any b,x‘ does not occur in f,(x), or cr’ in fo(x), we agree to replace b; , or ¢ , 
by 0 in (c) and (d). 

DerFtnitIon 22. The subset a; in f(x) of (2) shall be called the coefficient of x’. 
We shall say that f(x) is a polynomial, and if every a; is a single element of R, 
a polynomial with coefficients in R. The totality of all polynomials with coeffi- 
cients in R shall be denoted by R. 
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It is clear that & is a ring containing R. Furthermore, 0 is a null zero of R, 
the unity elements of R are exactly those of R and the regular elements of R 
are those of R. 


TuroreM 20. If R is an integral domain, R is an ordinary integral domain. 


In view of Theorem 1 and the fact that 0 is a null zero, if the theorem is 
false, two elements, say a and b, must exist such that a + 6 contains at least 
two elements, say c and d. If R is an integral domain, fifefs = f'fs = 
ffs, where f’ and f” are any two elements of R which are in fifz. Hence, 


(1x + a)(1z + b)(1z + e) = (1x* + cx + r)(1x + e) = (1x? + dx + r)(Iz + @), 
where 1 is any unity element of R and r is any element in ab. But, 

(1z* + cx + r)(1lx + e) = 11z* + (le + lex” + (Ir + ec)x + er, 
and 

(1a” + dx + r)(1lz + e) = 11x* + (1d + le)z” + (Ir + ed)x + er. 


Consequently, lc + le = ld + le, and ml(c + e) = m(c + e) = m(d + e) 
for any m ande of R. Letting e = 0, we see that c and d are associates. Since 
R has no associates of 0, if w is any element of R, and w’ is any additive inverse 
of w, w + w’ = 0, and if u is any element of R, we can pick a v in R such that 
w’+v=u,andw+w’'+v+u=v,ie,0+u=w. Hence, w is an additive 
scalar. Since w is any element of R, RF is an additive group. Hence, by Theo- 
rem 1, all the elements of R are multiplicative scalars. 

We shall have occasion to refer to the following conditions on R: 

(1) every non-regular element is divisible by at least one prime; 

(2) if a and ¢ are divisible by d, and a + b Dc, b is divisible by d; 

(3) if a prime p divides the elements of ab, it divides a or b; 

(4) R is an integral domain; 

(5) R is contained in a quotient field J which is an integral domain; 

(6) R is a unique factorization domain. 

DeFINiITION 23. If R is an integral domain and f is any element of R, then f 
is primitive if the only elements that divide all of its coefficients are the regular 
elements of R. 


THEOREM 21. Let R satisfy (1), (2), (3), and (4). Then if f; and fz are primi- 
tive, and if f — fife , f is primitive. 

Suppose that every coefficient of f is divisible by a non-regular element b. 
Then, every coefficient is divisible by some prime p. We may write f,; C 
fi + pf: and fe C fe + pf2, where f; is the sum of all the terms of f, whose 
coefficients are not divisible by p, and fz is formed similarly. Then, f C fife C 
file + v(fife + Sif + pfife). Any element c in the coefficient of the highest 
power of z in if is not divisible by p by (3). Let any element in the coefficient 
of the same power of z in p(fifs + fife + pfife) bed, and the corresponding one 
in f be r, so that r C c + d for proper choice of c and d. By (2), c is divisible 
by p, contrary to fact. Hence the theorem is true. 
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Applying this last theorem to an R satisfying (1), (2), (3), and (4), we obtain 
two corollaries: 


Corotuary. If a prime p divides every coefficient of f, and if f [ fife , then p 
divides every coefficient of f, or fe . 


Coroutuary. Suppose that f C fife, and that c divides every coefficient of f. 
Then, if c has no non-regular divisors in common with every coefiicient of f, , c divides 
all the coefficients of fe . 


TuHEeorEM 22. Let R satisfy (2) and (4). Then any element b is an additive 
inverse of any element a if and only if b C 1'a, where 1’ is some additive inverse 
of any unity element. 


The remark following Theorem 19 tells us that every element in 1’a is an 
additive inverse of a. Now let b be any element such thata +b 20. (2) tells 
us that a and b are associates, and consequently, b C ar and0 Ca+bC 
a(l +r). Hence, 1 +r2>0. 

DeriniTIon 24. Let f be any element contained in R. f is reducible in R if 
there are two elements f; and fz of R such that f C fife. fi and fe shall be called 
factors of f. 


TuroreM 23. Let R satisfy (2), (5), and (6). Let f be a primitive polynomial 
with coefficients in R, and such that there are polynomials g and h of I for which 
f Cgh. Then, there are elements a and b of I and primitive polynomials go and 
ho of R such that g S ago and h & bho , and for any set a, b, go and ho satisfying these 
conditions, ab contains only regular elements of R. 

—l1 i 


Since I is a quotient field of R, we may write g C > am;'z‘ and h C 
> bam;z'z*, where a; , b;, n;, and m; are elements of R, while nz’ and m;* are 
multiplicative inverses of n; and m;. Let d, be a lem of all the n;. Let d 
be a ged of all the am;'d2. Then g C dz'd; >> ajx‘, where the a; are elements 
of R and are relatively prime as a totality. We may assume that d; and d, are 
relatively prime. Otherwise we should be able to replace them by appropriate 
elements in the product dz'd;. Similarly, h Cdijd:* S> biz’. Let go C >> aja’ 
and ho © >> biz‘, while fo we take to be any polynomial with coefficients in R 
such that f C abfo C abgoho , where a is any element in didz" and b is any element 
in dd; . Nowab = (d,d;)dz'd;' = rs, and f Crs “fy. Hence, s divides r or 
has a ged in common with the totality of coefficients of fo. Since fo is primitive, 
s divides r. But r divides all the coefficients of f, and, consequently, is regular. 
Hence, s is regular and any element in ab is in RF and is a regular element of R. 

We shall say that a polynomial with coefficients in RF is monic if the coefficient 
of the highest power of x is a unity element. 


TuroreM 24. Let R satisfy the conditions of Theorem 23. Then, if a monic 
polynomial of R is such that f C gh, where g and h are monic polynomials in I, 
g and h belong to R. 


By the preceding theorem, g © ag and h C bho , where ab contains only 
regular elements of R and go and Jy are primitive polynomials of R. Then, we 
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may write a C cd’, b C gr’, and we may assume that c is relatively prime to d 
and that q is relatively prime tor. Now dr divides cq, d divides g, and r divides c, 
so we write ¢q C dq ,c¢ Creo, and ab = cd ‘gr = reed ‘dar’ = coo. Since 
ab contains only regular elements, co and g are regular. Hence we may choose 
go , ho , a’, and b’ such that a’ C rd“ and b’ Cer”. The last coefficient of go 
is contained in rd~‘e, where e is the last coefficient of gj and the last coefficient 
of ho is in dre’ analogously. Then, since g is monic, rd‘e contains a unity 
element, as does dre’. Hence, re > d and de’ > r. Thus r and d are asso- 
ciates and divide each other. Therefore, a’ and b’ belong to R, and g C a’gi, 
while h C b’hj , so that h and g belong to R. 


UNIVERSITY OF ILLINOIS. 








INTRANSITIVE ABELIAN ALMOST-TRANSLATION GROUPS OF 
ALMOST-PERIODIC FUNCTIONS 


By FrEep ASSADOURIAN 


It is our purpose here to generalize as completely as possible the results 
which H. Bohr and D. A. Flanders obtained in a recent paper’ concerning the 
almost-translation groups of almost-periodic functions. 

We deal with a finite set of m distinct one-valued, continuous almost-periodic 
functions fi(t), --- , fm(t) (written collectively as [f(¢)]) of a real variable, defined 
for— © <t<-+ ©. Thesubstitution S is defined over the integers 1, --- , m, 
and if S takes j into k, then S{f;(t)} = fi(t). For given « > 0 the real number 
rt is said to perform the substitution S on [f(é)] if 


[| f(t + 7) — Shirl) | < € (—- 2 <t< + wo3h =1,---,m). 


A substitution S on [f(t)] is defined as an almost-translation substitution if the set 
{ r:s)(€)} of all real numbers 7 each of which eperforms the substitution S on 
[f(8] is relatively dense for every positive e. 

The set of almost-translation substitutions of [f(t)] forms an Abelian group 
called the almost-translation group G of [f(t)]._ Bohr and Flanders set up a list 
of necessary and sufficient conditions which a set [f(¢)] must satisfy in order that 
it have a given transitive Abelian group G as its almost-translation group, and 
then they went on to prove that any transitive group G can serve as the almost- 
translation group of some set [f(t)]._ The authors left open the question of 
intransitive Abelian groups. We settle this question conclusively and arrive 
at results which cannot be generalized further since almost-translation groups 
must be Abelian substitution groups. We denote the main theorem of Bohr 
and Flanders by Theorem A and present it with changes in notation. 


Tureorem A.” Let [f(t)] be a finite set of m almost-periodic functions, 
i(t), «++ , fm(t); and let G be an arbitrary transitive Abelian group of m substitu- 
ions which we denote by 


1,2,--+,m 1,2, +--+, m 
S(1) = pees, S(m) = 4 
1,2,---,m M, +++ 


Then in order that [f(t)] be composed of distinct functions and have G as its almost- 
translation group, it is necessary and sufficient that the following four conditions 
be fulfilled: 


Received March 10, 1941. 

1 Algebraic equations with almost-periodic coefficients, Kgl. Danske Videnskabernes 
Selskab, Mathematisk-fysiske Meddelelser, vol. 15(1937), pp. 1-49. 

2 Loc. cit., p. 32. 
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(i) All the functions fi(t) have exactly the same Fourier exponents d, , and the 
absolute values of the corresponding Fourier coefficients are the same. 
(ii) Further, the Fourier series of the functions f,(t) have the form 


Srl) ww > xnlS(h) Jan exp (trxt), 


where xn|S], for each n, is a character of the group G. 
(iii) Those characters x,|S] which actually occur form a generating system of the 
character-group G* of G. 
(iv) If any finite set 1. , --- , Aw of Fourier exponents is connected by a linear 
relation 
gir + eee + gwAwn =0 


with integral coefficients, then the corresponding characters are connected by the 
relation 


{xalS(h)]}" +++ {xwlS(A)]}" = 1 (1 Sh sm). 


Before generalizing this theorem we introduce a system of notation. Let G 
now be an intransitive Abelian group of substitutions on the integers 1, --- , m 
which split up into the following systems of intransitivity: 1, ---, m; 
m, + 1,--+, mm + m;---. We denote the number of integers in the k-th 
system by m, and the number of systems by r. The substitutions of G operating 
just on the k-th system form a transitive Abelian group G(k). Therefore, 
Theorem A can be applied to these systems of intransitivity. 

Now we suppose that the finite set of m almost-periodic functions [f(t)] has G 
as its almost-translation group. We group these functions into their systems 
of intransitivity in the following way: 


Jia, fa, sain » Sem, ; 


where k = 1, --- ,rand >, m = mM. 

We write the effect of any substitution S in G on the subset [f,;], k fixed, as 
S(k, h), where the latter denotes one of the m, transitive substitutions of G(k). 
Also, we may assume’ that the functions in the k-th subset have been arranged 
so that S(k, h)(fiu) = fin. We denote the character-group of G(k) by G*(k). 
Its characters will be denoted by x4;{S(k, h)] (h,j = 1, +--+ , mx). We write any 
Sin GasS = i S(k, h), where h depends on k. 

For an intransitive Abelian group G, Theorem A generalizes into 

THEorREM 1. Let [f(t)] be a finite set of m almost-periodic functions f(t), --- , 
Sm(t); and let G be an arbitrary intransitive Abelian group on the integers 1, --- ,m 
decomposable into r systems of intransitivity, each consisting of m, integers, 
k = 1,-+--, 7, D> m = m. Then, in order that [f(t)] be composed of distinct 
functions and have G as its almost-translation group, it is necessary and sufficient 
that the following conditions be fulfilled: 


3 Loc. cit., p. 27. 
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(i) For fixed k, all functions fis(t) (h = 1, «++ , mx) have the same Fourier ex- 
ponents Ax, with non-vanishing coefficients, and the absolute values of the correspond- 
ing Fourier coefficients are the same. 

(ii) The Fourier series of the function fix(t) has the form 


(1) Sun(t) ~ > xin [S(K, h)] Gen exp (trent), 


where, for each n, xn[S(k, h)] is a character of G(k). 

(iii) Those characters for fixed k which actually occur in (1) form a generating 
system of G*(k). 

(iv) For two unequal values of k no one of the series (1) corresponding to one 
value of k is identical with any of the series (1) corresponding to the other value of k. 

(v) If any finite set Xn , +++ , Aw, 5 +++ G An, +++ y Aew, Of the Fourier exponents 
of [f(t)] ts connected by a linear relation 


(2) > Jen den = 0 


with integral coefficients, then the corresponding characters are connected by the 
relation 


(3) IT {xenlS(k, h)}}**" = 1 
for every SinG. If S = I S(k, h) is a substitution on the systems of intransi- 


tivity of G but is not in G, then there must exist a set of integers gui , +++ , Jim, 3 *** 3 
Gr, *** , Gru, such that 


(4) p> Jinden = 0 
and 
(5) IT {xunlS(k,h)]}%" ¥ 1. 


(vi) If there exists an intransitive Abelian group G’ containing G and having 
for one of its systems of intransitivity the sum of two or more systems of intransi- 
tivity of G, then the set of functions corresponding to this system of intransitivity of 
G’ does not satisfy all the conditions of Theorem A. 

Proof. The necessity of conditions (i), (ii), (iii), (vi) follows directly from 
Theorem A; the necessity of condition (iv) follows from the fundamental unique- 
ness theorem in the theory of almost-periodic functions; and the necessity 
of condition (v) may be shown by a slight modification of the proof of Theorem A. 

We prove now the sufficiency of these conditions. Theorem A assures us that, 
for fixed k, the functions fia(t) (hk = 1, --- , mx) are distinct. Condition (iv) 
tells us that no two functions drawn from different systems of intransitivity are 
identical, so that all the functions must be distinct. Now [f(¢)] must have a 
certain Abelian almost-translation group G’.‘ Again using a modification of the 


‘ Loc. cit., p. 11, Theorem 1. 
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proof of Theorem A, we can show that condition (v) compels every substitution 
in G to be in G’, and excludes from G’ every substitution on the systems of 
intransitivity of G which is notin G. Condition (vi) prevents G’ from containing 
any system of intransitivity which is composed of two or more systems of 
intransitivity of G. Hence we can assert that G’ = G, and Theorem 1 is com- 
pletely proved. 

For our later work we replace condition (vi) by a sufficient but not necessary 
one by using Theorem A: 

(vi)’ |aus| ~ | ans],  & # h, for every i, j. 

We proceed now to develop our most important result, that for an arbitrary 
intransitive Abelian group G we can always find a set of distinct almost-periodic 
functions which has G as its almost-translation group. Suppose G is of order N 
and involves r systems of intransitivity. It can be expressed as a direct product 
of cyclic subgroups, and generators of these cyclic subgroups form a minimal 


basis for G. Suppose that S(1), --- , S(M) form such a minimal basis; S(j) 
has order N(j) S N. For eachj (1 S$ j S M) we write 
S(j) = I] s(k, j) (k = 1, R*%\9 r), 


where s(k, 7) belongs to the transitive group G(k), and where for fixed k, the 
not necessarily distinct substitutions s(k, 7) generate G(k). Selecting a minimal 
basis of G(k) which contains, let us say, w, elements, with w, S M, we write 
the members of this minimal basis of G(k) in the form T(k, h) (h = 1, «++ , we). 
We denote the order of T(k, h) by N(k, h), with N(k,h) S N. For any s(k, j) 
(1 Sj s M) we can find a set of integral c’s for which 


s(k, j) = IT (7, h)I*". 
h 
Finally, we rewrite the generators of G in the form 
S(j) = IT [T'(k, h)}°** 


(j= 1, + Mjk= 1, s+, r;h=1,--- » Wr). 

If q’ is the greatest w, and g = >) w, theng’ S M <q. If M = gq, we say 
that we have the maximal group G on the given systems of intransitivity. First 
assume that M <q. From the given group G we can always form the maximal 
group by adding, say M’ — M = p (M’ 2 q), additional generating elements: 
S(M + 1), "=. % S(M’). 

We start our construction by forming the character-group G*(k) isomorphic 
to G(k). We seek a basis of G*(k) containing w, elements which are images of 
the T(k, h). The following definition of characters over just the basis of G(k) 
furnishes us with a desired basis for G*(k) and will satisfy condition (iii). 

exp (129/N(k, h)), =h, 


k = 
(8) xl T( ’ h)) 1, l# h, 


where 1, h = 1, «++ , We. 
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Corresponding to each generator S(j) = [] [T(k, h)]**** of G, we form the 
kh 
product 
IT xw{{7(, hy} 
kth 


which according to (8) becomes 
IT exp (t2acyjndengea/N ), 


with dy, = N/N(k, h). Whether or not this product is one depends on whether 
or not 

(9) > Crjrdingern = 0 (mod N) (j=1,---,M). 
For any substitution in the maximal group on the systems of intransitivity of G 
we can arrive at a similar congruence 

(10) > Cra din gen = 0 (mod N). 


Consider a congruence (10) which corresponds to a substitution of G. There 
must exist a set of integral u’s such that S = II [S(j)]“ or such that 
7 


(11) Cn = z, Ckjn Uj (mod N) (G=1,-+-, M) 
7 

for every k = 1,---,7r;h = 1,--+,w,. For any substitution generated by 

S(M + 1), --- , S(M’) there does not exist a set of integral w’s satisfying (11). 


Because of (11), every solution of (9) also satisfies every congruence (10) 
corresponding to a substitution of G, and hence satisfies (3) for every substi- 
tution of G. For every set of cx’s in (10) corresponding to a substitution 
generated by S(M + 1), --- , S(M"’), we select a set of relatively prime g’s 
which satisfies (9) but not (10),° ie., which satisfies (3) for every substitution 
of G and (5) for this substitution not in G. Since S(M + 1), --- , S(M’) 
generate p elements, we shall obtain p sets of g’s satisfying (9) but not (10) for 
at least one of these p elements. We write these sets 


{geas,k =1,---,r;h = 1, +--+, we} (j = 1,-+--,p). 
For every j (1 S j S p) consider the equation 
(12) > Gerj rng = O, Zz; We = q- 
If we take q — 1 of the )’s as rationally independent, the remaining \ will be 
determined from (12). This choice and the fact that the g’s are relatively prime 


5 It can be shown by standard methods from the theory of numbers that, given a system 
of congruences (9) and an additional congruence (10), the system (9) always has a relatively 
prime set of solutions which does not satisfy (10) if the left member of (10) is not identically 
congruent mod N to a linear integral combination of the left members of (9). 











the 


ther 








ALMOST-TRANSLATION. GROUPS 523 


will prevent the \’s from satisfying any other relation of the form > gia jaz = 0 
kh 


except if the g’”’s are constant integral multiples of the corresponding g’s. If 
the above sets of \’s are not rationally independent, then by multiplying as 
many as necessary of these p sets by suitable irrational constant factors, we 
can obtain p rationally independent sets of \’s. To each set of \’s we assign 
characters as defined in (8). There will be p sets 


{xenz,h = 1,--+, ues k =1,---,7} (j= 1,---,p) 


such that, for fixed k and h, all the x; are equal. 

This choice of the \’s and characters, as we show now, completely satisfies 
condition (v)fof Theorem1. The only relations, to within constant integral multi- 
ples, which the )’s satisfy are those in (12). For each such relation, (2) implies (3) 
for every substitution in G; for every substitution generated by S(M + 1), ---, 
S(M"), there exists a relation (12) such that (4) and (5) hold true. Therefore 
condition (v) is disposed of. Furthermore, the characters have been chosen in 
accordance with condition (iii). 

If M = q, we merely select one set of g exponents, all rationally independent, 
and one set of characters according to (8). In this case condition (v) is still 
satisfied, since the second part of the condition drops away (now every substi- 
tution on the systems of intransitivity of G is in G, so that p = 0). 

In either case (M < q or M = q), for each exponent we choose a coefficient 
different from zero such that all the coefficients obtained differ from each other 
in absolute value. This choice will satisfy conditions (iv) and (vi)’. Finally, 
we set up the functions 


Sin a } Xknj IS(K, h)] ding exp (trang t) (h = 1, eee, My; k= Be ere, r) 
7” 


if M < q; and if M = q, the functions 
fen = > xenlS(k, h)] aan exp (rant). 


In these representations we remember that the substitution S(k, h) takes fi 
into fix. The above functions in either case satisfy conditions (i) and (ii), and 
since they already have been shown to satisfy conditions (iii), (iv), (v), and (vi)’, 
we have the final 


THEOREM 2. Corresponding to each arbitrarily assigned intransitive Abelian 
group G having r systems of intransitivity with m, integers in the k-th one, there 
exists a set [f(t)] of >. ms distinct almost-periodic functions which has G for its 
almost-translation group. 

We conclude this paper with a list of examples. Taking the integers 1, 2, 3, 
4, 5, 6 with the systems of intransitivity 1, 2; 3, 4; 5, 6, we form every possible 
intransitive Abelian group G on these systems and then construct corresponding 
sets of distinct almost-periodic functions having G for their almost-translation 
group. For the substitutions on the systems of intransitivity we write 
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S; = (12), S: = (34), S; = (56), and for the corresponding characters we write 
xa(Si) = xe(S2) = xs(Ss) = —1. a, a, as will denote complex constants 
different from zero and from each other in absolute value; A, u, v will denote 
rationally independent real numbers. With this understanding we have the 
following possibilities for the group G: 

(a) G, of order 2, generated by S,S.S;. As solutions of the congruence 
i: + g2 + gs = 0 (mod 2), we take g: = 1, ge = —1, gs = Oand g: = 0, g = 1, 
gs = —1, From \; — A, = 0 and Ax — A; = O take A; = Ae = As = A. We 
construct the functions 

fi= aqexp(@), fs= Gqexp(At), fe= a3 exp (2%), 
fr = —a, exp (At), = fa = —qeexp (A), — fo = —as exp (iI). 


(b) G, of order 4, generated by S,S, and S;. For a solution of g: + g: = 0 
(mod 2), and gs = 0 (mod 2), take g: = 1, g: = —1, gs = 0, giving 
Ai — Ae + OAs = 0. Choose A: = Ap = A, As = w. For the functions we take 

fi= mexp(r), fs= exp(rt), fe= as exp (tut), 
fa = —a, exp (At), = fa = —meexp (At), = fe = —as exp (tut). 


(c) G, of order 4, generated by S,S, and 8,S;. For a solution of g: + ge = 0 
(mod 2), and g: + gs = 0 (mod 2), take g, = 1, g = gs = —1, giving 
Mi — Ae — As = 0. Take dA: = A + yp, Ae = A, As = uw, and for the functions use 


fi= qexpfii+u), fs= aexp(rt), fe= as exp (int), 
f= —qexpfitAt+ xn), fr= —a,exp (At), fe = —as exp (tut). 
(d) G, of order 8, generated by S,, S,:, and S;. Take the functions 

fi= qexp(At), fs= exp (tut), fe= as exp (i), 

fs = —a, exp (At), = fa = —mexp (tut), fo = —as exp (it). 


Any other intransitive Abelian group G on 1, 2; 3, 4; 5, 6 after a proper 
rearrangement of these integers will fall into type (b). 


New York UNIVERSITY. 
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RIEMANN SUMS AND THE FUNDAMENTAL POLYNOMIALS OF 
LAGRANGE INTERPOLATION 


By J. H. Curtiss 


1. Introduction. Let C denote an arbitrary Jordan curve of the complex 
z-plane, and let z = ¢(w) be an analytic function which maps the exterior K of C 
(i.e., the unlimited region bounded by C) conformally onto the region | w| > 1 
so that the points at infinity correspond. We assume that this function is 
defined so as to be continuous and univalent for 1 = |w|< «©. The Laurent 
series for the function can be written as follows: 


“ Sa Dw. a 
(1.1) ow) =cewt+ ot = ++ » |wl 21, 


where | c | is the transfinite diameter of C. 
The polynomials 


wn(z) = Il [z — y(e™"")) ‘(n = 1, 2, -++) 
k=l 


are called the fundamental polynomials of Lagrange interpolation in the points 
g(e**"") on C. It is well known’ that 


|c| |w|, = ¢(w), zin K, 


lim | wa(z) Pa - . . 
neo lel, z interior to C. 


In the present paper we attack the more delicate problem of determining the exact . 
behavior of the sequence {w,(z)}, rather than that of the sequence {| w,(z) | ”"}. 
The results to be established may be stated formally as follows: 


TueroreM 1. If C is rectifiable, then 


(1.2) lim 2) = 1 


no ~~C" 


uniformly for z on any closed set M of the region interior to C, and 


(1.3) lim oe = 1, z = ow), 


uniformly for z on any closed set M; of K. 


Received March 22, 1941. 
1L. Fejér, Interpolation und konforme Abbildung, Géttinger Nachrichten, 1918, pp. 319- 
331; J. L. Walsh, Interpolation and Approximation by Rational Functions in the Complex 
Domain, American Mathematical Society Colloquium Publications, vol. 20, New York, 
1935; especially pp. 68-75. 
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THEOREM 2. If y'(w) is non-vanishing and of bounded variation for | w| = 
then (1.3) is true uniformly for z in the closed nee C+ K. 


(By ¢’(w) we mean the function c — cw — 2qw* — ....) 

We remark that an interesting limiting case is that in in which C reduces to the 
line segment —1 < z S-1, and y(w) = }(w + 1/w), o(e"”’") = cos (2xk/n) 
(kK = 1,---,njn = 1, 2, -++).. This set of points includes the abscissas of 
Tchebycheff. Here w,(z) is easily found by direct computation, and turns out to 
be 2-"(w" —- 1)(1.— w™”). Hence (1.3) is satisfied in K but not on C. 

_ Theorems 1 and 2 were proved earlier by the author’ under considerably more 
restrictive conditions on C, which essentially involved Lipschitz conditions on the 
derivatives of g(w). Recently Walsh and Sewell’ have obtained bounds for the 
sequence {| w,(z).|} in the case of several curves, using restrictions on the curves 
which involve a Lipschitz condition imposed on the logarithm of the difference- 
quotient of the mapping function. We have two purposes in re-opening here 
the discussion of the case of one curve. The first purpose is to establish Theo- 
rems 1 and 2 under lighter and possibly more “natural” conditions than those 
hitherto used in such problems. To this end we shall employ a method of proof 
suggested by the work of Walsh and Sewell, in which the logarithm of w,(z)/(—c”), 
or of w,(z)/[c"(w” — 1)], is treated as a Riemann sum. The second purpose is 
to present auxiliary results, which are perhaps of some independent interest, on 
the degree of convergence of the Riemann sums for absolutely continuous func- 
tions. These auxiliary results are contained in the next section. 


2. Degree of convergence of certain Riemann sums. 


Lemma 1. Let f(0) be a complex function of the real variable @ absolutely con- 
tinuous in the intervala < 0 <b. Let & = &” =a + (k/n)(b — a) (k = 
1,2,---,n). Then 


@1) lim n[ f(0.)(0» — 4) — [ $0) ao] = b= 8170) — fla) 





This result is already known in the special case in which df/d@ is bounded and 


integrable in the sense of Riemann.‘ A proof of the more general case can be - 


given along the following lines: 
Integrating by parts, we find that 


2) [Xperia - a» - [ soa] => f * @- a0 (Y) ao 


2 J. H. Curtiss, Interpolation in regularly distributed points, Transactions of the American 
Mathematical Society, vol. 38(1935), pp. 458-473; §4. As a result of the work in the present 
paper, the restriction that the curve C should satisfy ‘‘condition (a)’”’ in Theorem I of the 
Transactions paper may be replaced by the restriction that C be merely rectifiable, and 
the conditions on C in the hypotheses of Theorems II and III of that paper may be replaced 
by the conditions in the hypothesis of Theorem 2 above. 

3 J. L. Walsh and W. E. Sewell, Sufficient conditions for various degrees of approximation 
by polynomials, this Journal, vol. 6(1940), pp. 658-705. 

4 See G. Pélya and G. Szegé, Aufgaben und Lehrsdtze, Berlin, 1925; vol. I, p. 37. 
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aS (B)[ne-mo-5] 


we see that (2.1) is equivalent to the assertion that lim D, = 0. The proof of 


this latter relation is very similar to the standard proof of the Riemann-Lebesgue 
theorem in the theory of Fourier series.’ Let ¢ be an arbitrary positive number, 
and let g(@) be a function absolutely continuous in the interval a S @ S band such 


that 
[ 


We define d, by the equation 


n OK ae 
a=->f" a()| n( ~a)-bs *| a0 


EL Qe ty8=9 - pa 


If 6 lies in the interval 6... S @ S 6, thenO S 6 — &. S (b — a)/n, so 


ides © —— [ (js) 


Letting 





df € 
ip ~ 00)|a0 < GS, 














We then have the inequality 





b 
|De| S [De ~ de| + dn) 3° [| — g(@)|an 
(2.3) ; 


+Oee f 








as 8 
79 |9 25+ 5: n>N,, 


and this concludes the proof. 

The lemma shows that the first member of (2.2) is O(1/n) if f(b) # f(a) and is 
o(1/n) if f(b) = f(a). 

Lemma 2. Let f(@, a) be a complex function of the real variable 6 and the complex 
variable a which satisfies the following conditions: 


5 See, for instance, E. C. Titchmarsh, The Theory of Functions, Oxford, 1932; pp. 403-404. 
This similarity was pointed out by the referee, who remarked that the relation lim D, = 0 


no 
was a special case of the following general Riemann-Lebesgue theorem: 
Let F (x) be a bounded, periodic, measurable function over — ~ < x < « whose integral over a 


1 
period vanishes. Let f(x) be any integrable functiononOSzS1. Thenlim | S(z)F (zy) dz 
ye Jo 


= 0. 

Our chief interest in the present paper lies in an extension of Lemma 1 to the case in 
which f(@) depends upon a parameter a; this extension appears in Lemma 2. Although the 
remaining details of the proof of Lemma 1 could easily be supplied by the reader, it seems 
worth while to arrange them here in such a way that the argument will apply at once to the 
extended form of the result. 
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(A) For each value of a on a set S, f(0, a) is an absolutely continuous function of 
6 in the intervala <= @ S b. 

(B) For any given « > 0, there exists a function g(0, a) absolutely continuous in @ 
in the interval a S @ S b, for each a on S, and such that 








(2.4) [ of — 9(0, 0)|d0 <« — 
(2.5) [ 20 a < M(), ae8, 
where Mi(¢) se independent of «. 
Then 
lim n[ f1O1, a)(O. ~ 1) — f " 1(0, «) ao] 
b-% 


[f(b, a) — f(a, a)], uniformly, aeS, 





2 
where 0, = a + (k/n)(b — a). 
The proof is essentially the same as that of Lemma 1; a glance at (2.3) will 
indicate where and how (2.4) and (2.5) are to be used. 


3. Proof of Theorems 1 and 2. We first establish (1.2). The function 
[e() — z]/c®, z « M, is analytic in the variable ® and non-vanishing for | ® | > 1, 
and is continuous for | # | = 1 and equal to one at infinity when defined there by 
continuity. Let log {[g(#) — z]/c®} denote a branch of the logarithm of this 
function chosen so that it is single valued and analytic for | | > 1, continuous 
for | ®| > 1, and equal to zero at infinity. We write 


(3.1) F(6, z) = log [a], zeM. 


By Cauchy’s Integral Theorem for the closed region | | 2 1, 


[ F(6, 2) d0 = bat log [“—|2 = 


wa(2) _ _]T [? = ee) =I [<< = ‘|, 


—c k=l c kml ces 


Now 





where 6, = 2rk/n = 0 + (k/n)(2x — 0). A properly chosen branch of the 
logarithm of w,(z)/(—c”) will satisfy the equation 


2 log wn(2) = Qn > F(®.,2z) =n > F(x, z)(@x — 0-1) 


—c 


= nl F (0x, z)(Ox — Ox) — f F(@, z) ao|. 





— 


a's 


lo 





n of 


in 6 
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RIEMANN SUMS AND POLYNOMIALS OF LAGRANGE INTERPOLATION 529 


Thus, according to Lemma 2, we shall have established that 


lim 2m log oi) = : 0 








[F(2x,z) — F(O,z)] = 0, uniformly, zeM 


(which is the same as (1.2)), when we have proved the following assertion: 


Lemma 3. The function F(@, z) satisfies conditions (A) and (B) of Lemma 2 
with a replaced by z, S by M, a by 0, b by 2x. 

Proof. (i) F satisfies (A). For if C is rectifiable, then g(e“) is of bounded 
variation, 0 < @ < 2x, and therefore the unit circle boundary values of the 
function w’y(1/w’), which is analytic for | w’ | < 1, are of bounded variation. 
By a theorem of F. and M. Riesz,° it follows that e~“y(e”) must be absolutely 
continuous, 0 S 6 < 2x. Accordingly, F is absolutely continuous in @ (0 s 
6 S 2m) for each z « M. 

(ii) F satisfies (B). We have 

pe Ta | a 
00 g(e*) — zdé , 
Given any ¢ > 0, let h(@) be an absolutely continuous function such that 


2 

dp _ 
[ le - 
where d is the distance between M and C. Construct the function 

h(@) 

g(e#) —2z 
It is now a trivial exercise to show that (2.4) and (2.5) are satisfied by G and F. 
The proof of Lemma 3 is complete. 


We turn to (1.3) and Theorem 2. The remarks made at the beginning of this 
section concerning the function [g(@®) — z]/c® apply to the function 


dé < ed, 








G(@, z) = 


¢(®) — ¢(w) 
(0, u) =| =u) ' phish: 
¢'(w), w= wv, 


with the understanding that if the hypothesis of Theorem | is in effect, the fixed 
point w is to be taken in the region | w | > 1, and if the hypothesis of Theorem 2 
is in effect, w is to lie in the closed region |w|2 1. In either case, let ¥(0, w) = 
log q(e, w), where the branch of the logarithm is chosen as in (3.1). Then again 


[ ve, w)ao = 0, 


‘F. and M. Riesz, Uber Randwerte einer analytischen Funktion, Comptes Rendus du 
Quatriéme Congrés (1916) des Mathématiciens Scandinaves, Uppsala, 1920, pp. 27-44. 
See also A. Zygmund, Trigonometrical Series, Warsaw, 1935, pp. 158-162. 
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and 
wn(2) : 
Qe log 2A!) — = | Dvds, w)(Oe — Oa) — | ¥(0, w) a0]. 
w 1) kel 0 
Thus according to Lemma 2, we shall have proved that 


° @n(z) nod 2 
tim 2 10g (wu — 1) 





7 "ivr, w)- v0, w)]=0, 2 = ow), 


uniformly for z on M, (Theorem 1) or z on C (Theorem 2), when the following 
results have been established: 

Lemma 4. If C is rectifiable, then (0, w) satisfies conditions (A) and (B) with a 
replaced by w, S by the image in the w-plane of M, , a by 0, b by 2z. 

Lemma 5. If o'(w) is non-vanishing and of bounded variation for |w\| = 1, 
then ¥(0, w) satisfies conditions (A) and (B) with a replaced by w, S by |w| = 1,a 
by 0, b by 2m. 

Of course, if (1.3) holds uniformly for z on C, then it holds uniformly for z on 
C + K, by the Principle of the Maximum. 

The proof of Lemma 4 is so similar to that of Lemma 3 that it does not seem 
necessary to present it here. But Lemma 5 lies somewhat deeper, and since the 
result is apparently of interest apart from the context, we shall occupy the 
remainder of this paper with a sketch of the proof. 

We first prove Lemma 5 for the difference-quotient q(e”, w) instead of for 
¥(0,w). The restriction that y’(w) ¥ 0, | w| = 1, is here superfluous. 

(i) q(e”, w) satisfies (A). Let ® = e”,w =e, andu =e". By the theorem 
of F. and M. Riesz referred to above, ¢’(w) is absolutely continuous for | w| = 1. 
The periodic function 0¢/0@ is clearly continuous in @ except possibly for @ = 6 
(mod 27). Thus a sufficient condition for the absolute continuity of g over any 
finite interval of the 6-axis for each fixed value of w (or 8) is that 


B—n B+r 
(J+ f.) 
—7 B+n’ 
remain bounded as 7 and 7’ 0, where 7 > Oand 7’ > 0.’ Assume that 7 < 7, 
n’ < x. Integration by parts yields 


oq 
—| dé 
06 





[ (u — w)ye”’(u)iu dt 


8 
ie = wy , DH w. 





(3.2) oq _ 9q dw _ = 


Then since | — w| = 2|sin $(@ -- 8) |, 
B—n B+. aq 
r= lei(f +f”) | ” 


5 (fo +f”) seve so — a) [sin 3 - 8) | 0% | ava 


7 See, for instance, E. C. Titchmarsh, The Theory of Functions, Oxford, 1932; p. 372, ex. 6. 





nm ii Aa be & 


cit 





< 7, 


, ex. 6. 
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We integrate the right member by parts, and obtain 


B— 
I< etn $n | sin } (t — B)| o”(u) | dt 
8 
B+n’ 
(3.3) + ota de! I sin 4 (t — 8) | ou) | dt 


+ (f+ [) cos 4 - ai e"@|ae s 3 [| oa) | an 


Thus J remains bounded as 7 and n’ +0. We have shown that q satisfies (A). 
A slight extension of this argument, which makes use of the fact that q is sym- 
metric in @ and 8, serves to show that q is a uniformly continuous function of the 
two variables @ and 8 in the closed square 0 S @ S 27,0 S 8 S 2x. Hence if 
¢’(w) # 0,|w| = 1, there exists a positive number m such that | q| 2 m for 
all @ and 6—a fact which we shall presently use in studying ¥(6, w). 
(ii) g(e”, w) satisfies (B). From (1.1), we find that 

(3.4) 0") = Ht 4 2S Sy, || > 1; 
and it is known that this Laurent series becomes the Fourier series generated by 

¢’'(e”) if, as henceforth, we set ® = ce”. Let low(®)} denote the sequence of 


arithmetic means of this series, and let ey = | | ¢’"(®) — ovy(®)| dé. Then 
0 


by a theorem of Steinhaus,’ lim ey = 0. We now introduce the function 


no 


ad [ (u — w)on(u)iudt 
c 4g 





; D+ w, 
vy(@, w) = 4 (® — w)? 
tw 
= on(w), B= * 


where as usual w = e”, u = e. The reader can verify that the second quantity 


in the brace here is the limiting value of the first quantity as ®— w. It is 
apparent from (3.4) that oyv(u) contains no power of 1/u lower than the third. 


Also, 
iN (u — w) ath ee i, tu dt alo? —w 
i | (h = 1,2, ---) 
(@ — w)* ~ dt D—w ae 
(compare (3.2)), and this expression is simply a polynomial in 1/@ and 1/w. 
Then vy(@, w), being a linear combination of such polynomials, is itself a poly- 








8 F. and M. Riesz, loc. cit.; also Zygmund, op. cit., p. 158. 

°H. Steinhaus, Sur quelques propriétés des séries trigonométriques et de celles de Fourier, 
Rozprawj Akademji UmiejetnoSci, Cracow, vol. 58(1925), pp. 175-225; also Zygmund, op. 
cit., pp. 84-85. 
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nomial in 1/@ and 1/w. From this it follows that vy is absolutely continuous in 
6 for each w, and that vy satisfies (2.5) for|w|=1. Now 
st om vy(D, w) ao 


Qe 
In=lel fe |S 
B-n Btr\ | 9 
: =... (m 
el tim (+ J) ip ~ 2 a 
9°" 


B—n B+r 6 
lime (f. + ese’ 4 ( ws ef sin } (t — B)| ¢"(u) — ow(u) | dtd, 


1-0 B+n’ 
2/90 





IIA 


0O<n< 24,0 <7! <7. 


Exactly the same methods used to derive (3.3) now yield 
Qn 
Jn $3] |W) — on(@)|dd = Bey. 


Since ey —~ 0 as N — ~, we have shown that q satisfies (B). 

We turn now to ¥(@, w) = log q(@, w). Using the facts that qg is absolutely 
continuous and that|q|2 m, we can rapidly establish that y satisfies (A). 
Now 0/00 = (1/q)(0q/08), so as our approximating function we take ['y(@, w) = 
(1/q)yn(@, w). Then 


r 


en ‘2 ae | 
30 Tw(8, w)| ao <s de 30 vy(®, w) dé 





= < Ben 
m|\c| ~ m|c|’ 
which shows that the first member tends to zero as N becomes infinite. Thus 
for a suitably large value of N, y and I'y satisfy (2.4). It is easily seen that 
Ty satisfies (2.5) for a fixed value of N, so y satisfies (B), and the proof of Lemma 
Q is complete. 


CoRNELL UNIVERSITY. 
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FINITE GROUPS AND RESTRICTED LIE ALGEBRAS 


By Rosert Hooke 


1. Introduction. We are concerned with a method of Zassenhaus' which 
associates with abstract algebraic groups certain Lie rings. 

By a Lie ring L over a field K, we mean a linear space (of finite or infinite 
dimension) over K, in which there is defined an operation [z, y], called the 
commutator of the two elements z and y, satisfying 

(a) [z, y] is in L when z and y are in L. 

(b) [mx + ny, z] = mlz, z] + nly, z], m, n in K, and a similar expression with 
the sum on the other side of the comma. 

(ec) [z, z] = 0 (and so [z, y] - —ly, z}). 

(d) [z, ly, 2]] + ly, lz, zl] + le, [z, y]] = 0. 

If L has a finite basis over K, we indicate this fact by calling L a Lie algebra 
over K. 

If K is of characteristic p, we say that L is of characteristic p. An important 
class of Lie rings of characteristic p is the “restricted” Lie rings.’ L is a re- 
stricted Lie ring if it has characteristic p, and if there is associated with every 
element x of L an element denoted by 2” which satisfies the condition 


—_— 

(e) fy, x*] = [--- [ly, 2], 2], --- , x] for all y in L. 

Let L and L’ be two Lie rings over K with a one-to-one mapping x — 2’ of 
L onto L’, such that mz + ny — mz’ + ny’ (m, n in K) and [z, y] — [2z’, y’]. 
Then L and L’ are said to be isomorphic. If L and L’ are restricted Lie rings 
and, in addition, x” — (z’)’, we shall say that ZL and L’ are “p-isomorphic’’. 

Let L be any Lie ring of characteristic p. We may or may not be able to 
choose for each element xz an element 2” satisfying condition (e). If we are 
able to do so, we follow the nomenclature of Zassenhaus and call L a p-invariant 
Lie ring. For each element x there may exist several elements which would 
satisfy the condition (e). Indeed, let x’ be such an element and C be the centrum 
(set of elements c such that [c, y] = 0 for all y in L); then x’ + c also satisfies (e) 
for any c in C. 

Given a p-invariant Lie ring L, by choosing, for each element zx, one element 2” 
which satisfies condition (e), L becomes a restricted Lie ring. Clearly we can 
begin with the same L and, by choosing different elements x’, get restricted Lie 
rings which are not p-isomorphic. A methodical way of choosing the 2” is 


Received April 24, 1941. 

1H. Zassenhaus, Hin Verfahren, jeder endlichen p-Gruppe einer Lie-Ring mit der Charak- 
teristik p zuzuordnen, Abhandlungen aus dem mathematischen Seminar der Hamburg- 
ischen Universitat, vol. 13(1939), pp. 200-207. 

2 N. Jacobson, Abstract derivation and Lie algebras, Transactions of the American Mathe- 
matical Society, vol. 42(1937), pp. 206-224. 
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given by Zassenhaus. He shows that if L is p-invariant, the elements x” may 
be so chosen as to satisfy the conditions: 

(1) (kx)? = k?x”, kin K. 

(2) (24 + y)? = 2”? + y” + S(z, y), where S(z, y) is a linear combination of 
commutators of x and y. 

He also shows that if this p-operation is to satisfy conditions (1) and (2), it is 
completely determined by its effect on a basis of L. 

In the paper of Zassenhaus, there is described a method of associating with 
any group G, for any prime number p, a restricted Lie ring L over the Galois 
field GF(p) of p elements; the p-operation induced by G in L satisfies conditions 
(1) and (2). We shall speak of L as the p-Lie ring of G. At the end of his 
paper, Zassenhaus states that he has not investigated the reverse process from 
LtoG. The question here is: given a Lie ring L satisfying the obvious necessary 
conditions, is there a group G whose p-Lie ring is L? Or, more generally, is 
there a one-to-one correspondence between abstract groups and their p-Lie 
rings which is analogous to that between local Lie groups and their Lie algebras? 

It will become obvious from the definitions that the p-Lie ring of any finite 
group is a Lie algebra and is nilpotent. It also happens that a p-group has 
only one non-zero Lie algebra, namely, the one which corresponds to the prime 
number which divides the order of the group. We shall show that if L is the 
p-Lie algebra of any group G, then it is the p-Lie algebra of a p-group G’, and 
we shall show how G’ arises from G. We might then hope to get a one-to-one 
correspondence between p-groups and restricted nilpotent Lie algebras, but 
examples will be given to show that: 

(A) There exist non-isomorphic p-groups with Lie algebras which are p-iso- 
morphic. 

(B) There exists a nilpotent restricted Lie algebra L which arises from no 
p-group (and hence from no group whatsoever). 

The statement (B) is to be read: There exists no group G whose p-Lie algebra 
is p-isomorphic to L. The weaker form of this statement, with “p-isomorphic” 
replaced by “isomorphic”, is much less interesting, and remains unproved. 


2. Summary of the results of Zassenhaus. We shall designate by Z, the 
groups of the upper derived series (lower central series, absteigende Zentralreihe) 
of a group G. These are defined by 


Z = G, Z2 = [Z1 , GI, ita Z, = (Zn, GI, 


We use these subgroups of G to define another sequence of characteristic sub- 
groups of G: 

Derinition. Given a group G and a prime number p, then G,, the n-th 
dimension group mod p of G, is given by 


G, = {Z?"}, ip’ =n. 
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That is, G, is the subgroup generated by all elements z?’, where z; is any element 
of Z; and i, j take all possible non-negative integral values such that ip’ = n. 

The groups G, are shown to form a descending (not necessarily properly 
descending) chain of characteristic subgroups of G such that 


G, = G, G.,G.) SGue, GS Gu. 


The notation H” for a subset H of G signifies the set of elements h” for all 
elements h of H. The symbol {H”} will denote the subgroup generated by H”. 

From these results it is clear that the quotient groups G,/G,4: are all Abelian 
and of type (p, p, --- )or1. Wecan therefore map each G,/G,.4: isomorphically 
onto a linear space G,,) over the field GF (p) by a mapping which we shall call d, . 

The p-Lie ring of a group G can now be defined. Let L be the linear space 
over GF (p) which is the direct sum of the G,q) : 


L = Gm + Gay +---. 


The non-zero elements of Gim) are dngm, Where g» is in G,, but not in Gai. 
We define 


[dign » Umm] = AnimlGn » ml: 


This can be extended uniquely and without contradiction to give a Lie multi- 
plication for the whole of L. Finally, if we define 


(dngn)” = dno? , 


it is shown that L is a restricted Lie ring over GF (p), and the p-operation satisfies 
conditions (1), (2). 


Let L be the p-Lie ring of a group G. We define the ideals of the upper derived 
series of L as 


Z,(L) = L, Z2(L) = [Z,(L), L), 
Then if L, and L;,) are defined as 
L, = {Z(L)"}, ip’ =n, 


= Z,(L) - [Z,1(L), I}, 


and 


Lin = Ln/Lnss , 
we have 
L= Ly + Le +::: 5 
and this is the same subdivision of L into linear spaces that was given by the 


spaces Gin) . 


Finally, for a p-group, the dimension groups end at 1, and the p-Lie algebra 
has the same number of elements as the group. That is, if the order of a group 
is p", the order of its Lie algebra is n. 








536 ROBERT HOOKE 


3. Groups with Abelian and degenerate Lie rings. It is obvious from the 
definition of the p-Lie ring L of a group G that if G is Abelian, then L is also 
Abelian. The converse is not true, however, even if we restrict ourselves to 
p-groups. The group of order 16, type V, (i) in the tables of Burnside’ has an 
Abelian Lie algebra which is p-isomorphic to the Lie algebra of the group of 
order 16 which is Abelian and of type III, (ii) in the tables mentioned above. 
It is seen, therefore, as indicated in the introduction, that non-isomorphic 
p-groups may have p-isomorphic Lie algebras. It should be mentioned here, 
however, that all Abelian p-groups of the same order have the same Lie algebra 
in the sense of ordinary isomorphism. 

Before reducing our problem to the study of p-groups, we must point out that 
there exist groups whose p-Lie ring is identically zero, or “degenerate”. This 
occurs when and only when G,, = G for all m. The p-Lie algebra of a prime- 
power group is non-degenerate if and only if p divides the order of the group. 
Hence a p-group G has one and only one non-degenerate p-Lie algebra, and so 
we are justified in calling this simply the Lie algebra of G. 

it will be seen that there exist finite groups which have a degenerate p-Lie 
algebra for some p, yet which possess subgroups whose p-Lie algebras are not 
degenerate. Hence, for arbitrary groups, the study of the p-Lie algebras of 
subgroups is not only difficult, but probably fruitless. 


4. Reduction to p-groups. It is obvious that the p-Lie ring of a finite group 
has a finite basis over GF(p), and so is a Lie algebra. There are also infinite 
groups for which this is true. In this section we shall show that if L is the p-Lie 
algebra of any group, it is also the p-Lie algebra of a p-group. 

The following theorems follow directly from the definition of the p-Lie algebra 
of a group and from the isomorphism theorems for groups. A proof of the first 
theorem is given for the sake of rigor. 


TueoreM 1. If H is an invariant subgroup of G contained in all the groups G, , 
then the p-Lie ring of G/H is p-isomorphic to that of G. 


Proof. Let G denote the group G/H, and Z; the corresponding subgroups of 
G. Itis known that Z;= Z;/Z; M H, where the symbol = denotes isomorphism. 
Similarly, 


G, = G,/G, N H =G,-H/H. 
When A is contained in all of the G, , we have 
Gy = G/Gis = (G;-H/H)/ (Gin H/H) = Gi/Gin = Cw , 


so the p-Lie rings of G and G are direct sums of the same linear spaces. It 
remains to be shown that the Lie multiplication and p-operation are the same 
in each. 


*W. Burnside, Theory of Groups of Finite Order, 2d ed., Cambridge, 1911, pp. 145-146. 
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If g e G, we let g represent the coset of gmod H. Then 4, , defined by 
5n(Gn-Gnii) = Jn ‘Gass , 


is an isomorphic mapping of G,/G,4: onto G,/Gna4: . 
We can now define an isomorphism d, between G,/G,4; and G,») by 


dy = dybz", 
where d,, is the isomorphism between G,/Gns; and Gia) . 
Then if 
An(Gn+Gns1) = Yn € Gin) = Gem , 
we have 
An(Gn-Gnit) = Yn € Gin « 
Hence 


is (19s, Gi)-Girins) = din sees (Ips, gil-Girsaa) 
diss ([gs , 94) Gis ss). 


The two Lie rings are therefore isomorphic in the ordinary sense. 
Finally, 


Anp (Ge -Gnpss) = d, on 9” -Gnpri) 
Anp(Gn-Gnp41), 


so the two Lie rings are p-isomorphic. 


THEOREM 2. Given any group G, the p-Lie ring of G/G, for any G, is p-iso- 
morphic to the quotient ring L/L, , where L is the p-Lie ring of G and 


L, = Gin) + Gins) + piagin, 


The proof of this theorem goes through exactly as does the proof of Theorem 1. 

If an arbitrary group G has for a given p a p-Lie ring with a finite basis over 
GF(p), it is obvious that the groups G, must all be equal after a certain one, 
say G,. Since GF(p) has only a finite number of elements, the Lie algebra L 
must also have only a finite number of elements, so G/G,, must be finite. From 
Theorem 1, since G,, is contained in all the G, , the group G/G,, must have a 
p-Lie algebra which is p-isomorphic to L. This is the first step in our reduction, 
namely, that if a Lie algebra arises from any group, it also arises from a finite 
group. 

Given a finite group G, let us denote by p* the highest power of p which divides 
the order of any element of G. 


Lemma. The set G” consists of all elements of order prime to p, and so contains 
all of the g-Sylow groups of G for q prime to p. 
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Proof. Suppose that g is an element of order n, prime to p. There exist 
integers A, B such that 


An + Bp* = 1. 


Antep® = g'™ = (g*)”, so G” contains all elements of order prime 


Then g = g 
to p. 
Conversely, suppose that g is an element of order m = rp‘, where r is equal to 1 


or prime to p, and 


lsksSa. 


Then (g’)”" = 1, and so (g’)” = 1. Hence (g”)" = 1, and so g” is of order r or 
some factor of r, say 1; at any rate, its order is prime to p. Hence G” contains 
only elements of order prime to p. 

It follows from the proof of this lemma that G” raised to any power of p must 
be equal to itself, so G” and hence also {G”} must be contained in all of the 
groups G, . 

In a finite group G, the groups Z; must all be equal after a certain one, which 
we shall designate by Z,. The group Z, is contained in all the G, , and for nil- 
potent groups Z, = 1, by definition. 


THEOREM 3. If G is a finite group, the p-Lie algebra of G is p-isomorphic to the 
p-Lie algebra of the p-Sylow group of the nilpotent group G/Z, . 


Proof. If G is nilpotent, there is only one Sylow group for each prime factor 
of the order of G, each of these is invariant, and G is equal to their direct product. 
Let p, pi, P2, +++ , Pn be the prime factors of the order of G, and S(p), S(p:), 
S(pe), --- , S(pa) the corresponding Sylow groups. Let S denote the direct 
product S(p:) X S(p2) X --- X S(pra). We have shown that {G”} contains 
all of the S(p,), and so S  {G™}. Hence the p-Lie algebra of G/S is p-iso- 
morphic to that of G. But G = S(p) X S, so we have 


G/S = S(p). 


Hence by Theorem 1, the p-Lie algebra of G is the same as that of S(p), the 
p-Sylow group of G. 

If G is not nilpotent, we know that G/Z, is nilpotent and has the same p-Lie 
algebra as does G. 

This theorem completes the proof that a Lie algebra arises from a p-group if it 
arises from any group whatsoever. It also gives a criterion for the non-degen- 
eracy of the p-Lie algebra of a finite group, namely, that p divide the order of 
G/Z,. Finally, it proves the statement made before that a finite group G (say 
one whose order is divisible by p) may have a degenerate p-Lie algebra (when 
G/Z, has order prime to p) and yet have a subgroup (its p-Sylow group, for 
instance) whose p-Lie algebra is not degenerate. 


5. The counter example. We are now in a position to prove the statement 
(B) of the introduction. 
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In order that a Lie algebra L should be the p-Lie algebra of a group, it has 
been seen necessary that L be a restricted nilpotent Lie algebra over GF(p), 
whose p-operation satisfies conditions (1), (2). It is obvious that we must also 
have the condition L”’ = 0 for some j. 


The following Lie algebra will show that these conditions are not sufficient. 
Let L be of order 4 over GF(2) (with basis elements 2; , 22 , 23 , 24), defined by 
[1,m)=%, M=m=%, W= aX, 


with all other commutators and p-th powers of basis elements equal to zero. 
When the p-operation satisfies the conditions (1), (2), it is shown by Zassenhaus 
that it is uniquely determined by its effect on a basis, so we have defined L 
completely. 


If we let the notation (z, y) stand for the linear space spanned by the elements 
x and y, we have 


I, = (%1, 22, Zs, 2), I, = (3, 2%), Ls = (x%). 
Then 


L = Ly + Le + Le 
= (Xi, 2) + (%s) + (a). 
In this Lie algebra all higher commutators are zero, and it can be shown that 
(@+y)=2+y" + Iz, yl, 
for p equal to 2. Hence in L, 
(a1 + 22)” = 23 + 23 + ts = 23. 


Since 23 = 2, every element of Lj) must have a non-zero eighth power, so 
if L is the Lie algebra of a group G, there must be in G an element of order at 
least 8. We have proved that if G exists we can assume it to be a group of 
order 16. Of the groups of order 16, there are four with elements of order 8. 
These are given here with their generators and defining relations, numbered as 
in the tables of Burnside: 

(i) P = 1, g =1, Q'PQ = P’, 

(vi) PP =1, Q@=1, Q'PQ=P, 

(viii) P® = 1, Q = 1, Q°PQ = P’, 

jx)P=1, @=1, Q'PQ=P, G=P. 

Some calculation will show that for each of these groups, G, consists of the 
elements 1, P*, and G; = 1 

From Theorem 2, the group G defined by G = G/G, must have the Lie algebra 
L defined by L = L/L; , which has basis elements y; , y2, ys and is defined by 

ii wl=y, vi=w= ys, 


with all other commutators and p-th powers of basis elements equal to zero. 
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If L is to be the Lie algebra of any of the four groups of order 16 given above, 
L must be the Lie algebra of a group of order 8 isomorphic to G/G, , where G is 
one of the groups of order 16. There are two groups of order 8, and it is readily 
seen that L is the Lie algebra of only one of them, the group whose generators and 
defining relations are given by 


P=1, @=1, Q°PQ=P", G=P. 


It is obvious that this group is not isomorphic to G/G, (G, = 1, P*) for any of 
the groups G of order 16. Hence the Lie algebra L which we have constructed 
is not the p-Lie algebra of any group. 


PRINCETON UNIVERSITY. 
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CONVERGENCE AND DIVERGENCE OF NON-HARMONIC GAP SERIES 
By M. Kac 


1. Introduction. The theory of convergence of trigonometric (harmonic) 
series with gaps of Hadamard’s type is by now a closed chapter. However, new 
difficulties present themselves when one tries to get a parallel theory for series 


(1) } a,e"™ ry > 0; Anun/ma > @ > 1 (k = I, 2, eee), 


without assuming that the \’s are integers. The source of these difficulties is 
the fact that the non-harmonic series must necessarily be considered on the 
infinite interval — o <t< «. In the harmonic case the terms have the same 
period and the problem is simplified both by having to deal with a finite interval 
and by the properties of orthogonality. To meet the new situation methods of 
proof had to be modified and some new devices invented. It should, however, 
be mentioned that the solution obtained is not complete. In §3 we prove that 
if >> | ax? = © and Au/ke > g > (5' + 1)/2 the series (1) diverges almost 
everywhere, whereas in the harmonic case it suffices to assume that Ax4:/A, > 
q > 1. Thus far we have not been able to remove the condition involving 
(5° + 1)/2. 


2. Convergence of non-harmonic gap series. 


Turorem 1. If >. | ag |’ converges, the series (1) converges almost everywhere 
for-—-~ <t< o@, 

The method of proof is a modification of a method of Marcinkiewicz.' Let 
0<5<—A1. Since Ay: — X%& = Ae — As (K ] 1), the intervals (Ay — 4, Ax) 
do not overlap and we can define a function f(x) by putting 


fizq)=a formw—s8<z<E»%m, 
f(z) = 0 otherwise. 


Obviously f(x) « L?(— ©, «) and hence its Fourier transform is (C, 1) summable 
almost everywhere.’ In particular, it follows that 


(2) tim [” (1 - 2) stare ae 


Received May 25, 1941. 

1 J. Marcinkiewicz, A new proof of a theorem on Fourier series, Journal of the London 
Mathematical Society, vol. 8(1933), p. 279. 

2 See, for instance, E. C. Titchmarsh, Introduction to the Theory of Fourier Integrals, 
Oxford, 1937, pp. 84-85. The theorem in question is due to Plancherel. 
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exists almost everywhere. I say now that for every ¢ 





he 
(3) lim = f(xe* dx = 0. 
In fact 
An 
x itz a fs et® | ax, | ‘ 
if x fee az ze oe ae >> ge hse 





< oy lelM ogy lal, 


= i k=l G 


and since a, > 0 as n — ~~, it follows immediately that 


(2) and (3) imply that 
An 
lim f(z)e“* dr 


exists almost everywhere. But 
a . 
I f(z)e* dx = 
and since (1 — e~’)/it differs from 0 except on a denumerable set, we get that 


n 
lim >> a.e™* 


no k=l 


et n 


yo a; eet 


k=l 





exists for almost every ¢t. This completes the proof of Theorem 1. 


3. Divergence of non-harmonic gap series. 


TuHroreM 2. If {dx} ts a sequence of positive numbers satisfying the gap 
condition 








and >. | a |? = ©, then the series (1) diverges almost everywhere on (— ©, @). 


For the special case in which the \’s are integers and the partial sums accord- 
ingly have period 2x, the result was obtained by A. Zygmund under less restric- 
tive conditions.’ We shall adopt his method with a modification which seems 
essential. 


3A. Zygmund, Trigonometrical Series, Monografje Matematyczne, Warsaw, 1935, pp. 
120-122. 
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The method of Zygmund leads to the following general theorem which will 
be stated as a lemma. 


Lemma 1. Let © be a set with a completely additive measure u(E) which has the 
property that the measure of the whole set 2 is 1 and the measure of each set con- 
sisting of a single element is0. Let {y;(p)} be a sequence of functions defined on Q 
such that 

(i) a constant K exists such that for every measurable set E C Q 


[ \ evo) du = K-n(e) (j= 1,2, +++) 


(the star superscript indicates that the integral is taken with respect to the measure 
wim Q), 

(ii) g;(p) is an orthonormal set on Q, and, moreover, 

(iii) o(p)ex(p) (7, k = 1, 2, --- ; 7 # k) is an orthonormal set on Q. 

Then if >) |ax |" = © the series > avgr(p) diverges almost everywhere on Q. 

We omit the proof since it can be copied step by step from that of Zygmund 
(loc. cit.). 

The main idea of our proof will consist in introducing a completely additive 
measure on (— ©, ©) so as to make Lemma 1 applicable. Let D denote the 
class of absolutely continuous distribution functions o(¢), with absolutely con- 
tinuous inverses, for which o(— ©) = 0 and 


(4) a do(t) = 1. 


Lemma 2. If {ux} is a sequence of real numbers for which a uy < @, then 
there exists a distribution function o(t) « D such that the w’s are zeros of the Fourier- 
Stieltjes transform of a(t). 


It follows from a result of Wintner* that if >> bi < © the distribution func- 
tion o(t) defined by the equation 


r +20 y 
(5) e™ TI cos hu = [ e™ da(t) 
onl © 


is an analytic function and therefore o(t) is absolutely continuous and has an 
absolutely continuous inverse. Putting u = 0 we see that (4) holds. Thus 
o(t) e D. 


Now, put by = 2/2u, and observe that the y’s are zeros of the left member 
of (5). This proves Lemma 2. 


Lemma 3. If Xngi/An = @ > (5' + 1)/2 then 
—* 1 
Sang om 


4 On analytic convolutions of Bernoulli distributions, American Journal of Mathematics, 
vol. 56(1934), pp. 659-663. 
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where the star on the summation sign indicates that the terms for _— m, n, j,k 
are not distinct should be rejected. 


The following proof of an even more general statement is due to R. P. Agnew. 
Let p > 0 and let S, finite or infinite, be defined by 
~ 1 
S= 7 
DO cry yo A; |? 
To estimate S, we arrange the terms of the series in such a way as to combine 
the terms for which the greatest of the indices m, n, j, k has a fixed value N. 
It thus appears that 


=. 1 
164i. A GELARRE 


From the gap condition it follows immediately that \y — As — Ay > O and 
therefore 








s<4> ! 


~ Ned gesy<w (Aw — Awe — Ay-2)? 


(N — 1)° 
S405 


w— Aya — Aw—2)?” 








Using the gap condition An41/An 2 g > (5' + 1)/2 again and letting Q denote 
the positive number defined by 


Q=1-7- 4, 
we see that 
Aw — Awe — Anew > QAw > Qa." 
and consequently 


4 <(N-1)' 
(QA1)? waa (gq?) 





Ss 


This proves Lemma 3. 
Proof of Theorem 2. Let & be the infinite set (— ©, ©). It is a trivial conse- 
quence of the gap condition that 


1 
6 ian 
. yey 
Let 41, 2, us, --+ denote in some order the points of the denumerable set of 
elements representable in the form A», — A; with m # j and the points of the 
denumerable set of elements representable in the form A» + An — Ay — Ax With 
m, n, j and k distinct. Then by Lemma 3 and (6) > ui’ < @, and the distri- 
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bution function o(¢) can be constructed as in Lemma 2. To a Lebesgue measur- 
able set E C © is now assigned a new measure 


[ aon, 


the integral being the ordinary Lebesgue-Stieltjes integral. This measure ob- 
viously satisfies the conditions of Lemma 1 and, moreover, sets of measure 0 
according to this new measure are precisely the same as sets of ordinary Lebesgue 
measure 0. 

Let a star superscript designate integrals formed with respect to the new 
measure. Put ¢,(t) = e‘‘ and notice that the requisite conditions of ortho- 
gonality 


[ener at = [~ Pmte del) = [= *da() = 0 


and 


* bled ae, AB +0 
[enero edt = [emda = 0 
are satisfied since the numbers of the form Am — A; and Am + An — Aj — Ae ATE 
zeros of the Fourier-Stieltjes transform of o(t). The condition (i) of Lemma 1 
is trivially satisfied with K = 1 and the normality is obvious in view of (4). 
Thus, Lemma 1 is applicable and the proof of Theorem 2 is completed. 
4. Another application of the method. 


THEorREM 3. If 
1 
7 nemepaniitn ae, ae 
@) > (A; — Ax)? 
and, for some « > 0, >, | a, |" * < @, the series >. aye™*' converges almost every- 
where. 


Let the »’s be numbers of the form A; — x (j ¥ &) and construct o(é) as in 
Lemma 2. Let g(r) = e**” '”. Then 


1 a +o 
[ eledes@ar = [ &*de(t) = 0 


and 
ff lee) far = [ dol =1. 


The ¢,’s form an orthonormal system and by a theorem of Menchoff® > apr (z) 
converges almost everywhere. This in view of the fact that o (x) is absolutely 
continuous implies our theorem. 


CorNELL UNIVERSITY. 


5D. Menchoff, Sur les séries de fonctions orthogonales, Fundamenta Mathematicae, vol. 
11(1928), pp. 375-420, Theorem 12. 








LAPLACE TRANSFORMS OF MULTIPLY MONOTONIC FUNCTIONS 


By Norman N. Royatt, Jr. 


1. Introduction. Let s = o + ir be a complex variable and let ¢ be a real 
variable. Then if the integral in the right member of the equation 


(1.1) fle) = [ ” 6 a(t) dt 


converges, f(s) is called the Laplace transform of a(t). The fundamental prop- 
erties of the transformation (1.1) have been studied by Widder, Doetsch, and 
others (see [8], [2]). The region of convergence of the integral in the right 
member of (1.1) is a half-plane o > o» and f(s) is an analytic function of s there. 

In this paper we are concerned with the effect upon the structure of f(s) of the 
assumption of various degrees of monotonic order on a(t). To this end we have 
the following 

DeFINITION OF Monoronic OrpErR. A real function A(t) of a real variable ¢ 
is said to be monotonic of order k in the interval 0 < ¢ < o if the function 
satisfies the condition (—1)"e°"(t) = 0 (n = 0, 1, 2, --- , &) in that interval. 

A similar definition applies for the interval 0 < ¢t < ~. 

ConpitTion A. From the above definition it is clear that a(t) may be mono- 
tonic in character and the integral in (1.1) fail to converge as is shown by the 
function a(t) = 1/¢. Hence, throughout this paper we shall assume that, in 
addition to the specified monotonic character, a(¢) and its derivatives, when 
these latter are assumed to exist, are such that 


[ e a(t) dt 


converges foro > 0. Functions a(t) which satisfy this requirement will be said 
to “satisfy condition A”’. 

DEFINITION OF fz(s). In the statement of the theorems it is convenient to 
use the symbol fe(s) which is defined as the integral 


Se(s) = [ e a(t) dt. 


2. Transforms of triply monotonic functions. 


THEOREM 1. If a(t) is monotonic of order three on the interval 0 < t < @ and 
satisfies condition A, then 


Received April 15, 1941. A part of a thesis presented at Brown University in partial 
fulfillment of the requirements for the degree of Doctor of Philosophy; prepared under the 
direction of Professor J. D. Tamarkin. 
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(2.1) f(s) — fas) | , > |f - Suy() | 


e ** oe e ** | 





fora > Oand R, < Rz. 
Proof. We have 


f(s) — fale) = [ ” & a(t) dt 


and by the substitution 7 = t — R we obtain 


Sis) = fale) _ [ eT a(T +R) aT 
e 
and thus 
(2.2) fe) = £40) [ e alt + R) d [ e*? aT. 
ée 


Integrating the right member of (2.2) twice by parts using the Stieltjes integral 
formula for convenience gives 


(2.3) fis) = Solo) [ Si(r, )K(e, t, R) dt, 
é 

where 

(2.4) Si(r, i) = [a [ e*T aT 

and 


(2.5) K(o, t, R) = & [a(t + R) — 2oa'(t + R) + o’'a(t + R)). 


Separating S;(7, ¢) into its real and imaginary parts and denoting these by 
Si(r, t) and Sj(r, t) respectively, we obtain 


(2.6) eka Ss 
T 

and 

(2.7) tits PSS, 
T 


Now clearly the right member of (2.6) is non-negative for all ¢ 2 0 and, since 
|sin | S |2|, it follows that for a fixed + the right member of (2.7) is of 
one sign. 

But K(o, t, R) = 0; indeed the hypothesis of triple monotony insures that 
each of its three terms is non-negative. Moreover, for a fixed value of o the 
expression K(c, t, R) decreases steadily as R increases. Hence, separating the 
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right member of (2.3) into its real and imaginary parts, we obtain 


as) Se —fls = Sas) [ Si(r, )K(o, t, R)dt +i [ Si(r, )K(o, t, R) dt 
0 () 

and we observe that the absolute values of both the real and the imaginary 

parts of the right member of (2.8) diminish steadily as R increases. The theorem 

follows from this fact. 


3. Transforms of doubly monotonic functions. If the hypothesis on a(t) is 
reduced to the assumption that it is monotonic of order two, it is possible to 
obtain a similar, but somewhat weaker, result than in the previous theorem. 
The result is given precisely in 

TuHEeorEeM 2. If a(t) is monotonic of order two on the interval 0 < t < © and 
satisfies condition A, then 
(3.1) | f(s) — fa,(s) | 2 | f(s) — fe,(s) | 
fora > Oand Ri < ke. 

Proof. Asin the previous theorem, integrating twice by parts we obtain (2.8). 
But from the present hypothesis we have only a(t) 2 0, a’(t) S 0, and 
a’’(t) 2 0; hence although we can guarantee the positive character of K(c, 
t, R), we cannot assure here its monotone character as R increases, for now 
nothing is known concerning the monotone character of a(t + R) as R in- 
creases. For this reason we now focus our attention upon the first factor in each 
integrand in the right member of (2.8). 

By the change of variable t’ = ¢ + R we obtain from (2.8) after suppressing 
the accent 


(3.2) | f(s) — fe(s)| = if Si(r,t — R)K(o, t) dt + if SiG, t — R)K(c, t) atl, 


where now 
(3.3) K(o, t) = e*"[a’’(t) — 2ea'(t) + o°a(t)). 


We next consider the square of the members of (3.2); for it is clear that if 
| f(s) — fe(s) |? is a monotone non-increasing function of R, then the members 
of (3.2) are also. But this square is 


i Si(r, t — R)K(o, t) dt / Si(r,  — R)K(o, t’) dt’ 
R Rk 


+ i Si(r, t — R)K(o, tat | Silt,’ — R)K(o, t’) dt’. 
R R 


In the above expression both K(c, t) and K(o, t’) are independent of R; hence 
to prove that this expression is monotonic it suffices to prove that 





8 bed ele 





"\ dt’. 


hence 
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(3.4) Si(r, t — R)Si(r, tt — R) + Si(r, t — R)Si(r,  — R) 
is monotonic. 

It is important to observe here that both terms of (3.4) are non-negative for 
any fixed 7 and that ¢ and ¢’ may have any two fixed values whatsoever, subject 
merely tot 2 Randt’ = R. In particular, we do not necessarily assume that 
t= 7’. 

Now let 
(3.5) rit — R) = 2; r(t’ — R) = y. 

Thus we are led to consider the expression 
(3.6) H(R) = (1 — cos z)(1 — cos y) + (sin z — z)(sin y — y). 


The first term of the right member of (3.6) is non-negative; moreover, we ob- 
serve from (3.5) that xz and y have the same sign, hence the two factors of the 
second term are alike in sign. Hence H(R) 2 0. Differentiating with respect 
to R gives 
H'(R) = —7[(1 — cos z)y + (1 — cos y)z] 

since from (3.5) we have 

de _—i‘C iC 

dR =—~—S—é«R” 
But since t > R and t’/ = R we have sgn z = sgn r = sgny. Hence the sign of 
the bracket above is the same as the sign of 7; therefore if r > 0, the bracket is 
positive and H’(R) < 0; if + < 0, the bracket is negative, and again H’(R) < 0. 
Hence H(R) is non-increasing; but this implies that the expression (3.4) is non- 
increasing and the theorem follows. 

It might be supposed that (3.1) would be valid if a(t) were merely a simple 
monotonic non-increasing function. This is, however, not the case. The author 
has given an example’ of such a function for which the inequality (3.1) fails 
to hold. 

As an immediate consequence of Theorem 2 we have 


THEOREM 3. If a(t) is monotonic of order two on the interval 0 < t < @ and 
satisfies condition A, then 


(3.7) | fa(s)| < 2| f(s) | 
foro >OandR 2 0. 


Proof. From Theorem 2 by letting R, — 0 and dropping the subscript from 
Rz. we obtain 


| f(s) — fa(s) | = | f(s) |. 


Hence 
| fa(s) | — | f(s) | S IF) |, 
and (3.7) follows from this fact. 
1 Thesis, Brown University, May 1940. 
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From Theorem 1 we can obtain in like manner for the half-plane ¢ 2 a > 0 
the somewhat better result 


| fa(s) | < (1 + &™) | f(s) |. 


If a(¢) is completely monotonic on the interval 0 < ¢ < ™, the inequality 
(2.1) can be obtained readily by use of the Bernstein-Widder theorem (see 
footnote 1). 

An AppLIcAaTION TO CorNv’s SprraL.” The equations expressing the codrdi- 
nates of points on this spiral parametrically as functions of R are 


sin t a f* cost 
o=S pw as — aes Os 


The origin of coérdinates is given by R = 0 and by allowing R to become infinite 
one obtains the asymptotic points of the spiral, namely, 


Now consider 
Le & a —st 4 
f(s) = a I et dt. 


We have to do here with a(t) = a2“? which is completely monotonic on 
0 < t < «;/i.e., which has derivatives of all orders there satisfying the re- 
quirement (—1)"a‘"(t) = 0. 

Taking o = 0 and 7 = 1, we find 


_pa%f or 
ges —— 


vam a f*sint 


and the absolute values of both the real and imaginary parts here are monotone 
non-increasing functions of R. But the right member of the above expression 
may be arranged so as to display the asymptotic points thus: 


a f° cost a cos t a * sin t 4, sin t 
El ta $3 “sat | - [5 i 5 sat 


Thus we see that the distance from a point on the spiral to an asymptotic point 
decreases steadily as the point moves along the spiral. It is of course not neces- 
sary that a curve have this property in order to have the spiral property. 


2 For a drawing of this beautiful curve see the Encyclopaedia Britannica, 14th edition, 
vol. 6, article on ‘Special Curves’’, section 37 and sketch on page 893. 
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4. Univalent transforms of triply monotonic functions. 


THEOREM 4. If a(t) is monotonic of order three on the intervalO0 S t < © and 
is not identically zero, then 


f(s) = [ e *‘ a(t) dt 


is univalent in the half-plane of convergence ¢ > 0, and vanishes only at infinity. 


Proof. Let wo = f(8), where s = oo + it is any finite point in the half-plane 
o > 0. Let C be a contour enclosing % , rectangular and symmetrical to the 
o-axis, and with corners at the points c — id, d — 1d, d + id, and c + id, where c 
is any number such that 0 < ¢ < oo and d is taken large enough for the contour 
C to enclose &. 

Now consider the number of zeros of f(s) — wo inside C. To prove univalence 
it is sufficient to show that the number of zeros of f(s) — wo inside C is exactly 
unity no matter how large d is taken; and since the number of zeros of a function 
in a domain is at least as great as in any subdomain of the former, it suffices to 
consider the number of zeros as d > ©. 

First observe that if n denotes the number of zeros of f(s) — w in « > ¢, 
then n is certainly a positive integer, for there is at least one zero there. We now 
show that there is exactly one. 

Let N be the number of zeros of f(s) — w inside C, then a well-known formula 
of function theory is 

af ’(s) 
f(s) — wo woe” 


This may be expressed as the sum of four integrals along the sides of the rec- 
tangle which we denote as a, 8, y, and 4; referring to the sides (ec — id, d — id), 
(d — id, d + id), (d + id, c + id), and (c + id, c — id) wespectively. Thus 





fe) ()_ rf f(s) 
ai LIS Ke) a” * thie w 
Lp Soa fi) 
v f(s) - teed s f(s) — w 


Consider the behavior of the first three integrals asd — . pitt twice 
by parts, we have 


(4.1) fis) = [ 1 = 008 K(e, iat + i [ sin rt — 1 K(o, 1) at, 


where K(c, ¢) is defined as in (3.3). From this we see that the integrand in the 
first integral of the right member of (4.1) is positive (even if r = 0) since 
a(t) # 0. Therefore f(s) = w # 0. We now show that 


f'(s) 
i - =| = 0") 
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ona, 8,andyasd— «©. Wehave 


f(s) = a ee a(t) dt, 


If(s)| < a+) [eat 
0 
- 0+) _.5 
Cc 
aso — , and hence f(s) > 0 gn B asd > o. 
But on a@ and y we have 





fis) = e*alt) & [ 41 ele alt) + et a'(t)) dt, 


—ir jo ir Jo 


. oe dt + | a’(O+) | [ e dt, 


T 











a(0+) 





att | + 





\f(s)| 


a(0+) , 1| a’(O+4+) | 
\f(s)| s = +a, 


and hence f(s) — 0 on @ and y also asd —> ~. 

We next examine f’(s) on a, 8, and y asd — ». Denoting the real and 
imaginary parts of the right member of (4.1) by U(¢, r) and V(o, r) respectively, 
we have 








fs aV .0U 
f'(s) = or v > : 

But 

a 1 -— const) rt sin rt — 2 + 2 cos zt 

Or r ‘ik ad 
and 

a sin rt = *) _ rt cos rt + rt — 2 sin tt 

Or r cad . 
Therefore, 


f(s) = 5 I (rt cos rt + rt — 2 sin rt)K(o, t) dt 
_ 5 [ (rt sin rt — 2 + 2 cos rt)K(o, t) dt. 


But since K > 0, we have 


, 3 /° 6; 
is(s)| < 5 iK(o, ) at + > [ K(o, t) dt. 








ind 
ly, 
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Now let 
M = max [a”"(0+), —a’(0+), a(0+)]; 
then 
K(o, t) S Me““(1 + 26 + 0°), 


and we obtain 

[ tK(o, t) dt < u(2 +24 1). 
Similarly 

‘ K(o, t) dt su(? +240). 


Hence on a and y 


rol s3u( +2 + 1)+8 u(2 +244) 
Thus finally 
|f’(s) | = O@) 


asd— ©, 
But on 6 we have 


f(s) = [ e" alt) dt, 
f(s) = [ — te‘ a(t) dt, 


if(s)| <M [ te** dt, 


iro sm (3), 
Is) | = 0@*) 


asd— «. Hence the fraction 


f'(s) ia 
ie) — = 00") 


on a, 8, and y. Therefore, 





fg om ds = [4 — do@*) +0, 


7 re 
Les wz, ds | = ajo) +0, 


ea” = 
[nee m, 48 | = ld — dod) 0. 
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It remains only to discuss the integral along 6asd— ©. We now have 





fie 1 "(s) 
ee Las: =” 
1 c—ieo f'(s) as 


ro Qmi c+ico f(s) — Wo 
1 
ed log { f(s) — ws | 


But log {f(s) — wo} = log| f(s) — wo | + iam {f(s) — wo} and since f(c +i) = 
f(c — ix) = 0 we have 


ci 


c+i00 


n= 5 Ae am { f(s) ” wo}, 


where Ac is the variation along the line ¢ = c frome +i” toc — io. But 
clearly this is equivalent to 


n= = he am {w — wo}, 
2r 


where C’ is the image of the line ¢ = c under the transformation w = f(s). 
We now examine the map of this line ¢ = ec. 

From (4.1) we observe that for ¢ > 0 we have U > 0 and sgn V = —sgn 7; 
thus the half-plane ¢ > 0 maps onto the half-plane U > 0, the first and fourth 
quadrants being interchanged and the axis r = 0 mapping onto the axis V = 0. 
Moreover, since U(¢, r) does not change sign with 7, whereas V(c, 7) does change 
sign with 7+, we see that the line ¢ = c maps into a curve which is symmetrical 
with respect to the U-axis. 

But from 

U= I e “‘a(t) cos rt dt 


0 
we find that 
Fe e “‘a(t) t sin rt dt, 
dr 0 
and integrating three times by parts gives 
(42) 2 = l Ma(r, the *{a’"(t) — 3ea’(t) + 30°a'(t) — oa(t)] at, 


where 


t ty te 
Mir, t) = [ dt; | dts I T sin rT aT 
0 0 0 
(4.3) 
é at (t — T)T sin eT aT 
24 , 








But 
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Evaluating the right member of (4.3) by elementary methods gives 








2t cos rt + 4t 6 sin rt 
rn r ile 

A glance at (4.3) shows that Mz = 0 when tr = 0. But we shall show that 

Mz > 0 when + > 0; for we have 


721M, = 2rt cos rt + 4rt — 6 sin rt, 


(4.4) 2! M,2 = 


and letting rt = x, whence z > 0 when + > 0, we consider the expression 
(4.5) G(x) = 2x2 cos xz + 42 — 6 sin z, G(0) = 0. 


Using the crudest estimate, we see from the fact that —2x + 42 — 6 >0 
according as 2x > 6 that G(x) > Oifz > 3. But by successive differentiation 
we have 


G'(z) = 4 — 2x sin z — 4 cosz, G’(0) = 0, 
G(x) = 2 sin x — 2z cos z, G”(0) = 0, 
G(x) = 2z sin z, G’"(0) = 0. 


Now clearly G’’’(z) > 0 when 0 < zx < 7; hence G’’(z) is increasing, and thus 
positive, on that interval; hence G’(z) is increasing and therefore positive there; 
so finally G(x) > 0 for0 < x < x. Combining this result with the one above, 
we see that G(x) > 0 for all z > 0. 

Therefore M, > 0 when + > 0, and so in the integrand of the right member 
of (4.2) the first factor is positive and from the hypothesis on a(t) the second 
factor is negative; hence dU/dr <0 when + >0. But since U > 0 when 7 > 0, 
this implies that U is steadily diminishing as 7 increases. We see now that the 
image of the line « = c is therefore a simple closed curve without double points. 
Since this curve has been shown to be symmetrical with respect to the U-axis, 
it is not necessary to consider r < 0. 

We are now in a position to see that the number of zeros of f(s) — w in the 
half-plane o > c is exactly unity, for n was given by 


a = Aw am fw — we} 
2n 


and if wo is outside C’ and w traverses C’, then n = 0; on the other hand if wp is 
inside C’, n = —1 if w traverses C’ negatively and n = +1 if w traverses C’ 
positively. But, as previously remarked, n is certainly a positive integer and 
hence is +1, the curve being traversed in the positive manner as 7 varies from 
+a to —o, 

For the foregoing arguments it is essential that % be a finite point in the 
half-plane ¢ > 0, but it has been shown that f(s) does not vanish at any such 
point, and since f(#) = 0 as is easily seen from the foregoing arguments, it 
follows that f(s) is univalent in ¢ > 0 and vanishes only at infinity. 








556 NORMAN N. ROYALL, JR. 


5. A counter example for transforms of doubly monotonic functions. The 
conclusion of univalence does not remain valid when the hypothesis on a(t) is 
reduced from monotone of order three to monotone of order two. For consider 
the function 


(5.1) a(t) = e ‘($+ sin 2). 
Here a(t) > 0, and by successive differentiation we obtain 
a’(t) = —e ‘($ + sin t — cos 2), 
a(t) = & *(§ — 2 cos 2), 
a’ (t) = —e‘(§ — 2sin t — 2 cos 2), 


hence a’(t) < Oanda’’(t) > 0. But since we have max | —2 sin t — 2 cost| = 
2.2' > it is clear that a’’’(t) is of variable sign. Therefore, a(t) is monotone 
of order two on the interval 0 S ¢ < © but not of order three. 

With this choice of a(t) we have 


fe) = [ ete + sin at, 
0 





(5.2) =a al e wm dt + | earns sin t dt 
prides ach 4 1 
~3's+1'i+et+i 

Hence 

5 2 3 

(5.3) si) = — B+ (+ DT + 2%e + 1) 





(s + 1)°[1 + (8 + 1)°P 


We now show that the numerator of the right member of (5.3) has a zero with 
positive real part for which the denominator does not also vanish. From this 
fact and a well-known argument based on Rouche’s theorem’ it will follow that 
f(s) cannot be univalent in o > 0. Expanding this numerator, we are led to 
examine the zeros of 


(5.4) 5s* + 248° + 52s’ + 52s + 24. 
It is easy to verify that (5.4) has no real zeros. Placing s = zy in (5.4) we obtain 
(5.5) Sy — 52y’ + 24 + i(—24y’ + 52y), 


an expression whose real and imaginary parts never vanish simultaneously; 
hence (5.4) has no purely imaginary zeros. 


3 See, for example, E. C. Titchmarsh, The Theory of Functions, Oxford, 1932, p. 198. 
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We apply the formula 
(5.6) 2rN = Acam {f(z)} 


to the pulyecenat (5.4) with the contour C consisting of a part of the real axis 
from s = 0 to s = R, thence around a quadrant of the circle with center at 
origin and radius R to the positive imaginary axis, and finally down the latter 
axis to the origin. The variation of the amplitude of (5.4).along the portion of C 
consisting of the real axis is, of course, zero. On the quadrant of the circle 
we have for sufficiently large R, oe 


(5.7) Aam {5s + 248° + ..--+ 24} = A am {5R*e*} + aam'{t-+ 008") 


and since @ varies from zero to 42 on this arc, the variation of the ‘amplitude 
there is 2x + O(R™). res 

Finally, the variation along the imaginary axis is given, as we See from 
(5.5), by 


Ut 4 


4 ‘3 nie 24y" + 52y 
(5.8) am (5s 20 + 2) = a tf uy iy 





4! ; 


The roots of the wamnerator in the bracket are — (F rs 0,and #(2 2] whereas 


the positive roots of the denominator are +8' and + (2) . Hence as y ‘varies 


from + © to zero we have the following scheme to display the variation of the 
inverse tangent 


; 4 
nts +h 4h 
arc tan: 0, ~—~-S, +, Pe, ce. 0, +, 0. 


Hence the amplitude oscillates as follows: beginning at zero, moving negatively 
to —4}z, then into the third quadrant but reversing and returning to — 42, back 
to zero, on into the first quadrant but reversing again, returning finally to zero. 
Hence the variation of the amplitude along the imaginary axis is zero. 

Thus the only contribution made to the variation is made by the arc, and 
since this latter is 27, we see that f’(s) has a zero inside the contour C if R is 
sufficiently large. 

The argument here depends essentially upon the non-interlacing of the zeros 
of the numerator and a of the rational fraction in (5.8). This de- 

13 


pends upon the fact that > 3” and this in turn upon the original choice of 


the constant ; in the counter example. If this original constant is taken large 


.enough to make a(t) monotonic of order three, the zeros interlace, the variation 


along the imaginary axis is —2z, hence on the entire contour is zero, and the 
argument above fails. 
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POWER SERIES WITH MULTIPLY MONOTONIC SEQUENCES OF 
COEFFICIENTS 


By G. Szzcé 
Introduction 


1. In various papers, L. Fejér' dealt with the following interesting theorem: 
A. Let the sequence {a,} be monotonic of order 4. Then the power series f(z) = 


> a,2” is regular and univalent for |z| < 1. 
n=O 


Here and in what follows, a sequence {a,} is called monotonic of order k if 
all the differences 


(1) a ay = an — (1) ngs + (3) ans — tee + (-0"(?) ang 


are non-negative for vy = 0, 1, 2,---,k;n = 0,1,2,---. If we write 

(2) s.(z) = oP + a+? z+ ahi Ae gt 00 +8", 
3 3 3 

the representation 


(3) fle) = 2) A an-8s(2) + (1 — 2). lim a, 
n= no 
holds provided the latter limit exists. This is, for instance, the case if Aa, = 0,- 
Aa, = 0. 
Obviously, the expression 


(4) > A,s(z) + A(l — 2)", A, 20,A 20, 


furnishes a parametric representation of the class of power series mentioned 
above. 

The proof of Fejér is based on the fact that 9s‘°(z) is decreasing when z = 
re”, 0 <r < 1, and @ increases from 0 to x. This property can be extended 
without difficulty to non-negative linear combinations of the s{(z), that is, 


Received May 28, 1941; presented to the American Mathematical Society, September 12, 
1940. 

1 (a) Trigonometrische Reihen und Potenzreihen mit mehrfach monotoner Koeffizienten- 
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because of the representation (3) to the most general power series of the con- 
sidered kind. 


2. The simple example f(z) = 1 + z+ 2° + --- + 2”” given by Fejér shows 
that the order 4 required in the theorem above cannot be reduced te 1. The 
intermediate orders 2 and 3, however, seem to be more difficult. In the present 
paper I prove: 

B. Theorem A remains true for monotonic sequences of order 3. 

C. Theorem A is not true for monotonic sequences of order 2. 


Regarding these questions I exchanged several letters with Professor Fejér 
during previous years. I communicated to him the result C (with a proper 
counter example) in a letter of August 7, 1936. In his answer (September 18, 
1936) he informed me that E. Egervary proved in the case of Theorem B that 
f'(z) ¥ Oin the unit circle | z | = 1. Also, at a later time, S. Sidon’ gave a proof 
of C different from mine. 


3. Of course, the representation (3) can be extended to an arbitrary order 
v = 1 [see Fejér, loc. cit., (ec), p. 104, formula (4)] 


fle) = SA ag-8-P(@) + (1 — 2) lim an, 
n= no 


(5) 
s(z) = gaes \+("t 77 )et re oy 


y-1 
so that a parametric representation similar to that mentioned above holds true 
for the class of power series with a sequence of coefficients monotonic of a given 
order v. The proof of B is based on certain properties of s{?(z) which can be 
again extended to non-negative linear combinations. 
The expressions s\”"”(z) are connected in a well-known fashion with the 
Cesaro sums of the geometric series. We have 


(6) si(z) = sp” (2) + si” 2(z) +--+ + 8h (2). 
Proof of Theorem B 
(7) sy (e*) = an(y) + iyn(¢). 


If we denote by ¢, the angle determined by the conditions sin’ $g, = 0.7, 34 < 
¢, < 7, the following inequalities hold: 


1. Let n 2 1, and 


(8) yn(y) > 0, 0<¢<y, 

(9) tn(¢) < 0, 0<¢sy,, 

(10) ynly) <0, in <eSr, 

(11) In(¢i) — In(y2) > O, OSS}; ¢9,5a@87. 


2§. Sidon, Uber Potenzreihen mit monotoner Koeffizientenfolge, Acta Litterarum ac Scien- 
tiarum, vol. 9(1940), pp. 244-246. 
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Obviously, g, > 37. Also, considering the case n = 1, we notice that the lower 
bound $7 in (10) cannot be replaced by a smaller one. In the present section 
we give the very simple proofs of these inequalities. 

Before doing this, we observe that inequalities (8)—(11) lead to corresponding 
inequalities for the real and imaginary parts of a function of the form 


fole) = 32 Am s(e) + ACL — 2) 


on the unit circle z = e’’, provided A,, = 0, A = 0, and f,(z) is not a constant. 
This is clear for the first term of f,(z); for the second term we have to take into 
account that (1 — e’*)’ = 4+ ficot}y. [If A, =0(=1,2,---,n; A> 
0), the sign < in (9) and the sign > in (11) have to be replaced by =.] 

But this result implies the univalency of the mapping w = f,(z) for |z| < 1. 
Indeed, because of (8) we can confine ourselves to the values 0 < ¢ < w. Let 
0 < ¢ < @ < _. Then, f,(e") — f,(e') cannot vanish if both g; and ¢ 
belong to the range in (9), or to the range in (10). Similarly, it cannot vanish 
if ¢; and ¢g» satisfy the conditions laid down in (11). 

Now let A, = A“a,, A = lima,. Since f(z) = lim f,(z) uniformly for 


n-?o 


|z| Sr,r <1, the univalency of f(z) also follows. This will prove Theorem B. 


2. We start with the important inequality $s°(e*) > 0 due to Lukdes;* 
this implies [ef. (6)] (8). 


3. Before we proceed to the proof of the inequalities (9)—(11), the following 
formulas might be mentioned: 
(12) any) = }(n + 1)(n + 2) + $ (sin 4¢) *{(2n + 3) sin 49 — sin (n + §)o}, 


tn(~) = $ cos $¢ (sin $¢)* 


cos (n+ %)e , 3sin(n+ Ho 
{203-40 cote +2 sinty \, 


(13) 


yn(y) = } (sin $y)” 


(14) eee sin (n + Dey sin (n tHe} 
a +3n +3) +3(@ G4 Die a tas mead 8 


They can easily be verified by means of the representation 
s?(z) = 4 © (n+2—m)(n+1 — m)” 
(15) m=0 
= n+ 1)(n+ 2)(1 — z)* — 211 — z)*{n +1 — (n+ 2)24+2""}. 
3 Cf. L. Fejér, Hinige Sdize, die sich auf das Vorzeichen einer ganzen rationalen Funktion 


beziehen, Monatshefte fiir Math. und Physik, vol. 35(1928), pp. 305-344; especially pp. 
336-337. 
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4. Since z,(¢) is a cosine polynomial with positive coefficients, inequality (9) 
is trivial for g < 2/n. Suppose x/(n + $) S ¢ S ¢ ; for these values of ¢ we 
write the statement in the form 


3 sin(n+ $e _ cos (n+ $e 
2n+3  sinde cos 4¢ 





(16) <2 


which follows from 


(17) G5) acta <! 
2n + 3/ sin?’ 4¢ — cos* $9 g 


The left side is a function of sin® 4g which is convex from downward, so that it 
suffices to prove (17) for the end-values of ¢. The corresponding inequalities are 


a - FOR & ( 7 }: ( 3 )? 10 
(53-5) (singe) ORE ee tere TF 
Both left-hand side expressions are decreasing when n increases. Writing n = } 


in the first one, we obtain 42, writing n = 1 in the second one, we obtain #$#. 
This proves (9). 





5. Inequality (10) is a consequence of 
(18) 3 (sin $¢)~* + n (sin 49)" < n? + 3n 4+ 3. 
This is true for ¢ = $x, n = 2, therefore also for }4 S ¢ S x, n 2 2, since 
(sin 4g)’ < 3. But y:(y) = sin ¢, so that the statement holds for all n = 1. 


6. Inequality (11) is trivial forn = 1. In case n = 2 we obtain 
a2(¢) = 6 + 3 cos g + cos 2. 


This is decreasing for 0 S ¢ < ¢’ and increasing for g¢’ < ¢ S x, where 
cos g = —2. Nowcos g = —0.4 80 that $4 < @ <¢’. But2z,(}r) = 5 > 
max {22(g), Ze(ar)} = max {4.12, 4}, and (11) is proved in this case. 

Let n 2 3. Since z,(¢) is decreasing for 0 S ¢ S x/n, we can assume that 
¢i1 > r/n. On account of (12) it suffices to show that 


(19) (2n + 3)(sin 4¢,)~° — (sin 3¢,)~*° > (2n + 3)(sin 4¢2)~ + (sin 4¢2)~. 


The function of sin }¢; on the left side is decreasing for sin $g, > 3(2n + 3)”; 
this condition is satisfied when g; > 2/n. Therefore its minimum is attained 
for g: = 44. The function on the right side attains its maximum for g: = g. 
Thus, it remains to show that 


2(2n + 3) — 2! > 42(2n + 3) + (4)! 


This is indeed true for n 2 3. 
This makes the proof of Theorem B complete. 








(9) 


we 


since 





POWER SERIES AND MONOTONIC SEQUENCES OF COEFFICIENTS 563 


Proof of Theorem C 
1. The counter example which proves C will have the form 


(20) f(z) = psn (2) + gsl(2), 


where p > 0, q > 0, m and n integers, and p, g, m, n have to be chosen properly; 
we prove that for a proper z, | z| < 1, the derivative f’(z) vanishes. 
Let \ be fixed; obviously, 


on lim nse) = lim ny (n+1—me™" = [ (1 — de at 
=r *(e* — 1+) = SQ); 

also 

(22) lim n*s"(e™") = —S’(A) = A*4{(2 + ANE* — 24 d}. 


no 


We shall consider the function S(A) for RA = 0. 

Incidentally, the mapping \’ = S(A) is star-shaped for RA > O with respect 
to S(0) = 4. This follows from the corresponding star-shaped character of 
s<”(z) in | z| < 1 with respect to s°’(1) due to E. Egervéry.‘ The latter state- 
ment regarding s\”(z) is of course much deeper than the statement regarding 
S(A) which can readily be proved directly. However, in what follows, this 
property is not used. 


2. First, we prove that 
(23) sgn S’(jim) = —sgn S’(fix) ¥ 0. 
This follows from (22) by simple substitution: 
S'(hix) = —($n) “(2 — $x)(1 — 4), 
S'(§ix) = ($4) “($e — 2)(1 — 4). 
Thus, if we write yo = 125(4 — )/(5e — 4), 
(25) S'(Zix) + yoS’ (Gir) = 0 
holds. Now let 


(24) 


Si(ve*) 
S’(4re'*) 
Since u(po, go) = 0 if po = $2, go = $2, we have u(p, ¢g) = 0 for sufficiently 
small values of | ¢ — ¢o | and proper p = p(¢), provided 


(26) Ni} 


u(p, ¢). 


— £0 for p = po, gy = wo. 


4E. Egervary, Abbildungseigenschaften der arithmetischen Mittel der geometrischen Reihe, 
Mathematische Zeitschrift, vol. 42(1937), pp. 221-230. 
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But for p = po, ¢ = go 


ou “i ig S’"(pe"*) a . 3 a —1 — 7\ewns-; 
au a 3 {¢ oe \ = 3 fidx)"(2 — $x)" — )*'S"(Giw)} ¥ 0, 


since 
S’(r) = N*{(6 + 4A + Ae — 6 + 2A}, 
S" (Sir) = ($4) “*{107 — 6 + i(—6 + 5x + 25n°)}. 
3. From the previous result we conclude that the number y defined by 


S’(p(e)e"*”) + yS’(}re*) = 0, 


where g — ¢ = $x — ¢ is a sufficiently small positive number, is real and 
positive. We fix ¢ and write 


(27) Ai = p(y)e™, = dae’, 
so that 
(28) S’(x) + 7yS’(v2) = 0. 


Here RA , RAz , Ai /Az , y are positive numbers. 


4. Now, if we define 


(29) F(z) = s{x)(z) + ys? (2), d= i/de, 
we have [ef. (22), (28)] 
(30) lim nF (e/") = —d*S’(A1) — A? yS’(Ae) = 0. 


n-?oa 


—A/n 


According to Hurwitz’s theorem, the function F’,(e™’") must vanish if \ is 
sufficiently near »2, and n is sufficiently large. Therefore, F,(z) cannot be 
univalent for |z| < 1. 

The function F,(z) furnishes the counter example required. 
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A THEOREM ON DIMENSION 
By J. H. Roserts 


The present paper grew from an attempt to answer a question of Hurewicz.’ 
The answer is given by Theorem 9.1. It is also thought that Theorem 1.1 is of 
some importance. One application of it, other than Theorem 9.1, is given. 

The letter R with positive integral subscript will denote Euclidean space of 
the indicated dimension. 


1. THroreM 1.1. If the separable metric space M has dimension n, then there 
is a homeomorphism f of M into a subset of Rens: such that for any Ri C Renis 
(n+1 5 k S 2n + 1) we have dim (f(M)-R,) Sk —n-—- 1. 


This theorem is shown to be a consequence of the following special case: 


THEOREM 1.2. If the separable metric space M has dimension n, then there is a 
homeomorphism f of M into a subset of Rens, such that for any Ras: C Reng we 
have dim (f(M)-Ras1) & 0. 


We show that the f satisfying the conclusion of Theorem 1.2 will do for 
Theorem 1.1. The proof is by induction on k. By hypothesis the result is true 
fork = n+ 1. Suppose it is true fork = r < 2n + 1. Take any R,4, in 
Reni. Select pef(M)-R,i1. For arbitrary « > 0 there is a rectangular 
edomain U of p in R,., bounded by parts of a finite number of r-dimensional 
spaces R}, R?,.-.,Ri. By our inductive hypothesis, dim (f(M)-R?) < 
r—n-—1(j =1,2,---,%). Thus dim ({(M)-R.u) S (Fr —n -—1)4+1= 
(r+ 1)—n-—1. This means that our conclusion holds for k = r + 1, and 
the argument is complete. 


2. Proof of Theorem 1.2. We first imbed*’ M topologically in a compact 
space of dimension n. However, to avoid extra terminology we shall continue 
to use the letter M, which throughout the remainder of this proof will denote a 
compact n-dimensional metric space. 

2.1. Dermnition or F. Let F denote the space of all continuous mappings 
of M into subsets of Rens; with the metric | fi — fe| = max | fi(x) — fo(z) |. 

zeM 


Received June 24, 1941; presented to the American Mathematical Society, April 27, 1940. 

1W. Hurewicz, Ueber stetige Bilder von Punktmengen, Proc. Amsterdam Academy, vol. 
30(1927), p. 161, footnote 7. “Es entsteht die Frage ob bei vorgegebenen n* und 
n (n* > n 2 0) sich jede n*-dimensionale separable Menge als ein eindeutiges beiderseits 
stetiges Bild einer n-dimensionalen Menge mit héchstens (n* — n + 1)-fachen Punkten 
darstellen lisst.”’ 

? This is possible, as proved by Hurewicz: Ueber Einbettung separabler Réume in gleich- 
dimensionale kompakte Réume, Monatshefte fiir Math. und Physik, vol. 37(1930), pp. 
199-208. 
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2.2. DertIniTION OF F,. For any e > 0, an element f of F is in F, provided 
the following two conditions are satisfied: 

2.21. f is an «mapping; i.e., for p ¢f(M) the set f'(p) has diameter < ¢; 

2.22. for any Ras: C Reni: the set f(M)-R,+: admits a finite, open «covering 
U of order’ not exceeding 0; i.e., U is a finite collection of non-intersecting sets 
which are open in Re,4;, each being of diameter less than «. 

We make the following assertions: 

2.3. F, is dense in F. 

2.4. F, is open in F. 
Then since F is complete, it follows by Baire’s theorem‘ that there is a dense G; 
subset of F every element of which is in F, for every «. Let f be such a mapping. 
Then from 2.21 it follows that f isa homeomorphism. Take any Ray: C Rena. 
Then by 2.22 it follows that the set f(M)-R,4: admits a finite open e-covering of 
order not exceeding 0, for every « > 0. Hence’ dim (f(M)-Rn41) < 0. Thus 
the proof of Theorem 1.2 will be complete when we have established 2.3 and 2.4. 


3. §§3 and 4 are devoted to a proof of 2.3. 

Let any e > Obegiven. Let fi; be any element of F. Let 6; and & be positive 
numbers. It is convenient to define a function fe having certain properties 
relative to 5, and 6 , and then show that 6, and & can be taken small enough so 
that the corresponding fz is in F, and is suitably close to f,. Let U = 
U,, Us, --+ , U; be an open 4;-covering of M of order not exceeding n, and for 
each t select Di € U; * 

We wish to obtain a particular realization K of the nerve of Uin Renu. We 
want the complex K to have a special property which does not follow from the 
ordinary “general position” of its vertices. To indicate what is wanted we 
consider the case n = 2, and suppose K is a geometric 2-complex in R;, with 
vertices in “general position”. Let Rs; be any 3-space in R;. Then it follows 
that at most 4 vertices of K lie in R; , but there is no bound at all on the number 
of 1-simplexes of K which intersect R;. We wish to limit the number of inter- 
sections of this type. We use the following 


THEOREM 3.1. There exists an integer s (s S (2n + 1)(n + 2)) such that if 
Vi, Ve, --+ ts any sequence (finite or countably infinite) of mutually exclusive open 
sets in Roni: , then there are points qi , d2, --- , with qi; € Vi, such that if K is any 
n-dimensional complex on the vertices q: , q2, «++ , then for any Rais © Ronis there 
are at most s non-intersecting simplexes of K of dimensions not exceeding n — 1 
which intersect Ry+. . 


3 By the order of a finite collection of sets is meant the greatest integer k such that some 
k + 1 of the sets have a non-vacuous intersection. 

4See Kuratowski’s Topology I, p. 204. 

5 See Menger, Dimensionstheorie, p. 157. 
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Let t; , 2, --- be® algebraically independent real numbers. For each k let 7, 
be the set of all numbers of the form r + & for r rational. Choose q; ¢ V; so 
that the j-th codrdinate of q; is in the set T;, , where k = j + (¢ — 1)(2n + 1). 
Let K be any n-dimensional complex on qi , @ , --- , and let R,4; be any linear 
(n + 1)-subspace of Rens:1. We write 

ntl 


(3.3) Russ: 24 = De ais; + ain (¢=1,2,---, 2n +1), 
i= 


where wu, U2, +--+ , Uns are real parameters. 

Let m be the smallest integer for which there is a set of real numbers a; , 
G2, +--+ , @m Such that every a;; (1 St S 2n+ 1,0 Sj S n + 1) is algebraically 
dependent on this set. Clearly m S (2n + 1)(n + 2), and we show that m 
has the property stated of s in Theorem 3.1, with respect to Ra4: . 


Suppose that o:, 02, --- , m4: are non-intersecting simplexes of K each of 
dimension less than n, each of which intersects R,4:. For each i (¢ = 1,2, --- , 
m + 1) letba, be, --- , bin, be the set of all codrdinates of all the vertices of o; . 


Then the fact that o; and R,,; intersect implies that there is for each i at. least 
one value of j, say r, such that 6;, is algebraically dependent,upon the set con- 


sisting of the remaining b;; and the set a,, a,---,@,. Then the set of 

m +¥ n; real numbers a; , bi; (k = 1, 2,---,m;j = 1, 2,---,m¢ 3% = 1, 

2, -- oP “i + 1) is algebraically dependent upon a subset consisting of 

m+ p> (ns - 1) = -1 + dn. numbers. Now every b,; differs by a rational 
m+1 


number from some ¢; , and the totality of such numbers ¢; is } n;. Then this 
t=1 
m+1 


set of t;’s is algebraically dependent on a set of —1 + >. n; real numbers. 
i=l 

This is in contradiction to the algebraic independence of 4, #,---. Thus 

Theorem 3.1 is established. 


4. We return to the proof of 2.3. Choose V; C S(fi(p,), &) so that 
Vi, Ve,---, Ve are non-intersecting. Let gq, g@,---,@ be points in Rens 
having the properties stated in Theorem 3.1. Then we have 


(4.1) \filpi) — gi| < &. 
Let K denote the complex which is the realization of the nerve of Ul on the 


vertices g1, @,---,%- Let fe be Kuratowski’s mapping’ of M into K. 
We next get a limit on the diameter of the simplexes of K. If q; and q; are 


° For a discussion of algebraic dependence see B. L. van der Waerden’s Moderne Algebra, 
especially §64 on Der Transzendenzgrad. 

7See Alexandroff-Hopf, Topologie, p. 366. To each point p « M is assigned a set of 
numbers y;(p) (¢ = 1, 2, --- , t) by the formula y;(p) = distance from p to M — U;. Then 
f2(p) is the center of gravity of a set of masses u;(p) on the points q (i = 1, 2, --- , ¢). 
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in a simplex of K, then U;-U; # 0, and thus |p; — p;| < 26. Then 
lai — ai] Sloe — Alps) | + | fiw) — fips) | + | fips) — ai. 

For a limit on the term | fi(pi) — fi(p;) | we make use of the following function 
»(6), connected with the continuous mapping fi of the compact space M. For 
any 6 > 0 we write 
(4.2) n(6)= glb. — |fitz) — fily)|. 

zy ¢ M,[z—y| <8 
It follows that (5) — 0 as 6 — 0. 
We can now write 


(4.3) |qi — Qi | S 22 + (25:) = A, 


Since the maximum distance of two points of a simplex is attained for two 
vertices, it follows that A is a bound on the diameter of the simplexes of K. 

We next get a bound on | fi — f2 |. 

For any p eM we have at least one i such that peU;. Then fo(p) will be 
in a simplex of K having q; as a vertex, and | fo(p) — qi| S A. We have 
\fi(p) — fe(p)| = |fily) — filp)| + |i) -— al + la — Alp)| s 
(51) + 6 + A. Thus 


(4.4) \fi — fo| S nis) + & + A. 


Now consider the condition that f. be an emapping. If fe(p) = fe(p), then 
there is at least one element of U which contains both p and , whence 
|p — p| < 6. Hence fe is an «mapping if 6 < «. 

We come finally to the consideration of 2.22 (in the definition of F,). 

Choose any Ray1 C Reni. Now fo(M) C K, hence to show that f2 has prop- 
erty 2.22 it is sufficient to show that K-R,4: admits a finite open «covering of 
order not exceeding 0. This follows from the fact, which we shall now prove, 
that K.R,,, admits a finite closed -covering of order not exceeding 0. We show, 
in fact, that the collection of components of K-R,4; is such a closed covering— 
for suitably chosen 6, and &. The finiteness of this collection follows from the 
finiteness of the complex K. 

Let C be a component of K-R,4;. We obtain a bound on the diameter of C. 
Suppose a eC, b eC, and | a — b| > 3(s + 1)A, where s is the number given in 
Theorem 3.1 and A is defined in 4.3. There is an are ab in C. Every subarc 
of ab of diameter not less than A must contain at least one point on the boundary 
of a simplex of K, hence on a simplex of K of dimension not exceeding n — 1. 
Thus there exist points a; , dz, --- , @s4: on the are ab such that (1) (3i — 2)A < 
|a — a;| S (3¢ — 1)A, and (2) a; is in a simplex o; of K having dimension 
not exceeding n — 1. Now if i # j,|a; — a;| > 2A, hence o;-¢; = 0. But 
then the s + 1 mutually exclusive simplexes o; , a2 , --- , ¢s41 , of dimension not 
exceeding n — 1, all intersect C, which is in R,4; , and we have a contradiction 
to Theorem 3.1. Thus |a — b| S 3(s + 1)A; hence 3(s + 1)A is an upper 
bound on the diameter of C. 
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To complete the proof of 2.3, let 6 > 0 be given. We wish to select 5; and & 
so that | fi — fe| < dand fee F,. This will be true if the following inequalities 
hold: 

(a) n(d:) + d& + A = 3d + n(b:) + n(26:) < 3; 

(b) i < €; 

(c) 3(s + 1)A S 3(s + 1)[2& + n(hs)] < «. 

It is clear that a 6; > 0 and & > 0 exist so that these hold. Hence 2.3 is true. 


5. Proof of 2.4. We are given an « > 0. Suppose F, is not open. Then 
there exists an f « F, , and for each j an f; not in F, , such that | f; — f| < 1/j. 
Since f; is not in F,, one of 2.21, 2.22 fails for f;. But 2.21 will be true for j 
sufficiently large, since the «mappings form an open subset® of F. Hence for 
sufficiently large j there will be an (n + 1)-dimensional subspace R’ of Rens 
such that f;(M)-R’ does not admit a finite, open ecovering of order not ex- 
ceeding 0. Hence R’ intersects f;(M), and therefore contains a point at a dis- 
tance less than 1/j from the compact set f(M), since |f — f;| < 1/j. Thus 
there is a compact subset N of Reny: such that R’.N + 0 for j sufficiently large. 
Then there is at least one limit space R, of dimension n + 1, and a subsequence 
ji, jz, +--+ such that the spaces R”, R*, .-- converge to R. To simplify the 
notation we now denote this subsequence as R’, R’, --- , and the corresponding 
mapping f;, , fi, ,--- a8fi,fe,---. We-still have (1) | f; — f| < 1/j and (2) 
f;(M)-R’ does not admit a finite, open ecovering of order not exceeding 0. 
In addition, the (n + 1)-dimensional spaces R’ now converge to the (n + 1)- 
dimensional space R. 

Let Ul be a finite, open «covering of f(M)-R of order 0. In view of (2) above 
there is, for each j, a point y; € f;(M)-R’ which is not in an element of Ul. Select 
Tye M such that S23) = yj- 

There is at least one point r¢eM such that some subsequence of 2, 
Ze, X3,--- converges to x. We still write xz; > x. Then | f(x) — f,(z;)| S 
| f(z) — fx;) | + | fle; — filz,) |. The first term on the right 0 as j + ~, 
by the continuity of f. The second term < 1/j, by definition of f;. Since 
f;(x;) « R; and R; — R, it follows that f(z) ¢«R. But then f(z) «f(M)-R, and 
hence f(z) is in some open set of the collection Ul. But then we have a contra- 
diction in the fact that this open set does not contain f;(z;) for any j, yet 
f(z;) ~ f(x) asj — ~. This contradiction implies that 2.4 is true. 

This completes the proof of Theorem 1.2. 


6. We apply Theorem 1.1 to give a short proof of the following theorem of 
Hurewicz:° 


If M is a separable metric space of dimension n, then for any Euclidean space R, 
(k S n) there is a continuous mapping g of M into R; such that for any p in g(M) 
the set g '(p) has dimension not exceeding n — k. 

8 W. Hurewicz, Uber Abbildungen von endlich dimensionalen Raumen auf Teilmengen 


Cartesischer Raume, Prussian Academy of Sciences, vol. 24(1933), p. 757. 
® Loc. cit., p. 765. 
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Let f be a homeomorphism of M into Ren4; having the properties stated in 
Theorem 1.1. Let Ry be the subset of Rens: having z; = Ofori > k. Leth 
denote the orthogonal projection of Ren41 into Ry ;i.e., if z = (41,22, ++ , Longs), 
then h(x) = (a1, --- , 2 ,0,0,--- ,0). Then set g = Af, and g has the desired 
properties. For let p be any point of g(M), p = (pi, pe, --+ , Pensi). Then the 
set h”'(p) is contained in each of the hyperplanes x; = p; (i = 1, 2;--- , k), 
hence in their intersection, a Euclidean space R of dimension 2n + 1 — k. 
Then dim (f(M)-R) S n — k, whence dim g‘(p) S n — k. 


7. Further preliminary considerations are needed before we can prove Theo- 
rem 9.1. 

7.1. Dermnttion. In a Euclidean space R, (h > 0) a collection € of hyper- 
planes (linear subspaces of dimension h — 1) will be called a Cantor collection of 
hyperplanes provided that (1) the elements of € form a parallel family, and (2) 
there is a line | whose intersections with the elements of € form a closed, zero- 
dimensional set on 1. This set may or may not be bounded. 


THeEoreM 7.2. Suppose that ©,, G2, --- , & are Cantor collections of hyper- 
planes in a Euclidean space R, (0 < k Sh). Let H; be the sum of the elements 
of ©; (« = 1,2,---,k). Suppose M is a closed set in R, such that (1) M C H; 

k 


for every i, and (2) if for each i, P; is any element of ©; then dim (M -T] P,) Sn. 
i=l 
Then dim M S n. 


We first prove the theorem for arbitrary h, but with k = 1. For simplicity 
we assume that the elements of ©, have equations of the form 2, = c. For 
P « © we have dim (M.-P) S n, and we are to show that dim M S n. We 
limit ourselves to an arbitrary compact subset J of R,. The proof will depend 
upon the Lebesgue covering theorem. That is, for any « > 0, we show the 
existence of a finite, open e-covering of M-I of order not exceeding n. This 
yields the desired result. 

Suppose e > Oisgiven. Select any P « ©, , and suppose it has equation 2; = r. 
Then there is a finite open «covering U, of order not exceeding n of M-I-P. 
Since M is closed, it follows that U, will be a covering of M -I-P’ for all elements 
P’ « © which are sufficiently close to P. We can select two real numbers, 
r; and r:, such that (1) 71 < r < re, (2) the hyperplanes 2; = 7; and 22 = f2 
are not in G,, and (3) U, covers M-I-P’ if P’ lies between the hyperplanes 
2, = r,; and x; = rz. Now modify the elements of the covering U, so that the 
modified covering still covers M-I-P’ as above, and in addition has its elements 
lying between the hyperplanes 2; = 7 and 2; = f2. 

We obtain such a covering U, for every P which intersects J. By an applica- 
tion of the Borel-Lebesgue theorem to an interval of the z,-axis we obtain a 
finite number of such coverings Ul, which together cover all of M-I. These can 
then be modified so that no element of one of the coverings U, intersects an 
element of another covering Ul,. Then the collection of all elements of all these 
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sets U, will be a finite, open «covering of M-I of order not exceeding n. This 
completes the proof for the case k = 

We now suppose the theorem true for h < h; and prove itforh = h. Let P 
be any element of @. Then P is a Euclidean space R, with h < h. We can 
relativize the collections ©; , G2, --- , G1 and the sets M, H,, He, --- , Hen 
to the space R, (= P) and apply our inductive hypothesis, yielding this result: 
dim (M-P) < n. Then in the space Rj, we have the one Cantor collection of 
hyperplanes €; , with M C H;,, and for every hyperplane of the collection €, 


we have dim (M-P) < n. Hence by the first result proved we conclude that 
dim M S n. 


8. THEorEM 8.1. Suppose 8, &,--+,8; are real numbers such that if 
> rs; = r, with r and every r; rational, then every r; = 0. Then there exists a 
j=l 
0-dimensional perfect set C of real numbers with the following properties: 

(1) C has neither upper nor lower bound; 
(2) the end-points of segments complementary to C are rational; and 


(3) ifai1,%2,---, randy, ye, --- » ysare in C and 2) (2; — y ;)8; 18 rational, 
i= 
then x; = y; for every j. 


Proof. Let Ko denote the closed interval 0 S z S 1. Let G be the finite 
set of numbers —1, 0, and 1. In general, if K, is the sum of a finite set of 
mutually exclusive intervals on Ky, let G, be the finite set of numbers of the 
form z — y + t, where z and y are end-points of intervals of K, ,|t| S n, and 
tis an integer. Order all non-zero rational numbers into a sequence q; , G2, --- - 

Suppose we have defined Ky, --- , K, (n 2 0) so that the following properties 
hold: 

8.2. if k < n, K;, is the sum of 2‘ mutually exclusive closed intervals having 
rational end-points and being of length not exceeding 2°; 

8.3. ifk < n, then Kiss Cc K, > 

8.4. if0 <k Sn, m1, %2,---, 21,41, ¥2,°-:, yc arein K,andt,b,--- ,t 
are integers, | t;| < k, then 


De (i — vi + U8) (0 <rsk); 
I= 
and 


8.5. under hypotheses as in 8.4, if >> (x; — y; + t;) = 0, then, for every j, 
j=l 


x; and y; are in the same interval of K; . 
We now define K,4: so that the above properties hold with n replaced by 


n+ 1. Let F(n) denote the set of all linear combinations > 8a;, where 


a;eG,. Now no one of these sums equals any q (k S n + 1), i hypothesis 
on the s; and the rationality of a;. Let f denote any particular element of F(n): 


————— 
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f= >5s,a;. Replace a; by z; and write f(z: , 2, --- , 2:;) = >. 8;2;, where the 
j=l 


j=l 
z; are to be considered as independent real variables. Since f(a; , a2, --- , ai) ¥ 
qe (k S n + 1), there is, by continuity of f, a 5, > O such that if | a; — 2;| < dn 
for 7 S 1, then f(a, z,---,2:) * q-. But since the number of elements 
f « F(n) is finite, there is a 6, > 0 such that 6; < 6, for every f « F(n) and every 
kent. 

Similarly, if some a; ~ 0, then f(a , a2, --- ,a;) # 0, and there is a & > 0, 
independent of f, such that f(z, 2, --- ,2:) # Oif |a; — z;| < &forj S i. 
Let 6 be the smaller of 6; and 6. To get K,,, we take out from each interval J 
of the set of 2” intervals whose sum is K, an open interval J’, concentric with J, 
having rational end-points, and such that each of the two closed intervals 
whose sum is J — J’ has length less than 6/2. Then K,4: is the sum of the 2”"* 
closed intervals remaining. 

Suppose now that 21, %2,---,%i, Yr, Ye,--,Yy: are in Ky, and 4, 
tg, --- , ¢; are integers with absolute value less than n + 1. Then for each j 
there are points c; and d; which are end-points of K,, , such that | x; — c; | < 6/2 
and |y; — d;| < 6/2. Seta; =c;-—d;+t;,andz2;=2;—y;+t;. Then 


a;eG, and 2) (x; — y; + tis; = Do sz; = fla, w,---, 2%), with fe F(n). 
jul jal 


Furthermore, | z; — a;| = |x; — yj; ~¢; + d;| S | a2; -—e;| +] y; —d;| < 6. 
It follows that f(z: ,2,---,2:)#q:foranyk Sn+1. Alsof(a,2,---,2) ¥ 
0 unless every a; = 0. But in this case c; = d;, and x; and y; must be in the 
same interval of K,,:. Thus the properties 8.2, 8.3, 8.4, and 8.5 hold. Let C; 
denote the common part of Ky, Ki,---. Suppose 2,22, +--+ ,2i,Yr,Y2,°°*, 


y; are in C, and t,,, --- , t;areany integers. Suppose >» (x; — y; + t;)s; =r, 
j=l 


where r is rational. Then either r = 0 orr = qforsomek. Suppose r = q@. 
Choose n > k and n > |t;| (j = 1, 2,---,%). It follows, since C; e K, and 
k<n,thatr#~q. Ifr = 0, it follows that 2; and y; are in the same interval 
of K,, hence |x; — y;| < 2", for every n, hence x; = y;. 

Now let C be the set of all numbers of the form x + ¢, where x eC, and ¢ is 
any integer. Then C has the desired properties. For if x; and y; are in C, 
then 2; — y; = x; — y; + t;, where z; and y; are in C,, and t} is an integer. 
This completes the proof of Theorem 8.1. 


9. THroreM 9.1. If the separable metric space M has dimension n, then there 
exist spaces M,, M:,---,M, and continuous mappings ¢1, ¢2,--- ,¢n such 
that for each j (1 < j S n) we have (1) o;(M;) = M, (2) for y « M, ¢;'(y) consists 
of j + 1 or fewer points, and (3) dim M; = n — j. 


We derive Theorem 9.1 from the following 


THEOREM 9.2. Let R, denote k-dimensional Euclidean space. Then there exist 
k Cantor collections of hyperplanes ©, , G2, --- , Gj , and continuous mappings 
G1, ¢2,°*+,¢n, such that if H; is the sum of the elements of ©; and N; = 
H,-H,- --- -H;, then the following properties hold for 1 Sj S k: 
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(1) e(Ni) = Re, 

(2) if y «Ry then ¢;'(y) consists of j + 1 or fewer points, and 

(3) af Py_; is a Euclidean (k — j)-space which is common to an element of each 
of G, G,---, €;, then on Py_; the mapping ¢; is a homeomorphism, and 
¢;(Px_;) ts a linear (k — j)-space in R, . 

Proof of Theorem 9.2. Let 8, , 8, «++ , & be” a set of real numbers satisfying 
the hypothesis of Theorem 8.1 with k = i and let C be a 0-dimensional perfect 
set of real numbers such that the conclusions of Theorem 8.1 hold. Then there 
is" a continuous mapping g of C onto R, (the set of all real numbers) with the 
following properties: (1) if z eC, y eC, and x < y, then g(x) S g(y), and (2) for 
any peR,, g (p) consists of one or two points and if g ‘(p) consists of two 
points then p is rational. For 1 <j < k, let €; denote the Cantor set of hyper- 
planes having equations z; = c, ceC. Then H; and N; are determined, as 
stated in the theorem. 


9.3. DEFINITION OF g;. Suppose z = (x, +++, 2%) isin N;. Define z; as 
follows: 


i—1 


9.31. if i <j, x = g(x) + D 5,2, 
rel 


9.32. ifj <isk, 2 = 2%. 
Then 9;(x) = (21, 22, +++ , %). 
Proof that ¢,(N;) = Ri. Note first that ¢; is actually defined for x « N;; 
for x e N; implies that 2; «C, 7 < j, hence g is defined. Now take any y = 
(yi,---,Ye)¢€Re. We want an zeN; such that ¢,z) = y. Let x be a 
value of g (y:). Suppose 2, ---, 2:1 have been defined so that x; = y, 


i—1 
(r <i—1 <j). Then let 2; be a value of g“[y; — >> s,2,].. It follows that 
r= 


a; = ys. Fori > j, let 2; = y. For the point z = (a, --- , 2) so deter- 
mined we have ¢;(z) = y. 

Proof that ¢;'(z) consists of j + 1 or fewer points. For any i, 1 S i < k, we 
define a mapping f; of N; onto Ni. (where by No we mean Ry). For ze N; 
let f(x) have all coérdinates the same as x except the i-th one, which shall be 
Xj , as given by formula 9.31. Then gj = ¢i-fi = ¢;-2f af; = hh eee fi . Now 
every f; is at most 2-to-1, hence it follows that g; is at most 2”-to-1. But this 
result is not strong enough. We prove the following. 


9.4. If ze R,, and x and y are distinct points of Ni» such that g(x) = 
vi-s(y) = 2, then at least one of f;"(x), fz'(y) consists of a single point. 

Write z = (2, 2,---,2:). Then we can put z = (%, 2%, +++ ,%iv, %, 

: » 2k) and = (yi, Y2,°** »Yi-r, °° » 2), since ¢i-1(z) — ¢i-ly) = 2, 
and g;_; can change only the first i — 1 codrdinates. Suppose both f;'(x) and 


10 For example, s; can be taken as the square root of the j-th prime. 

11 The mapping g can be defined as follows: Order the maximal open segments of R, — C 
into a countable sequence ¢, , 2, --- . Next order the rational numbers into a sequence 
r,, 72, *-- such that for every 7 > 0, r;,; is in the same position relative tor, r2, --* 5% 
(as regards linear order) as &,, is relative tot; , 2, ---,&. Then the stipulation that g 
is to take the end-points of & into r; , and to be continuous, defines g. 
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fi'(y) consist of two points. The i-th codrdinates of the points in f;'(x) and 


fz'(y) are respectively g™[z; — . 8,t,] and g [zi — } 2 sy]. By assumption 
that g' is 2-valued, it follows ‘that the arguments are rational. Then their 
i—l 


difference is rational, and we write >. (x, — y;)s, = t, rational. But 2, and y, 
r=l 


are in C (r S i — 1), since x and y are in N;_,._ It follows (see Theorem 8.1) 
that z, = y,; hence x = y. This is a contradiction. Hence of all the points 
of N;_. which go into a point z of Ry under ¢;-; , there is at most one of them 
which has two inverses under f;. Then ¢;'(z) can consist of at most one point 
more than ¢;_(z). Since g;'(z) consists of at most two points, it follows that 
¢; (2) consists of at most j + 1 points. 

Now let. P be a (kK — j)-dimensional subspace of R; common to the j hyper- 


planes with equations 7; = ¢:, 2 = (,-+--,%; = ¢;, where (, C2, +--+ ,¢; 
are arbitrary elements of C. For ze P we have x = (1, @,-++ ,¢;, Uj, 
, , , , , / 

, a). Then g(x) = (1, C2, +++ ,C;, Liga, +++ , Ze), Where C, , Co,---, Cj 


are given by formula 9.31. Clearly ¢; is a homeomorphism on P, and ei(P) i is 
the (k — j)-dimensional space common to the j hyperplanes 2; = ¢,, 22 = 
Cay sss i = Cj. 


9. Proof of Theorem 9.1. Let f be a homeomorphic mapping of M into Rens: 
having the properties stated in Theorem 1.1. That is, for any m-dimensional 
linear subspace R,, (n + 1 S m S 2n + 1), we have dim (f(M)-R,.) S 
m-—n-— 1. Write My = f(M). Apply Theorem 9.2 to the space Rens: , 
obtaining sets N,, Ne, --- , Nensi and mappings ¢1 , g2, --- ,¢en41. For eachj 
we have N; = ¢; (Rani). For 1 < j S n, let M; denote g;'(Mo). That is, 
M,;; is the subset of N; consisting of all points which go into Mo under ¢; . 

Then ¢;(M;) = Mo, and g; is an at most (j + 1)-to-1 mapping. It remains 
to show that dim M; = n — j. Now it is known” that dim M; = n — j, so 
we need only show that dim M; < n — j. Now M; C N;j, and N; is common 
to the sums H,, H:,--- ,H; of the Cantor collections @,, G,--- , €; of 
hyperplanes. Hence by Theorem 7.2 it will follow that dim M; < n — j, if 
we prove the following: If P is the common part of the j hyperplanes 2; = a , 
Ze = G,-+++,2; = C;, where G, @,---,c; are in C, then dim (M;-P) S 
n — j. Now the transformation ¢; (as defined over all N;) takes P homeo- 
morphically into a (2n + 1 — j)-dimensional linear subspace ¢;(P) of Ren41, 
and dim (Mo-¢,(P)) S$ 2n +1 —j—n—12=n-— j. Then since g; is a 
homeomorphism over P, it follows that dim ¢;'(Mo-¢;(P)) = dim (M;-P).= 
n — j. The transformations ¢; , g2, --- ,¢n carry the sets M,, M2,---,M, 
into the set My in the desired way. To get mappings into M we need only 
apply the inverse of the homeomorphism f. 


Duke UNIVERSITY. 


12 See footnote 1. 








SIMPLE EXPLICIT EXPRESSIONS FOR GENERALIZED BERNOULLI 
NUMBERS OF THE FIRST ORDER 


By H. S. VANDIVER 


Many different explicit expressions have been given for the Bernoulli numbers, 
and in many ways the simplest is the following, due to Kronecker:! 


o bas = (1) SM ay 


aml \@ a 





where 
S,-1(a) =— 0” +} 11> + ent + ve + (a = ee. 0° -_ 1, 


the b’s being defined by the recursion formula (b + 1)" = b,, » > 1, where 
after expansion by the binomial theorem we set b* = b, . 


In the present note we shall consider what is called by the writer the gen- 
eralized Bernoulli number of the first order,” 


(2) (mb + k)" = b,(m, k), 


where this is to be interpreted symbolically as in the expression involving b 
above, and where m and k are integers, m ~ 0. We have, obviously, b, = 
b, (1, 0). 

We shall derive explicit expressions for this generalized number which include 
(1) as a special case, and a number of more general forms for (1). It will be 
shown that these explicit expressions will yield a number of properties of the 
generalized Bernoulli numbers which include most of the known arithmetical 
properties of the ordinary Bernoulli numbers. 

Our point of departure is the formula* 


(3) Cin, D + et - ow oe > (im + k)": 


another proof was given by the writer.‘ Then, in particular, the special case of 
this when r = 1, which may be written 


(4) (b(m, k) + m)"*" wry Bayi(m, k) = m(n + 1)k", 
Received February 18, 1941. 
1L. Kronecker, Werke, vol. 2, Leipzig, 1897, pp. 405-406. 


*H. S. Vandiver, On generalizations of the numbers of Bernoulli and Euler, Proceedings 
of the National Academy of Sciences, vol. 23(1937), pp. 555-559. 


3J. W. L. Glaisher, On the value of certain series, Quarterly Journal of Mathematics, 
vol. 31(1900), pp. 193-227; pp. 193-199. 


4H. S. Vandiver, An extension of the Bernoulli summation formula, American Mathe- 
matical Monthly, vol. 36(1929), pp. 36-37. 
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may be used as a recursion formula for (2). Set 


(5) ¥ (am + b)* = Salm, k, 7); 


i=0 


expanding (3) and setting n — 1 instead of n, with n > 0, we obtain 
(6)  nbpa(m, k)rm + (>) ba-2(m, k)r’m? + --- + (rm)” = mnS,-a(m, k, r). 


We shall now prove 
TuroreM I. If m and k are integers, and 


a—1 


Sna(m, k,a) = Dy (mi +k)", 
i=0 
then, forr = n, 


7) (ives Ob + 1, 
a 


a=] 


where the expression on the left is to be expanded in full by the binomial theorem, 
and b, set for b’. 


Proof® Using (6), we may write 


(8) f(a) = 1 > (") ba-s(m, ka’ m* = S,a(m, k, a) 
N imi \2 a 
Since the degree of f(a) < n, we have, using finite differences, 
(9) A’f(a) = 0, 
for r = n, and from a known formula we obtain 
(10) > (-0"(1)sa +A = so). 
= 
Puta = 0. Then 
(11) f(0) = ba-alm, k) = (—1(7) Sea BD 
j=l 


This is the result, if now we set j = a. 

We may note also that we may extend the theorem so that m and k are 
quantities in any ring which contains the rational field except that m is not a 
zero divisor. 

We now proceed to establish some other explicit forms for b,1(m, k). Letm 
and k now be rational integers; we note that 


(12) ev — ne) +... + (—1)" = (e® — 1)’, 


5 I am indebted to the referee of this paper for the proof which follows. My own argu- 
ment for the proof of the theorem was not nearly so simple. 
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where e is the Napierian base. This may be written 
n n—l 
(13) bi (") (—3)"* 9" ai (—1)" *¢ An > (e ae 1)*s"(—1)""**. 
Integrating each member of this with respect to v between the limits v and 0, 
and noting that 
v ? F (e” ce ? aia 

) -— 1/7 ae... ae 
(14) [ (e 1)*e" dv mre at 
we obtain 


9 EQare-2Oar 


a=l a=] 





= (—1)""e v + (= 1)" + yaa inte (— soe’ 
or 
 ( e+ 
(16) , (*)(- en = (-1)""e + (-1)"+ at ae ere (—1)""". 
Dividing through by (e” — 1), we obtain 
(17) > (")¢ {res >> = (—1)** + + — 1)"*", 





In this relation set e” in place of e and multiply each member by e’”. Now 
differentiate each member n — 1 times with respect to v and setv = 0. Using 
(7) we obtain 








- n—l qa” (e™™ ~ re) 
ve * » cat 
(18) (mb +H = F/I ee 
We then note that the right member equals 
r gr e”*( g™ ae 1)’ -y'| 


for r = n — 1, since, using Leibnitz’s theorem, we have 











li vk; vm 2-H 8 
qa ( € 1)") 
(20) R qa” . a” wm 
=e ara —1)*+ke an ( — 1)*(n—1)+.--- 
and 


(21) [s (e"" — | =0 forh < s. 
vem) 
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Now we note that 


vk d 

dv 
es e*.nm(e”™ sa a** + (e"™ a 1)"ke™. ; 

When we now take the (n — 1)-th derivative of this with respect to v, every 

expression obtained by differentiating the term involving (e’” — 1)” will vanish 

on setting v = 0, so we examine this differentiation in connection with the first 


term only. We note first that, if we differentiate as a product, 
fe nm(e™ ate ) in - et n(n — 1)m?(e"™ os Yi aa + coe, 


where the terms on the right after the first all vanish when the (n — 2)-th 
derivative is taken and v made zero. We then find by induction 


(23) E et(e"" — | =n! m". 


In (7) put S, in place of S,., andr = n+ 1. Also employ (17) with (n + 1) 
in place of n; then we find 


(mb + my = (—y BO (M) (aye [| Fare 


d (e"*(e"™ onli 1)”) = é (e™ i. 1)" + (e"™ ie 1)"ke™* 
dv 


(22) 


or by (23) 


mn 7¢_qyn Mm | S/_4y0-1(/"\ Sa(m, k, a) 
(24) (mb + BY = (- 4D (-1) (2) Se. 


From the formulas (7) and (24) we shall now show how to obtain a number of 
results which include as special cases most of the arithmetical properties of the 
ordinary Bernoulli numbers. Formula (24) looks more complicated than (7) 
(for n in place of (n — 1) andr = (n + 1)), but it does not contain any more 
terms and is more convenient for certain purposes. In (7) set m = 1, k = 0, 
and we obtain Kronecker’s (1). We obtain a companion formula to this by 
setting m = 1, k = 0, in (24), giving 








a a n! ~ _1)e1 n Sr 
(25) be = (yr +X (-ye() ©. 
Let p be a prime and set n = pin (24). The expression 

(im + ky?" 


is congruent to a, mod p, using Fermat’s Theorem, unless it contains the term 
me + k, where c is such that mc + k = 0, mod p, in which case our expression 
is congruent toa — 1, mod p. In particular, if we set m = 1, k = 0,r = n we 
obtain the known congruence 


(26) beset +2—U! (mod p) 





or 


an 


if ( 


Pp. 


sh 
rst 


sion 
we 
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if we note that 


(?7*)=(-n" (mod), 


a 


and 
120 (mod p) 
a P). 


Now consider (24) again. In the expression 


a—l 


(27) > (k + im)” 
t=—0 

if (m, a) = 1, then 

k+im=k+im (mod a), 
if and only if 

lh =% (mod a) 
or 
h =k. 

Hence, in (27) the quantities inside the parentheses are incongruent, modulo a, 
and are therefore congruent to 0, 1, --- ,a — 1 in some order. Hence, 
(28) > (k + im)" = > S (mod a). 


It is known that if 


n= pm, (m,p) = 1, B Sa, 
then 


ph 


> ce" = 0 (mod p*”), n, # 0 (mod p — 1), 


c=l 


and this may be established without the use of Bernoulli numbers. We also have® 


(Pr) 78 OME 
if (h, p) = 1; hence, in (24) 
ates (") =0 (modp*) for n # 0 (mod p — 1). 


*H. 8. Vandiver, On power characters of singular integers in a properly irregular cyclo- 
tomic field, Transactions of the American Mathematical Society, vol. 32(1930), pp. 391-408; 
pp. 401-402. 
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Now 
n! 
n+1 
noting that (n + 1, p) = 1; hence, (24) gives 
TuEeoreM II. If n = mp*, n # 0 (mod p — 1), (m, p) = 1, then 
(mb + k)" =0 (mod p*), 


where m and k are integers, p prime. 


0 (mod p*), 


Ill 


The special case when m = 1, k = 0 is well known. 
We shall now show that (mb + k)” is an integer for n odd, except for n = 1 
with m odd. We have, if (a, m) = d,a = da, 


a—1 ai—1 


(29) Dd (k + im)" =d D) (k+ iim)" (mod a), 


i=0 i, =0 
since if 7 = ar + 7, then 
k+im=k+ im (mod a), 
noting that aym = 0 (mod a). Now also 


ai—1 ai—1 


D> (k+ iim)" = > 7 (mod a) 


4,=0 


since (m, a;) = 1, so that this gives, with (29), 


(30) z (k + im)" =d = S (mod a). 


Now if a, is odd, then 
aj—1 (a,—1)/2 


Ls = > (r°+(a—r)")=0 (moda); 


ai—1 a;/2—1 n 
i" = (wr + a — w+ (2) 
h=l 


forn > 1. Hence (30) gives 
a—l 


> (k + im)” =0 (mod a) 
i=l 
for n > 1 and (7) shows that (mb + k)” is an integer forn > 1. Forn = 1, 
mb + k is obviously an integer except for m odd, and this is the result desired. 
We now examine what prime factors appear in the denominators of (mb + k)", 
neven. The relation (30) gives 


0 (mod a;) 


Sa(m, k, a) _ Sula) | 7 


(31) a a 


’ 


where J is an integer. 





of 
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By a known result? 





S,(a) 1 1 1 
> + 2 + = + 2 + ++ 
is an integer, where 2, a, 8,--- are the distinct von Staudt-Clausen primes 


corresponding to n, which also divide a,. (We define the von Staudt-Clausen 
primes corresponding to n as those primes p such that n = 0 (mod p — 1).) 
Applying this to (7) with n in place of r, using (31), and collecting the terms 
involving a, we find the sum to be 


aie) Z(O-@)+@)--): 


and employing the relation of Lucas,’ 


(m) = (Z)C,) mod» 


where m = pm, + p, n = pm, + », and p:p is a prime, we obtain from (31a), 
setting p = a, 


(()-()+(@)- ~>) 
ot) Glas =)..e8e 


=+1 (mod a). 
We have a similar result for each von Staudt-Clausen prime corresponding 


to n, and which is prime to m, since a; is prime to m, so that we have 
THEOREM III. We have for n even, m and k integers with m # 0, 


ba(m, k) = An — > : 


- 
i=l Di 





where the p’s are the distinct primes which are prime to m and such that n = 0 
(mod p; — 1); An being some integer. For n odd, b,(m, k) ts an integer, except 
for n = 1 with m odd. 


This theorem was given in a previous article by the writer® in which an entirely 
different proof was indicated briefly. Many other congruences may be derived 
involving b,(m, k), but some of them can be more conveniently obtained from 
(26) instead of from (7) or (24). 

We now consider various explicit expressions for b,(m, k), or the special case 


7P. Bachmann, Niedere Zahlentheorie, vol. 2, Leipzig, 1910, p. 48. 

8 E. Lucas, Théorie des fonctions numériques simplement périodiques, American Journal 
of Mathematics, vol. 1(1878), pp. 184-238; pp. 229, 230. 

® Vandiver, op. cit., footnote 2, p. 555. 
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of the ordinary Bernoulli number. The equation (7) leads immediately to the 
following: 


(32) (mb + k)"* _ ¥ eee Sna(m, k, a) 


r amt \a—1 a? 


with a similar relation for (24). 
Now in (7) set m = 1; we obtain 
k+a—1 


lle 


(33) > (;) (-—1)*" - = (b+k)"". 


a=1 \@ 
Comparing this with the formula 
(34) (b + k)"* — baa = (n — 1)(1"* + --- + (&- 1)"%), 


we obtain, for r > n, 
k+a—1 
a” 


r r a—l ixk 
(35) be = — (n= S.A) + Y ("\-yt 


This illustrates the main reason why the writer introduced generalized Bernoulli 
numbers, namely, to throw light on the properties of the ordinary Bernoulli 
numbers. 

Consider the expression (18) and expand each parenthesis in the bracket on 
the right side of the equation and then carry out the differentiation indicated. 
We find after setting v = 0 


ay (2) cam + 4) 
(36) (mb + k) =-2 2 x1 (+1)*, 


Set m = 1, k = 0, and we obtain” 


(37) ee ob (:) —_ (—1)*, 


s=1 a=0 





We now note that (21) gives, form = 1,h < s, 


> (-pra'(®) = 0. 
a—0 a 
This shows that (1) may also be written 


(38) b a i > (") S,1(a + 1) (—1)*" . 


a= a a 


1 J. Worpitzky, Studien wiber die Bernoullischen und Eulerschen Zahlen, Journal fiir 
Mathematik, vol. 94(1883), pp. 203-232. 





tai 


(4: 


ant 


anc 
pla 
in } 


(43 


li 
li 


fir 
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This shows that in (17) we may multiply through by e” and obtain, when we 
differentiate through (n — 1) times with respect to v, the right member of (38) 
after substituting v = 0. This gives, by using the right member of (17), the 
formula 





ES CtM() a4, 


s—0 a= s+1 \a 
which is the Lucas formula, usually written in the form 
Am 4® A” 
me OS ee oe > 0. th aria 
where A“ represents A“’(m”) or the k-th difference of m”. 
In the proof of the above we noted that 


om [eel -[ee%sL. 


Carrying out the differentiation of the left member as a product and using Leib- 
nitz’s formula, we obtain 


(40) (6+ 1)"=b,. 


This suggests that we may start with one of our explicit representations as a 
definition of a Bernoulli number and obtain the principal results in the theory 
of Bernoulli numbers. Following this scheme we may obtain the Bernoulli 
summation formula by deriving (35) independently of (34) by examining the 
terms in the second summation on the right of (35) noting that 

n—1 1 
(atc) _ F tal STE ST ye ee Ce 


o~ 
a a 








(41) 


We then note also that the whole summation on the right of (35) may be ob- 
tained in the form 


a” n n ids ett he e” 
(42) | ee (> (") (-)) e° =") |. 


By taking the fractional expression in the above in the form 








and differentiating it as a product, we may write (42) as 
(b+k)"", 


and this gives (34). Formula (3) may be obtained from (34) with n + 2 in 
place of n as follows, since (3) holds for n = 0. Assuming (3) to be true for n 
in place of n + 1, we obtain from this assumption 


a—l 


k 
(43) I ((mb + k + rm)" — (mb + k)")dk = mn [Ze (im + bak, 
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or 
(mb + k + rm)" (mb + WY nas ((b + 1)" — boas) 
n+1 n+1 n+1 
r—l r—1 
=m >, (im+k)"*—m""> 3"; 
i=0 i=0 


using (34) we obtain (3) for n + 1 in place of n, whence (3) follows in general 
by induction. 


UNIVERSITY OF TEXAS, 
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GENERALIZED BERNOULLI AND EULER NUMBERS 


By L. Caruitz 


1. Several years ago Vandiver' introduced certain numbers which he called 
generalized Bernoulli numbers of the r-th order. In particular for r = 1, the 
generalized number of the first order was defined by means of 


(1.1) b,(m, k) = (mb + k)", 


where the right member is to be expanded and b‘ replaced by b; , the ordinary 
Bernoulli number: 


(1.2) (b+ 1)" = 0b" (n > 1); 


the m and k are arbitrary integers. In his paper Vandiver gave a theorem 
about b,(m, k) which reduces to the familiar Staudt-Clausen theorem when 
= 1, k = 0; he has recently given another proof of this theorem.” 

In the present note we shall first prove this theorem by means of Lucas” 
method. In the remainder of the paper we consider certain Bernoulli poly- 
nomials in several variables and by the same method derive a theorem of the 
Staudt-Clausen type. For the corresponding Euler polynomials we derive con- 
gruences of Kummer’s type; the method is that used by Nielsen‘ for the ordinary 
Euler numbers. 


2. We require the well-known formula 


a) be Be Bo). 


Expanding the right member of (1.1) and using (2.1) we get after some manipu- 
lation 


(2.2) b,(m, k) = > a a’, 


where for brevity we put 
(2.3) A’ = Am, t) = > (—0"(8)ima + k)". 
a=0 Qa 


Received July 11, 1941. 

1H. S. Vandiver, On generalizations of the numbers of Bernoulli and Euler, Proceedings 
of the National Academy of Sciences, vol. 23(1937), pp. 555-559; especially p. 555. 

2H. S. Vandiver, Simple explicit expressions for generalized Bernoulli numbers of the first 
order, this Journal, vol. 8(1941), pp. 575-584. 

3 E, Lucas, Théorie des Nombres, vol. 1, Paris, 1891, p. 433. 

4N, Nielsen, Traité Elémentaire des Nombres de Bernoulli, Paris, 1923, p. 262. 
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Since 
s! | A’(m, k), 


for all s, m, k, it follows that all terms on the right of (2.2) are integral except 
possibly those for which s + 1 = 4ors+1=p,aprime. If s+ 1 = p, there 
are two possibilities: 

(i) for p | m, 


A’(m, k) = = k* = 0 (mod p), 


as follows immediately from (2.3); 
(ii) for pm, 


p—1 p—1 
A‘(m, k) = p> (ma + k)* = p> a” (mod p) 
_{-1 forp — 1|n, 
~~ lo otherwise. 
If s = 3, we have by (2.3) 
(2.4) A® = k” + (k + m)” — (k + 2m)" — (k + 3m)" (mod 4). 


We consider separately three cases: 
(iii) for m even, 


A’ =0 (mod 4), 


as follows from (2.4) by taking m = 0, 2 (mod 4); 
(iv) for m odd, n even, 


= (k + m)” — (k — m)" =0 (mod 4) , 
(v) for m odd, n odd, we take 
a 
at 2 mh O (k + am)" (mod 2) 
1 forn = 1, 


0 forn > 1. 


As a consequence we get Vandiver’s theorem: 


For n even, 
1 
b,(m, k) = G — Le (p —1\n, p{m), 
Pp 


where G is an integer, and the summation is over all primes p satisfying the condi- 
tions indicated; for n odd, b,(m, k) is an integer, except for n = 1, m odd, in which 
case b,(m, k) = G + 3. 





— aa 66 


i- 
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3. We now consider certain Bernoulli polynomials in several indeterminates.” 
Put 
(3.1) B,(t) = Bay---ng(Zi +++ 2+) = (6 + 21)" +--+ (D+ 2)”, 


where the right member is to be expanded in full, and b‘ replaced by b; , defined 
in (1.2). These polynomials have various properties generalizing those of the 
ordinary Bernoulli polynomials. Here we are interested in certain arithmetic 
properties. Following (1.1) we define 


Day---n, = Dny--+m,(™1 see me, ky +++ hy) 


(m,b + ky)™ --- (mb + k,)™ 


m;' eee mi Baym (H eee &), 


Then using (2.1) we get 





(3.3) hig de ell 
where now 
4) at = Y(-1)"(2 Joma t+ ha" +++ (mat bd. 


Now, as in the previous case, for arbitrary integral m;, k;, we have s!| A’, 
and therefore all terms on the right of (3.4) are integral except possibly those 
for which s + 1 = 4 or a prime p. The remainder of the discussion of §2 
becomes rather complicated in the present case, and we shall state a somewhat 
weakened Staudt-Clausen theorem: 


For integral m; , k; we have 


3.5 ba,---n, = G 24+. 
(3.5) +Le+7 
where G is integral, p runs through the primes not exceeding n, + --- + m%, 
p—l 
(3.6) & = > (mia + ki)" +++ (mea + ky)” (mod p), 


and «& = A* (mod 4) and is even. 


We remark that in the same way if f(z) is an arbitrary polynomial of degree n 
with integral coefficients then (2.1) yields 


0) = EY -0"(2) se, 


5 See L. Carlitz, On arrays of numbers, American Journal of Mathematics, vol. 54(1932), 
p. 751. 
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and therefore we get the result: 


*s Cp & 
fO)=G+ Derg, 


where 
= > fla) (mod p) 
and 
es = f(0) + fl) — f(2) — #8) (mod 4), 


so that e4 is even. 
Returning to (3.5), take ¢ = 2. Let 


n; = vy, (mod p — 1) (lsuSp-1), 


and put 6 = mk, — m2k;. Assume p {4 mm. Then for p ¢ 5, it is easily 
verified that (3.6) implies 





—2 for 1, + » = 2p — 2, 
€> = 4 —my'ms? Bopp forp—lsn+nm<2p-—2 
>= Boalt (oa P =u Th P ) 
| 
(0 form +m<p-—1; 
for p| 5, we have 
—m,"*m;™ for p — 1|mi + me, 
e& = 
F 0 - otherwise. 


The corresponding results in the case p| mm, may be obtained without diffi- 
culty. 


4. Parallel to (3.1) we may also define certain Euler polynomials in several 
indeterminates. For brevity we take as definition 


nits +n; 


(4.1) En, -++n, (21 +++ %) = a = »» (- v*(2\ce +2)" --- (a+ a)”. 


s=0 


If now we put 


k k 

n 1 t 

Cn = Cny-++my = mit 2 mi Bayon, (B a ae ; 
1 t 


then (4.1) yields 
nit---+n¢ ee 


(4.2) iia oe 


e=0 2° ? 
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where A’ is defined by (3.4). Clearly 


"ait, 


is integral for all integral m;, k;. Now let p be an odd prime. We consider 
the number (vy; 2 0) 


(4.3) Qaim = > a, geiliei (”) ae (*: Cn+i(p—l) + 


| 


By (3.4) the right member becomes 


a4) S-0(8) TT ma + hI = (oma + BY, 
Since by Fermat’s theorem, for y = n, 

m*(1 — m?)’ = 0 (mod p*), 
it follows at once from (4.4) that 
(4.5) GS...4, @ (mod p™*"***"*), 
provided »; = n;. We may generalize (4.5) somewhat: 

Ont, = 0 (mod p***"*****), 

where 

ws = min (nj, »%) (j= 1,---,d. 


Duke UNIVERSITY. 
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AN APPLICATION OF THE CLASSICAL ORTHOGONAL POLYNOMIALS 
TO THE THEORY OF INTERPOLATION 


By H. N. LapEen 
1. Introduction. Let 


(1) coerce cccecsesecs (a S Zin < Lon < ons < Inn SD) 


be a triangular matrix of abscissas on an interval f[a, b]. Set w,(z) = 





c(x — 21n)(2 — en) +++ (© — 2n.n), With c an arbitrary non-zero constant. 
Then, 

lx.n(x) = won(z)_ ’ with le,n(Xj,n) = nj 
(2) (x = Lk,n)@ n(Lk,n) 


(k,j = 1,2,---,njn= 1, 2, ---), 


are the fundamental polynomials of Lagrange interpolation of degree not exceed- 
ing n — 1 corresponding to the n-th set of abscissas. Let 


er ee er 


ee 


be a corresponding matrix of ordinates. Then, the Lagrange interpolation 
polynomial L,,(x) has the property that 


(4) L,(z) = )» Yr,nlen(2), L,(2j,n) = Yin 


(j= 1,2,---,n;n= 1, 2, ---). 


In particular, if f(z) is a function defined on the finite interval [a, b] and if 
we select yin = f(ten) (kK = 1, 2,---,njn = 1, 2,---), we write L,[f; z] = 
L,[f]. The question whether L,[f] — f(z) uniformly on [a, 6] as n — © for an 
arbitrary continuous f(x) was settled definitively by Faber,’ who showed that, 


Received March 13, 1941. The author wishes to express his deep gratitude to Professor 
J. A. Shohat for his constant encouragement and valuable advice. 
1 Jahresbericht der deutschen Mathematiker-Vereinigung, vol. 23(1914), pp. 192-210. 
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corresponding to every choice for the matrix of abscissas, there exists a continu- 
ous function f(z) on [a, b] such that L,[f] does not converge to f(x) uniformly 
on [a, b]. 

The introduction of the Hermite interpolation polynomial (HIP) of degree 
2n — 1, ; 


H,(z) = > tno| — onltne) (¢ — ran) |teaCo), 


Wn (Lx,n) 


H,(2i,n) = Yk,ns Hi. (xen) = 0 (k = 1,2, ---,n;n = 1,2, -- -); 





(5) 


is more fruitful. Again, we write H,[f], for the n-th HIP corresponding to f(z). 
For this interpolatory procedure, there exist matrices of abscissas such that 
H,{f] — f(x) uniformly on [a, b] as n — © for any arbitrary f(x) continuous on 
[a, b]. (Szegd [7, 8], Shohat [5].’) 

A more extended interpolatory procedure is discussed by Kryloff and Stayer- 
mann [3]. In this is employed an interpolation polynomial of degree 4n — 1 
corresponding to (1) and (3): 














6) F,(z) = > Yan Un.n(t)Le,n(2) (n = 1,2, ---), 
taa(a) = 1 = 262 — 24) SH 
oy eee eal Sates) 
ee sk Ges le, 


F (k,n) = Yk,n» FS” (xe.n) - 0 


(8) 
(» = 1,2,3;k = 1,2, ---,nj;n = 1, 2, ---). 


As before, for a function f(z) on the interval [a, b] for which f(z:,n) = Yen, we 
write F,,[f; z] = F,[f]. 

Kryloff and Stayermann [3] limit their considerations to the case where the 
n-th set of abscissas are the zeros of the trigonometric (‘““Tchebycheff”) 
polynomial 


T,(z) = cos (n are cos z) = 2" 'z"+.--- (n= 1,2,---). 


They assert that for such a choice of abscissas and for an arbitrary function f(z) 
continuous on [—1, 1], F,[f] — f(x) uniformly on {—1, 1] asn — «. Their 
derivation, however, is in error and we give a corrected proof. Furthermore, 
we consider the more general case of abscissas placed at the zeros of the classical 
orthogonal polynomials of Jacobi, Laguerre and Hermite, employing in the main 


2 Numbers in brackets refer to the bibliography at the end of the paper. 





Fe ee a ee 


(1 
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a method originated by Fejér [1] and extended by Shohat [5] and Szegé [7, 8]. 
The results in this direction lead to independent and constructive proofs of the 
Weierstrass approximation theorem for continuous functions. Furthermore, it 
is revealed that there are abscissas which produce the desired convergence 
theorem when employed in the HIF, which do not produce this result when used 
in the formula of Kryloff and Stayermann. This last may prove surprising to 
those expecting special advantages in this direction to accrue from the increase 
in the degree of the n-th interpolation polynomial. 


2. Basic convergence theorem. Let f(x) be a uniformly continuous function 
on an interval [a, b] (finite), let (1) be a matrix of abscissas on this interval, and 
consider (6) for this function. Given « > 0 there exists a positive 6 such that 
| f(x’) — f(x") | < efor|2’ —2”| S6,as2',2" Sb. Also, let | f(z)| = M 
fora $2 3b. We remark that 


(9) z tina(2)lia(2) = 1. ne 
Thus, for a fixed z in [a, b], 
fla) — Ff] = 3 (2) — flor) Iuaa(aMlt (2), 
|f(x) — F.lf]| s RP ae | f(x) — S(aen) | | we n(x) | En(x) 
(10) + 2, | f(z) 4 S(T») | | Ux,n(Z) | lin(x) 
s € = | Ux,n(x) | Lin(x) 
|2—ze,n| <8 


+ 2M } me , | Ux,n(2) | li n(x). 


|2—Zk,n| > 
Consequently, we have 
Turorem A. Let f(x) be an arbitrary function continuous on {a, b]. If, for 
any system of abscissas on [a, b], we have both 
(11) lim > 5 | Ux,n(x) | Ti,n(x) = 0, 


no |2—Zk,n| > 


(12) ps , | we,n(x) | Uin(x) is bounded 
|2—Zk,n| 

holding uniformly for x in any subinterval [c, d] of [a, b], then F,[f] — f(x) uni- 

formly on [c, dJasn— ~. 


§3 is now devoted to establishing the conditions of this theorem for trigonom- 
etric abscissas and the correction of the error of Kryloff and Stayermann. §4 
establishes the theorem for a wide class of Jacobi abscissas. The remaining 
sections are concerned with the Laguerre and Hermite abscissas, for which the 
above theorem requires some modification. 
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3. Trigonometric abscissas. Making use of the differential equation 
(13) (1 — 2*)w, (xz) — 2w,(x) + n’w,(x) = 0, w(x) = T,(2), 


and its (twice) derived equations, we get’ 











wn (te) ae wn (te) Bak a: n—1 

(14) wats) 1—ae walter) (1—a2%)? 1-2’ 
Wn (Tk) _ 15ai _(6n* — 9), 
w(t) (1-2) (1 — aj)’ 


whence, by (7), 








_—1— Qe +ai , (x — x) Pai + Hn? — 101 — 23) 
uz(z) = ee a + 2 | ( oe: 23) ] 
(x — xx)°[ —(4n? — | 
_e | iG-ay J 


Essential in the proof of Kryloff and Stayermann is the non-negativeness of 
uzn(z) for -1 Sz S1(k=1,2,---,n;n=1,2,---). This they attempt 
to establish in the following manner. They write 








2 tall fa 2 
u(r) = P+Q, Pea: an +! 2 J tr) > 9 
1— % 1— x 
for -1 Sz 31, 


2 
Q = = eet — alae + 4(n? — 1)z] + 4(n? — 1} 
6(1 — Xi) 
(15) 
- (¢ - xi)" 
6(1 — aj)’ 
and proceed to consider q(x), the quadratic form in z,,for -1 S231. Its 
discriminant is actually z°[3 + 4(n® — 1)/’ — 96(n® — 1), although Kryloff and 
Stayermann write erroneously 2°[2 + 4(n? — 1)}) — 96(n” — 1)’. From the 
non-positiveness of the latter, they deduce that g(x) is non-negative for 
—1 sz S 1, provided n = 2. However, this result cannot be deduced from 
the corrected Georininant, since for n = 3 the interval of its non-positiveness 
is already | - = , | and this subinterval of [—1, 1] continues to shrink 
with increasing n. 
Still the final result of Kryloff and Stayermann is correct, for 


q(x) = 4(n? — 3)(1 — xxx) + 3(1 — aax)’ + 32i(1 — x*) + 32; 2 0, 
Q20, wm,»(r) 20 for -l Sz S1(k =1,2,---,njn 2 2). 


* Unless there is danger of confusion, we write zz , w(x), ur(z),... in place of Zin, 
wn(Z), Ue.n(Z), ... respectively. 


q(z) 





(1 





of 
pt 
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om 
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- 2). 
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This, once established, enables us to obtain (12) and (11) uniformly in [—1, 1). 
This makes Theorem A applicable and we have 


TxeEoreM I (Kryloff and Stayermann). Let f(z) be an arbitrary continuous 
function on [—1, 1]. For trigonometric abscissas, F,[f] — f(x) uniformly on 
{[—1, llasn— o. 


We have omitted details concerning (11) and (12) for trigonometric abscissas, 
these latter being but a particular case of Jacobi abscissas, which are treated 
below. 


4. General Jacobi abscissas (a, 8 > —1) (notations those of Szegé [5)). 
With two parameters, the computation in places becomes rather involved and 
is, of necessity, omitted. 


We again use the differential equation for the Jacobi polynomial: 


(1 — 2°)w"(x) + [8B — a — (a+ 6 + 2)z)o'(z) 
+ n(n + a+ 68+ lolz) =0, wa(z) = Ph” (2), 


(16) 


and its (twice) derived equations as in §3, as well as (7), to get 


a 








u(x) = p(z) + ar t(x), 
_ , _ Ax — (a +1) , Ae — m)(B + 1) mn s(x) 
onlin 1 — % . 1+ % 1 — 2)’ 


t(xz) = 4n(n + a+ B+ 1)us(z) + w(z), 
wi(z) = 1 — ay — (x — 24)[2a — 26 + (2a + 28 + 3)zzul, 
u(x) = llla—B+ (a+8+ 2)ai)° — Srila — B+ (a + B+ 2)z) 
— 4a + 6+ 2)(1 — 2}) 
+ (x — x) {(7a + 78 + 12)[a— 8 + (a2 + B + 2)x) 
— 42,(a + 6 + 2)} 
2( 


— 2 gp + (a+ 8+ 2iiSla—B+ (a+ B+ 2nP 


— ZX 


t — Tala — B+ (a + B+ 2)au] + 423}. 


Let |e7|S1-— 9, |e —2x| S65 Shy (O < n, 6 <1); then, for k = 
1,2,-++,M, 


(17) + 





lx — 2 | 5 5 5 5 
s s s =s5= 
1 — 2a} l-2et+2r—zi” nN —w—-H” 1 - B” BW 





Nie 
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Thus, for | z| 31 —,|2—2| S65 Sin(0 <6, <1) andk = 1,2,.--,n, 


(wi(x) = 2n — 9 — 2)a — B| + | 2a + 2643 |] > 0 — 14, 
1 =2)a—6|+|2a+ 28+ 3), 
pox) = —8)a — B| — 12(a+ 8+ 2) 
—(ja-—B| +a+8+4+2)[3(\a —B|+a+ 6+ 2)’ 
+7(\a-—6|/+a+6+2) +4] 
— {| 7a + 78 + 12\(la — B| +a+6 + 2) 
+4(a+8+2)]) = —w, 


(18) 4 
4n(n ta+6+1)(n—n5)-n2nt+t+atB+1—xn>0 


t(x) 
(i pr erreg omer < 8s min{ty, view iaod’ ), 
21 2n 


s(x) 21 —a° + 2° —2;- 22-2 \(la—B| +at+6+2) 
=n-— 620, 


IV 





n= Wla-B|+at+s+3)(s5 2). 


We have thus established 


Lemma 1. For general Jacobi abscissas, ux,.(z) 2 0 (kK = 1, 2,---, n) for 
l2| S1—7,|2 —2x%| S 6 S min {}n, /2n, n/vs}, if nis sufficiently large: 
n => max {1/2n, » + 1}. Here, 1, v2, v3 depend on a and 8 only (see (18)). 

We also need 

Lemma 2. For general Jacobi abscissas, given n and 6 (0 < n, 6 < 1), we have 
uniformly in [—1 + , 1 — n] 


lim >> , | wen) | liana) =0, lim >> wma(z)lin(z) = 1. 


neo |2—Zh,n| > ne |2—Zpn| <8 
Proof. By (17), we have uniformly in [—1, 1] 


(a — ax)’ | t(zx) | = O(1) 
6(1 — aj)” (1 — 2})° 


Furthermore, for w(z) = PS* (x), we have ((8], pp. 164, 232) 


O(n’) 


(1 — aj)? 


+ 





(19) | w(x) | S | p(x) | + 


PSs” (2) = O(n), for | z | s1- ” 
| w(x.) | > rn — ke + 1) n™, rh 
according asO S x, <1 


i> TR +I or —1 <2 50, 
n > m2 


(20) 
1- 





p(a 





ave 


<0, 
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where 7, different in different formulas, generally denotes a constant depending 


only on a and 8, but independent of x, n (here, also independent of k). Thus 
(19), combined with (2), gives uniformly in [—1 + 9, 1 — 9] 


fie n’ n° 
| uz(x) | = o(—*>p): 0(%), 


according as 0 S x <lor—-1 < x 3 0, 








. F n n* jfet* 

S= ne | ux(x) | H(z) < O(1) > Bom 
— nt (n —k + 1° , ” 
+ 00) 2 ea eT +2 


£'- o(').0(%8).0(t). 


according asa = —}, -? Sa < —}, -l<a< —i, 


and similarly for }>”. The first statement of our lemma now follows; we make 
use of (9) for its second statement. In view of Theorem A, we have 


TuHeoreM II. Let f(x) be an arbitrary continuous function on [—1, i]. For 
general Jacobi abscissas, lim F,[f] = f(x) uniformly in -1+ S251 -— 12, 
that is, in any fixed interval wholly inside (—1, 1). 

However, for trigonometric abscissas (a = 8 = —4) (Theorem I), the above 
convergence is uniform on the enfire interval [—1, 1]. We therefore seek to 
extend Theorem I to other Jacobi abscissas. Our considerations are confined, 
in view of Theorem II, to z € [1 — , 1] and [—1, —1 + ln], » > 0 fixed, suffi- 
ciently small, and we shall derive zesults for z ¢€ [1 — », 1] only, since interchang- 
ing a and 8 reduces the discussion of the second interval to that of the first. 

Lemma 3. For Jacobi abscissas, with -—} > a 2 —4and0 > 86> —-1, 
wherea — B < 3if —$ > 8B > —1, we have uniformly on [1 — 9, 1] 

lim yi | Ux,n(z) | li.n(x) saa 0, 
é 


neo |Z—Zk,n| > 


2 | Uk,n(2) | Lin(x) - O(1) 


|2—2k,n| $8 
Proof. Here and hereafter, x¢e{1 — 7, 1). From (17), for x 2 z and 
|ja—-am|si<}< 


(0<i< <}). 


1 
28 + 3’ 
2(x — a)(6 + 1) 


p(x) 21+ ‘= Yo 


21+ 22%2¢ —2)(6+ 1) 21 — 264+ 1/6 > 5; 





4In (20), our tp_x41 is Szegé’s x . 
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while, for z > 2% , p(x) > —}4, since p(z) is linear and 
8 ~9a -1 > -}. 





p(xx) = 1, p(1) = 


Thus, p(x) > — 3 for |x — a%| S 5; | p(z)| < p(x) + 1. 
for|z —a| Si<7 <i}, 
m(z) 21 — a+ (a — z)[—-(1 +2) + 3m] >1- a >O0 fora > 2; 
w(x) > Oforz > zx, since w;(z.) = 1, w(x) is linear and 
( (1 — ax)[—1 + 3(1 + 2x) + 4(1 — x] = 0 
for B22 —i, 
mi(1) = 
(1 — 2x)[—1 — 2a(1 + rx) + 2(a@ + 3)(1 — a)] > 0 

for -—?2>8>-—1l,a—-8B< }. 

1, with @ and @ as in the lemma. 


Thus, w(t) = Ofor|4— | $5 <j} 
Now, from (17) and (20), letting u(x) = 4n(n + a + B + 1)ui(z), we get 


In the same way, 





\u(2)| $ ple) +1 +L 2— 2 te) — fz) — we} 








6 (l— a — 22)? 
1 (x — a)’ ie 
, + 6a oat) | (x) — p(x) | 
(21) s u(z) +14+= 1 (x — a) | (x) — p(x) | 


3 (i — x)? 
m(z) +1 +00) & = = + 011) ia eat 
(|a — ae| S 4). 





By (19), and since we have ((8], p. 164) uniformly in [1 — 9, 1), 





(22) | w(x) | = | PS (x) | = O(n’), = max {a, —}}, 
ee ae ae w(x) |* 
>: = fe > , | maz) | T(z) = O(1) " | ue(x) | Tay) 





n 6 4a+6 48+6 
” nN 4 k k 
= 0(1) > a” (a + 53) 


headed sD +2", 
(23) Pw = a Lk 8 = O(n"); 
( 4a = k om mes 4a+l H al 
orn 3 (E) = a(n), if 82-1, 


DD” = 4 O(1)n**" x a; "LL owt log n), if-}>62 -i, 





O(1)n**-# SS KM? = O(n), if -2>6>-1. 
k=l 





no 


Th 


DX: 


5). 


—i, 
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Hence, >; = 0(1) under the restrictions of the lemma on a and 8, and its first 
statement is established. 

Turning to the second statement of the lemma, we see first from (9) and (23) 
that uniformly in [1 — 7, 1] 


D> uw(zi(z)=1- DO w(z)ii(z) = 1 4+ o(1). 


|z—zE| $8 |z—zR| >6 


Thus, using (21), (20) and (22), we get 


, jr(a) | la) <1 + of) + (3 i) 


|z—zE| $8 


Reet? 


+00) DL Gn" at@ +00) 2 


|z—zy| <8 kA jz—zy| 58 kS nsats 


n® Rett 


n™ | L(x) ¥ 








Observe further that for 0 > a, 8 > —1 the Jacobi abscissas are “strongly 
normal”’ ({2], p. 12), so that by a theorem of Fejér [2], 


> li(z) < max {-2, -}\ =, uniformly in [—1, 1). 
k=1 


Therefore, uniformly in [1 — », 1] 


Es <1 + oll) +2 + 00) > (2) + 0(1) > | (2) | 


< 0(1) + 0(1) (> Ke > i) = 0(1). 
This completes the proof of Lemma 3. 
Lemma 4. For general Jacobi abscissas 
4(1 — ainn(n +a+84+1) 2 le-B+ (@+8 + 2)een) 
+ 82enla — B+ (a + 8 + 2)zun] + 4(a + B + 2)(1 — in) 
(& = 1,2,---,n). 


Proof. A theorem of Laguerre [4] states that if ¢(x) is a polynomial of degree 
n, whose roots are all real and distinct, then for any such root 2 


3(n — 2)[6" (xo)? — 4(n — 1)6"(xo)G"" (ao) 2 0. 


A direct application to the Jacobi polynomial, if (16) and its derived equation 
are used, and some elementary transformations yield the desired inequality. 


Lemma 5. For Jacobi abscissas, with -? S a S —} and -1 <8 Ss —}, 
Ux.n(Z) = O in [1 — 9, 1] for zx,n such that |x — rn| £5 (0 <5 < 9; 0, 3 fixed, 
sufficiently small, as specified below). 
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Proof. From (17), for |z — 2, | S 6 < 9 < 3, p(x) = Osince 








1-4 Va) 21-Aet)2z0, ifass, 

(24) p(z) 2 rs : 
1 B+ 1) —2z)>1- 26+ 1)6>0, if %, > zx. 

1+ 2 


Also, u;(z) = 2%(1 — zx) for x, S 2, since 

wi(te) = 1— ae > ae(1 — ax), m(1) = (1 — 2x)[—1 + (1 + %)] = a(1 — a). 
For x; > 2, we have 

mi(x) 2 1 — aE + (ae — 2)[—$(1 + ae) + (1 — 2x) + 3x,] = (1 — m)(1 + 2). 


Thus, for |z — z| S 4, 








m1 — x) = (1 — af) 5 - >Q—-vi-2), ifnss:, 
(25) w(x) = , : 
a 224 2 a-D0-A, if 2, > z. 
1 > MF 


In view of (24), it remains only to establish that t(z) 2 Ofor|z — x, | S 4, 
xz #2. This we do by means of (25) and Lemma 4. Here we consider the 
cases % < x, 7% > x separately. 

1°. a > x: w(x) = (1 — 2j)(1 — 8). From Lemma 4, 


4n(n + a+ 6 + I)ui(x) = (1 — 8){4(a + B + 2)(1 — 23) 
+ 8xifa — B+ (a+ B + 2)xi) + [2 — B+ (a + B+ 2)ar}'} 
> A(a + B + 2)(1 — 2h) + Bala — B+ (a+ B+ 2)xi] 
+ [a -— 8+ (a+ 6 + 2)a) — 178. 

Hence, 

(x) 2 12(a + 1)°(1 + 2)" 

Q(z 





rs 5 tke + 1) [3(a + 1)°(1 + rz) — 7(a + 101 + rk) + 4] 


Now, 0 <4—4n<}(1+%) S (a+1)(1 +2) =m Ss 41+ 2%) <1 and 
3m* — 7m + 4 = O over [} — }n, 1]. Thus, 


t(z) => 3(1 + a) — 18n — 455 = 3 — 24n — 455 > 3 — 69n > 0 
(0 <8 < 9 < qe). 








Ly). 


ral } 


456. 


and 
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2°. a, <x: w(x) = (4 — n)(1 — 2}). Proceeding as in the first case, we have 
4n(n + a + B + 1)m(x) = 3{4(a@ + 6 + 2)(1 — 2) 
+ 82a — 8 + (a+ 6 + 2)%] + la — 6B + (a+ 8B + 2)xiJ"} — 172, 
(x) = Pla + 1)°(1 + x) — 4ax(a + 1)(1 + x) 





4 Ax — nite + 1) [—3(a + 1)°(1 + a)° + 7(a + 1)(1 + %) — 4] 


— 43n — 456. 

Now, —3m’ + 7m — 4 is minimum over [}(1 + zx), 1] at m = }( 1+ 2,), so that 
(x) = Y(a + 1)°(1 + ax)’ — dare + 1) + mi) 

— Ha + 1)(1 + m)* — 8(a + 1) — 88 

= — Y-—1lly = } —11lyn > 0 (0<5i <_< qh). 


Lemma 6. For Jacobi abscissas, with -? S a S —} and —1 < 6 S —}, 
we have uniformly in [1 — », 1] 


em | MenCe) [thnG@) = OC), De | tena) IlhaGe) = 1 + o(1) 
(0<8 << qh). 


Proof. In view of (9) and Lemma 5, we need only prove the first statement. 
Again using (19), (22) and (20), we get 








ea n° w(x) , 

Da DX |e) lit) = 00) Si a5 
Rs yore ss ut 
= 0(1) — OF wt wat ga) =D +>”. 


We readily obtain 
er pa * logn\ (_ ~ 


om 1 zs s log n ia Mv) 
p - 0(*) (-}2 62 —}), 0 (28) (-3 <8 < —}), 
O(n) (-1 <6 < —9). 


Thus, >> = o0(1), and our lemma is established. 
Lemmas 3 and 6 and Theorem A permit us to supplement Theorem I] 


TueoreM III. Let f(x) be an arbitrary continuous function on [—1, 1]. For 
Jacobi abscissas, lim F,[f] = f(x) uniformly: 


no 


(i) on[—1+ 9, llif —} > a= —4hand0 > 6 > —1, provided thata — B < 4 
if -3> 68> -1; 
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(ii) on[-1 + 9, 1] ff -—} 2a z= —fand-}2=8> -1; 

(ili) on [—1, 1 — »] if @ and B are interchanged in (i) and (ii); 

(iv) on [—1, 1] ff —3 > {a, 8} = —} or if —4 = {a, B} = —}. 
Coro.iary 3.1. For symmetric Jacobi abscissas, with —4 > a = B = —, 
F If] > f(x) uniformly on [—1, llasn— ~. 


That Theorem III is the “best possible” is illustrated by the following ex- 
ample. Leta = 8 = —}andz=1. Wecanshow that there exists a function 
J(z), continuous on [—1, 1], and such that F,(1) does not converge to f(1), 
asn-— ©. For, (2) and (17) yield, when a = 8 = —}, 


‘a = [pen +0) 1 nt EA 
(26) Ux,n(1)ien(1) [ 3 8 + 8(1 an x,)(1 _ zi) w’ (ry) (1 a xj)” 


(k = 1, 2, 2 nn= 1, 2, coe), 
Furthermore, for w(z) = PS» (z), we have ([8], pp. 57, 232) 


o - ¥ . ‘) > tan, 
(27) 


| | w’(ax) | < rhktnd 
\1 — ai < rhk?n 


where 7; , 72 and 73 are absolute constants bounded from zero and infinity, in- 
dependent of n and k, and determined solely from the fact that a = 6 = —}. 
Now, let f(z) be any continuous, monotone non-decreasing function on [—1, 1] 
with f(1) = 12717273; and f(0) = 0. Given e > 0, let 5> 0 be such that 
|f(1) — f(z) | < efor|1 —2z|<6(—1 3221). Then, from (26) and (27), 


\f) — F.(1) | = Z [f(1) — flan) (IRL) 2 p> [f) — f(xr)}u(1(1) 


—_— 
2n’ oT 
= 12 — 
zien BT Se) Goa 


8 [é(n+1)] n + ] +{" + *)) 
>= > k = -sfot (1+ ‘ >1. 


This completes our demonstration. 





for0 >a%> —1; ic.,k = 1,2,---,[4(n + 1)], 








5. General Laguerre abscissas (a > —1). As previously, our starting point 
is the differential equation for w(z) = L‘*(z), the orthonormal Laguerre 


polynomial, 
(28) aw!" (z) + (a + 1 — 2)w'(z) + no(x) = 0, 


and its (twice) derived equations, as in §3, (7) being employed additionally to 
obtain 








nt 
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( mY 2 
w(2) = p(x) + & i (2), 
k 


= 2x2 — x)(x%, — a — 1) Ps (zx) 
p(x) =1- = =< 


(x) = 2(n — 1)ua(x) + ue(z), 
w(x) = Qry + (—42~ + 4a + 3)(x — 2x), 


pill te We se 2 1) {1M — @ - 1) +4-@~ 2) 


2 
«fees $i —e- D434, —a—1} 


Tk 





(29)! | 








\ 


We observe that in an arbitrarily fixed positive interval (0 <) h S$ x S A, 


(2 — (x — x) — 2x(x — m1) + Aa + 1x — me) Bz — 5 — QWzd 
2427-820 (4% S2,|e — | S65 S min {}, $h}), 
s(t) 24x, — Aat+i1\(n—27) >h-5—Aat+1)82z0 

h 
2a +4 








(u>2,|2-n| sos <4), 


\ 


p(x) 20 in fh, A) (jz - 2) 56s min{t,-*}). 


As for t(x), we have in [h, A], for|z — x | S 4, 

(ui(x) = 2h — 6| —4x, + 4a + 3| > 2h — 4rd, 
y = 8(A +h) + 8\a| + 6, 

w(t) => —4(a + 1) — (A +a +41) 








6A +a+1)'+7At+at1) +2 “ 
(30) x| ey +A+at1|= Ve, 
(2) & (n — 14h ~ nd) — nz (m- 1) “A - nz 
4h nin t))) 
L (hs2s4[z—n| soso nz1+ mr), 


Thus, we may state 
Lemma 7. For general Laguerre abscissas, ux..(z) 2 0 in [h, A], provided 


. 1 h 4h vo(vy + 1) 
jz - mai 58s min{t, A, }, nz1+—7—- 


Here v, , ve are independent of k, n and zx (see (30)). 
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Lemma 8. For general Laguerre abscissas, we have uniformly in [h, A], with 
0<i8<h(n— ~) 


ps a Urn(2) | lin(z) = O(n") = o(1), a = max {—a — 1, —}}; 


|2—Zk,n| > 


DY ste nlz)lin(z) = 1 + of). 


|2—Zk,n| S 


Proof. The method applied below was first introduced by Shohat [5] and 
also used by Szegé ((8], p. 337). We observe that in (29), forh S x S A, 


(31) w(x) = o(4) aa o(2) if x, is “small” (1, <h — 56); 
Xk k 


(32) w(x) = O(x?) + O(nai) if x is “large” (x, > A + 4); 

(33) u(x) = O(n) for “intermediate” x, (kh — 6 S x S A+ 8). 
1°. Let z, be small: 2 < h — 6. Then, necessarily |x — 2; | > 6, and 

@) L's Fy lw) |de) = 007) Da (4+5) cope 

since ([5], p. 132) 

(35) | w(x) | = O(n) uniformly in [h, A]. 

Observe, further, that ((8], p. 233) 


(36) + = o(n) (0 <x <A). 


Lkn 


We now introduce Ax,n (= Hi,» ; see [5, 6]) (k = 1, 2, --- , n), the coefficients 
of the Gaussian mechanical quadrature formula corresponding to the Laguerre 
abscissas ((5], p. 134): 


1 


Ayn = l len(x)e* x* dx = halo’ Gawk 


(37) 


> trades = [ ze *x*dx (minteger S 2n — 1). 
k=1 0 


Employing ((6], p. 210) (where a corresponds to our a + 1) we obtain 
(38) Aen < ne (-1 <a Ss —4), mm (a 2 —4) (k = 1, 2, “ra? , ), 
De = O(n) Le" mdi = O(1) LU’ Nem < O(1) Do Abn 
= O(n’) © r\nn = O(n’) l e 2" dz = O(n’), a = max {—a — l, —}}. 
k=l 


2°. Let z, be large: x > A + 6. Then, necessarily |z — 2,| > 6, and 





(3 


(4 





th 


nd 


A}. 


A). 


nts 
rre 


2}. 


ind 
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DL = De, | wale) | Me) = O01) OO" Gat + ned) 


(39) 





< O(1) » a nz [32 


(x — 2x)* Lw’ (ax) 
since ({8], p. 125) 
(40) Tin < tk for large k. 
We remark that 





so that, by using (35) again, we get 
~~” < 001) } rn = O(n) } den = O(n’), @ = max {—a@ — 1, —}}. 
k=l k=1 
3°. Let x, be intermediate: h — 6 S$ ~ S A+ 6. Then, 


tg > | w(x) | (x) = O(n) ig [ w(x) 


|z—zy| >8 w’ (xx) 


O(n)O(n) 32” zhadin < O(n") > aden 


(41) 


= O(n*) [ a? e* dx = O(n"), a = max {—a — 1, —}}. 


This establishes the first statement of Lemma 8, and the second now follows, 
by virtue of (9) and the first. 


TuroreM IV. Let f(x) be continuous for every finite x = 0. Assume further 
that f(x) = O(x™) if x + + (m arbitrarily large, but fixed positive integer). 
Then, for general Laguerre abscissas, F,[f] — f(x) as n — ~, uniformly over any 
fixed positive interval [h, A). 


Proof. Here, we must modify (10) and Theorem A. Take 6 > 0 such that 
| f(x’) — f(x") | < efor |2’ — 2” | $6,0 S 2’, 2” SA + 46, and such that 
Lemmas 7 and 8 hold. Now, by (9) and Lemma 7, asn > ~, 


| Filf] — f(x)| mS | f(xn) — f(x) | ue(a)li(z) 
+ a | fae) | | ue(x) | U(x) + | f(x) | “a. | ua(x) | U(x) 
< €O(1) + Mo(1) + a ete | f(xe) | | wala) | U(r) 


(M = max | f(z) \) ; 
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Proceeding as in Lemma 8, write 


ri | fle) | | w(x) |) = D+ Ye + Es, 


|z—ze| 


where the ranges of summation for }-; , >>: and >>; are given in the correspond- 
ing sums (34), (39) and (41). Thus, just as in those sums, as n > ~,~ 


>: = Mol), = S MYO” | w(x) | (x) = Mo(1), 
Ds = O(1) SY” | f(zen) | Men = 0(1) DO” | f(ze.n) | Men 


= 0(1) or” zhaden < 0(1) > tien Ann < o(1) I ; 2™**e* dx = o(1). 


Hence, 
| F.Lf] — f(z) | S €O(1) + Mo(1) + Mo(1), uniformly in [h, A], 


and the result stated follows. 

We proceed to extend the result obtained to the interval [0, A], remarking 
that we need only consider the interval [0, A]. For this purpose, we develop 
some lemmas. 


Lemma 9. For Laguerre abscissas, with —? S a S —}4, we have uniformly on 
(0, h] (0 < 6 < $h < 1/600) 


> , | ten) | Iin(z) = o(1), >» - | uen(x) | Uin(z) = 1 + o(1) 


|2—ZE,n| > |2—Ze,n| 


(n— o), 


Proof. Applying the theorem of Laguerre used in Lemma 4 to L‘*’(z) and 
using (28) and its derived equation, we get 


3(n — 2)(zz — a — 1)° — 4(n — 1)(ae — a — 2) (ae — a — 1) + 4(n — 1)’ 20, 
and by elementary transformations 
(42) 4ntin 2 (ten —@ — 1)? +4(a +1) (K=1,2,---,n3n =1,2,---). 


Here and hereafter, 0 S z S h < 1/300. Turning to (29), consider Uz.a(2) 
with —? Sa S —},|z2 — u%.| S85 < $h < 1/600. There are two cases to 
consider. 
1°. x S xz: Here p(x) 2 1 — 2a — a) 21— 26>0. Also, 
w(x) = 2x, — 42,(2 — xe) — (x — ae) + 4(a + 1)(2 — Ze) 
= 22;,[1 =e 2(x — 2x)) = 22,(1 = 28). 


Furthermore, employing (42) and the fact that 6(a + 1)? — 7(a+1)+220, 
we obtain 








nd- 


(1). 


26). 
2 0, 
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(x) => (1 — 26)[(a, — a — 1)° + 4(a + 1)] + Lei — 22(a + 1) 
+ 18(a@ + 1)* — 6(a + 1) — 6(a + 1)° 


+ = (a + 1)[6(a + 1)? — 7(a + 1) + 2] 


+ (x — 2)[18x.(a + 1) — 18(2 + 1)? + 7(a@ + 1) — 627] 
> 19(a + 1) — 2(a + 1) — 6(a + 1)* — 29h = $$ — WAD>O 
(| z= Te | s é). 
2°. 2, > x: Here p(x) > 0, since p(z;,) = 1 and p(0) = 1 + 2x, — 2(a + 1) > 0 
and p(z) is linear. Similarly, u(x) = 2, + 42%, since «;(z) is also linear and 
(2x) = 24, = 1% + 4a; + 2X (1 = 8h), (0) = 3a. + 4a} - 4(a + 1)z% = 
a, + 4a;. Again employing (42), we have 
(x) > Ya + 1)° — 4(a + 1) — 6(a + 1)’ — 18h = x — 18h > O. 
We may summarize: For Laguerre abscissas, with —? S a S —}, we have 
Ux.n(x) = O in [0, A], provided |x — x%,.| S 5 < $h < 1/600. 


Now, if we use (35) and (36), the former still holding uniformly in [0, A] for 
—3 < a S —}, we proceed as in Lemma 8. 

Lemma 10. For Laguerre abscissas, with -—} < a < —}, we have uniformly 
in [0, h] (0 < 6 < $h < 1/600) 


y | Ux,n(z) | Ti.n(x) = o(1), } . | Ux,n(z) | lin (x) = O(1) 


|2—zkn| >8 \=—tknl S 
(n— «), 


Proof. Here and hereafter, 0 S z S h < 1/300. From (29), for|z—2,| < 
5 < th < ghy and —} < a < —}, we have | p(z) | < p(x) + 1; since the line- 
arity of p(x), p(zx) = 1 and p(0) = 1 + 2x, — 2(a+1) > —2a—1> —} 
imply that p(x) > —} for xz, > x; while, for 2, S z, p(x) 21 — Axr—xm)2 
1—25>0. Also, for|z — 2| 3 6 < $h, 
22, + (1 — 42x)(x2 — ax) > 2x, if x, S z, 


(43) w(x) = | 2x, — 4ai(x — xx) + 2(x — ax) > 4x + 2x(1 — 3h) 


= an | an + = (1 = 3h) |, if 7, > * 
k 


Moreover, t(z) > 0 for | z — xz, | S 4, in view of (42) and (43). Thus, 





| u(e) | = |pte) + F =F 4a] 


(x — a)° 
62; 


(44) 


< p(x) + (xr) +1= u(z) +1 (jz — | S 4). 
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Now, as in Lemma 9, 
= : 2, | uen(a) | Teale) = DO’ + DO" + DO”, 
2—Zkn 
where Lae ) ay and > yl are as indicated in (34), (39) and (41). Using ((5], 
p. 132), . 


(45) | w(x) | = O(n’), a = max ig. -}\ (0s 2h), 
and (36), (37), (38), we obtain 


, 2a rfl n 1 - 2a+1 . Pik. 2a+4 
a O(n*) > ( + ) (a en) O(n™™") »» hen = O(n"), 
= 


O(n) ~” nzirin = O(n) S ran = O(n"), 
k=1 
} a am O(n") ~” nai 1 ai O(n?**") > rn? pia O(n?**4) 
(x - Xx)* [w’ (ary) }* k=l 7 : 
which establishes the first statement of our lemma. As an immediate conse- 
quence, we have uniformly in [0, h] (0 < 6 < $h < 1/600) 
(46) D> wulzii(z)=1- DO usii(r) =1+0(1) (n> &). 
|2—zy] $8 |z—zy| >8 

We observe that from the theory of Hermite interpolation ({8], pp. 323, 324) 
(see (5)) 
> E — oan) (yp rus) | Lipa Seatdtidal @ot,9.--), 
k=l w’ (2k,n) k= 
For Laguerre abscissas, from (28), for0 S x S h < 1/300 anda < —}, 








r—-a-l 
Lk 


pPin(z) = 1 — (x — ax) 


= -at Mt) _@_n)>d-2>3 
k 


Thus, 


(47) > lin(z) <5 (n= 1,2,---;0S2 Sh < ghy, a < —}). 
k=l 


Now, from (37), (44), (45), (46) and (47), we have uniformly in [0, h] 
2 | Ux,n(Z) | li.n(x) < > Ug,n(t)Uen() 


|z—zk,n| $8 |z—zk,n| 58 
+ DY lin(z) < 1 + o(1) + 25. 
k=l 


This completes the proof of our lemma. 








—}). 
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The methods used earlier, based on Lemmas 9 and 10 and Theorem IV, 
enable us to state the following 


TueoreM V. Let f(x) be subject to the conditions of Theorem IV. For La- 
guerre abscissas, with —3 S a < —}, we have uniformly in (0, A], lim F,[f] = f(x). 


We remark, further, that for a = —} and z = 0 we can show that there 
exists a function f(x) satisfying the conditions of Theorem IV, such that F,(0) 
does not converge to f(0) as n — «. The demonstration, based on the esti- 
mates for >> in Lemma 10, follows the method used with regard to Theorem II 
and is therefore omitted. 


6. Hermite abscissas. As previously, we readily establish for w(x) = H,(z), 
the orthonormal Hermite polynomial, that uz,,.(z) 2 0 for |r — an| S 8 
(k = 1,2,---,m) and|z| < A (6 sufficiently small, and A an arbitrarily pre- 
assigned positive constant), provided n is large enough. 


Lemma 11. For Hermite abscissas, we have uniformly for |x| <S A,asn— ©, 


Dd | tan(x) | E(x) = On), >» si | wen(x) | Ten(x) = 1 + o(1) 





|2—zi,n| >8 |2—zenl 
1 
<s ‘ 
(: < sat s) 
Here, we use ((8], p. 116; [6], pp. 210, 212; [5], p. 134), 
| azn | & (2n + 1)', | w(x) | < en? uniformly in [—A, A], 
(48) 
Akan (= Hin) = co < mn (k = 1, 2, xe e n). 
[w’ (tx,n) 


The proof is similar to that of Lemma 8 and is therefore omitted. Proceeding 
precisely as in Theorem IV, we now establish 


TuerorEM VI. Let f(x) be continuous for all finite x and let f(x) = O(|x |"), 
x — + (m arbitrarily large, fixed positive integer). Then, for the Hermite 
abscissas, F,|f] — f(x), as n — ©, uniformly over any preassigned finite interval 
[—A, Al]. 
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YOUNG’S SEMI-NORMAL REPRESENTATION OF THE 
SYMMETRIC GROUP 


By R. M. THRALL 


Introduction. The main purpose of this note is to give a new (shorter and 
more elementary) derivation of A. Young’s semi-normal representation of the 
symmetric group. As a starting point we take the discussions by H. Weyl 
((6], Chap. IV, §2, 3) and D. E. Littlewood ((4], Chap. V, especially §4). 

Denote the partition m = \i + --- +X, a S++» 2 & > Oby (A). We 
represent (A) geometrically by an array of squares; \; in the Ist row, --- , \, in 
the «-th row; the j-th squares of the rows making a column. The m squares or 
fields of the array are labelled by the numbers from 1 to m in such a way that the 
labels in every row increase from left to right and in every column increase from 
top to bottom. The array thus labelled is called a regular Young diagram be- 
longing to the partition (A). 

Associated with each partition (A) of m there is an irreducible matrix repre- 
sentation of the symmetric group, S, , of degree m. The degree’ g(d) of this 
representation is equal to the number of regular Young diagrams belonging 
to (A). Let the label of the field in the a-th row and 8-th column of a regular 
diagram, 7, be denoted by a(a, 8). If T and T’ both belong to (A) we say that 
(1) T precedes T’ if each of the fields labelled m,m — 1,---,m—r+1 

lies in the same row in both diagrams, but the field m — r lies in a lower 
row in 7 than in 7”. 
We enumerate the regular diagrams belonging to (A) according to this ordering. 
Now number the partitions (A) of m according to their dictionary order’ and 
denote by 7(ij) the j-th regular Young diagram belonging to the i-th parti- 
tion of m. 

Corresponding to each diagram 7'(ij) we shall define a primitive idempotent 
e(zj) in the group &-ring, R, , of S,. [R is here the field of complex numbers.] 

Let (i) = >> e(éj), summed for j from 1 to g(A‘). Then the two sided ideal 
e(i)Rm Of Rm is a total matrix algebra A; = A(A*), of degree g(A‘), homomorphic 
with ®,, under the mapping z — z(7) = ¢(i)z; and ®,, is the direct sum of the 
simple algebras %; . j 

The next step is the choice of elements e(ijk), 7, k = 1, --+ ,g(A'), which 
constitute an ordinary matrix basis ({1], p. 7) for &%;. In the terminology of 
representation theory the element z of ®,, is ordered to the matrix B,(z) = 


Received April 21, 1941. 
1 [4], Th. I, p. 68, Th. IV, p. 75; [6], Th. 7.7B, p. 213. 
2 That is, (A) has a smaller number than (A’) if the first non-vanishing difference 
Ai — Ay, A2 — Ay, --- is positive. 
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|| b(ajzkXx) || (row index j, column index k) where the coefficients are defined by 
a(i) = >> b(ijk¥x)e(ijk). 

With e(tjj) = e(tj) and suitable choice of the non-diagonal basis elements 
e(ijk) the following theorem holds ({(7 VI], Th. IV, V, pp. 217-218). Details of 
this “suitable” basis (called the orthogonal semi-normal basis) are given below. 


TueoreM I. Let t, be the transposition of two consecutive letters r — 1 and r. 
Then the orthogonal semi-normal matrix B;(t,) has zero everywhere except as follows: 
(i) If r — 1 and r lie in the same row of T (ij), then b(ijjXt,) = 1. 
(ii) If r — 1 and r lie in the same column of T (ij), then b(ijjht,) = —1. 
(iii) If T(ij) has r — 1 in the a-th row and 8-th column, 
r in the y-th row and 5-th column where a ¥ y, 8B ¥ 6 and T(ik) differs from T (ij) 
only by exchange of r — 1 and r then 


b(ijjXt,) b(éjkXt,) . | —p (i— 9)! 
b(ikjXt,) b(ikKXE)|| || —p)' »p 
where 1/p =y —at+8B-— 6. 


Since the transpositions ¢, generate S,, , Theorem I provides a ready means 
for determining the matrices of the irreducible representations of the symmetric 
group. 

The proof of Theorem I given below is simpler than Young’s original proof. 
This is due primarily to formula (2) which gives a definition of the semi-normal 
idempotents directly in terms of the regular diagrams. Young gives no formula 
at all for these idempotents. 

Another advantage of the present procedure is that using the properties of 
the semi-normal idempotents one can also obtain specific (unitary) forms for 
the irreducible representations of the alternation group %,,. This is done in 
§6 below. 

1. Preliminaries. Suppose that objects are placed in the fields of a regular 
diagram 7 belonging to (A). We shall understand by the application of the 
permutation 





| 
\, 
| 








s:1—>1',2->2', --- 

to T that the object in field 1 is moved to field 1’, the object in field 2 to field 
2’,---. The permutation s followed by the permutation 

t: 1’ > 1", 2’ + 2", ... 
shall be denoted by 

ts: 1+ 1", 2—-2”,.... 

By the positive symmetric group on m symbols we mean the sum of all the 

m! permutations in S,, , and by the negative symmetric group we mean the sum 


of all even permutations in S,, minus the sum of all the odd permutations in S,, . 
Denote by p; the positive symmetric group on the field labels of the i-th row 








J) 


eld 
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of T and let p be the product of p:,---,».. Let q; denote the negative sym- 
metric group on the field labels of the j-th column of T and let q be the product 
of all the q;. Let p stand for any permutation that appears in p and let q 
stand for any permutation that appears in q. Set 5, = 1 or —1 according as s 
is an even or an odd permutation. Evidently gq = 5,q and pp = p. 

It is easy to verify that Weyl’s lemma 4.2A ((6], p. 122) holds good regardless 
of the way the fields of the diagrams involved are labelled. We rephrase his 
results in the form we want them here. 


Lemma I. Let T = T(ij) and T’ = T(hl) be two regular diagrams and let s 
be any permutation. If (a) i < h then there are transpositions u (a term in » = 
p(7)) and v’ (a term in q! = Q(T’)) such that su = v's. If (b) i =h,j =I then 
either s is of the form qp, or there are transpositions u (in p) and v (in q) such 
that su = vs. 


[Note that although nothing is claimed here when i = h, j ¥ I results similar 
to (a) can be obtained and are used in constructing Young’s “natural units.”’*] 
Set ¢ = m!qp/g(d); c’ = m!q'p’/g(r’). 
TueoreM II (a) cre’ = O for all z in ®R, if i # 7’. 
(b) csc = deifs* = gp 
= 0 if s’ is not of the form qp. 
(c) If x = > 2(s)s then exe = > 5gx(pg)e, (summed for all p in 
p and q in q). 


Proof. (a) The proof for the case i > 7’ is given by Weyl. Now suppose 
i < 7’ and apply Lemma Ia to s“ giving s ‘u = v's‘ or s = usv’. Now psq’ = 
p(usv’)q’ = (pu)s(v’q’) = —psq’ = 0 and so csc’ = 0 for any permutation s and 
therefore for any z in Ry, . 

(b) If s* is not of the form gp then s‘u = vs and so csc = 0 as in part (a). 
If s* = gp then psq = (pp')s(q‘q) = 4,pq and so csc = 5,cc. We refer to 
Weyl’s treatment ([6], pp. 124, 125) for the proof that cc=c. (c) is animmediate 
corollary to (b). 


2. The semi-normal idempotents. A characteristic property of a regular 
diagram, 7’, is that deletion of the fields labelled m, m — 1,---,m—k+1 
leaves a regular diagram for m — k. Throughout this paper we shall denote 
by 7* the diagram obtained from 7 by dropping the m-th field and shall use 
a star to indicate a quantity defined by 7*. Similarly 7** is obtained by 
dropping the m-th and (m — 1)-th fields from 7 and double stars shall indicate 
quantities defined by 7**. 


Lemma Il. If j ¥ l then T*(ij) ¥ T*(il). 
Proof. If m lies in the v-th row of 7(ij) and the y-th row of T(il) with v ¥ wu 
then 7*(ij) and 7T*(il) belong to different partitions of m — 1 and so cannot be 


3 See [7 III], [7 IV], also [4], p. 75. 
‘ [6], Th. 4.3D, p. 124. Note that the ‘‘c’’ here is a numerical multiple of his. 
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equal. If, however, v = uw then 7*(ij) = T*(il) would force T(ij) = T(il) and 
therefore j = l. 

We now define for each regular diagram 7(ij) an idempotent in ®, , called 
the semi-normal idempotent belonging to T (ij), by the following recursive formula: 


(2) e(ij) = e*(aj)c(aj)e* (27) (form > 1) 


and the initial condition e(11) = 1 for m = 1 (there being just one diagram 
T = T(11) then). 


THreoreEM III. The e(ij) are orthogonal idempotents, i.e. e(ij)e(hl) = 
5(th)5(jl)e(tj) (Kronecker’s 6-function). 


Proof by induction. The theorem is true for m = 1 and we suppose it true for 
all integers less than m. We establish the orthogonality. First, suppose i = h, 
but 7 #1. Then by Lemma II 7*(ij) + T*(il) and so by our induction hypothe- 
sis e*(ij)e*(il) = 0. In view of (2) this implies e(ij)e(il) = 0. Next, suppose 
t # h. Then Theorem II part (a) with x = e*(ij)e*(jl) gives e(ij)e(hl) = 0. 

For the proof of idempotence we recapitulate in simpler notation. T is a 
regular diagram with m fields. Deleting the m-th field gives a diagram 7* and 
deleting the last two fields from T gives a diagram T**. e = e*ce*. Write e* 
in the form e* = p e*(s)s (summation over all sin S,,). Since e* belongs to 
the subalgebra KR». of Rn we have e*(s) = 0 unless s belongs to Sn_4, i.e. 
omits “‘m.”’ By our induction hypothesis e* is idempotent, hence: e* = (e*)* = 
(e**c%e**)e*(e**c%e**) = c**(c¥e*ce*)e** = ye* where up = mH 5,.c*(p*g*) = 1 
(see Theorem IIc). Again, by Theorem IIe, ee = e*(ce*c)e* = Xe where A = 
> 4,e*(pq). Now, unless both p and gq omit “m,” the product pq cannot lie 
in S,-1. Hence, the only terms e*(pg) in the sum for A which contribute any- 
thing are those for which p is a p* and gis a qg*. But since 7* is a part of T 
every p* is a p and every q* is a g, and so X = uw = 1, which completes the proof 
of Theorem IIT. 


Coro.tiary I. If i # h, then e(ij)xe(hl) = 0 for any xin Rn . 
This follows from Theorem II. 
Coroutuary II. The e(tj) are primiiive idempotents whose sum is 1. 


Proof. Suppose % is any semi-simple R-algebra whose unity element, 1, is 
known to be the sum of h primitive orthogonal idempotents, and suppose that 
€1,--*,€, are any mutually orthogonal idempotents in A%. Then 1 = 
é: + --- + e and the e, are all primitive. (See [1], p. 39.) 

It is well known’ that ®,, is the direct sum of simple matrix algebras Y; , one 
for each partition (A*) of m. The degree of %; is g(A'), the number of regular 
diagrams belonging to the partition (A'). Hence, 1 is the sum of g = 
g(\') + g(d”) + --- primitive idempotents. Theorem III provides us with 
g idempotents e(ij) and so the corollary follows from the above remark. 


5 [4], Chap. IV, especially Th. I, p. 68. 
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Let 7T* be a regular diagram with m — 1 fields and denote by 7;, --- , T; 
the regular diagrams that can be obtained from 7* by adding one field, and 
suppose the corresponding semi-normal idempotents are e*, ¢;,--- ,¢. Then 


Corotuary III. e* =e; + --- +E. 


Proof. e* = e*1 = e* > e(ij). If e(ij) is one of e;, --- , e then e* = e*(ij) 
and e*e(ij) = e(ij). If e(ij) is not one of e,---,e then e*e(ij) = 
e*e*(ij)e(tj) = 0. 

TueoreM IV. Let c(i) = >>; e(ij). Then A; = €(i)R» ts a simple matriz 
algebra of degree g(d‘) and unity element ¢(i); Rm ts the direct sum of the U; ; and 
the ¢(t) form a basis for the center of Rm . 

Proof. Let x be any element of ®,, and set z(i) = e(i)z. Then x =lz = 
x(1) + 2(2) +---. If t # h then x(i)e(h) = e(h)x(t) = O by Corollary I. 
Further, z(h) = z(h)l = e(h)x > > e(i) = e(h)ze(h) = x(h)e(h) = 1z(h) = 
e(h)x(h). Therefore xre(h) = e(h)z, i.e. the e(z) lie in the center of R,,. Hence, 
Y; = ¢(2)R, is a two sided ideal of R,, and M,, is the direct sum of the Y;. 
Since ¢(i) is the sum of g(a‘) primitive idempotents the order, n(i), of Y; is at 
most g(A‘)*. But since the order of R» is m! = g(d')’ + gd’)? +--- = 
n(1) + n(2) + --- we must have n(i) = g(a‘)’ and so %; is a simple matrix 
algebra of degree g(A°). 


3. Special representations of the symmetric group of degree three. The proof 
of Theorem I is effected by considerations which require the properties of certain 
special representations of the group S generated by two transpositions o and r 
with a letter in common. We shall consider representations s — H(s) of S by 
p-rowed matrices. In order that two matrices H(c) and H(r) should generate 
a group homomorphic with © it is necessary and sufficient that H(e)’ = 
H(r)’ = H(or)*® = E,. This last condition is sometimes easier to apply in 
the equivalent form H(or)” = H(re). 

For p = 1 there are just two representations: 


Gi: s—||1|| and G2: s—|| dil. 


Unless it is explicitly stated otherwise we shall use 7, ¢ (or 7, {:) to mean 
numbers such that 























(3) O<nS}, O<f f+ =1. 
For p = 2 we consider the two cases 
- 0 
G3: om “s 3 tT m and 
." ss O 22 
1 0 
sane f aot A 
0-1 fe E22 
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For $3 an easy computation shows that the only possibility is 


(4) n = 3, fu = —fe = 1. 
For §, there are two solutions: 
(5) —fu = f& = 3; fet = } and 
(6) f=i&=0; t= —h& =1. 
For p = 3 consider 
6 0 0 fu &2 0 
Gs: o—||0 —n ¢/|, where 6= +1; T—|\fo ko O 
a 0 O & 
Then (or)* = (re) gives 
tir — nOtiete Eutie — E12 f22 $0€12 E33 


n&tsa(—£s2 + &s) 
(1 — fogs + 1° E33] 


Ea(—nbEn + 1 fee + SEs) —nOE2 ter + 1° Ee + (1 — 0 )éeo ess 
$a(0Eu — née + néss) 5 (0121 — née + née Ess) 
Gn —nbe Ske 
= |0& —nke {fn}. 
0 ts nts 


Let (a, 8) denote the equation obtained by equating elements in the a-th row 
and #-th column of the matrices representing (or)* and ro. First suppose 
& = feb: ~ 0. From (1, 3) we get &; = @ and then from (3, 1), (2, 3), (1, 1) 
Ofu — née = —n0, 10(—f2 + 0) = Se, fi — nOfain = Ofu we get 


(7) —tn = & = n/(1+ 70); tebi = 1— fe; te = 0. 


If € = 0 (1, 1) gives &: = @. 7° = 1 requires 2 = £3 = 1 which with (2, 3) 
leads to 

















(8) n = 4; fu = 8; foo = — fs = 1; fe = & = 0. 
Finally we consider p = 6 with 
—mf fu £3 
fim E99 £5 
; me —mne te a &31 £33 
atlas $22 . . Eu £4 
—nsfs b62 &55 
$3.03 Fo £66 











(blank spaces being filled with zeros) with the additional relation 1/m = 
1/m + 1/n3. We now consider the relations obtained by equating the matrices 
representing ro and (o7)’. 





_—_ = ol UlUlC 
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First case, § = fistutestsetwts ~ 0. Then 7 = 1 requires —& = &, 
— ft = bs, —fu = be, Satu = 1 — fs, Sste = 1 — Ss, butu = 1 — fee. 
Now the equations (3, 1), (4, 1), (6, 2) together with ¢ ~ 0 and the relation con- 
necting the »; give the single solution 


(9) f=, =m,  &s = m- 


Second case, = 0. From 7° = 1 we get six implications of the form &; = 0 
implies £¢;; # 0 with 7,7 = 1, 3; 3, 1; 2, 5; 5, 2; 4, 6;6,4. These inequalities 
together with equations (6, 1), (4, 2), (5, 3), (2, 4), (3, 5), (1, 6) show that for 
to vanish each of its six factors must be zero. But then by (4) we should have 
to have each »; = 4 whereas by (3) and the relation between the »; we have 
m & }, thus ruling out this case. 

For later use we note also that in case {3 = & = {3, f&s = fe = & then 
(6, 1): —Sifsmsése + mv2énge = 0 requires 


(10) bu = Sea ” is 1)» 
or in other words requires that §. be orthogonal. 


4. Proof of Theorem i: first part. We shall suppose that Theorem I has 
been verified by direct computation for the symmetric groups of degree 4 or less. 
Proceeding by induction we suppose that it is already established for the sym- 
metric groups of degree less than m and proceed to the proof for degree m. 
The proof is divided into two parts, a “qualitative” part and a “‘quantitative”’ 
part. In this section we show (always based upon our induction hypothesis) 
that the theorem is true for transpositions ¢, , for r < m, and that the matrix 
representing + = ¢,, has zeros in the places required. Then in the next section 
we complete the proof by showing that the non-diagonal matrix units can be 
chosen so that the matrix for r takes the form specified by Theorem I. We 
mention here that by a slightly different choice of non-diagonal matrix units a 
rational representation can be obtained ({7 VI], p. 217). 

Let (A) be the partition of m defined by m = mary +--+ + mA, Xs > 
eo > --- > A, > 0, and denote by D,() the partition of m — 1 defined by m — 1 = 
mr +--+ (ng — DAG + (A — 1 +--+ + nad. Let Ti, T2,--- be the 
regular diagrams belonging to (A) ordered according to (1); let e, , e , --- be the 
corresponding semi-normal idempotents. Denote by & the simple matrix al- 
gebra eR, where « = ¢: + @ + ---. Let E(¢) be the set of diagrams 7; which 
have m in the last row of length 4;. We observe that omission of the m-th 
field from each diagram in I(t) gives the complete set of regular diagrams 
belonging to the partition D,(A) of m — 1. 

Lemma III. Jf 7; and T, belong to different sets T(i) and x lies in Rms then 

e;7e, = 0. 
Proof. | We have e, = erc,e.. If T; and 7; lie in different sets T() then 


e; and eg arise from different partitions D,(A) of m — 1 and so e;ze, = 0 by 
Corollary I (for m — 1). 
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Let «; denote the sum of the e; for which 7; lies in X(i). If 7; is in T(z), 
ee}, = e; by Corollary III and Theorem III. Thus ee; is the sum of all the e; 
for which 7; is in T(i). Adding we obtain ec + --- + ce =. Let A = 


€€; Rimn—t « 


Lemma IV. ¢Rn—s is the direct sum of the algebras A; , and Az is a simple 
matrix _tgebra which is the image of Rns-under the homomorphic mapping 
r— €€; 2. 


Proof. The first statement is a corollary to Lemma III. By Theorem IV 
(for m — 1) ¢; Rms is a simple matrix algebra homomorphic to ®,,; under the 
mapping z — ¢;z. Now since ¢ lies in the center of R,, the mapping ¢; x —> ee; z 
isa homomorphism. Further, ee; ~ 0 implies %7 ~ 0. But the only non-zero 
homomorphic image of a simple matrix algebra is a simple matrix algebra iso- 
morphic to it. 

Let 7; belong to E(i). Then e; = eee; = ec; and so in the above indicated 
isomorphism between %} and ¢;Rm—1 the idempotent e; maps into a diagonal 
element of ¢Rn+. If Tx also belongs to T() we define ¢, as the image, 
ee}, , of the corresponding matrix basis element ¢;, of ¢; m1. By our induction 
hypothesis Theorem I is true for m — 1 and therefore applies to each ¢; Rm-1, 

= x,-+-,1. Thus with the above choice of matrix basis elements e,, for T ; 
and 7', in the same set T(i) and any choice® of the remaining matrix basis ele- 
ments we have’ 

Lemma V. Let x lie in Rn+a. Then the matrix B(x) = || b(jk¥x) || defined 
by ex = >> b(jkXx)ejn has zeros outside blocks, B(x), i = x, ---,1, along the 
main diagonal. The block B,(x) is made up of those elements b(jk\x) for which 
T; and T, lie in T(t). The block B,(x) is a matrix identical with the semi-normal 
matrix for x in the irreducible representation of Rms defined by the partition 
Dd) of m — 1. 

Observe that, in particular, Lemma V for z = t, implies Theorem I for r < m. 

Denote by Dia(A), ¢ ¥ h, the partition of m — 2 defined by 


m—-2=---+(n,—LDA+tA;-—-)D+---+(m—-Data-Dt+-:--. 


Observe that Di(A) = Dad). If A: — 1) > Air denote by D(A) the 
partition of m — 2 defined by 


m— 2 = --- + (ni — IAG + (Ai — 2) + ---; 
and if n; > 1 denote by D; f (A) the partition defined by 
m—2=--- + (mi — 2), + 2A:- 1) +--- 
Let T(th) be the set of diagrams, 7; , in T(z) with the (m — 1)-st field in the 
last row of length \,. If we order the diagrams in a set by (1) the j-th member 


* That is, any choice consistent with the multiplication rules for an ordinary matrix 
basis. In §5 we make this choice specific. 
7 [7 VI], p. 217. The rest of the present section is along the lines of Young’s argument. 








er 
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of X(th) becomes the j-th member of T(hi) by exchange of the fields m and 
m— 1. 

Similarly let X(i—)[X(i 7 )] be the set of diagrams in T(i) with the fields 
m — 1 and m in the same row [column]. 

Now by Lemma V, for m — 1, the matrix B,(z), for z in Rn, has zeros 
outside blocks Bi(z), --- , Bia(x), Be-(z), Bit (x), --- , Ba(x) down the 
main diagonal. The block B,(z) is made up of those elements b( jk{z) for which 
T; and T;, lie in T(th). x — Bya(x) is the semi-normal representation, Ba of 
Rm—2 defined by the partition D(A). Similar statements hold for the matrices 
Bs—(z) and B;f (x) in case they occur. From Dia(A) = Dyi(d) we infer that 
Bi(xz) = By(x); and since the partitions Da(d), D«—(A), Dz f (A) are other- 
wise distinct no further equivalences between the representations 8, 8, 
%; 7 are possible. 

Denote by Cix(C—, C; T ) the g(A)-rowed square matrix with zeros everywhere 
save for 1’s down the main diagonal of the block occupied by Bia(Bs—-, Bi fT ), 
and by C;, the matrix with zeros everywhere except for 1’s down the main 
diagonal of the block formed by the intersection of the rows of Bj with the 
columns of %,;. It follows from the above arguments and the theory of semi- 
simple matrix algebras* that we have 


Lemma VI. Let C be any -matrix commutative with B(x) for every x in 
Rm-2. Then there exist multipliers pa, pin, pt; pit in R such that 


(11) C= 2X pala + inn + Le ee Co + we PCT. 


Now 7 is commutative with any z in R,-2 and so B(r) is of the form (11), 
which puts zeros in just the places demanded by Theorem I. 

For the next section we shall need to interpret the foregoing results in terms 
of the relations between + and the matrix units e;,. We recall that B(r) is 
defined by e;7ex = b(jkir)ex - 


Lemma VII. b(jk{r) = 0 unless j = k or T; and T, differ by exchange of 
m—1andm. If T; and Tj lie in the same set Tih), T(i—), or Tit ) then 
b(jjir) = b(j’j'hr). If T; and Ty lie in the same set T(ih) and are replaced by 
T. and T, upon exchange of m — 1 and m then b(jk&r) = b(j’k’fr). 


In other words we need make only one computation for each position of 
m — 1 and m and in that computation may place the first m — 2 fields in arbi- 
trary positions (subject of course to regularity). We use this fact freely in the 
next section. 


5. Proof of Theorem I: second part. 


Lemma VIII. Let 7; be a regular diagram belonging to the partition () of m 
and with r — 1 = a(a, 8), r = aly, 6). Set(r—1,r) =¢,. 

(i) If a = ¥ then ejt,e; = €;. 

(ii) If g = 6 then ete; = —e;. 


§ See [6], Th. 3.5B, p. 95. 
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(iii) If a # y, B ¥ 6 let T; be obtained from T ; by exchange of r—1landr. Then 
Cite; = —pe; ; exter = per ; ejtexte; = (1 — p')e; ; extrejter = (1 — p')ex where 
1/p = y — a+ 8— 56. We call 1/p the axial projection of the fields a(a, 8), 
a(y, 4). 

Proof. Forr < m Lemma VIII is a consequence of Lemma V and our induc- 
tion hypothesis. Set tn. =o. o and r generate the symmetric group, S;, 
on m — 2,m—1,m. Weestablish Lemma VIII for 7(= t,.) by requiring that 
B(or)’ = B(re). 

We may simplify the computations by dividing the diagrams 7’, into classes. 
T; and T;, are said to belong to the same class, ©, if the diagrams obtained from 
them by deleting the last three fields are identical. Let Tua ,--- , Tu») be the 
diagrams in a class ©, where v(1) < --- < v(p). Suppose m — 2 = a(a, 61), 
m — 1 = alae, Be), m = alas, 83) in Tia). Then by (1) 


(12) a1 S a2 S as. 


The number, p, of diagrams in € is 1, 2, 3 or 6 according to the distribution of 
equalities in (12), and between the §’s. 

Consider the p-rowed matrices Bg(x) = || x(jk) || defined by z(jk) = 
b(u(j)u(k) fx). It follows from Lemmas V and VII that the matrix B(x) repre- 
senting any element z in 9; (the group ring of S;) will have b(jk{x) = 0 unless 
T; and 7, belong to the same class ©. Hence by rearranging rows (and corre- 
sponding columns) we can bring B(x) into a form with blocks Bgs(x) along the 
main diagonal and 0 elsewhere. Therefore the matrices Bg(x) afford a repre- 
sentation Bs of 2; and B(er)® = B(rc) is equivalent to Bs(or)” = Bg(r) for 
each class €. 

Consider the following operations on a representation Bg of S; : 

(13) (i) applying a permutation to the rows and columns of each Bg(z); 
(ii) changing signs in the 7-th row and then in the 7-th column; 
(iii) replacing Bg(s) by 5,.Bs(s). 
We shall call these admissible operations. 


Lemma IX. Any representation Bs of S3 can be sent into one of the special 
representations $, by means of admissible operations. 


The proof of Lemma IX is divided into cases according to the positions of the 
last three fields in the diagrams of €. We make use of the parts of Lemma VIII 
that have already been established to determine Bg(c) and the form of Bg(r). 

If the fields m — 2, m — 1, m lie in a row (column), then Bg = :(Hz). 

If they lie in three rows and three columns, then Bg = He, if we choose 
1/m = Bi — Be + a2 — a, 1/m = Bi — Bs + a3 — a1, 1/3 = Be — Bs + a3 — Oe 
(and hence 1/m = 1/m + 1/m). 

If they lie in two rows and two columns there are two possibilities: 


(14) ma +1=a@=a;, 6B: = Be +1 = 3 which gives 
Ss = $3 with »=4; and 








and 
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(15) a = @ = a; — il, BB; — 1 = Be = Bs which gives Bc = Gy. 


If they lie in three rows and two columns or three columns and two rows 
there are four possibilities, all of which lead to $s : 


(16) a<a=a, ~f>hm+1 =. 


Take 1/n = Be — Bs + ag — ag and 6 = —1. To obtain §; from Bg inter- 
change the first and third rows and columns, change signs in the second row and 
column, and apply 13-(iii). Note that 7 < 4 so that solution (8) is ruled out. 


(17) a) = a < a3, BB; — 1 = Be > Bs. 


Take 1/n = 6: — Bs + as — a, 6 = 1 and we have B = §;. Solution (8) 
can occur only if 7 = 3; i.e. ag = ae + 1, Be = & + 1. 
We omit the details for the other two cases: 


(18) a < a = a3 — l, B; — 1 = Be > Bs and 
(19) a, +1 = a <a;, Bi = Be > Bs. 


In (19) solution (8) cannot occur, and in (18) it can occur only if a; = a, — 1, 
8; = be + 1. 

This completes the proof of Lemma TIX. Furthermore, except for (6) and (8), 
the solutions for H,(r) in §3, and hence for any representations obtained from 
them by admissible operations, satisfy Lemma VIII; hence to complete its 
proof we need only show that solution (6) in case (15) and solution (8) in cases 
(17) and 18) cannot occur. 

Suppose then that € is in case (15). If 8; > 1 consider a diagram 7 with 
m — 2 in the position (a3, 6s — 1) and m — 1, masin Ty. The class C’ 
containing 7’ is of type (16). From Lemma VII and a comparison of (6) and (7) 
we see that (6) is not possible here. If 8; = 1 we have from m > 4 that a, > 1 
and so may rule out (6) by comparison with a class C’ containing a diagram with 
m — 1, min the same positions as T.) and m — 2 in the place (a — 1, §}). 

Next consider (17) and suppose that solution (7) actually holds, which implies 
among other things that ¢.)Teva) = @vay. If 8; > 1 take a diagram 7' with m, 
m — 1 asin 7.) and m — 2 as in the position (a3, 8; — 1). The class C’ con- 
taining T has three diagrams Ta), Ti[= T], Tig. ©’ is in case (16) and so 
€,)Te.) = —€,@/2. But since 1 # —1/2 this contradicts Lemma VII. If 
83 = 1, then from m > 4 we conclude a; > 1 and proceed as above for case (15). 
The proof of case (18) is the same, upon interchange of the roles of rows and 
columns of the related diagrams. This completes the proof of Lemma VIII. 

Choose diagrams 7) ,7 = « — 1, --- , 1 in T(x?) and suppose 7’, obtained 
from 7';) by exchange of m — 1 and m. Let 1/n; be the axial projection of the 
fields m — 1 and min Ti). We now complete the choice of a matrix basis for 
the simple algebra % of which % is a faithful representation. The diagonal 
units are the semi-normal idempotents. If 7; and T; lie in the same set T(¢) 
we define e,, as in Lemma V. Set eau = exTe.~@/fsi, and define the re- 
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maining basis elements by the multiplication rules eje;x = 54;ej. In terms 
of this basis, Lemmas VII and VIII give b(jk{r) = ¢; = b(kj{r) if T; lies in 
T(x«i) and 7; is obtained from T ; by exchange of m — 1,m. If finallyh <i <x 
then consider a diagram 7 in T(ih) which has m — 2 as the final field in its 
last row. The class € containing 7 has six diagrams. Arranging these in the 
usual order, and making use of the symmetry properties of B(r) already estab- 
lished we have £13 = 1 = £;, 5 = 2 = ¢, and therefore by (10) 0 < kes = kus 
so that every Bg(r) is orthogonal. Therefore B(r) is orthogonal, and Theorem I 
is proved. 


6. The irreducible representations of the alternating group. Let (A) be a 
partition of m and %: s — B(s) be the corresponding semi-normal orthogonal 
representation of S,,. The matrices B(s) for s in the alternating group, An , 
constitute a representation of %,, which we shall denote by Bf. If (A) is asso- 
ciated’ with (u) then Sf is equivalent to the representation of %, defined by (x). 
If (A) ¥ (u), Bt is an irreducible representation of %,,. If (A) = (u), ie. (A) 
is self associated, Bt splits into two inequivalent (but conjugate)’ irreducible 
representations of %{,, which we shall denote by Sf; :s — A,(s),7 = 1,2. With 
the aid of the preceding results for the symmetric group we can obtain a spe- 
cific form for this splitting, indeed one such that the Sf; will be unitary, and 
will thus ‘have determined specific unitary forms for all the irreducible repre- 
sentations of Y,, . 

Denote by 71, --- , T, (g = g(A)) the regular diagrams belonging to (A) and 
by 7T;,---, 7, the regular diagrams belonging to the associated partition (x), 
both sets being ordered according to (1). Denote by Tt; the diagram obtained 
from 7 ; by interchanging rows and columns. T7'f; is evidently a regular diagram 
belonging to (u). It follows immediately from (1) that if 7 < A then 7't, pre- 
cedes Tf; , thus giving the following lemma: 

Lemma X. Tf; = Thins. 

Let %, &’ be the simple invariant subalgebras of ®,, defined by (A) and (yu) 
respectively. If = >. 2(s)s is in & then zt = > 6.2(s)s is in % and the 
mapping x — zt is" an isomorphism between % and %’. Hence if « = )> ¢(s)s 
is the unity element of %, then ef is the unity element ¢’ of Y’. 

Lemma XI. Let e; = >. e;(s)s be the semi-normal idempotent defined by T; . 
Then et; = >. 4,¢,(8)s is the semi-normal idempotent e)_ i, defined by Tt; . 

Proof by induction on m. As we saw in the proof of Lemma IV, e; = ee} 
and ¢,j41 = desi. Apply our induction hypothesis ¢7” j4: = > 4.¢} (8)s, 
and et; = ¢,—j4: follows by a direct computation. 

Corotiary IV. If (A) is self associated et; = €y-j4:. 

® [5], p. 120. See Chap. VI for other results quoted in this paragraph. 


See [2], Th. I, p. 534. 
1 See [4], Chap. V, §4. 
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Lemma XII. If (A) is self associated, then 
(i) b(gjhs) = 6.9 — 7 + 1,9 — 7 + 1hs), and 
(ii) bGkYL) = bg —j + 1,9 —k+ 1%), 7 +k. 


Proof. (i) bg —j + 1,9 —G + 1¥s)eq ist = ef Sets = Youve ducej(ues(v)usy = 
Dove 5de(u)e (su 't)t = 4,b(jj%s)e.-i4:. (ii) follows from Theorem I and 
Corollary IV. 

Let 6, = 1 or —1 according as the permutation which sends 7; into T, is 
even or odd, and set 

|0 0; 
6: 


6, 0 
Note that C* = 6,E,. 
Turorem V. C'B(s)C = 6,B(s) for every s in Sn. 


Proof. It is sufficient to establish the theorem for the transpositions ¢, . 
Set A = CB(t,)C. Then ax = 06.b(9 — j + 1,9 — k + 1%t). If 
b(jkit,) # 0 for j # k, then 7; is sent into 7; by the transposition ¢, so that 
6,6, = —1. Now the theorem follows from Lemma XII. 

Corotuary V. Forsin An, B(s)C = CB(s). 

Since Y%,, is of index 2 in S,, the commutator algebra of the representation St 
must be generated by E, and C.” 

Since (A) is self associated g is even, say g = 2f. Observe that if (i) 6, = 1, 
then C has f eigenvalues 1 and f eigenvalues —1 and if (ii) 6, = —1, then C has 
f eigenvalues i and f eigenvalues —i. The sign of 6, can be determined in the 
following way. Set pj; = 2(A; — j) — 1,j = 1, 2,---,r; r being uniquely 
defined by m = p; + --- + p, (see [4], p. 272). 7, and 7, have r fields with 
the same label and hence from T, = Tt, we conclude” that @, = i”. 

Lemma XIII. Let 


a bi 
‘ b, 


“yf 





is | “ay 
oe 5 
| 





b, ay || 





where the dash indicates conjugate imaginary and where if (i) 6, = 1; 6;a; = b; = 
2/2; (i) & = —1; a; = —i0b; = V2/2. Thenig QCQ= | 4 | 


|? 
and if (ii) @CQ = ||"y’ Se 


12 See [2], Th. III, p. 538. 
18 Compare with [3], p. 310. 
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Proof by direct computation. Observe that Q is unitary and of order two. 

The decomposition of a semi-simple matric algebra carries with it the de- 
composition of its commutator algebra. Hence 

TuHeoreM VI. Let s belong to An. Then 


| Ai(s) 0 
0 A2(s) 


and s — A,(s) t = 1, 2 is an irreducible unitary representation of Am. If m—r 
is divisible by 4, Ai(s) is real; if m — ris not divisible by 4, some A;(s) have complex 


* 
elements. If s is an odd permutation of Sp , then QB(s)Q is of the form : 0 


Only the last statement requires proof and it will be established if shown for 
a single odd permutation. It is readily verified for the transposition t, (or indeed 
for any ¢,). 

Several other properties of the representations Sf; follow upon closer study of 
the form of the matrices QB(t,)Q. Of these we state, without proof, the fol- 
lowing: suppose m — r not divisible by 4. Then if (i) p, > 1 and s is an even 
permutation which omits m, then A,(s) is real; and if (ii) p, = 1, A;(s) is real 
if s omits m and m — 1. 


QB(s)Q = 





’ 
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PERIODIC TYPES OF TRANSFORMATIONS 
By D. W. Haut anv J. L. Keviey 


1. Introduction. We consider in this paper a compact metric space X and a 
homeomorphism 7(X) C X. For any subset Y of X we define the orbit of Y 
by the equation 


or) = > rv). 


The types of periodic transformations’ which we shall consider are defined as 
follows: 

(a) T is pointwise periodic provided that for every point z of X the set O(z) is 
finite. If there exists an integer N such that no O(z) contains more than NV 
points, then T is said to be periodic. 

(b) T is almost periodic provided that for every « > 0 there exists a positive 
integer n such that p(x, T"(x)) < ¢ for every z in X. 

(c) T is pointwise almost periodic provided that for each z in X and each « > 0 
there exists a positive integer n = n(x, €) such that p(z, T"(x)) < «. 

(d) T is strongly pointwise almost periodic provided that for any z in X and 
any « > 0 there exists an integer K = K(z, €) such that every block of K suc- 
cessive integers contains an integer n for which p(x, T"(x)) < «. 


(e)- T is strongly almost periodic provided that the integers K and n in (d) can be | 


chosen independent of z. Besides these types of periodic transformations we 
shall deal with one type of non-periodic transformation defined as follows: 

(f) T is said to be regular’ provided that for any « > 0 there exists a 6 > 0 
such that if p(x, y) < 6 then p(T"(x), T"(y)) < «for all integers n. 

We note that the uniformity condition in strongly almost periodic is necessary 
in the sense that there exists a pointwise periodic and almost periodic trans- 
formation failing to satisfy this uniformity condition. 

In the second section of this paper we investigate the conditions under which a 
collection of point orbits under a homeomorphism 7’ will be continuous, i.e., 
each orbit is closed and if lim 2; = z, then lim O(2;) = O(x). Wesee at once 
from the condition that each O(x) be closed that we must have a pointwise 
periodic transformation. Otherwise, it would follow that some O(x) were infinite 


Received May 15, 1941; presented to the American Mathematical Society, September 
1939. This paper was started when the authors were in residence at the University of 
Virginia, the first named author as a National Research Fellow. 

1See Deane Montgomery, Pointwise periodic homeomorphisms, American Journal of 
Mathematics, vol. 59(1937), pp. 118-120. See also W. L. Ayres, On transformations having 
periodic properties, Fundamenta Mathematicae, vol. 33(1939), pp. 95-103. 

?See B. Kerékjaérté, Acta Szeged, vol. 6(1932-34), p. 236. 
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and hence contained a limit point of itself. By applying the proper powers of T 
to this limit point it would follow that O(z) was a perfect set. Thisis impossible 
since O(x) is countable. 

In the third section we study a continuous transformation T7(X) C X. We 
say that a set Y is irreducibly fixed under T provided Y is closed, T(Y) = Y 
and for any proper closed subset Z of Y, T7(Z) # Z. We deduce necessary and 
sufficient conditions that a subset Y of X be irreducibly fixed under T and also 
necessary and sufficient conditions that a point z of X belong to an irreducibly 
fixed set under 7. We get the interesting result that X contains a subset Y 
such that (i) Y is finite and T is periodic on Y, or (ii) Y is perfect and T is 
pointwise almost periodic on Y. 

The final section characterizes completely the pointwise periodic transforma- 
tions F(M) = M defined on a plane locally connected continuum M not sepa- 
rated by any pair of its points. 


2. Continuous collections of orbits. We devote this section to the proof of 
the following theorem: 


THEeoreM 1. Jf X is a compact metric space and T(X) = X is pointwise 
periodic, then all of the following conditions are equivalent: 

(i) the collection of point orbits under T is a continuous collection, 

(ii) T is strongly almost periodic, 

(iii) T is regular, , 

(iv) the orbit under T of every closed subset of X is closed. 


Proof. We first show that each of (i), (ii), and (iii) implies (iv). If condi- 
tion (iv) fails, there exists a closed set Y C X with O(Y) not closed, and we can 
choose y, yi¢ Y, and integers n;, with lim y; = y, lim T"*(y;) = z@O(Y). 
Since O(y) C O(Y), ze’ O(y) and (i) fails. Let d be the least distance from a 
point of O(z) to Y. If T is strongly almost periodic choose K;, K,0 S Ki S$ K 
such that p(T"****(x), 2) < d/2 for all xe X. Infinitely many of the K; are 
equal, say to Ko, and lim T**(T"(y,)) = T**(z) €O(z). But p(T***"*(y,), ys) < 
d/2 for infinitely many i and hence 7**(z) is at most d/2 from Y, which is a 
contradiction. Hence (ii) fails. That condition (iii) fails to hold is clear, for 
lim p(y, y) = 0, but lim p(T"*(y;), T*(y)) 2 d. 

It is trivial that (iv) implies (i) for we need only take for our closed set Y a 
convergent sequence of points of X together with its limit point. Hence (i) 
and (iv) are equivalent. 

Suppose now that (i) holds. For an arbitrary z in X let 4d be the minimum 
distance between any two points of O(z), and p(x) the period of x under T. 
Let V be the spherical d-neighborhood of O(z). By uniform continuity we can 
find a positive number d’ less than d such that for any two points z and y of X 
such that p(z, y) < d’ we have p(7'"(z), T"(y)) < d for all n not exceeding p(z). 
By (i) there exists a d’’ less than d’ such that any point y in the d’’-neighborhood 
of z has its orbit in the d’-neighborhood of O(z). It follows at once that if W 
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be the d’’-neighborhood of z, and if W’ be the sum of all images of W containing 
the point z then W’ is an open set containing z, of diameter less than d’, and 
T’(W’) = W’. By the Heine-Borel Theorem we may cover X by a finite 
number of such neighborhoods W;, W:,---,W, such that for each i, 
T’*° (Wi) = W;. It follows at once that (iii) holds. We see that (ii) also 
holds since if K be any positive integer and p the product of the p(z;) 
(¢ = 1, 2, --- , m), then 7”? is within ¢ of the identity if each of the W; is taken 
of diameter less than «. Thus (i) implies (ii) and (iii) and hence (i), (ii), (iii) 
and (iv) are equivalent. 

Remark. Suppose T is a regular homeomorphism on a compact space. 
Define p,(z, y) = p(T"(x), T"(y)). Clearly p, is a metric equivalent to p(z, y), 
i.€., On(ai, x) — 0 if and only if p(z;, z) +0. Hence p*(z, y) = lub. p,(z, y) 


satisfies the metric axioms, and by regularity is equivalent to p(z, y), and 
p*(T"(x), T"(y)) = p*(z, y) for all nm. Any isometry is surely regular. Hence, 
regularity is equivalent to isometry and in particular any pointwise periodic 
transformation satisfying one of (i), (ii), (iii) and (iv) ts equivalent to a pointwise 
periodic isometry. 

We might also state this property of pointwise periodic transformations in a 
slightly different fashion. If any one of (i), (ii), (iii), (iv) hold the collection 
{T"} of transformations is equicontinuous, and hence the closure of this set in X* 
is a compact transformation group G. The orbit under G of z ¢ X, i.e., the set 
of all images of x under transformations of G, is easily seen to be identical with 
O(x). Hence a pointwise periodic transformation T satisfies any one of (i), (ii), 
(iii), (iv) tf and only if the collection {T"} is dense in a compact transformation 
group G, where the orbit of any x « X under G is identical with its orbit under T. 


3. On the existence of pointwise almost periodic transformations.’ The fol- 
lowing Lemma has recently been established by one of us:* 


Lemma 1. If X is compact and metric and T(X) C X is a continuous trans- 
formation, then ll T'(X) is fixed, and the property of being a fixed set under T is 
inducible. 

This Lemma yields at once the following characterization of irreducibly fixed 
subsets of X under 7. 


THEOREM 2. In order that Y be irreducibly fixed under T it is necessary and 
sufficient that the images under T of every point of Y be dense in Y. 


Proof. The sufficiency is trivial. To prove the necessity assume that Y is 


3 It has been pointed out to the authors that the theorems of §3 are precisely analogous 
to certain results of G. D. Birkhoff for continuous flows. See Dynamical Systems, American 
Mathematical Society, Coll. Publications, vol. 9, pp. 195-205. 

4See J. L. Kelley, Duke Mathematical Journal, vol. 5(1939), pp. 535-537. 
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irreducibly fixed under 7, let z be an arbitrary point of Y and L = = T(x); 
0 


then T7(L) C L, and hence by Lemma 1, L contains a fixed set. Thus L = Y, 
and the proof is complete. 
As an immediate consequence of Theorem 2 we get 


TueoreM 3. If X is compact and metric and T(X) C X is continuous then 
there exists a subset Y of X such that either 

(i) Y is finite and T is periodic on Y, or 

(ii) Y ts perfect and T is pointwise almost periodic on Y. 


TueoremM 4. If X is compact and metric and T(X) C X is continuous, then a 
necessary and sufficient condition that a given point x of X belong to some irreducibly 
fixed set under T is that T be strongly pointwise almost periodic at zx. 


Proof. Let Y be irreducibly fixed under T and z an arbitrary point of Y. 
Suppose that 7 is not strongly pointwise almost periodic at z. Then for 


some positive « we can find, for every integer K, an integer nx such that 
K 

> 7T"**"(x)-V.(z) = 0. We may suppose 7"*(x) converges to a point y of Y 
t=1 

as K becomes infinite. It follows easily that O(y) is disjoint with V.(z), which 
contradicts Theorem 2 as Y is irreducibly fixed. 


that Y = yds T‘(xz). If y is an arbitrary point of Y, then we must show that 
0 


the images of y are dense in Y. This will evidently follow if we show that x 
is a limit point of the set of image points of y. To see this, for « > 0, pick a 
sequence of positive integers n; such that lim T"*(z) = y. Then since T is 
strongly pointwise almost periodic we can find an integer K, and then for each 7 
an integer K;, 1 < K; S K, such that T"***(x) € V.o(x). Now infinitely 
many of the K; must be equal to a certain fixed Ky. Thus lim 7*°(T"(z)) = 


T**(y) ¢ V.(x). Hence z is a limit point of >> T'(y) and the theorem is proved. 
0 


4. On pointwise periodic transformations in the plane. In this section we 
consider a locally connected continuum M which is embedded in the surface of a 
sphere S, and which has the property that no two points of M separate M. 
We shall classify completely all pointwise periodic transformations 7(M) = M. 
This is most easily done by showing that there exists a pointwise periodic homeo- 
morphism Z(S) = S which is identical with T on M. It then follows at once 
from known results’ that Z is periodic on S and hence T is periodic on M. But 
the action of a periodic transformation of a sphere S into itself has been com- 


5 See Deane Montgomery, loc. cit. 
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* 
pletely and simply described,’ and hence we can describe the action of Z (i.e., T) 
on M. We begin with the following Lemma. 


Lemma 2. If T(M) = M is pointwise periodic then T can be extended to the 
sphere S in such a way as to remain pointwise periodic. 


Proof. We note that the boundary of every complementary domain of M 
on S is a simple closed curve,’ and it follows at once from our assumption that 
no two points of M separate M, that the boundaries of no two complementary 
domains of M on S can have more than one point in common. Thus, by a 
theorem of Adkisson,* there exists a homeomorphism Z(S) = S which is iden- 
tical with T on M. 

Let J be the boundary of an arbitrary complementary domain of M on S 
and p and q arbitrary points of J. It follows that T”"(/J) = J, is the boundary 
of a complementary domain’ of M on S where m is the least common multiple 
of the periods of p and gq under 7. Since J and J,, have at least two points in 
common they must be identical. Hence T(J) = J and it follows at once” 
that under 7” the set J either has exactly the two fixed points p and q or con- 
sists entirely of fixed points. If only p and q are fixed under 7” then every 
other point of J has period 2 under this transformation. 

Let the orbit of J under 7 consist of the k + 1 simple closed curves 
Jo, Ji,+++,Ju, where J; = T'(J) for each i and J = T(J,). For i = 0, 
1, 2,---,k let E; be the closure of the complementary domain of M on S 
bounded by /;. Thus £; is a 2-cell. Our proof will be complete if we show 
that the transformation T can be extended to the 2-cell Ey while maintaining its 
pointwise periodicity. Suppose first that the J; are all distinct. If all the 
points on J have the same period the extension is easy. Otherwise, there exist 
two points r and s on J having the same period while every other point on J 
has double this period, and the extension can again be made by elementary 
methods. 

Finally, suppose that the J; are not all distinct, and let m be the minimum 
value of the period function on J. It follows easily that there exists a unique 
point p on J having period m, since if two such points existed the J; would be all 
distinct. Let n be the minimum value of the period function on the set J — p. 
If every point of J — p has period n under 7’, then this transformation is easily 
extended to E,. Otherwise, there exists a unique point g in J — p having 
period n under T and every other point of J — P has period 2n under T. The 


6 See (1) B. Kerékjart6, Mathematische Annalen, vol. 80(1919), pp. 36-38. (2) L. E. J. 
Brouwer, Mathematische Annalen, vol. 80(1919), pp. 39-41. (3) 8S. Eilenberg, Fundamenta 
Mathematicae, vol. 22(1934), pp. 28-41. 

7See R. L. Moore, Fundamenta Mathematicae, vol. 6(1924), p. 212. 

8’ See V. W. Adkisson, Comptes Rendus de la Société des Sciences de Varsovie, vol. 23 
(1930), p. 168. 

® See V. W. Adkisson, loc. cit., p. 167. 

10 See S. Eilenberg, loc. cit. 
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transformation is once more easily extended to Ey and the proof of the lemma is 
complete. 

As pointed out above this Lemma has the following immediate consequence: 

TueoreM 5. If T(M) = M is pointwise periodic, where M is any locally con- 
nected continuum embedded in S such that no two points of M separate M, then T 
is periodic. 

We shall assume in the remainder of this section that the hypotheses of 
Theorem 5 are satisfied, and denote by K the set of all fixed points of M under T. 
By Z(S) = S we denote the transformation set up in Lemma 2, and we signify 
by K’ the set of all fixed points of S under Z. It has been shown” that one of 
the following cases must occur: 

(a) K’ = 8S. 

(b) K’ is a simple closed curve on S, and Z is a reflection of S in this simple 
closed curve. Every point in S — K’' has period 2 under Z. 

(ec) K’ consists of exactly two points a and b, which may be regarded as the poles 
of S. The transformation consists of a rotation of S around these poles and every 
point in S — K’ has the same period. 

(d) K’ = 0. In this case S has exactly two points a and b each of which is of 
period 2 under Z, and Z’ is the transformation described in (c). 


Now K is a subset of K’, hence we can read off numerous theorems regarding 7 
from the results given above for Z. We give a single example in order to 
illustrate the type of result. 


TueoreEM 6. If K is a proper subset of M containing more than two points, the 
following statements are true. 

(a) K is a strong symmetric cut set’ of M. In fact, M — K has exactly two 
components R, and Rez. 

(b) K is an irreducible cutting of M, so that K = F(R,) = F(R). 

(ec) T(Ri) = Re, T(R2) = Ri. 

(d) There exists a simple closed curve J in S such that K is a subset of J. 


Brown UNIVERSITY AND Notre DAME UNIVERSITY. 


11 See S. Eilenberg, loc. cit. 
12 See W. Dancer, Fundamenta Mathematicae, vol. 27(1936), pp. 123-135. 











A PARTITION FUNCTION CONNECTED WITH THE MODULUS FIVE 
By JoserH LEHNER 


1. The purpose of this paper is to derive a convergent series for p,(n) and 
po(n), the number of partitions of a positive integer nm into summands of the 
form 51 + 1 and 5l + 2, respectively. These partition functions occur in the 
following theorems of I. Schur [7],’ which can be regarded as further cases of a 
result due to Euler?’ 


A. The number of partitions of n into summands whose minimal difference is 
two is equal to p,(n); 


B. The number of partitions of n into summands whose minimal difference is 
two and in which the summand one does not occur is equal to po(n). 


It is convenient to treat p,(m) and pe(n) together. The other possible case 
for the modulus 5, that in which all summands are divisible by 5, reduces trivially 
to the unrestricted partition function p(n): po(n) = p(n/5). p(n), on the other 
hand, has been fully discussed [2]. 

We follow the method of Rademacher [3]. Consider the generating functions 


F(x) II (1 we aay Be II (1 ome PF atee Ue 


(1.1) 


1 ~ . Pa(n)x” (a - 1, 2), 


which converge inside the unit circle. In order to determine the asymptotic 
behavior of F(x) near a “rational point” on a circle concentric to the unit circle 
but interior to it, we subject z to the transformation® x — zx’, where 


° , + —] 
(1.2) x = exp Ee Ate } xz’ = exp Ee tel. 


Here Rz > 0, h and k are coprime integers satisfying 0 S h < k, and h’ is any 
fixed solution of 


(1.21) hh’ = -1 (mod k). 


Received May 15, 1941; presented to the American Mathematical Society, May 2, 1941. 
The author wishes to acknowledge his deep indebtedness to Professor Hans Rademacher, 
who suggested this problem and gave much helpful advice connected with its solution. 

1 Numbers in square brackets refer to the bibliography at the end of this paper. 

2 Namely, the number of partitions of n into unequal parts (i.e., parts whose minimal 
difference is one) is equal to the number of partitions of n into odd parts (parts congruent 
+1 modulo 2). 

3 This amounts to a modular transformation of F.(r) considered as a function of r: 
zx = exp (2xir). See §7. 
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We then derive in §§2-4 a functional equation (4.7) connecting F,(r) and 
F,(x’) for all k divisible by 5 (6 equals 1 or 2 depending on h). If 5 + k, we write 


, onl 
(1.3) x" = exp (20 4 *°), HH’=-1 (mod hk), 
and find a similar relation (6.7) between F(x) and certain new functions H,(z’’). 

The transformation equations (4.7) and (6.7) contain certain complicated 
roots of unity, wa(h, k) and xa(h, k), respectively, whose complete definition is 
given in (4.71) and (6.71). The application of Rademacher’s method requires 
that certain sums of these roots of unity, for example 


- wa(h, k) exp (—2zrihnk™"), 
h 


5 | k;h mod k, (h, k) = 1,h = d (mod 5) 


be estimated more sharply than by the trivial O(k). This is done in Part II by 
reducing the sums in question to incomplete Kloosterman sums, for which suit- 
able estimates have been provided by Estermann [1] and Salié [6]. 

After these preparations we derive in Part III a convergent series and an 
asymptotic formula for p,(n). 


I. The transformation equations 


2. Our first object is to derive a transformation equation for F(x) in (1.1). 
Now F,(zx) differs by only elementary factors from a certain modular function,‘ 


: . 6a — 5 n(Sr) ‘ 

* my ST a 3 eee ’ > c 2 > 
(2.1) i exp | wir 7 |r (x) dar 50) xz = exp (2zir) 
where 7(7) is the elliptic modular function of Dedekind, 

(2.11) n(r) = exp (=) II ( — exp (2rimz)). 
m=1 


Doubtless the desired transformation can be obtained by using known results 
of 3-function theory. It is more convenient, however, to use an independent 
method developed by Rademacher [7] (§1). 

We take z as in (1.2) and consider the case 5|k first. F(x) is regular and 
zero free inside the unit circle, hence log F(x) is single-valued in the same 
region if we first choose a specific branch of the logarithm, say the one given 
by log F(0) = 0. Then 


Gis)'3 we Fa) =~ > log (1 — xt) — > log (1 — 2) 








(2.21) oe a omtayn o © gte-ee 
=>> ae OF ere 
n=1 m=( n=l m= 


‘ For definitions of the 3-functions, see [8], p. 234 ff. What is here referred to as n(r) 
is there denoted by h(r). 
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Setting 


5m + a = gk + wa, n=rk+y, 
(2.22) we = +a (mod 5),0 <uwe<k} » =1,2,---,k3 g,r = 0,1,2,---, 
we have from (2.21) 
(2.23) G(x) = > exp (2m: A ») >. a a exp f_ aut (qk + u)(rk + } 
Ha? k @r rk +y \ k ’ 


where ya, v, g and r run over the ranges described above. For simplicity of 
notation we have written uw for uw, in the summands themselves. 
Application of Mellin’s formula to (2.23) gives 


-. ch 1 1 I'(s)k* ds 
G(x) = = —_ (2ri k ») py rk + v Qwi Jay (Qaz)*(qk + u)*(rk + v)* 


h T(s) 2 s\" 2 »y\-? 
= =; ex (201 ww) ‘ aoa y(2 oa “) (° ‘) ds 
h T(s) rm 
= ork OP (2915 k w) Jos Goabt (: t)s (: wee i) as, 


where {(s, w),0 < w S 1, is the Hurwitz zeta-function. By 2° we mean exp 
(s log z), and since Rz > 0 we can take | ¥ logz| < 3. Moreover, the symbol 
(uw) under an integral sign means that the range of integration is from u — io 
tou +t, 

In the transformation equation of {(s, w), we put w = u/k and obtain 


2 ee ee poe Mu eS 
é(s, “) = I(1 — s) xk (sin > cos a> r (i 8, *) 


+ cos = = 5 cin 2x Mg ( -s2)). 


A=1 





(2.24) 


(2.31) 


Moreover, we note that 


(2.32) > exp (20: ) cos ae = = > cos 2r : pv COS Qn Ae 


Ma k re 


k k 
If we apply ee to (2.24) we obtain after simplification 
Mf s(1—s,d\/k)c1+s, v/k) as 


(2.33)  Dexp (2x1 t w) sin 2x M = iD sin 2x 7 wo sin 2 ™*. 
Ha 








h 
G,(z) = im nie, a cos 2m 7 wy cos 2x — ¥ fa Se sy 
h g(1 — 8, A/k)g(1 + 8, »/k) 
+h oo _ x sin 2x — 5M ein 9 =. a Sart ds; 


d takes the values 1, 2, --- , k. 
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In the sums of (2.34) we now introduce the new summation letter 4, by 

Ma = h'ws (mod k), 

0 < wm < k, 

where h’ is given by (1.21). If h = +1 (mod 5) then h’ = +1 (mod_5) (since 
5|k) and yw runs over the same system of values as yu. in some order. That is, 
b = ain this case. But if h = +2 (mod 5) then h’ = +2 (mod 5) and yw runs 


over the system “complementary” to u.. More precisely, let (a, a*) be either 
the pair (1, 2) or (2,1). Then 


(2.41) 


a, h= +1 (mod 5), 
a*,h = +2 (mod 5). 


In addition we a s by —s and get 


(2.42) b = b(h) = 





h’d $1 +8, A/k)g(1 — 8, »/k) 2 
G(x) = = _ ay cos 2a ™ cos 2x I. ~ 





Pros | k k z~* cos $28 
re h’ $(1 +8, A/k)¢(1 — 8, »/k) 5 
hu 8, A/k)e(1 — 8, 
+ irk ie p> * an k sin * ke (-—)) z* cos dns 


If we now shift the path of integration back to ¢ = Rs = 3, the sums take the 
same form as in (2.34) except that ua. is replaced by ws , h by h’, \ and » are inter- 
changed, and z becomes 1/z. The displacement of the path of integration is 
easily justified by the presence of cos 37s and sin $78 in the denominators of 
the integrands. Hence, recalling the definition (1.2) of zx’, we obtain 


G.(z) = G(x’) — ee + Re), 
x Reh, D> Reh, 


oo ” Set 
I, and J, being the integrands obtained by removing the integral sign to the 
extreme left in the first and second terms, respectively, of the right member of 


(2.5). 


(2.6) 


3. Recalling that 


| _ Tw) 
£(s, w) = —; + rw) + Ol 1); yw) = Tw)’ 
we can obtain from wn a (2.6) an expression for R,; by evaluating the residue 


of J; at its wep poles s = +1 and at the double pole s = 0. 


n= gp Zot eonoet (-2H05)23) 
an” (2fa3)od))+(46)=1Q)) +m} 


= Ry + Re t+ Rs + Ru. 
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By letting s — 1 in the transformation equation (2.31) we find 


> cos 2x. #20, ‘) 
v=l k 


t(s, u/k) 1 (1 - 8) i* be 
= 5 lim * tia (2, 4 ¥: ..) $=) 2 


We denote by }a, b} the unique real number defined by 
(3.3) {a,b} =a (mod b), 0 < {a,b} Sb. 
Then letting s — —1 in (2.31) we get 


k 
> cos a ~ ; (2, *) > cos 2x <f {h'u, k} - (2, *) 
x=1 k X=1 k k 
i aetk*e(—1, el ”) 


=2 = (Wy, RI — J th'n, ke) + ae) 


(3.2) 








(3.41) 


From (2.41) it follows that al 
Di {h’n, ky? = Do {u, k}? = -> (51 + a)? + > (51 — a)’ 


(3.43) sie z (2k* + 6a” — 30a + 25) = « (2k* + A), 


A = 6a* — 30a + 25; 
(3.44) > thy = Dik = Daa &. 
Thus we obtain from (3.1), (3.2), (3.41), (3.43), (3.44), 


Ru= 2 (5, (2k + A) — E+. *): 








6 5 
Az 
(3.5) Ru = 60k’ 
The value of Ry is easily found by using the above formulas: 
oer oe * oe 
(3.6) Ry = SOikz’ B = 6b° — 30b + 2.5. 
Moreover, 
k , 
Ry = ED cos ar Mt. (7) 2 a 
4m ik > v=l k 
(3.7) 


E ¥ cos ae MM. (3) 3 cos 25 8 = 0, 


- Re = oa 











636 JOSEPH LEHNER 


since the innermost sum of each term of the right member vanishes by virtue 
of 0 <u <k, (h,k) = (h’,k) = 
In the’ same way, 


(3.8) Ry = 0. 


4. We shall now discuss R;. From (2.6) 


1 
_ 4rk? sin ites > > - ane k 


wp v=l 
te 2) sin 2“ a a(1+s%). 


The only pole of J, in the rectangle —3 < o < $isats = 0. This pole is ap- 
parently of the third order, but, as we shall show immediately, the inner sums 
of (4.1) are actually regular at s = 0 so that we have in reality only a simple 
pole there. For this purpose we have recourse to the transformation equation 
(2.31) once more. 


(2xk)** B 
> sin 2x =F Zr(i- ii... )- 2r(1 — s) cos rt (s *) 


! cos 2a Mt sin © (1-52), 


~~ €0s cos 42s 


lim D> sin 2 M. r(1 - «,2) 


s—0 y=l 


(4.1) 





a Ts = \ 
(4.21) = iz (0, “) cos 2 M tim {(% — .--)( 1+...) 
a 1 r< ;. - ak (*) 
= xt (5 - HY + > cos ae = ak (3 - e+ es E)” 
where 
- if x is an integer, 
(4.22) az) = | ae 
0, otherwise. 


Since 0 < uw < k, we have 6(u/k) = 0, and therefore 
k 
in Qe @.r(1 — 2”) = k(t —# 
(4.23) > sin 2x wr (1 8, *) ak € “) + O(s). 
The sum over J in (4.1) can be treated in the same way. 


lim > sin 2x "™. r(1+5,%)= jim ¥> sin 2e ® hy, ky r(1 + 8, *) 


s—0 A=l s—0 Al 


ain i “(3 2 iN kl) +a sh, (Wnt? 








F 





irtue 
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From the definition (3.3) of {h’u, k} we have 
{h’n, k} ie h'w _ [me] 


k k k 
{h'n, 4) limes 
hence, 
. h’?ru ( A\ _ 1 h'p |“ ]) 
(4.32) 2 sin 2x ee! 1+0,%) = wk(5- M+ oF + O(s). 


The sums on » and ) in (4.1) are therefore regular at s = 0 and we have 
indeed a simple pole there. It is now an easy matter to calculate the residue. 


| _1y.(1_s)(1_ We, [i 
ata m= 35(5 é)(3 e+ [M). 


We define’ for real z, 


x — [x] — 3, for x not an integer, 
(4.51) ((z)) = | 
0, for integral z, 
that is, 
(4.52) ((x)) = x — [x] — 3 + 36(2). 
Clearly 
(4.53) ((—2)) = —((z)), 
(4.54) ((z + 1)) = ((2)). 


Introducing (4.51) into (4.4), we get 


= 5 ((2))(()) - 35 ((-E)) (4%). 
a0 m= 3 ((5))((%)), 


where we have made use of uw» = — Au, (mod k) from (2.41) and of (4.53), (4.54). 
From (2.6), (3.1), (3.5), (3.6), (3.7), (3.8), and (4.6) we obtain after exponentia- 
tion the desired transformation equation for F.(z): 


(4.7) F(x) = we(h, k) exp {sub ( a Az)) F,(z’), 5|k. 
In (4.7), b is defined by (2.42), A by (3.43), B by (3.6), « and 2’ by (1.2), and 
(4.71) wa(h, k) = exp (mira(h, k)) 


5 Cf. [5], formula (1.1). 
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with 


(4.72) ralh, 8) = (()) ((#)). 


5. We must now take up the case 5+k. This case is more difficult than the 
preceding one since F,(x) does not go over into F(x’) under transformation. 
However, we can determine explicitly the new function into which it is trans- 
formed. Since we use the same method as before, we shall abbreviate the dis- 
cussion somewhat. 

Here we choose z, x”, H, H’, K as in (1.2), (1.3) and set® 


5m +a = qK + wa, n=rk+y, 
(5.1) Mea = +a (mod 5), 0 <u < K; 
v=1,2,.--,k; q,r = 0,1, 2, --- 
Then, as in §2, 
Mu f ¢(1 —s,d/K)¢e(1 +s, v/k) ag 








(5.2) G.(z) = 4r kK 2» 3 2r aad eos Se K Ja z* cos 478 
: du [ (1 —s,9/K)e(1 +8, v/k) 5, 
+ oR >>) om 2x7 5* on te K Ja z* sin $78 
where \ takes the values 1, 2, --- , K. 


Now let u* be defined by 

Ha = 5H'u* (mod k), 
0<y* sk; 

introducing u* into (5.2) and ry s by —s we find 


Au ¢(1 + 8, /K)¢(1 — s, v/k) 44 
Gaz) = 4r iit x c0s 2a : = 608 2 K Jy z~* cos 4x8 


= r(1 + 8, 4/K)¢(1 — 8, »/k) 9, 
8, 8, Vv 
4nkK 2» sin 2x“ < in Se ie (-) z~* sin $78 


(5.3) 








+ —— 





Cauchy’s theorem then gives 
(5.42) G.(r) = Ja(x"’) — 2ri(Ri + R2), 


where J.(x’’) denotes the same sum as G,(x) except that the integrals are taken 
over ¢ = 3. a@ = a(a) will be defined later. 

It is not obvious that the expression which we have denoted by J,(x”’) is a 
one-valued analytic function of z” = exp {2mi(H’k' + iK‘z")}. From its 


6 Note that ua. is defined as before, (2.22), except that its modulus is K instead of k. The 
modulus will always be indicated (uz = ua(K)) when necessary to avoid confusion. 
Throughout §§5-6 the modulus K is meant. 








ls 
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definition follows only the analyticity of J.(x’”’) in z for Rz > 0. However, we 
shall now evaluate J,(z’’) in a closed form from which the desired properties 
will follow at once. 

To accomplish this we simply retrace our steps. In the expression for J,(r’’) 
we replace cos (2r\u/K) by exp (2i\u/K) and sin (2r\u/K) by i” exp 
(2xiAu/K). This is permissible in view of the reasoning of (2.32), (2.33). We 
then apply the transformation equation (2.31) for ¢(s, u*/k) and obtain easily 


i de 2‘°T(s) u* 
Tale sak Do (2813 *) I, ere (84 =) s(s+ 1.2) as, 


and from Mellin’s formula 





(58) Jule”) = Yr exp(2ni™) Yt exp| - Fk + w(K +») |. 


Now the definition (5.1) shows that yu. runs over a complete residue system 
modulo k twice in some order, since 5 + k; by (5.3) this must also be true of 
u*. We therefore put 


(5.6) ak =a (mod 5), 0<a <5, 
and this, together with (5.3), yields 

Be = 5H'u* + ak (mod K), 
the + agreeing with 4, = +a (mod 5). The root of unity in (5.5) is then 


exp | 2x (+ 3 + at ‘y] 


~ ap | + dria ak + »| - [ 2a H @K + d(rk + |. 





Hence, setting 


(5.61) aQK+rX=m, rk+p*=n, p= pla) = exp (25s ‘), 





we obtain 
- oy eo a yt peas 
of @ ) 2», m + 2», m 
(5.7) m " 
= log I] (1 — pr’) I] (1 — pr’) = log H..(z”), 
where 


(58) H(z) = II (1 — pa")? I (1 — ary = 14 > cx(o)2" 
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(5.7) shows that the notation J,(r’’) of (5.42) is justified. H.(zx’’) is regular 
at z’’ = 0. Which of the functions H,(z’’) the function F,(z) is transformed 
into depends partly on z itself but only through the residue of k modulo 5. 


6. Next we discuss the residue sums, R; and R, of (5.42). From (5.41), 
(5.42) we deduce 


Au j(_ 22 v r 
R, = — 2, cos Qn © ot ” cos 2x K na {( - ¢ (0 *) c (2, *)) 


«5 iea)led)) 6G) +) 
= Rut+ Ru + Ry + Ru. 


By a straightforward calculation similar to that of §3, using the remark fol- 
lowing (5.5) and 0 < uw < K, we find 
ane 
607k’ 
where A is defined by (3.43). 


There remains R,3;. This is the difference of two triple sums of which the 
first vanishes, as is easily seen. From (2.31) we have 


= cos an H(t — 8, x) 
A=1 


1 (2eK)*~ : = Au \x X 
 - fs (1 — 5) r(s, 5) cot ~ "5 sin 2 K's r(1 8, *). 


(6.2) Ru = Ryu = 0, 





Writing the Laurent expansion of each member around s = 0 and equating 


constant terms yield 
é 1_s # 
p> cos ae . H.4(%) 2K { log (29K) - G *) + A; (z)} 
2 r r\o. Au 
~% (3: (z) a! 5) "maa 


—2K € _ *) (log (2rK) + y) + 2A: (x) -x, 


by virtue of 0 <4 < K. Here A; and B, are explained by 
t(s, w) — 4 nm + A;(w)-s + tery 


o(1 — 8,w) = — : + y(w) + By(w)-s + ---, 








fol- 


the 
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and 


_ rq) 
T(1) 
is Euler’s constant. The value of A;(w) is known: 


Ai(w) = ¢’(0, w) = log T'(w) — § log (27). 


y= y(l) = 


Furthermore 


> uty xs (#* ks ( # 
2, 008 Ie 5 = 5(**) - (2). 


There are just two values of » for which 6(u/k) # 0, namely, wm = ak, w = 
K — ak. 


wi + we = K, 


1m L_m) i ,_ mate 
(; mt) + (5 5) , K 0. 


Using these results in (6.1) we find easily 


1 
Rx == dmikK ° k ” 2K (log T'(u:/K) + log T'\(u2/K) at log (2m)), 


(6.3) ; 
.- Ta 
Ry = Oxi log (2 sin ==) ‘ 


The residue sum R; is handled in the same manner as the corresponding sum 
in §4. 


\ ae 2 ~~, u*y 
a= 4nkK sin $s > > oe k 


(6.4) 
Now 
Y sine (1 +s,%) - rk (3 - £) +06) 


A=1 


in analogy with (4.23). Similarly (4.21) shows that 


k * 1 * ke ") 
: : ory =a te ~ a ee 3 (* 
lim 2° sin 2x 3 (a 8, :) rk(3 i + 9 a(% 


il 
4 
>~ 
wie 
| 
me rl, 
+ 
a 
=I 
| *, 
Dacuell 
| 
o 
ae, 
Cees” 
+ 
nie 
oa 
=~ 
| 5, 
== 


ll 
_ 
> 
dole 
| 
| 
a 
ae 
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the last step being obtained by the aid of (4.52). From (5.3) we infer that 
*=-—hu. (modk); 

thus 


The last few results give 


wo me E((p))(Q))~ am 


From (5.42), (5.7), (6.1), (6.2), (6.3), and (6.5) we obtain the transformation 
equation of F,(z) for 5+k. We combine this result with (4.7) in the following 


THEOREM 1. The function F,(x), defined by (1.1), satisfies the transformation 


equation 
F, (exp [ans —2r :|) = wa(h, k) exp BE ? - Az) 


- Fy (cxp [ ae : _ *}) 


(6.6) 


for k = 0 (mod 5) and the equation 


F, (exp [ 2x ; — or :|) 
ey .H’ QQ 
=3 xalh, k) ese ~ 5 exP BE ( —_ Az) H. (exp EE . - z}) 


for k # 0 (mod 5). 


References to the meaning of the symbols in (6.6) are given in (4.7). In 
(6.7), H. is defined by (5.8), H’ and K by (1.3), and xa(h, k) by 


(6.71) Xa(h, k) = exp (rita(h, k)), 
with the t,(h, k) of (6.5). 


(6.7) 


7. We can translate the foregoing results into the language of modular func- 
tions. Let 7 be a complex variable where $7 > 0. Setting 


(7.11) xz = exp (2zi7), z’ = exp (2zir’), 
we have by comparison with (1.2) 

h, t i , Sa 
(7.12) ee oa k’ T kt i’ 





si 


(7 


th 


(7 





‘ion 


unc- 
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so that 


(7.13) — + (ke ~'® 


This is consistent since Rz > 0 (see (1.2)) insures Yr > 0 in (7.12). 
Let Vr be a modular substitution: 





ad — By - 1; a, B, y, 5 integers. 


Then clearly 


a nh’ —(hh’ = 
72) ( *) ( (hh’ + 1)k ) 
y 6 k —h 


is a modular substitution which transforms 7 into 7’, as we see from (7.12). 
Now consider the congruence subgroup H(5) of the full modular group I'(1) 
given by the condition 


a 1 
(7.3) ( ") = ( ') (mod 5). 
OY 6 0 1 


H(5) is of “level” 5 (“Stufe” in the terminology of F. Klein) and is of index 12 
in I(1). First, if y = 0, then evidently 


r=r+8, 
and from (1.1) 
F,(exp [2xir]) = F,(exp [2mir’)). 


If y ¥ 0 we take y > 0, and have from (6.6), (7.13) 


F (exp (2mrir)) exp (-"4 ") 








= ee(—8, 9) exp (a (a + »| F.(exp (2mir’)) exp (-s4"), 


since h = 1 (mod 5) implies b = a, B = A. 
We define 


in 
(7.4)  fa(r) = F.(exp (2ir)) exp (-"iAt = es exp (-"2); 


the last equality subsists by virtue of (2.1), (3.43). We define also the multiplier 


a 7 =0, 


: M (a, B, y, 6) = ” 
” ADR wa(d, 7) exp {4 (+o), y>0. 
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Then we have 
THEOREM la. The functions 
sae ee (-"2 ") os 
falr) = ts j(ar|5p PA « = 1, 2), 
are modular functions associated with the subgroup H(5) defined by (7.3) and the 
multiplier M(a, B, y, 6) of (7.5). That is, their transformation equation is 
(7.6) fa(Vr) = M(a, 8,7, 8)fa(r), WVreH(5). 


It remains to discuss the behavior of f.(7) under those substitutions Vr which 
are in (1) but not in H(5). First, let y = 0 (mod 5). This condition defines 
the well-known congruence subgroup usually denoted by I(5). We cannot 
have y = 0 since this enforces a = 6 = 1 (mod 5). Hence, from (6.6), we get 


(7.7) fa(r) = wa(—6, 7) exp ‘ee (Ba + Aa) fe. 


If y 4 0 (mod 5) we need to use the transformation equation (6.7) instead of 
(6.6). The functions H,(z) of (5.8) are readily expressed in terms of 3-functions: 


mit\ _n(r) 
(7.81) H,(x) = 2 sin ; S exp (™ ata: 
Also 
(7.82) x" = exp {2ri (= + Ez) = exp (201 r) 
k Kz 5/’ 


since 5H’ = h’ (mod k). Using (7.81), (7.82), (2.1) in (6.7), we readily derive: 


ria’r\ 7(5r) 
_ (- ) 7|5r 
(7.91) 5 /#:(ar| 5r) 





= 1 xal—6,9) ex (J (a + Bs) MI), ye ma (mod 8), 


II. The Kloosterman sums 


8. In this part we discuss the order of magnitude of certain sums of the roots 
of unity wa(h, k), xa(h, k), which occur in the transformation equations (6.6), 
(6.7). We prove that these sums are in fact “incomplete Kloosterman sums” 
and are therefore subject to the estimate O(n'k***) rather than the trivial O(k). 
The first step (§§8, 9) will be to reduce the quantities w,(h, k) and xa(h, k) to an 
explicit exponential form. 

We consider w,(h, k) first and note from its definition (4.71) that we need to 
determine r,(h, k) modulo 2. It will turn out that it is convenient to discuss 
30kr.(h, k) modulo 60k. First, 


nti = © ((i))(%)) - EG - 3) (CF). 





(§ 





2); 


ich 


ve: 
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E ((z)) - £((-#)) - -E()) -° 


by virtue of (4.54), (4.53). Hence, 


But 


(8.1) ra(h, k) = p> “((*)) : 

Next, we define M, to be the system of values 
(8.2) M, = a (mod 5), 0<M. <k. 
Then 








Now 
z ((-¥)) - -E(@))--£ (Pe) 
--E,(2+8)-@)! st 

also 

— @ FE 
where 
(8.21) c = {ha, 5}. 
Therefore 
(8.22) ra(h, k) = 2 z #((##)) - (: ~ s). 


Using the definition (4.51) of ((x)), we get from (8.22), 
30kra(h, k) = 60% >! - 00 a| M — 30 >) u — 3k(2c — 5) 
Ma Ma k Ma 
(8.23) = 2h(2k* + 3k(2a — 5) + A) 
— 3k(k + 2a + 2c — 10) - 60 5 »| M, 


7 For the last identity see [5], formula (2.4). 
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with the A of (3.43). (8.23) shows that 30kr,(h, k) is always an integer. Fur- 
thermore 


(8.31) 30kr.(h, k) = 0 (mod 3), if 3 +k; 
(8.32) 30kr.(h, k) = 2a + 2c — 1 (mod 4), if.k is odd. 


We shall now deduce a formula for r.(h, k) which will enable us to determine 
very easily its residue modulo various multiples of k. To do this we calculate 
a certain sum in two ways.” First, 


= ((#)) - &(@)) - EG-2) 


1 


(8.41) 
sn +O +551 C = 6c? — 30c + 25, 


~ 30k 
with c defined as in (8.21). On the other hand, 


= (()) - E-LE]-a) 


~ope(#-[M]-5)-EEe 
(6.42 +Elel(E]+) +ib: 


c_(1 
= hra(h, k) + n(é = ;) 


h? : l 
— sop (2h + 3k(2a — 5) + A) +28 +3501, 


where we have made use of (8.22). S is an integer defined by 


8-527 ]CE]+))- 
Comparison of (8.41) and (8.42) yields 
30kra(h, k) 
= h?(2k* + 3k(2a — 5) + A) — (k’ — C) — 3hk(2c — 5) — BOS. 


Let 60 = fG, where f is the greatest divisor of 60 which is prime tok. There 
are four cases: 


(k, 60) = 5,f=12,G= 5;  (k, 60) = 10, 20,f = 3, G = 20; 
(k, 60) = 15,f = 4,G@=15;  (k, 60) = 30, 60, f = 1, G = 60. 


(8.5) 


(8.61) 


® Cf. [5], proof of Theorem 3. 








ine 
ate 
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We write h’ to denote a solution of 
(8.62) hh’ = -1 (mod Gk). 


This congruence is always solvable since all primes in G divide k and therefore 
(h, k) = 1 implies (h, Gk) = 
From (8.5) we obtain by multiplication with —h’ 


30kra(h, k) = uh — vh’ — 3k(2c — 5) (mod Gk), 
u = 3k(2a-—5)+A, v=—-k +0, 
since Gk | 2k’. Moreover, examination of (8.61), (8.31), (8.32) yields 
(8.72) 30kr.(h, k) = 6(a +c) +3 (mod f). 


Now, setting 


(8.71) 


fe =1 (mod Gk), 
GkT = (mod f), 
we have from (8.71), (8.72) 
30kra(h, k) 
= fe(uh — vh' — 3k(2c — 5)) + GkT(6(a +c) +3) (mod 60k). 
Hence, finally, 


(8.73) 


_ 


(8.8) 


walh, k) 


we exp (a. 30kr,(h, b)) 


60k 


exp {2ri ( (6a + 6c + 3) — 5 (2 — 5) + ah (uh — on))}. 


9. We now turn our attention to the root of unity x.(h, k). Since the treat- 
ment here is quite similar to that of the preceding section, we shall merely dis- 
play the formulas without much explanation. Corresponding formulas will be 
denoted by the same decimal part, i.e., (9.42) is the analogue of (8.42).° 


th, t) =  ((£))((*)) 
-£(k-3)(()) - = ((¥))- 


(9.2) M, = a (mod 5), 0<M, < K. 


(9.1) 


® See footnote 6. We shall write uw. for ua(K) throughout this section. Also,M. = M.(K) 
will have the meaning of (8.2) but with the modulus K (see (9.2)). In this section frequent 
use will be made of the remark in the lines preceding (5.6). 
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oa a > a (( )) +E Es u (- »)) 

om  -254(())+z (C *)- 2ER((F)). 
ta(h, k) = 2D F (i - []-3 “39 5*(*))> | 
30kt.(h, k) = 2h(2K* + 3K(2a — 5) + A) 

(9.23) 


— 3k(K + 2a — 2a — 5) — 2 © a|™l, 
Ma 
with a as defined in (5.6). 
(9.31) 30kta(h, k) = 0 (mod 3), if 374k; 
(9.32) 30kt.(h, k) = 3k + 2a + 2a + 1 (mod 4) if k is odd. 
The discussion for the modulus 5 has no analogue in §8. From (9.2) we derive 


30kt.(h, k) = 2Ah — k(a — a) — 2 > a ki (mod 5) 


(9.33) hu 


= 20h — a(t — 1) - 20 | M 


] (mod 5). 


Now 





Efe] - Ste) 
oS OOS) , Vina sek 2.1 





h k-1 

= 5 (5k + 2a — 5) — a 
Hence, 

2 > [| = 2°h — afk — 1) (mod 5) 

Ma 
and from (9.33) we obtain 
(9.34) 30kt.(h, k) = 0 (mod 5). 
30hkta(h, k) 

(9.5) 


= h’(2K’ + 3K(2a — 5) + A) — (k* — 1) + 6hka — 12kS, S integral. 





— 


ive 
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Let 60 = Fg, where F is the greatest divisor of 60 prime to k. 


(0.61) (k, 60) = 1,F = 60,9 = 1 (k, @0) = 24, F=15,g = 4; 
~ " (k, 60) = 3,F = 20,9 =3; (k, 60) = 6,12,F = 5,9 = 12. 
(9.62) hh’ = —1 (mod gk). 
0.71) 30kt.(h, k) = uh — vh’ + 6ka (mod gk), 
u = 3K(2a — 5) + A, = —K + 1. 
(9.72) 30kt.(h, k) = 15(k + 2a+2a+3) (mod F). 
Fe =1 (mod gk), 
(9.73) ” 
gky = 1 (mod F). 
30kt.(h, k) 


= F(uh — vh’ + 6ka) + gky-15(k + 2a + 2a + 3) (mod 60k). 


xa(h, k) = exp {ari (= + (k + 2a + 2a + 3) +2 = (uh - on))}. 


Since 5H’ = h’ (mod gk), G = 5g, the last formula es 
Xa(h, k) 
(9.9) 15 
= exp (2m Me + Sk + 2a + Qu + 8) + Gy (ull — 25vH"’)}>. 


10. We are now ready to consider the following sum:” 
A(n, v3 k; d; 01, 023@) = T = >,’ w(h, k) exp (2 (hn — wy») ; 
(10.1) h 
hmod k, h = d (mod 5); 0: Sh’ < 02;0S 01 < o2 Sk, 5 | k, 54d. 


The notation >.’ means that A runs over integers prime to M, where M is the 
modulus of the sum. /’ denotes any solution of 


(10.2) hh’ = -1 (mod M). 


These meagings will persist to the end of the paper. The restriction on Ah’ is 
to be interpreted modulo k. 

The expression (8.9) for.wa(h, k) does not exhibit its true periodicity, but from 
(4.71) we see that it has the period k. Thus we have, using (8.9), 


10 Hereafter, the summation conditions will be placed at the end of the display line or 
in the text, rather than underneath the summation sign. 
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T = e(a, k, d) - 5m exp {7 f0), 


s mod Gk; s = d (mod 5), o; S 8’ < o2;| e(a, k, d)| = 1, 


(10.31) 


where 
(10.32) f(s, 8; U, v, n) “6 f(s) - (gu a Gn)s airs (gv = Gr)s’. 


In (10.31) s’ is restricted to G (or possibly G + 1) intervals whose endpoints are 
congruent modulo k to o1, 2. More accurately, the condition on s’ would be 
expressed as follows: 0 S s’ < Gk, 0; S {s’, k} < oe. 
Let" m(s) be defined in (0, k) by 
1, for o1 S 8s < a2, 
(10.41) m(s) = 
0, elsewhere in the interval 0 S s < k, 


and outside of this interval by periodicity. Then 


k— 


: sl 
m(s) = a; exp (201 ‘) . 


l=0 
with 
ie V)-iE ( aw) 
ai =f mo) exp ( dni 7 =; 20 3 
a = SE, lool $1, 
while for j ¥ 0, 
| ae _ 2xij | a oe 
jas $32 exp ( “a at iat 3 
Hence, 
k-1 4k 1 
(10.42) Dl ay| $1 + Des = O(log k). 
? i= 
This gives 
T=0O (x m(s’) exp (a s(o)}) 
(10.43) 


=0O (= a 2 exp (i (f(s) + vo), s mod Gk, s = d (mod 5). 


The condition s = d (mod 5) on the inner sum of (10.43) can be easily re- 
moved. We note that 


1< ( . r(s’ — =) 1, 8’ = d’ (mod 5), 
10.51 a ont ——__—_— ] = 
( ) 5 2, he 5 0, otherwise. 


11 This device is taken from [1], p. 94. 
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Since (d, 5) = 1 the condition s = d (mod 5) is equivalent to s’ = d’ (mod 5). 
Using (10.51) we find that the inner sum of (10.43) is equal to 


L exp iz (f(s) + vo} 2 Le {ari mont) 
(10.52) = ; 2 exp (- mt *) 2d’ exp (a (f(s) + s’(l + rak)} 


= (r’ exp ( ((gu — Gn)s — (gv — Gr — 1 - rok’), 
s mod Gk. 


The sum in the extreme right member of (10.52) is a complete Kloosterman 
sum. We can therefore make use of an estimate of Salié ([6], p. 264), so that 
from (10.42), (10.43), (10.52) 


T = O((gu — Gn, Gk)*- (Gk)** log k). 
But from the meaning (8.71), (8.73) of u, f, and G, 
(yu — Gn, Gk) = (fou — fGn, Gk) = (u — 60n, Gk) 
= (A — 60n, k) = O(n), n21; 

hence 
(10.6) T = O(n'k*. 

The preceding discussion justifies the following 

THEeorEM 2. The sum 


? 





hn — *) 


A(n, v; kj dj 01, 0234) = >.’ wa(h, k) exp (- 2x ; 
a 


(10.71) 
h mod k, h = d(5), o1 S h’ < a 
in which the parameters are all integers,n > 0,k > 0,5|k,54d,0S01< 03 k. 
and a = 1 or 2, is subject to the estimate 
(10.72) O(n'k'**) 
uniformly in v, d, o1 , 02 , a. 
Quite similar considerations apply to sums involving xa(h, k). We readily 
derive 
THEOREM 3. The sum 
(10.81) B(n, v3 k; 01, 0234) = 2 xa(h, k) exp (- yee + #*) ; 
h mod k, HH’ = — 1 (mod k), 01 S h’ < an, 


has the estimate (10.72) uniformly in v, 01, o2, @. 
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We can carry through the proof of Theorem 3 by using H and H’ rather than 
h and h’. This is permissible since HH’ = —1 (mod k). The sum is again 
transformed into one with the modulus Gk by making use of (9.9) and 
hn — H'v _ Ghn — GH'’v _ Hgn — H'Gv 
k we Gk A Gk ; 
The result then follows as before. 





III. A convergent series for p,(n): Asymptotic formulas 


11. The final step is to apply the Hardy-Littlewood method, in the sharper 
form developed by Kloosterman and Rademacher, to the generating functions 
F(x) of (1.1). Since this method has been exposed in complete detail at least 
three times,” it does not seem necessary or desirable to present it again here, 
especially in view of the extreme typographical complexity of the formulas. 
We give only a synopsis. 

The notations used are those of Rademacher [3] and references to that paper 
will be enclosed in braces. First, we have {(3.1), (4.2)} 

1 f Fa(z) 


Pal”) = dri Je amt 


err 
(11.1) = >>’ exp (- 2ni =) [ F, (exp Ee —2r |) exp 2xnwdg; 
hk k o k k 


nZ10S5h<KSN,8' = din, 8" = Oi. 


dz 


To (11.1) we apply the transformation formulas of Theorem 1, but we must 
distinguish several cases according to the residues of h and k modulo 5. Aceord- 
ingly we put 
4 

(11.2) Pa(n) = ps(n) + py? = > Paa(n) + ps(n), 

where p{’;(n) is the sum of those terms in the extreme right member of (11.1) 
for which 5 | k, h = d (mod 5), while p{” (n) is the same sum for all k with 5 + k. 

Thus we obtain 


Mr) — VY = fe) a ( 7B ( - A) 
Pa.a (n) = » wah, k) exp ( 21 s [,. exP | 30 pay + rw | 2n 30 dy 
B’’ « ’ 
+ >’ wa(h, k) exp (- Qn im) [ > po(v) exp (253 *) 
hak k 8 ml k 


-exp(— ce (> — 5) + rw (2n -- 4)) dg; 


5|k,0<h<k <N,h=d (mod5). 


(11.3) 


12 Namely, Rademacher [3]; I. Niven, On a certain partition function, American Journal 
of Mathematics, vol. 62(1940), pp. 353-364; M. Haberzetle, On some partition functions, 
American Journal of Mathematics, vol. 63(1941), pp. 589-599. 








han 
rain 


lust 
ord- 


1.1) 
+ k. 





PARTITION FUNCTION CONNECTED WITH MODULUS FIVE 653 


Since the coefficient of w’ in the exponent of the integrand of the second sum 
is always negative, this sum will furnish no contribution to the final result, as 
we see from §7 of Rademacher’s paper. The same will be true of the first sum 
if B = —11 (see (3.6)), but if B = 1, the first sum will be responsible for a 
principal term et 





j 
and an error term fp 
(11.42) O(n! exp (8anN~*)-N**, 
where 


Axa(n) = A(n, 0; k; d; 0, k; a). 


Note that the estimates for the Kloosterman sums{ (5.3), (6.2)} have been pre- 
pared in our Theorem 2." Moreover, B = 1 implies b = 1, which in turn 
enforces h = +a (mod 5), i.e., d = +a (mod 5) by (2.42). Thus, using (11.2) 
we see that the principal term of p{”(n) will be 


Qr A;(n) ax(60n — A) 
(11.5) Gin — ay ; 1( i5E 








), 1sSksN,5|k, 

with 

(11.51)  A,(n) = > wa(h, k) exp (- 2ri 
If we go back to (11.1) we find 


p(n) = ; 2’ ese  xa(h, k) 
hk 


or 
cexp(— 24 *) [. exp es sz, + rw (2n - ‘)) de 


o’’ 
a 2 >’ ese = xa(h, k) exp (- Qni *) a > Ca(v) exp (2x: a 
2 ‘hk 5 


k k 


-exp (- in (» - :) + mo (2n - A)) ae, OSh<KSN,5fk. 


We can follow the same method as before. The estimates for the Kloosterman 
sums have been prepared in Theorem 3." Thus we obtain as the principal term 
for ps” (n) 


hn 


*), Osh<kh= + a(mod 5). 


(11.6) 





ee) b) 
(171) ay Howe F ae 1 (2 4), 1<SkSN,5{4k, 


13 See the lines following (6.1) in [3]. In our case the analogous sum can be expressed 
as A(n, 0; k; d; 01 , o2 ; a) or as the sum of two such A’s, where o; , cz are suitably chosen. 
For the case 54 k we use the B sums of Theorem 3. 
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with the error term (11.42). Here 
(11.72) B,(n) = > xa(h, k) exp (—26i'"), OSh<k, 5/k. 


In this result we remark that esc (7a/5) can be replaced by | ese (rak/5) | since 
ka = a (mod 5) and k* = +1 (mod 5) imply a = +ak (mod 5). ~ 

Now combining (11.2), (11.5), (11.71), (11.42), and letting N — « while n 
remains fixed, we obtain our main 


THEOREM 4. The number, pa(n), of partitions of a positive integer n into posi- 
tive summands of the form 51 + a (a = 1, 2) is given by the convergent series 


Qn A.(n) , (x(60n — A)! 
(60n — DR k h ( 15k ) 








Pa(n) = 
(11.8) 





™ | wak| Bn) , ((60n — A) ) 
+ Gin — (Gon — Ay Be | “5 se 1( 15k , 


where A,(n) is defined by (11.51), By(n) by (11.72), and A = lfora = 1, A = —11 
fora = 2. 


12.‘ We can easily derive asymptotic formulas for p,(n) from (11.8). In- 
deed, with 











(12.1) te =t= 75 (60n — A)! 
we have 
pan) = yuo go infu + PAA) Lene ob) YE 
ali +Dsin ra ve Adm) sem) 
és yy, esc =1(){1 + Si + Ss}, 


where in S,,5+k,k > 0, and in S,,5|k,k > 0. We divide the summands 
in S, into two classes: 1 < k & [t], k > [t]; similarly for S,. Then applying the 
asymptotic formulas” 


(12.31) I,(z) = O(2), jz| <1, 
(12.32) Ii(z) ~ e(2ez)*, |z|>1, 
we find without difficulty 
S:, Se = O(n exp [—en']), c = const., 


1 The idea of this section was suggested by Professor Rademacher. 
16 See [9], p. 203. 
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so that from (12.2) and a further application of (12.32) we derive 


; _ ay 
(12.4) Pa(n) ~ () met exp {ron = Ay (a = 1, 2), 


which is the desired asymptotic formula. 
We now consider the ratio of p(n) to pe(n). From (12.4) we get at once 


pi(n) _ sin (24/5) _ (: + +) i+8 
p(n) sin(r/5) \5—5/ 2 * 
The theorems of I. Schur referred to in $1 show that this difference in the magni- 
tude of pi(n) and p2(n) is caused by those partitions of n into summands differing 
by at least two and containing the summand one. Moreover, the limit 
4(1 + 5*) in (12.5) is in accordance with Schur’s result ({7], p. 321, last para- 
graph) that 





(12.5) 








F(z) .1+5! 
Goin <a aaa 
F,(x) 2 
Calculation of p,(n) and po(n) for n S 25 indicates that the approach in (12.5) 
is usually from below. As a matter of fact pi(n)/po(n) is always less than 
4(1 + 5") from a certain point on, as is readily established by using the first 
two terms of the asymptotic expansion of J,(z)."* 


asz— 1. 
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INEQUALITIES FOR TRIGONOMETRIC INTEGRALS 
By Paut Crivin 


Introduction. We are concerned with the following problem: If 


(0.1) f(z) = [, e** ds(t), 


(0.2) g(x) = [ u(t)e™* ds(t), 


where s(t) is a complex valued function of bounded variation on [—R, R] and p(t) 
is continuous, and if 


(0.3) \f(~)| = M (—2e <2< @), 
then find a bound for | g(z) |. 


The present paper is divided into two parts. In Part I, the general problem 
is considered for various classes of functions u(¢), sufficiently restricted so that 
non-trivial bounds for the corresponding functions can be found. Part II is 
devoted to the case in which u(t) = (it)*, 0 < a < 1, so that g(x) is the frac- 
tional derivative of f(x) of order a. 

We shall consistently use the symbols appearing in (0.1), (0.2), and (0.3) 
with the meanings which they have in these formulas. 


Part I 


The following lemma gives the fundamental method of approach to the prob- 
lem. We adopt the notation 


p(n) = nx/R (n = 0, +1, +2,---). 
Lemma l. If 
(1.1) det = Sone, 
where a is a real number, then 
(1.2) \o(2)| = MS |en| (-2 <2< ©). 


Received May 21, 1941; presented to the American Mathematical Society (Preliminary 
report) April 26,1940. The author wishes to thank Dr. R. P. Boas, Jr. for help in preparing 
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By the definition (0.2), 


ote) = [wide dato 
- [. p> exp {i[p(n) — a + z)t} ds(i). 


When >>| c, | is convergent, >> c,e' is uniformly convergent in [—R, R], 
and the order of integration and summation may be changed. Relation (1.2) 


is trivial if >> | c, | does not converge. Hence, by the use of relation (0.1), 


o(e) = Dea [exp filp(n) — a + 2H} dad 


= D esflp(n) — a + a, 


—o 


(1.3) 


and therefore 
lg(xz)| S$ MD Ie, |. 


In view of Lemma 1, the problem may be considered as (1) the determination, 
if possible, of a value of a, such that the Fourier series for u(t)e’ converges 
absolutely, and (2) if such a value for a is determined, the evaluation of the sum 
of the absolute values of the Fourier coefficients or an upper bound to that sum. 

Since an absolutely convergent Fourier series defines a function which, when 
extended periodically, is continuous, it is necessary, in order to obtain a finite 
bound, that the function expanded have the same value at the ends of its original 


interval of definition. If |4(—R)| = | (R)|, @ is uniquely determined,’ 
0 S 6 < 2m in the relation 

(1.4) u(—R) = eu (R). 

If 

(1.5) 2aR = 86, 


the function y(i)e’ of Lemma 1 will satisfy the necessary condition. If 
| w(R) | * | u(—R) |, u(t) can be modified, say as u(t) + a, for suitable a, so the 
necessary condition is satisfied. We suppose throughout that (1.4) is true and 


that @ and a are related by (1.5). 


1 We adopt the convention that @ = 0, if u(R) = u(—R) = 0. 
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Turorem 2. If u(t) is an absolutely continuous function satisfying (1.4), and 
if u’(t) is equal, for almost all t, to k(t), a function of bounded variation on [—R, Ri], 
then” 

| g(x) | S 4RMese*$o{| k(—R) | + | k(R) | + Ve}. 


Suppose a is defined by (1.5) and u(t)e’ = >> c,e”*, where 


oo 


(2.1) 2Rc, = [ u(t) exp {ila — p(n)]t} dt. 


If we integrate (2.1) by parts and substitute the value 6/2R for a, 


1 a. . @ 
2c, = “a [ u’(t) exp (i E - pine} dt. 


We next replace yu’(t) by k(t) and again integrate by parts. Thus 


R 


(30 — nz)? {k(R) exp [i(4@ — nr)] — k(—R) exp [—7(46 — nzx)]} 


~ gett ww {i [ste — vie |} aeco, 


2c, = 


and therefore 


Rot vhs 7 ee FETS 
(2.2) le.| S = 5 {1 k(R) | + |k(—R)| + Vk} (30 — nx)?" 


We now sum, and replace 2 je — na)? by its known value,’ esc*}@. Theorem 2 


follows by a direct tigulleation of toes 1. 

In particular, if u(t) = it we get the result that | f’(z)| < MR. This is a 
known generalization of 8S. Bernstein’s classical theorem for a trigonometric poly- 
nomial [2]. The result for a trigonometric integral can also be obtained from 
another theorem of S. Bernstein [1, p. 102], dealing with certain classes of entire 
functions. 

If 6 = 0, Theorem 2 fails to give a finite upper bound. This difficulty can be 
circumvented by a slight modification of the argument following (2.2). Suppose 
N = sup | u(t) |, (—R St S R). Make the substitution 6 = 0 in (2.2) and 
sum, omitting the term in which n = 0. We obtain the result that° 


>” Jen < (R/6){|K(R) | + [k(—R)| + VEO}. 


2 The symbol Vk(t) denotes the total variation of k(t) on [—R, R]. 

3 See T. J. I’a Bromwich, An introduction to the theory of infinite series, London, 1926, 
p. 218. 

‘The numbers in brackets refer to the bibliography. 


iJ] 
5 The notation + 29 denotes the sum in which the term with subscript zero is omitted. 
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Also from (2.1) we see that || < N. These two results, in conjunction with 
Lemma 1, give the following 


Corotiary. If the hypotheses of Theorem 2 hold, and if u(—R) = u(R), then 
| g(x) | S M{§RI| k(—R) | + | K(R) | + Ve] + N}, 
where N = sup | u(t) |, (—R St S R). 
We concern ourselves next with 


THEOREM 3. If u(t) satisfies (1.4), a is defined by (1.5) and 


R 
(3.1) (-y" [ u(t) exp {ila — p(n)i]} dt = 0 (n = 0, +1, +2, ---), 
R 
then 
| g(x) | S | w(R) | M. 
In order to evaluate the sum of the absolute values of the Fourier coefficients 


of u(t)e"**, we first consider a special f(z). Suppose f(x) = cos Rx. Then, by 
relation (1.3) 


g(x) = > nf [p(n) — a + 2] 
= > Cn cos [nx + (x — a)R). 
Therefore 
(3.3) g(a) = > (-1)"e. 


Now 2R(—1)"c, is just the integral in (3.1). Hence (3.1) asserts that 
(—1)"c, 2 0, which we may express as (—1)"c, = | c,|. Thus (3.3) states that 


(3.4) g(a) = Ps | en |. 


Since f(z) = cos Rz, the function s(¢) in equation (0.1) is a step function with 
a jump of 3 at —R and a jump of } at R. Hence, we see from (0.2) that g(z) = 
4u(—R)e* + 4u(R)e*. Since a = 6/2R, we therefore have the result that 


(3.5) g(a) = u(R)e™. 


By comparison of the two values of g(a) we see that >> | cn | = | u4(R)|. The 


conclusion of Theorem 3 now follows from Lemma 1. 
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We obtain the integral analogue of a theorem of G. Szegé [5] as a 


Corotiary. If 


(3.6) f(z) = [ {cos ztda(t) + sin xt dB(t)}, 


(7) gx) = | “CR — feos (at + 7) da(?) sin (xt + 7) d8(0)}, 


where X(t) is continuous and y is an arbitrary real constant, if 


(3.8) lf(~)| = M (-—e <z< @), 
and if 


(3.9) y(n) = [ A(t) cos {(y + nx)t/R} dt = 0 (n = 0, +1, +2, ---), 


then 
(3.10) | g(z) | S|) | M. 

We first extend the domain of definition cf X(t) by the relation \(R — #) = 
—X(R + i), (—R St <0). It is then easily verified that f(z) is of the form 
(0.1), and g(x) is of the form (0.2), where u(t) = A(R — @) sgnte’’*™"‘. We 
next show that relation (3.9) implies relation (3.1). Since | A(0) | = | u(R) |, 
this will be sufficient to prove the Corollary. 

By the above definition of u(t), we see that u(R) = d(O)e"’ and u(—R) = 
\(0)e*’. If we write y as 2kw — 6 where k is an integer and 0 < 6 < 2z, we 
observe that 6 = 26 and a = 6/R. Under the change of variable u = R — t, 
with the use of the relation y = 2kx — aR, (3.9) is transformed into 


R 
(-y [ u(t) exp {ila — p(2k + n)jt}dt>O (n= 0, +1, +2, ---). 
R 
Since (2k + n) runs through the same values as n, this is the same as (3.1). 


We next alter the condition on the Fourier coefficients and obtain 
TueroreM 4. If u(t) satisfies (1.4), a is defined by (1.5), and 


[ u(t) exp {ila — p(n)é]} dt = 0 (n = 0, +1, +2, ---) 
then 


| g(x) | S | u(0) | M. 


The method of proof is the same as for Theorem 3. If s(¢) in (0.1) is a step 
function with a single jump of unity at t = 0, then f(z) = 1, and g(x) = u(0). 


Now by (1.3) we have g(z) = >> e,f[p(n) — a + 2] = > c,. By hypothesis 


2 


c, = 0. Hence c, = | c,|, and g(z) = >>| ¢c,|. The theorem follows from the 


comparison of the two values for g(z). 
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As an example of either Theorem 3 or Theorem 4 we have the following result 
due to Szegé [5]. If 


g(x) = f'(z) cos 6 + f’(z) sin 6 + Ro(z), 
where j’(z) is the integral conjugate to f’(z), 


R - 
F'(2) -/ | t| e** ds(t) 
R 
where 
ae a ict 
o(z) = 5 | (R- [tle as(o, 
and where @ is any real number, then | g(z)| S RM. Here 


o(e) = [_ {R — |t| + itcos 6 + || sin } as(o, 
and 
u(t) = R — |t| + itcos@ + | ¢| sin @. 
Thus a = (26 — x)/2R, and 
i(20— )t\ _ 2R°(1 — sin 0) & [1 + (—1)"e”™ 
a exp { aR ~——= 21 -t- 


Since® c2, = 0 and Cony: = 0 (n = 0, +1, +2, --- ), the hypotheses of both 
Theorems 3 and 4 are satisfied and the conclusion follows. 
We next prove 








TueoreM 5. If u(t) is an even function which is the integral of its derivative 
and if u'(t) is positive and decreasing on {0, R], then 


2 R 
lg()| Sp I u(t) dt — 2y(0). 
The Fourier coefficients of \(t) = u(t) — u(O) are given by 
R 
2Re, = [ (u(t) — w(O)Je at. 
R 
If we integrate by parts and observe that yu’(t) is odd, we see that 


Cc, = -— [ u(t) sin p(n)tdt 
(5.1) 


1 n—l at 


-— u(t) sin p(n)t dt. 
kRin 


NT k=O 


6 Except where @ = (2k + 4), whence u(t) = R and the theorem is trivial. If, in this 
case, c, were defined by continuity with respect to @, no exception would be necessary. 
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If n > 0, then in each of the intervals [kR/n, (k + 1)R/n] sin p(n)t takes a full 
half period. Also in each interval [kR/n, (k + 1)R/n] the integrand has a 
fixed sign, positive for even k and negative for odd k. Since by hypothesis 
u’(t) is a decreasing function 


| pikt+1)R/n (k+2)R/n 
[wr sin peta =| ff” w'(0 sin plata. 
kR/n | 1 (k+1)R/n 
Therefore the sum in (5.1) has adjacent terms of opposite signs and of decreasing 
absolute values. Hence the sum has the sign of the first term which is positive. 
Thus for n > 0,c, < 0. Since u(t) is even, c_, = ¢, ; hence c, < 0,n ¥ 0. 
Therefore 


_ |¢n| = —2 Lea=d af af u’(t) sin p(n)t dt. 


Since the partial sums of the series y n' sin p(n)t are uniformly bounded and 


n=l 


u’(t) is integrable, we may change the order of integration and summation. 


Now yn sin p(n)t = 4x[1 — (t/R)]; hence 


20 R 
(5.2) Y' lel = p [ u(t) dt — w(0). 
It is also easily verified that 
1 R 
(5.3) a=lal= 5 I u(t) dt — p(0). 


The theorem follows immediately by combination of (5.2) and (5.3) and the 
use of Lemma 1. 
In particular if u(t) = | t|*,0 < a < 1, we get a function closely akin to the 
fractional derivative f‘” (x). The result for this u(¢) is | g(x) | S (2R*)/(a + 1). 
As an interesting corollary to this theorem we have the following result ob- 
tained by G. Sokolov [4] for trigonometric polynomials f(z). If we select u(t) 
as a concave polygonal curve with vertices at the “see [n, u(n)), where v is an 


integer, and if u(0) = 0, then | g(x) | S (M/R) {u(R) +2 > u(R — mh. 


Part II 


We consider in this section the fractional derivative f‘” (z),0 <a<1. This 
is defined for f(z) of the type (0.1) by the equation 


f(x) _ [. 17 t"e** ds(t), 


where i* = e'*””, and for negative ¢ we understand ¢“ to be defined as (—?)“e 
For f(x) a trigonometric polynomial, W. E. Sewell [3, p. 111] proved that 





ao —- ~~ -— TH 
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| f‘°(x) | < K(e)MR*, where K(a) is a function of a alone. However no 
explicit value was given for K(a). We obtain in this section a bound for 
| f° (x) | for any f(x) of the form (0.1), which is of the same order in R as 
Sewell’s. Our result shows in particular that we may take K(a) < 7/a. 

For the purpose of our proof we may consider the function g(z) = 
FE t*e**' ds(t), as | g(x) | = |f‘(z) |. Throughout the proof we use the fol- 
lowing notation: 


a ‘ ak (2—a)R 
a= oR ’ A(n) = on +a +a B(n) = ow a) ; 


(6.1) q(n, t) = [p(n) — alt + gam; 
d(n, t) = [—p(n) — alt + jan. 


We proceed as in Part I, and expand y(é)e“‘ in a Fourier series on [—R, R). 
The Fourier coefficients c, of te" are given by 


2Rc, = [ t* exp {[i — p(n)]t} dt 


R 
= acter | t* cos g(n, t) dt. 
If we integrate by parts, we see that 


= pag [ t* sin g(n, t) dt. 


Ch = 


For n > 0, 


liar 


B(n) R 
(6.2) c= moe { l t** sin g(n, t) dt + a t* sin q(n, t) a} . 
Since n > 0 and 0 < a < 1, in the first integral in (6.2) the integrand is positive; 
therefore the integral is positive. In the second integral of (6.2), {*' is de- 
creasing. Hence, if we express the integral as a sum of integrals over complete 
half periods of sin g(n, t), we see that the integral is negative by applying the 
same argument as in the proof of Theorem 5. Hence 


B(n) iat ts R ah 
(6.3) |eals 2 moe [ i*~* sin q(n, t) dt — l i*~ sin g(n, 0) at. 


Also for n > 0, 


(6.4) c»a= _ alt i t* sin d(n, t) dt + [ t* sin d(n, t) at} 
. —"  #(n + 4a) : a(n) s ’ 
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By the same argument as for (6.2), the first integral in (6.4) is positive and the 
second integral is negative. Therefore 


a A(n) eau is 
(6.5) |c.als Tis ef {*~ sin d(n, t) dt [ 


We now combine (6.3) and (6.5) and sum, obtaining 


¥ (lenl +]eal) = 2 le 


R 


t*' sin d(n, t) a : 





2a 0 B(n) Pa , 3 
a 2 y ioe 5 [os sin q(n, t) dt 


2a < 1 — 








bas 
we 7 Yat sin d(n, t) dt 
CJ) R . . 
a a1 /sin g(n,t) , sind(n, o 
-- t dt 
7 (ana + G+ $0) 
= 8) ca 8 — 83. 
Now, 
2a < — 2 at+2 pp 
as"Yao-pl : dts =e =3" 
Similarly, 


82 s 2 R*. 
aT 


We next consider the absolute value of s;. Replacing g(n, ¢) and d(n, t) by 
their values from 1), we have 








eo _ or sin p(n)t 
jal s ah «(3-3 | Geen at | 

si ar ,|n cos p(n)t | 

=p in | F-§ a | ees ies 
= 8 + 8 
We have 
< ay A * dt 
“a & Wie) 


Moreover, for N = 1, 2, -- 


: cos saad | 








the 


dt 


by 
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where C(a) mera only on a. It is easily verified, say by partial summation, 
that the sums p> n cos p(n)t| are dominated by an integrable function. 
Hence we may scien the order of integration and summation in s;. Thus 


| F cos p(n)t 2a cos eee 
seer “| 2 4a”) | a+ =[ > ae 














n=l n(n? — ia") n=l 
“| 2 1 1 ] tos » Se Pas , 
s(t joe sie ST ef log sin 3p at 
se 1 1 ] 4log2 , 1 
we pd = = 
s{¢[ 725+ due 74, + © +? - 


We also have 


R* 
leo| $ a |u(t) | dt = —O. 


If we combine the bounds for 8; , 8 , 8, 85 with that for | c |, we see that 


~ 8 + 2a 2a +1 4 7R* 
Sle {Ste 4 Fath 4 Steg 2 log (2+ a) bat s HE 
Therefore by application of Lemma 1, we have 


THEorEM 6. If f(x) is of the form (0.1) and f(x), 0 < a < 1, is its fractional 
derivative, then 


(a) 8 + 2a 2a +1 4 ue 
7G) | {SHR 4 F047 + Shoe 2 — tog (2 + «)} ate 
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THE FUNCTION OF MEAN CONCENTRATION OF A CHANCE 
VARIABLE 


By Tatsuo KawatTa 


1. Introduction 


1.1. Let X be a one-dimensional chance variable which is defined by its 
probability distribution function 


Pr(X < 2) = o(z). 


Thus o(z) is a non-decreasing function such that o(— ©) = 0 and o(~) = 1. 
Let {X,} be a sequence of independent chance variables; that is, let the k- 
dimensional chance variable (X;, , Xi, , ---, Xi,) be defined by the condition 


Pr(Xi, < m1, Xi, < 2, +++, Xa < LM) 
= Pr(Xi, < 21)Pr(Xi, < 2) --+ Pr(Xi, < 2x), 


for every finite set of distinct integers i; , i2, --- , 1 and for every set of real 
numbers 2; , 22, -++ , Ze. 

Consider the series of independent chance variables 
(1.1) pe ee 


n=l 
The series (1.1) is said to converge in probability if 
Pr(| 8S, -S|>6&)—-0 asn—> ©, 


for every « > 0 for some chance variable S, where S, denotes the partial sum 
X, + X2 + --- + X,. The convergence problem of (1.1) was treated by a 
great number of writers. 

Among many results concerning the convergence problem of (1.1), there are 
two theories, one of which is due to A. Khintchine and A. Kolmogoroff ({11]; see 
also [5], [8], [12], [13] and [15], p. 142)’ and the other due to P. Lévy ({14]; [15], 
pp. 130-140). A main theorem in the former theory is the one which gives the 
necessary and sufficient conditions for the convergence in probability of (1.1) in 
terms of expectations of X; and Xj under certain hypotheses. The central idea 
in Lévy theory is to use the function of maximum concentration. 

Let the distribution function of a chance variable X be o(z). The function 


(1.2) Q(h) = max {o(x +h+0) —o(tx —h—-0O)} 
—we<z<ceo 
Received May 25, 1940; in revised form, April 30, 1941. 


1 Numbers in brackets refer to the bibliography at the end. 
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is following Lévy called the function of maximum concentration of X (([14]; 
[15], p. 44). Let the function of maximum concentration of a partial sum 
‘ N 


be Q,,w(h). It is known that the function of maximum concentration never 
increases if a chance variable is added ((15], p. 90). Thus Q,,7(h) does not 
increase as N increases and does not decrease as n increases. Hence 


are well defined. The following theorem is one of the fundamental theorems 
in the Lévy theory. 

THEorEeM A. The function Q(h) is independent of h and is either 0 or 1. If 
Q(h) = 1, then there exists a sequence of numbers {a,} such that S, — a, converges 
in distribution; that is, the distribution function of S, — a, converges io some dis- 
tribution function and if Q(h) = 0, then S, — a, cannot converge in distribution for 
any number sequence {a,} ({14]; [15], p. 130). 


1.2. Let o(x) be the distribution function of a chance variable X and consider 
the function 


(1.4) f(t) = [ e do(2) 


which is evidently continuous and is such that f(0) = 1,|f()| S 1. This 
function is called the Fourier-Stieltjes transform (characteristic function) of 
X ({15], p. 37). Let X; and X, be mutually independent chance variables and 
let their Fourier-Stieltjes transforms be fi(t) and f2(t), respectively. Then the 
characteristic function of X = X, + Xz is represented as the product f,(é)fe(?). 
The convergence in probability of S, , the partial sum of (1.1), is equivalent to the 


uniform convergence in every finite interval of [] f;(t), where f,(t) is the char- 
i=l 


acteristic function of X ({15], p. 48). 
Now for convenience we assume throughout this paper that a distribution 
function o(z) is normalized as 
o(x) = ${o(x + 0) + o(z — 0)}. 
Then the distribution function is by the Lévy inversion formula given by its 
Fourier-Stieltjes transform as 


tz 





oe rFi-e 


We obtain from this that 


f(t) dt. 


Tr: 
a(x +h) — o(x — fh) = lim [ sin ht we 44) dt. 
Tr-oetr t 
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Since for every h > 0 we have’ sin ht f(t)/t « Lx(—, ~), (42)*{o(x + h) — 
o(x — h)} is the ordinary Fourier transform of the function sin ht f(t)/t. Thus 
Plancherel’s theorem shows that 


(1.5) [ fo(z +h) — o(z —h)}*de = fe) |Pdt. 


2 {= sin’ sin” ht 
Since f(—t) = f(é) by definition, | f(‘) |? is an even function of t. Hence (1.5) 
becomes 


2 — 


6) 2 foe +h) —o(e— War =? | f(t) at. 





We now call the left side of (1.6) the function of mean concentration of X and 
denote as C(h). In this paper we make use of this function instead of the 
function of maximum concentration, and we prove some theorems in the Lévy 
theory by Fourier analysis. This will be done in Part 3. In Part 4 the sum- 
mability problem, which has been also treated by Lévy [16], shall be considered 
by the similar method. Lastly, we mention that the behavior of C(h) ath = 0 
was discussed by N. Wiener ((23], [24]) in connection with his spectrum theory 
of a function. 
2. Properties of the function of mean concentration 
2.1. THEOREM 1. 


(2.1) lim C(h) = 


(2.2) lim C(h) = lim 5 —— i f(t) |? dt. 

This is known (see, e.g., [2] and nat aoe (2.2) is due to N. Wiener ((23], 
[24]). 

THEOREM 2. C(h) is a non-decreasing function of h (> 0). 

Let 


hie F she 2 OdR > 150), 


This is a symmetric distribution function in the sense that 
7(z) + 1(—2) ™ 1, 


and the Fourier-Stieltjes transform is, as is readily verified, | f(t) |’. Thus the 
Lévy inversion formula shows that 





re) hat [18 ora 
= 2 [22 so rae 
T Jo 


2 f(t) « L2 means that f(t) is measurable and [ | f(t) |? dt < @, 





—— 





us 


23], 


the 
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Since | f(t) |?/t e ry oo), we have 
r(z) — 3 = ed sin 2 | 9 (Pat + Lim. 2 f” 8%" | po a, 


where |.i.m. means ci limit in the mean in L,(0, ©). Thus a known property of 
weak convergence shows that 


[ {r(z) -— Hae = 1 [ae [ 2 if fat 
+ [ aethim. [ = mz fit) Pat 











=f iswpae [2 ae + tim? [" SOP a [sin 
=2 po rat 

Hence we get 

(2.3) C(h) = 5 [ {r(a) — 4} de. 


Since (x) = r(x) — § is non-decreasing, (+0) = 0, (©) = 3, and C(h) is 
also non-decreasing. For h > h’ 


C(h) — C(h’) = ; [ ” a2) dz — ; [ ” ola) de 





1 2h 
=, [. &(z) dx — a 2 ig &(x) dz 
> 2h=” gon —2h=™ aan =0. 
h h 
2.2. Let 

1, z>Q0, 

ex) = 
0, z <0, 


which is called the unit distribution function. We give here a criterion in terms 
of C(h) in order that a distribution should be the unit distribution function. 
We use the following lemma which is essentially known (cf. [25]). 


Lemma 1. [If f(t) is the Fourier-Stieltjes transform of a distribution function 
a(x) and | f(t:) | = | f(a) | = 1, where t/t, is irrational, then o(x) = (x — a) 
for some a, e(x) being the unit distribution function. 


If | f(4) | = 1, then for some constant w, 
[eet doe) = 1 


and thus 


[ {1 — cos (42 + w)} do(x) = 0. 
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Hence o(z) is constant except possibly at the values of z such that 42 + w = 2kr 
(k = 0, +1, ---). Thus the points of actual increase of (x) are contained in an 
arithmetical progression with a common difference 27/t, ; that is, the distances 
of points of increase are integral multiples of 2x/t;. If further | f(#) | = 
then the distances of points of increase are also integral multiples of 27/t, . 
Therefore o(z) has a unique point of actual increase. 

THEOREM 3. a(x) is e(x — a) for some a, e(x) being the unit distribution, if 
and only if C(h) = 1 for every h > 0. 

If o(x) = e(x — a), then f(t) = e“*, thus | f(t) | = 1. Hence 

2 [* sin’ At 

for every h > 0. Conversely, if C(h) = 1 for every h > 0, then 


2 [M11 — |f00 fat =0. 


Since | f(t) | S 1,|f( |? = 1 almost everywhere. Since f(t) is continuous, 
| f(t) |? = leverywhere. Thus | f(é) | = 1. Lemma 1 shows our assertion. 


TueoreM 4. Let the Fourier-Stieltjes transforms of distribution functions 
o;(x) and o2(x) be fi(t) and fo(t) respectively and the functions of mean concentration 
be C,(h) and C2(h) respectively. If 


(2.4) \filt) | S | fat) |, 
then 
(2.5) Ci(h) S C2(h). 


This is immediate from the definition (1.6). 


2.3. Next we consider here the relation between the maximum concentration 
Q(h) and the mean concentration. 


TueoreM 5. If the function of maximum concentration and the function of mean 
concentration of a distribution function o(x) be Q(h) and C(h) respectively, then 


(2.6) Q(2h) = C(h) = 3Q°(h). 
For 
C(h) = axl. (o(z + h) — o(e —h)}*de 


< Q(2n) + Fi tele +h) ole = Whee 


= Q(2h) lim a a oa 
and this proves the left part of (2.6). 


T+h 


—T+h 
o(x) dz + oh sf... o(zx) az} = Q(2h), 





i, & ff fern 


18, 


ns 
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Next we take ~ such that 
Q(h) = max {e(r +h +0) — o(x —0)} 


—~w< ze 
= o(€ + th + 0) — of — 3h —0). 
Then clearly in the interval § — 4h < x < — + $h, 
o(x + h) — o(2 — h) = Qh). 
Thus 


c(h) = 2 [tole + 8) — ole — Wz 


1 E+4h ° 
> ail {o(z + h) — o(x — h)}*dz 
= 4Q°(h), 


and the proof of (2.6) is complete. 


3. Sums of independent chance variables 
3.1. Let X; and X2 be independent chance variables and let their distribution 
functions be o:(x) and o2(x), respectively. Let the functions of mean con- 
centration of o:(x) and o2(x) be C:(h) and C2(h) respectively. Further we let the 
distribution and the function of mean concentration ‘of a chance variable Y = 
X, + X,2 be a(x) and C(h), respectively. 


THEOREM 6. For every h > 0, we have 


(3.1) Cth) S Cifh) (¢ = 1, 2). 
If 
(3.2) C2(h) = C(h), for some h > 0, 


then o;(x) = e(x — a) for some a, where ¢(x) is the unit distribution function. 


By the well-known fact, the Fourier-Stieltjes transform of o(z) is fi(t)fe(t), 
where f,(t) is the Fourier-Stieltjes transform of X;(é) (¢ = 1, 2). The first part 
of the theorem is trivial. 

If (3.2) holds, then 

>» & 
[ on {i falt) |? — | fulOfall) 7} dt = 0. 
Hence | fo(t) |? (1 — | fi(t) |) = 0 everywhere. If | f,(é) |? = 1 for every ¢t, then 
by Lemma 1, o:(x) = e(x — a). And if there exists a set of t-values such that 
| fo(t) | = 0, this set is closed since f(t) is continuous. Thus in its contiguous 
interval | f(t) | = 1 and the assertion follows by Lemma 1. Since | fe(t) | = 0 
cannot hold everywhere, the conclusion is proved. 
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THEeorEeM 7. Let X;, X2, --+ be a sequence of independent chance variables and 
put 
(3.3) S, = Xit X2o+--- + Xa. 
Then C,,(h) the function of mean concentration of S, is non-increasing with respect 
to n for every h > 0. 

This is immediate. 

3.2. Put 
(3.4) Sa.m = Xn + Xns2 + eee + Xm; 
and let its function of mean concentration be C,,_(h). Then by Theorem 7, 
C,n,m(h) is non-increasing with respect to m for every h. Thus lim C,,n(h) = 
C,(h) exists. It is also evident that C,(h) is non-decreasing with respect to n 
for every h. Thus lim C,(h) = C(h) exists and is called the function of limit 
mean concentration of {X,}. Now we shall prove 


Turorem 8. C(h) the function of the limit mean concentration of a sequence of 
independent chance variables {X,,} is either 0 for every h > 0 or 1 for every h > 0. 


For the proof we require a simple lemma. 
Lemma 2. Let g(t)/(1 + #) «1,0, ~). Thenif 


(3.5) [ * ~ wt A(t) dt = 0 


holds for every x, o(t) = 0 for almost all values of t. 
Let ¢ be any positive number. Then (3.5) yields that 











The subtraction shows that 


I sin zt $ g(t) dt = 0, 
0 t? 

for every x. Putting in this equation x + ¢ and z — e for x and subtracting 
we obtain 








2 . 
[ cos xt : g(t) dt = 0. 


The unicity theorem on cosine transform shows that 
sin’ e 
z g(t) = 0 
holds at almost all values of ¢. Thus ¢(¢) = 0 almost everywhere. 








Qo. rt => 2 


fo 


(3 





» of 


ting 
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Now we prove Theorem 8. The Fourier-Stieltjes transform of the distribu- 
tion function of S,,, is, as is well known, fn4:(t) --+ fm(t). If we put 


On,m(t) = | frsi(t) +++ fm(t) |’, 
then clearly lim an,m(t) exists at every t, since ap,m(t) is non-increasing. Thus 
by the at fact on infinite products 
(3.6) a(t) = lim lim an m(t) 


no ma 
is either zero or 1 at each value of ¢. Further we have 


mo - 2 
C(h) = lim lim 2 [ %_* 


no mo T 0 ht? 





On,m(t) dt 
(3.7) 





Now by (2.3) we can write 


— : 

C(h) = lim lim 5 I ram(2) — 3} dz, 
no m0 0 

where the definition of 7,,_(x) will be evident. Since 7,,.(x) is a non-decreasing 

function of z and ta,m(+0) = 4, ta,m(%) = 1, by repeated applications of the 

Helly theorem and the diagonal method we can prove that there exists a non- 

decreasing function 7(x) such that 


C(h) = if (r(x) — 3} dz, 


where 4 S r(x) S 1, forz > 0. 
From (3.7) we get 





2h o + 2 
(3.8) : [ tele) — i) de = [ a a(t) dt = C(h). 


us 


If r(©) = 4, then r(x) = 4 atall pointsz. Thus by (3.8), C(h) = 0 for every 
h>O. Next let r(~) = 8B © 34,4 < 621. And we define a symmetric 
distribution function v(x) as follows: 


v(x) = r(zx)/8, for z > 0, 
v(x) = 1 — r(—2)/8, forz < 0. 


Let the Fourier-Stieltjes transform of v(x) be x(é). Then the Lévy inversion 
formula shows that 


(3.9) v(x) — 
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By integrating both sides over (0, 2h) and dividing by 2h, we obtain 


1 gest so 
2h Jo vin) de 2 rio he x(b) dt, 





or we have 


a te _ 
agi td -5= 4 e x(t) dt. 


Comparing with (3.8), we get 


f+éf & sin’ i x(t) dt = ,+if = sin’ hi = a(t) dt, 


Thus 


2 [tM tal) + 1-8 — xl} dt = 0, 


and it results, by Lemma 2, that 


{a(t) 7; — B} ~ x(t), 


almost everywhere. Since a(t) is zero or 1 at each value ¢, x(¢) is either 1/8 — 1 
or 2/8.— 1 at each ¢. Since x(t) is continuous, it is either 1/8 — 1 for every 
t or 2/8 — 1 for every t. Thus x(é) is a constant which is evidently 1 since 
x(0) = land8=1. Hence by (3.9) v(x) = 1 everywhere, and this means that 
(xz) = 1 forz > 0. Thus by (3.8) C(h) = 1 for every h > 0. Thus the 
theorem is proved. 

We notice that from the above theorem it is evident that the limit maximum 
concentration Q(h) is either 0 or 1 for every h. This is Lévy’s conclusion. 





4. Summability of a series of independent chance variables 


As in the preceding part, let {X;} be a sequence of independent chance 
variables and put 


S. = 2) X:. 


i=l 


Let a; (i, k = 1, 2,--- ) be non-negative numbers such that 


(4.1) 2X die = 1, 

(4.2) lim aj, = 0. 
ko 

Further let 


(4.3) 7. = tm» ait Si, 


i=l 
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the convergence (almost certainly) of the right side being supposed. If the 
distribution of o; converges to some distribution, we say that the series > X; 
is summable in distribution. Summability in probability is similarly defined. 


TuroreM 9. If >> (X; — aj) does not converge in distribution for any sequence 
{an}, then >> (X; — aj) is not summable in distribution (consequently not summable 
in probability) for any sequence {a,}. 

This theorem is also due to P. Lévy [16]. 


Lemma 3. If X; converges in distribution to X, then the function of mean con- 
centration of X; tends to that of X everywhere. 


If X; tends to X in distribution, then the Fourier-Stieltjes transform of X 
tends to that of X and the integrand of 
* sin’ hi 
ee 
is uniformly majorized by the integrable function sin* ht/ht’. Hence the con- 
clusion is immediate. 
We now prove the theorem. By Theorem 8 and Lévy’s Theorem A we have 
C(h) = lim lim C,,(h) = 0 for every h > 0, using the notation of Part 3, 


no m-*c 


| falt) |? at 


Cn,m(h) is the mean concentration of >) X;. We have by (4.3) and (4.1), 


i=n+l 


= (s. bar ; 048i) + ( > 0; 7S, + Bain ser yd 0:18am) 


i=l i=n+1 i=l 


4.5 , 
( ) + 2, Gi4(Sn,i — Sam) (m > n) 


= Un + Tin + Van, 


say. U, does not contain X; (¢ > n + 1) and T7,,, contains only X; 
(n+ 1573S m) and V,,» does not contain X; (i S m). Hence U,, Va,» and 
Tn,m are independent. By Theorem 7 we have 


(4.6) Cth, ox) S C(h, Tr,m), 


where C(h, ox) and C(h, T,,m) denote the mean concentrations of o and 7',,», 
respectively. Since by (4.2) 7,,, converges to S,,,, Lemma 3 shows that 


lim C(h, Tan) = Cam(h), 
ka 


so that by (4.6) we get 
lim C(h, ox) S Cam(h) 


ko 
which tends to 0 asm— ~,n— ©. Thus 


(4.7) lim Ch, ox) = 0, 
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for every h > 0, and this means that 





(4.8) lim [ sin’ ht | f(t) |?dt = 0, 


ht 


kw 


where f;, is the Fourier-Stieltjes transform. If, for some sequence {an}, 
Zz (X; — a;) is summable, then there exists a sequence of numbers {b,} such 


that o, — b, converges in distribution. This means that e 


et | f,(t) | must con- 


verge uniformly in every finite interval to the Fourier-Stieltjes transform of a 
distribution, and (4.8) is contradicted. 


—_ 
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THE SINGULARITIES OF CAUCHY’S DISTRIBUTIONS 
By AvuREL WINTNER 


Generalizing the symmetric normal distribution law (A = 2), Cauchy’ pro- 
posed the symmetric “‘stable’’ distributions, those having the Fourier transform 
e”''” where the positive index \ is unspecified. The object of the present note 
is the determination of the behavior of the analytic continuations of the resulting 
densities of probability. If 4 2 1, the situation is of a trivial nature. If 
 < 1, the only case known today seems to be A = 4; a case which is quite acci- 
dental, since it can be reduced to the normal case \ = 2, if the Green function 
belonging to a certain problem concerning the parabolic equation uz = Uyy is 
subjected to a process of reciprocation.” 

According to Fourier’s inversion formula, the density of probability assigned, 
for a fixed A > 0, by the (even) Fourier transform el wo <t< a, is 
x ‘fi(x), —~© <a < ©, where 


(1) filz) = [ e cos (xt) dt = f,(—2); Os2< om. 
Partial integration of (1) gives 

(2) f(x) =X [ et S(zxt) dt, 

where S(u) = sin u/u. Hence, if t is replaced by (t/x)"” for a fixed x > 0, 

(3) af,(x) = 2 “g(x™), (c > 0,2 > 0), 

where 

(4) gz) = [ e*' sin ¢ dt. 


All derivatives f<” (x) exist for — 2» <x < ~, since the integrals 
(—1)" I ee" sin (xt) dt, (—1)" I e P" cos (zt) dt, 
() 


Received July 11, 1941. The author is a Fellow of the Guggenheim Foundation. 

1A. Cauchy, Oeuvres Completes, ser. 1, vol. 12(1900), pp. 94-114. Today it is known 
that, the density of probability being required to be non-negative, Cauchy’s distributions 
exist if and only if \ does not exceed the value \ = 2 belonging to the limiting case of a 
normal distribution; ef. P. Lévy, Caleul des probabilités, Paris, 1925, pp. 252-277. For 
sharper results, see A. Wintner, On a class of Fourier transforms, American Journal of 
Mathematics, vol. 58(1936), pp. 45-90. 

2Cf. P. Lévy, Sur certains processus stochastiques homogénes, Compositio Mathematica, 
vol. 7(1939), pp. 283-339. 
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obtained by formal differentiation of the integral (1), are uniformly convergent 
for —2 <2 < «. In particular 


fer") :* 0, 2) (Q) — (—1)" [ ef dt. 


Since, if ¢‘ is replaced by t, the last integral becomes \~'I'([2n + 1]/d), the Taylor 
series of f, at the origin is 


(5) A CO)e"/n! =)” ys (—1)"1(f2n + 1)/d)2""/F(2n + 1). 


It is clear from Stirling’s formula that this power series diverges for every 
z ~ Ounless A 2 1. 

The results to be proved imply the following theorem: 

If the index of a symmetric stable distribution function is less than 1, the density 
of probability defines an analytic function possessing a branch point at the origin; 
a branch point which represents a transcendental singularity and is the only finite 
singularity of the analytic function. 

Replace z by z = x + ty in (1); so that 


(6) file) = [ e* cos (et) dt. 


Since | cos (zt) |, where ¢ = 0, is not greater than e'*'*, the integral (6) is uni- 
formly convergent on every fixed z-circle in the z-plane, if A > 1. If A = 1, 
the integral (6) represents (1 + 2)” in the strip —1 < y <1. Thusfi(z)isa 
transcendental entire function or a rational function (with simple poles at 
z = +7), according as\ > l orA = 1. 

It will from now on be assumed that 0 < A <1. Then the remark following 
(5) implies that f,(z) cannot be regular atz = 0. It also is clear from0 <A < 1 
that the integral (6) is divergent whenever z ~ z, where z = x + ty. However, 
(3) supplies an analytic continuation of (1) for certain complex z. 

In fact, if 2 = x + iy is arbitrary, an application of the second mean-value 
theorem to the real and imaginary parts shows that, if rz = 0, b > a, 


c b 
/ sin ('* at| + | / sin t'” dt } 
Hence, for every b > a and uniformly for z 2 0, —» <y< @, 


b 
| e* sin t” dt 








b 
e* sin t' at| < 4¢°** max { 
a asesb 





= 12 max 
asz<a 








| sin at | +0 as a7, 
since 0 < \} <1. Accordingly, the integral (4) is uniformly convergent in the 
closed half-plane x 2 0. Hence, the function g,(z) is continuous in this half- 
plane and is regular analytic in the open half-plane z > 0. 

On the other hand, it is clear that the Laplace transform (4) is divergent for 
every negative z, and therefore in the whole half-plane x < 0. Nevertheless, 
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the function g,(z) represented by this integral in the half-plane x = 0 fails to 


have a singularity on the line z = 0. In fact, g,(z) can be developed for every z 
into the power series 


(7) 2D on"(O)z"/n! = »» (—1)"r({[n + 1Jd) sin (44[n + 1)d)2”/P(n + 1). 
To this end, let a, r and \ < 1 be positive constants, and let 
i] F(z) dz = 0, F(z) = 27 te", (2* > Oforz > 0), 
c 


be applied to the contour C consisting of the two segments and the two ares 
z=t z=t, z2=e0% 2z= Re®, O0<e<R< ~), 
where e St SJ RandO S¢@ S je. Sincea > 0,r > OandO <A <1, itis 


readily ascertained that the contribution of the two arcs tends to 0 as e > 0 
andR-—«. Hence, the integrals of F(t) and iF (it) over the half-lineO < t < « 
have a common value. Thus, by the definition of F, 


(8) c ere ya et dt = eta [ oor cos }rh fe sin }rA dt. 
On the other hand, since A > 0, the n-th derivative of the analytic function 


represented by (4) in the half-plane z > 0 may be obtained by differentiating (4) 
beneath the integral sign, if x > 0, wherez = x + ty. Thus, forz = r > 0, 


g(r) = (—1)" % et" sin t* dt = (—1)"A es 7h ot! sin ¢ dt, 
if t is replaced by ¢’. Hence, by the imaginary part of (8), 
gx”(r) = (—1)"A [ eT cos BA MFDAT sind (Ser[n + 1] — rt’ sin $A) dt, 
where (n + 1)A = aand0 <r< o. SinceO < A < 1, this implies that 
(9) lgr(r) | <r I . ett dt =rM((n +1) for O<r<o, 
and that g\”(r) tends, as r — +0, to the limit 
(=a fet sin (}4[n + 1]d) dt = (—1)"AT({n + 1d) sin (44 [n + 1]A) 


for every n (so that, by Rolle’s theorem, the derivative g<” (0), when thought 
of as a right-hand derivative, exists and is represented by 


(10) gi” (0) = (—1)"AP (fn + 1]d) sin (4e{n + 1]) 


for every n). 








yz 
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Since the function (4) is regular analytic in the half-plane z > 0, it can be 
developed in the neighborhood of every z = r > 0 into a power series, 


g(z) = > gx” (r)(z — r)"/T(n + 1), 


having a radius of convergence not less than r. But (9) shows that this power 
series is dominated by one which, in view of Stirling’s formula, is convergent — 
in the whole (z — r)-plane, since 0 < 4 < 1. Consequently, the radius of con- 
vergence of the expansion of g,(z) according to the powers of z — r is infinite 
(for every r > 0). This proves that g,(z) is an entire function. Hence, the 
expansion (7) of g)(z) follows from (10) for every z. 

Since g,(z) is an entire function, it follows from (3), where x = 1/2’, that the 
analytic continuation f,(z) of the real function f,(z) represented on the half-line 
arg z = 0 by the integral (1) is a regular function of the position on the Riemann 
surface of log z or of a real rational power of z according as ) is irrational or 
rational, where 0 < A < 1. However, the branch point z = 0 does not belong 
to the Riemann surface of f\(z) even if A is rational, since the singularity of f, 
at z = 0 is transcendental. This is implied by the remark following (5), and 
also by (3), since the entire function g,(z) is not a polynomial. It also is seen 
from (3) that, notwithstanding the even character of the real Fourier transform 
(1), the analytic continuations of the two real functions fi(z),0 < 2 < @ 
and f(x), — «© < x < 0 could belong to the same analytic function only by an 
accident. This case can easily be discussed. 

Since I'(s)I'(1 — s) = 2/sin zs, there is a striking reciprocity between the 
expansions (5), (7). Correspondingly, while the functions (4), (6) are connected 
by the relation (3) for every \ > 0, the power series (5), (7) converge for a com- 
mon value of \ and for some z ~ 0 only in the trivial case \ = 1 (in which case 
both series reduce to 1 — 2 + 2 —.-. = (1+ 2)", if |z| < 1). In fact, 
(5), (7) diverge for every z # 0 whenever A < 1, A > 1 respectively; while (5), 
(7) obviously are entire functions of the respective orders (1 — \*)™’, (1 — A)™ 
in the complementary cases \ > 1, A < 1. 

It should finally be mentioned that (7) is formally related to the standard 
entire functions occurring in the theories of explicit analytic continuation beyond 
the circle of convergence of a power series. 


Tue Jouns Hopkins UNIVERSITY. 








CONTINUA OF FINITE SECTIONS 
By O. G. Harro.p, Jr. 


Introduction. The problem has been proposed to characterize the continua 
on which a real valued continuous function of finite sections can be defined, i.e., 
a real valued continuous function f such that for each y, f(y) is a finite set of 
points [1].’ Cech gave three necessary conditions which such a continuum 
satisfies. First, the continuum M is regular in the Menger-Urysohn sense, 
second, M has at most a countable number of end-points and, third, M has no 
continuum of condensation. Mazurkiewicz considered and solved the same 
problem for the class of dendrites [2]. A dendrite has the above stated property 
€ if and only if the set of end-points is countable and the operation of taking 
the bi-lateral coherence of the set of ramification points produces the null set 
on iteration.’ Aitchison [3], Eilenberg [4], G. T. Whyburn [5], and the author 
[6] have also used the method of mappings into an interval to characterize types 
of continua. 

In this paper we give a solution of the problem proposed above. 


THEorEM. The continuum M has the property © if and only if M is locally 
connected and every dendrite in M has the property. 


The necessity of the conditions is obvious in view of the previously stated 
results and the remark that if M has the property every subcontinuum also has it. 

The sufficiency will follow from the assertions (1)—(5) below. 

Let M denote a Peano continuum such that every dendrite in M has the 
property G. 

(1). M has no continuum of condensation. 

(2). There exists a dendrite D in M which contains the enclosure of the set of 
points X C M, where x « X if and only if the Menger order of x # 2. 

(3). There exists a map f(M) = (0, 1) such that f'(y) is finite for all but a count- 
able set of values y and for these exceptional values f '(y) is countable. 


Received July 13,1941. This work was started while the author was a National Research 
Fellow at the University of Virginia. 

1 The numbers in brackets refer to the bibliography at the end of the paper. 

2 The bi-lateral coherence #(U) of a subset U of a dendrite D is defined as follows. 
#(U) is the set of all points z « D such that for at least two components 7, , T: of D — z, 
ze(T,-U)’-(T2-U)’. Set @o0(U) = U, and 

,(U) = &[%--1(U)], [] (UV) 
i<ea 
according as the ordinal a has a predecessor or not. In case U is countable it is clear that 
there is a first ordinal a of the first or second number class such that #.,:(U) = #.(U). 
See [2]. 
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(4). If A is the set of exceptional values in (3), every subset of A has isolated 
points. 

(5). There exists a map g(M) = (0, 1) which is obtained by modification of f in 
the neighborhood of f-'(y), y € A, such that g™*(y) is finite for all y. 


Proof of (1). Suppose T is a continuum such that TC M — T. Since every 
dendrite has property C and therefore has at most a countable number of end- 
points, M is a hereditary are sum [7]. Hence JT may be taken to be an arc. 
Since T is a continuum of condensation of M, there exists a sequence of ares 
(Y,) such that Y;-Y; = 0,71 ¥ j, ¥i-T = yi, a point, and T = >> y;. The set 
Z=T +>. Y;is a dendrite in M with a continuum of condensation and there- 
fore cannot have property C. 

Proof of (2). If M has no continuum of condensation, X is totally discon- 
nected [8]. Since M is Peanian, there is a dendrite D such that X C Dc M. 
Each component U; of M — D is an open free arc whose enclosure is either an 
are or a simple closed curve. There is no loss in assuming that the dendrite D 
has been so selected that each component U; of M — D has as enclosure an 
arc U; which lies wholly in the interior of a free are of M. 

Proof of (3). By our hypothesis, there exists a map f(D) = (0, 1) which is 
of finite sections, i.e., such that each f‘(y) is finite. Let the end-points of U; 
be a; and b;. It may be supposed that f(a,) is a rational number while f(b) 
is irrational, for f is constant on no subcontinuum of D and we may truncate a 
portion of the free arc of D containing a; (say) to obtain a dendrite D® satisfying 
(2) and such that the enclosure of every component of M — D*® is an arc lying 
inafree arc in M. Let D' denote the dendrite which is obtained by performing 
this alteration for all the sets U;. Thus fis a map of finite sections on the den- 
drite D' > X. The enclosure of each component U; of M — D’ is an arc lying 
wholly in a free are of M and if a; and b; are the end-points of U; , f(a;) ¥ f(b,). 

The map f will now be extended to M by what we shall refer to as a normal 
extension. The extended mapping will satisfy (3). By the choice of D’, 
f(a;) ¥ f(b). Hence on U; the mapping f can be extended so as to map U; 
topologically into the interval determined by f(a;) and f(b,;). For any y, 


yw =f'y D+ Vy) -U. Thus f ‘(y) is countable. Let A be the 


set of values y for which f(y) is infinite. To complete the proof of (3) it must 
be shown that A is countable. Let z e[f(y)]’. Clearly, z¢D*. It will be 
shown first that z is necessarily an im kleinen cycle point of M, i.e., a point 
situated on simple closed curves in M of arbitrarily small diameter. There 
exists a subsequence (U;,) of (U,) such that Us,-f"(y) = 2, 2% — 2. All 
points of f ‘(y) sufficiently near z may be supposed to be in the sequence (z,), 
since z is an isolated point of [f‘(y)]’. Let F be a region in D’ containing z 
such that f'(y)-F = 2. Forti 2 i, ax, and bk, lie in F. Set x; = f(ax,), 
yi = f(bx;). If y = f(z) separates only a finite number of the pairs of points 
zi, ys on the interval (0, 1), then ze’ [f~(y)]’. Hence there is a subsequence 
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2;, , yi, Such that for each 7 either 7;, < y < yj, ory;, < y < 2;,. Since z is 
the only inverse to y in F, z must cut F between a;, and b;,. Hence there 
exist ares (in F) X;, , Y;, from z to xj, , y;, , respectively, such that X;,-Y;, = z. 
The set X;, + Y;; + U;, is a simple closed curve in M containing z. Thus z 
is an im kleinen cycle point. 

Since M is a hereditary arc sum, M has only a countable number of non-local 
separating points [7]. Thus if A were uncountable, there would be uncountably 
many values y each of whose inverse sets would consist entirely of local sepa- 
rating points. But we have just shown that each such inverse set contains an 
im kleinen cycle point. But every im kleinen cycle point which is also a local 
separating point is a ramification point, i.e., of order greater than 2 [9]. By the 
local separating point order theorem only a countable number of such points 
can exist in any continuum [10]. Hence A is countable and (3) is established. 

Proof of (4). Suppose, on the contrary, that A contains a dense-in-itself 
subset A;. For 0 < y <1, let m(y) be the number of f(y) in >> U;. For 
every positive integer n the set of all y such that m(y) > n is an open set B,, 
on (0,1). The common part of B,, B,, B;,--- is A. Therefore A is a G; set 
containing a dense-in-itself subset A. It follows by Baire’s theorem that A 
contains a perfect set, and is therefore uncountable. Thus (4) is established. 

Since the number of im kleinen cycle points in M is countable, a homeo- 
morphism h of (0, 1) into itself may be defined such that for each im kleinen 
cycle point z, g(x) = hA[f(x)] is a rational number. If for each te M we set 
g(t) = Alf(t)], a mapping of finite sections on D’ is obtained. Let now D be 
any dendrite in M such that X C D Cc D' and for the end-points a; , b; of a 
component U; of M — D, g(a;) is rational and g(b;) is irrational. The normal 
extension of g from D to M exists and the corresponding A satisfies (3) and (4). 
Further, y «A implies y is rational. 

We shall have occasion to define certain piecewise homeomorphisms of (0, 1) 
into (0, 1). These mappings will always be thought of as linear with rational 
coefficients. Thus the properties of g(a;) rational, g(b;) irrational, and y «A 
implying y rational will be preserved. The symbol f will be retained for a 
mapping from which a modified mapping is to be formed. 

Before proceeding with the proof of (5), it will be helpful to have the following 
sequence of lemmas. 


Lemma A. Let A consist of the point y = 4. A modified map g can be defined 
on D such that for the normal extension of g, A is vacuous. Further, f'(i) = 
at ba > 
g (2), Pere 0, 1, 


Case 1. The set D-f-'(1/2) consists of the single point z'. Let 7; denote 
a linear map of the interval (0, 1/3) on (0, 1/2) with the point 0 fixed. Let 7; 
denote a linear map of (2/3, 1) on (1/2, 1) with 1 fixed. Let 7 denote the map 
obtained by considering T; and T; acting simultaneously. If y S$ 1/3 or 2 2/3, 
set g(x) = T[f(x)]. Let Q denote 1/3 < y < 2/3. If ce W, where W isa 
component of f"(Q), and f(W — W) = 1/3, let Z(x) denote the symmetrically 
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located point to f(z) with respect to y = 1/3. If f(W — W) = 2/3, let Z(z) 
denote the point symmetric to f(z) with respect to 2/3. For ze W, define 
g(x) = T{Z(x)]. It now remains to define g(x) on the component C of f-*(Q) 
containing z’. 

Since z' e D-f'(A), there are infinitely many components U; of M — D such 
that y = 1/2 separates f(a;) and f(b;). Let A be the subset of C which is ob- 
tained by deleting all open arcs U; such that U; C C. If 1/3 S y S 1/2, 
set y = 1/2 — e, and define H(y) = 1/2 + « If 1/2 Sy S 2/3, H(y) = y. 
Set g(x) = H[f(x)] — 1/6,z¢«A. By the choice of D, H and f, g(a;) ¥ g(b,), 
thus a normal extension of g may be defined on C such that g(C) = (1/3, 1/2). 
For each arc U; added to A to form C we have g(a;), g(bi) > 1/3. Hence the 
extension of g to C does not add any points which map into 1/3 and only a 
finite number of points inverse to any y > 1/3. Thus for all y, g(y)-C 
is finite. Now g is defined over all of M. If y = g(x) < 1/3 or > 1/2, 
g WCf TW +f 7 Ty). 1/8 sy <1/2,g"y) CFT) + 
f(Z°T"(y) + fH (y + 1/6) + 9"(y)-C. Thus g “(y) is finite in any case. 
Clearly, gi) = fi), i = 0, 1. 


Case 2. D-f (A) = 1 + 22 +++: + 2,. Since f is constant on no sub- 
continuum of M, given any d > 0 there exists an e > 0 such that the diameter 
of any component of the inverse of an interval of (0, 1) of diameter < e will 
be <d. Let d = 1/2 min p(z;, z;),i # j. Let J be an interval of (0, 1) con- 
taining 1/2 in its interior and of diameter <e < 1/2. Only a finite number of 
the components of f_'(J) can intersect f '(1/2) and no component contains two 
zs. Let the components of f (J) intersecting f'(1/2) be C’, C’, --- , C*. 
Suppose C’, C’, --- ,C”, m S k, contain points of [f-"(1/2)]’.. For i < m, f(C") 
contains 1/2 in its interior and the results of Case 1 can be used to redefine f on C* 
so that f has finite sections on C* and f is unaltered on C‘ — C*. The application 
of this principle to each C*, i < m, with f fixed on M — (C’ + C? + --- +”) 
yields a map g(M) = (0, 1) which is of finite sections and g (i) = f (4), 
i = 0,1. This completes the proof of Lemma A. 


Lemma B. If each point of A is isolated (A-A’ = 0), there exists a map g(M) = 
(0, 1) of finite sections with g (i) = f*(i), i = 0, 1. 


Since each point of A is isolated and neither 0 nor 1 is in A, there is a sequence 
of subintervals (J,;) of (0, 1) such that J;-I; = 0, ¢ ¥ j, y; is in the interior 


of I;, where A = >> y;, and each J; is in the interior of J = (0, 1). Let gi(z) 
1 


be a function obtained by applying Lemma A to each of the components V of 
f*() which contain points of [f-'(y,)]’, where the numbers 0 and 1 of the 
Lemma are replaced by the numbers corresponding to the end-points of f(V). 
On the complement of the sum of these components in M set g:(x) = f(z). 
Repeating this procedure, a sequence of functions g,(z) is defined with g;(z) = 
9i41(x) except on the components of f~'(I;,:) which contain points of [f~'(yis:))’. 
For ye — (yisr + yur +--+ +), ge (y) is finite. For each ze M, set g(x) = 
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lim gi(x). Since g.(x), x « f'(I,), is fixed for i = j, andg = fonM — >> f"'(W)), 
1 


where W; is the interior of J; , g is continuous. It is readily verified that g is of 
finite sections. Since 0 and 1 are in no J;, f(i) = g (i), i = 0, 1. 


Lemma C. [If (A-A’)’ = 0, a map g of finite sections exists with g‘(1) = f~'(1). 


Let A-A’ consist of the points y; ,i = 1,2, --- ,n, whereO < yi < yp < +--+ < 
Yn <1. Letz;,t = 1, 2,---,m, ben rational numbers such that 0 < 2, < 
Yr <2 < Ye < +++ Sen < Yn <1. Let T denote the continuous transforma- 
tion resulting by mapping in piecewise linear fashion (0z,) on (0z,) with z; fixed, 
(zy) on (0z,) with 2, fixed, (y:z2) on (Oz2) with ze fixed, etc., finally, (y,1) on 
(0, 1) with 1 fixed. The existence of such piecewise linear maps utilizes the 
assumption that y eA implies y rational. On the dendrite D set h(x) = T[f(zx)]. 
Clearly, h(a;) + h(b;). Hence the normal extension of h to M exists. (The 
map h is of finite sections on D.) Denote the extended map by g. 

It will next be shown that A,-A, = 0, so that Lemma B will be applicable. It 
is noted first that the points of f‘(y,), i = 1, 2, ---, n, are points at which h = g 
has the minimum value 0 and hence on account of the nature of a normal exten- 
sion, 0 <’A,. Next, y «A, is equivalent to T”'(y)-[A — (yi t+ ye+ -+- +yn)] ¥0. 
If te T(y)-[4 — (yi t+ --- + y,)],f (O is infinite; hence g[T(t)] D f(t) im- 
pliesy €A,. Ify €A,,some point tof 7” ‘(y) must havef ‘(¢) infinite since T~*(y) 
is finite. Since T(y; + --- + yn) = 0, T(y)-[A — (yi +--: + yn)] ¥ 0. 
But about each of the points of the finite set T'(y)-[A — (yi + --- + yn)] 
there is a neighborhood V such that V-[A — T™*(y)] = 0. Clearly, the common 
part of the transforms (by 7) of these neighborhoods contains a neighborhood 
of y such that it contains no other point of A,. Applying tae Lemma B to the 
function g we get the stated result. It is noted that for the new g we can claim 
only g (1) = f (1); however this is sufficient for our purposes. 

Put A; = A-A’. If the ordinal a has a predecessor, set A. = a | 
is a limit ordinal, set A, = II A;. 

i<a@ 

Lemma D. [f for all ordinals i < a the existence of a map f(M) = (0, 1) with 
A; = 0 implies that a function g of finite sections exists on M with g (1) =f (1), 
then f(M) = (0, 1) with A. = 0 implies the existence of such a map. 


Case 1. The ordinal a has a predecessor, so that Az = Ag-1-Aa-1 = 0. Set 
Lai = >, yi. Let (I,) be a sequence of pairwise disjoint intervals such that y; 
1 


lies in the interior of J; and the end-points of J; liein J — (A+0+ 1). Let 
W; be the interior of J;. Let Ci, 4 = 1, 2,---,n, be the components of 
f'(W,) intersecting f'(y;). Let Vi, \ = 1, 2,---, be the remaining com- 
ponents. On the continua Vj the inductive assertion holds. Hence there is a 
map ga(Vi) = f(V3), \ = 1, 2, ---, of finite sections and if y ef(V')-(1i — Wi), 
(ga) (y) =f (y)-Vi.. The point y; is the only point of Ac. inI;. If we re- 
place 0, 1 and 4} by the numbers corresponding to the end-points of J; and y; 
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respectively, the procedure of Lemma A gives a map fa(C,) = f(Ci) such that 
Aa-1 = Ofor fa. Hence the inductive assumption applies to Ci and there exists 
a map ha(Cx) = f(Cy) which is of finite sections and for z eC* — C*, ha(x) = f(z). 
On f ‘(I,) set g(x) = ga(x), re Vi. If x eC, set g(x) = ha(xz). We observe 
that since the sets Cj are finite in number and the sets Vi form a null sequence, 
for any y e W;, g; '(y) is finite. We prove next that if y eI; — W;, then g;'(y) 


is finite. Clearly, g7'(y) C f(y) + hay) + «++ + Ay) + 2X gi (y). But 


one of the properties of the ga is that ga'(y) C f'(y)-V¥*. Hence the collection 
of points on the right is finite. Thus g;'(y) is finite. On M — > f'ws 
set g(x) = f(x). Onf '(W,) set g(x) = gi(x). The function g is continuous 
since it is continuous on f (W,) and agrees with f on y f°; — Wi). The 
map g is of finite sections. 

Case 2. a isa limit ordinal, thus A. = _[[4; = 0. SetA= Dy. Tom 

i<a 1 
there is a first ordinal 8; < a such that y; e’ As,i1. Hence y is an isolated point 
of As,. Let J; be an interval containing y; in its interior with J,-As, = y; and 
the end-points of J; are in J — (A+0+ 1). Let ys, be the first point of A 
inJ —1,. To yx, there is a first ordinal 6, < a such that ys, e’ Ms,.41. Thus 
yx, is an isolated point of As,. Let J; be an interval containing y,, in its in- 
terior such that (a) I,-Iz = 0, (b) Iz - 4s,, = yx, and (c) J; has its end-points 
inJ — (A+0+1). Continuing in this way there is determined a sequence of 
intervals (J;) such that (a) J;-I; = 0,7 # j, (b) Ti-Apy, = yz, , (c) Z; has end- 
points in J — (A + 0 + 1), and (d) by the choice of the y,,; , 4 C ye 
1 

Let W; denote the interior of J; and V3,j=1,2, ---,n, those components of 
f*(W,) such that f(V}) = I;. Let the other components be Zj , j = 1, 2, ---. 
Our inductive assertions hold for each Zi and 5 since Bi; <a. Let 2;; be a 
map of finite sections on Z} such that 2;;(Z}) = f(Z}) and if y e (I; — W,)-2:i(Z}), 
then 23;(y) = f'(y)-Z}. Let v1; be a map of finite sections on Vj such that 
v;;(V}) = I;. Here we suppose that f and v;; agree on ramee — W,), but we 
cannot (and do not need to) assert that if y e (J; — W,)vi;(V}), then v7 (y) = 
S'(y)¥j. 

On zeVj set g(x) = v(x). On reZ; set g(x) = 2:;(z) and on 
reM — >f"(W,) set g(x) = f(x). The continuity of g is clear, as well as 

1 
g (1) =f (1). It remains only to verify that g“(y) is finite for yeI;. We 
have g‘(y) Cf '(y) + Deny) + Dezv(y). If ye Wi, only a finite number 
j=l j=l , 

of the sets 2;;(y) can be non-vacuous since the sets Z; form a null family. 
Hence g ‘(y) is finite. If y «I; — W;, the condition zi; (y) CS '(y) is fulfilled. 
Hence again g‘(y) is finite. Hence g(M) = (0, 1) has finite sections. This 
completes the proof of Lemma D. 
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Proof of (5). For all ordinals a of the first or second number class Agi: C Ae. 
Since A is countable, there is an ordinal ao such that Aa, = A..i1. By virtue 
of (4), A., = 0. Hence application of Lemma D yields the result that there is a 
map g(M) = (0, 1) of finite sections. 


NORTHWESTERN UNIVERSITY. 
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THE COEFFICIENTS OF THE RECIPROCAL OF A SERIES 


By L. Caruirz 


1. Introduction. Consider the elliptic function g(u) with invariants g. = 4, 
gs = 0, so that g(u) satisfies the differential equation 





(1.1) g”(u) = 49*(u) — 4e(u). 
Put 
(1.2) gfe) « + © rk 


mai 4m (4m — 2)!’ 


where £,, are rational. Then Hurwitz’ has proved the following theorem: 
4m 
1 


(1.3) En = Ge += < 


where G,, is integral and the summation is extended over those primes p = 4k + 1 
such that p — 1 | 4m; furthermore the odd integer a is determined by means of 


p=a+b, a=b+1 (mod 4). 


The method of proof depends in particular on the complex multiplication of g(u), 
and Hurwitz suggests that like theorems may hold for the coefficients of those 
elliptic functions that possess complex multiplication. For the case in which 
the ratio of the periods is an imaginary cube root of unity, this was indeed 
proved by Matter.’ 

In the present paper we consider the class of series 





(1.4) fu) = >=“ (c: = 1), 
T ml! 
where the c,, are integral, and assume that the inverse of f(u) has the form 


A(u) = > én 





m 
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with integral ¢,,. We define the rational numbers 6,, by means of 





and prove by elementary methods that 
(1.5) bn = Ga Did, 


where G, ts integral and the summation extends over all primes p such that 
p—1|m. If next we - 
73, 
=1 
+ > (m — 1)8n — 


mi? 


Fao 


and make the additional assumption c. = 0, then we show that 6B, + 6, is 
integral. This result together with (1.5) includes Hurwitz’s theorem (1.3)— 
except for the term corresponding to the prime 2. Applications to other series 
are also indicated. It should be noted that in the proof of the main theorems 
no use is made of complex multiplication or, for that matter, of elliptic func- 
tions; on the other hand, certain general ideas, due to Hurwitz, on series of the 
form (1.4) are fundamental. 


2. Hurwitz series. We shall call the series 


(2.1) H(u) a 5 ~~, 
m=) ™! 


where the a,, are ordinary integers, Hurwitz series, briefly H-series. It is easily 
verified that the sum or product of two H-series is again an H-series. Similarly, 
the derivative and the ee: integral 


are H-series. If in ike the constant term a) = 0, we shall call H(u) an H,-series. 
Since in this case 





ew = [ Leora, 


“ig get Hurwitz’s theorem that if H(u) is an H-series without constant term, then 


ki 1 Au) is an H-series for allk 2 1. By the congruence 
= mu” = bm U 
> ml re m! 


0 


(mod k) 





we shall understand the system of congruences 
On = be (mod k) (m = 0,1, 2,---). 








hat 
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Thus the result stated above may be put in the form 
(2.2) H*(u) =0 (mod k!), 
provided H(0) = 0. We remark that if two H-series are congruent (mod k), 
then their derivatives (and integrals) are also congruent (mod k). 

3. Preliminary results. We shall use the following notation. Let 


(3.1) flu) = oe ae D, 


u™ 
m= m! 


where the c,, are integral, be an arbitrary H-series without constant term. If 


we let A(u) denote the inverse of f(u): . 
(3.2) Mu) = M,  ACLu)) = w= OCW), 


it follows that the e,, are integral and therefore \(u) is also an H;-series. We 
now introduce the following 


Hyporuesis. For allm 2 1, 


(3.3) em = 0 (mod (m — 1)!). 
As a consequence of (3.3) we may put 
(3.4) €m = (m — 1)!€m (a = « = 1), 
where the ¢, are integral, and (3.2) becomes 
-ynw 
(3.5) A(u) = a mes 


For brevity we shall refer to a series of the form (3.5) as an HL-series. 
Now put 


ea a cy dm u™ 

(3.6) fu) Ze. ——) . 
where p is a prime, and d,, = d\?~” is integral for all m. Since by (2.2) 

f'f=f? =0 (mod P); 
it follows from (3.1) and (3.6) that 
(3.7) ye (") Ci dni = 0 (mod p) 
form = p. Now clearly by (3.6) 
(3.8) dp, = (p—1)!=-1 (mod p). 


In the next place we show that 
(3.9) d, =0 (modp) forp Sms 2p —3. 
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Indeed take m = p + 1 in (3.7): 
4 . NY cud + (? 4 *Y cad = 0, 


and therefore d, = 0 (mod p) for p > 2. It is now evident how (3.9) can be 
proved by induction. For if p + 1 S m S 2p — 2, then (3.7) becomes 


(3.10) (") C1 dm—1 + —* + t. es + 1 )eo-ve dpi = 0; 


if we observe that the last coefficient = 0, (3.9) follows immediately. On the 
other hand, if in (3.10) we take m = 2p — 1, we get 


2p —1 - 
(Nader (5 tudesno 


and therefore 
(3.11) dep2 = —Cy (mod p). 
We now make use of the hypothesis (3.3). Then by (3.2) 


war) = dBA Vie 


1 


which evidently implies 


(3.12) wa Doe (mod p). 
Differentiation of (3.12) leads to 

(3.13) l= » énf” *f’, 

whence by division 

(3.14) f= nf (m = 0), 


where the 7,, are integers (mod 7p). 
Now we have 


DG) = -ff =~ — mf 


as follows by multiplying both members of (3.14) by f?”. Differentiating again 
and reducing by means of (3.14) we get 


D*(f?) - af” + af?” + anf”, 
and similar congruences for derivatives of higher order. In particular for the 
(p — 1)-th derivative, 
(3.15) D?"(f?") = Ao + Aif + ++» + Apaf?”. - 
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It remains to determine the A,,. Inspection of the constant terms in (3.15) 
shows that 


Ao = (p — 1)! = -1. 


In the next place repeated application of (3.9) gives 


An =0 (l Sms p- 2). 
Finally comparing coefficients of u”', we get 
Api = —dhys = Cp, 


the latter congruence following from (3.11). Now substituting in (3.15) we 
have at once 


(3.16) Df?) = -1 + ef?” (mod p). 
We can now determine the d,, in (3.6). Clearly (3.16) implies 


dnip-1 = Cm form = p — 1, 
and therefore by (3.8) 


(3.17) dmip-1) = —Ch for m 2 1, 


while d,, = 0 if p — 1|m. Note that (3.11) is included in (3.17). As an 
immediate consequence of (3.17) we have the result 


(3.18) f= ms (i ania (mod p). 
T (m(p — 1))! 

For the sequel it will be convenient to transform (3.18) slightly. We require 

(3.19) Cp = —ep (mod p). 


(We remark that (3.19) is independent of the hypothesis (3.3). We assume only 
that f—and therefore also A—is an H;-series.) 

To prove (3.19) consider D?\*, where the subscript indicates that we put 
u = 0 after differentiation. Then 


Di (a**") = DB (A*-2) = ADF (A*) + NDIA = 0, 
so that 
(3.20) D2 (\‘) = 0 (med p) fork > 1. 


In the next place 


p(t») = D™"~?"y’), 


(3.21) Di (i) = No DIA?) + --- APT DITA = 1. 
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Since (3.2) implies 
Dp 
0 = D?u =D? Sa"), 
it follows from (3.20) and (3.21) that 
Ded + ¢, Dt Gy) =0. 


This reduces to e, + cp = 0, so that we have proved (3.19). 
If we note that by (3.4) e, = s — 1)!e, = —e, (mod p), we may state 


TuroreM 1. Let f(u) = ps —— ge an H,-series, let \(u) = > = be the 
1 1 : 
inverse of f(u). If em = (m — eg , where €m ts integral for all m 2 1, then 
0 m—1 m(p-—1) 
(3.22) 7y) a —> 2 * (mod p), 
Pw) = — 2 Gap = Dy , 


where p is an arbitrary prime. 

The case p = 2 requires some further discussion. According to (3.22) we have 
(3.23) flu) =ute > “ (mod 2). 
For « odd, (3.23) implies 


f=(>4) =2> 4 (mod 4), 


so that 
fiofu 
.° oy uts (mod 2), 
fawtfey, 
and therefore 
f° “s CJ mu™ - Es) yet 
(3.24) 5 = > T= > Om Fi)! (mod 2). 
For e even we get 
(3.25) f = wu! (mod 2) 
; => ‘ 
In place of (3.24) and (3.25) we may write the single formula 
f. yt! 
(3.26) = + & Yaian (mod 2). 


(2m + 1)! 
Note that the right member of ii contains only terms of odd degree. 








2). 
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4. The main theorems. Define §,, by means of 


uF Bau™ 4 
(4.1) fel eal (8. = 1), 
so that 8,, is rational for allm = 0. Then we have 
uM _ Sr ene 
(4.2) | ai “2S. 


By (2.2) the coefficients in the expansion of f” are multiples of (m — 1)!. 
Next we observe that (m — 1)! is a multiple of m except when m = 4 or m = 
prime. Thus (4.2) becomes 


——— €p pp—1 4 
(4.3) Fa hw+ Dor +GS 
where A(u) is an H-series, and the summation is taken over all primes p (in- 
cluding 2). Comparison with (4.1) shows that the denominator of 8,, contains 
only simple factors. For a more precise result we use (3.22) and (3.26). Note 
that 3° will contribute to the fractional part of 8, only when m is odd; on the 
other hand, for fixed p, f?’ will contribute only when p — 1|m. We may now 
state our principal result: 


THEOREM 2. Let f(u) satisfy the hypothesis of Theorem 1, and define Bx by 
means of (4.1). Then for m even 


pty Tide ts 
(4.4) Ba = Gu a, ae 
while for m odd 
=F, Bs @+F+3, 
(4.5) 
Bn = Gu + 5+ for m > 3, 


where Gm is integral, and the summation in (4.4) is over all primes (including 2) 
such that p — 1|m. 
As a first application let f(u) = e“ — 1, so that A(u) = log (1 + u), 
Cn = (—1)""(m oT 1)!, Em = (—1)"", 

and therefore \(u) is an HL-series. In this case evidently 8; = —4, Ba = Gn 
for m > 1 and odd, while for m even (4.4) iraplies 

1 

im = Gin an = 6 

. an Pp 


This is of course the familiar Staudt-Clausen theorem. 








ee el ee ed 
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We consider next the coefficients in the expansion of 


Ex! 


” m!" 


i 
Pu) 


We shall assume c. = 0, which implies « = y; = 0. Then (4.6) gives 


(4.7) of (A-J)u- Soe 8-588 


(4.6) 





f? wv >m—i1m m!’ 
thus defining 6,, form 2 2. On the other hand by (3.2) and (3.5) we have 
= Em pm, 
um at 
differentiating and dividing by f° leads to 
1 - m-3 ¢1 
f2 = > Ems *f ’ 


1 


and therefore 








at Se me 3 > Sse 
= [(p-a)e- 9-74 E05, 
Comparing (4.8) with (4.7) we get 
C) u™ oo u™ ae ) iiss 
Xin + dBm = 1 + ud em 9 — 2° 


Since the right member is certainly an H-series, it follows at once that dn + Bm 
is integral. This proves 


THEOREM 3. Let f(u) satisfy the hypothesis of Theorem 1, and suppose in addi- 
tion that c. = 0. Define dm by means of 


9 


(4.9) a oh y (m — 18. 


Then bm + Bm is integral for all m. 


m 


u 
mi 


This theorem together with Theorem 2 determines the fractional part of 6,, . 
However, since we now have e& = 0, the final result is somewhat simpler than 
that implied by (4.4) and (4.5). In particular the additional assumption cy = 0 
implies « = 0 and therefore by (4.5) we now have both £,, and 6,, integral for 
odd m, while for m even (4.4) gives 


(4.10) Bm = Gn—- Dd, —e-, 


the summation now extending over odd primes p. A formula similar to (4.10) 
also holds for 5m. 








Bm 


ldi- 
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As an immediate corollary of Theorems 2 and 3 we note that 


(4.11) k(k™ — 1)Bm ™ Bm 
and 
(4.12) k(k™ — 1)dm = 8m,x 


are both integral for all integral k. 
For certain applications it is convenient to weaken the hypothesis (3.3) 
somewhat. Put 


_@ JA 
(m— 1)! B’ 


G&, = 


where A and B are relatively prime; we now allow B to contain certain “excep- 
tional” primes. Then clearly Theorem 2 still holds, where now G,, is a fraction 
whose denominator contains only exceptional primes. The same remark applies 
to Theorem 3. 


5. Further results. Let & be a fixed positive integer and assume f(u) of the 
form 


km+1 


u =_ 
(5.1) flu) = >> - Om FD! (¢ = 1), 
where the c,, are integral (mod k). Then the inverse of f(u) is of the form 
gin 
(5.2) Au) = > em Ey (€ = 1), 


where the e,, also are integral (mod k). We now do not assume the hypothesis 
(3.3). Put 


(5.3) Tew = > Bm _ (6 = 1), 
then we shall show that 

(5.4) Bm = Cm (mod k) 
for all m. 


Now by (5.1) we have 


u™ 


f=u+u):, where f= Ym Ge 


(mod k). 
Let p’ | k; then 


a a u . 
vi “a + fi) oe (mod p’). 





: 
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More generally for m 2 1, 


ila u?™ p*m 














sm Uu 8 
pm)! ~ my +" = my = 
and therefore if p runs through the prime divisors of k we get 
sae u™™ 
(5.5) (km)! = Cem! (mod k). 
In the next place by (5.2) 
u_ Xf) _ CJ m on me! CI km 
oe ee ime 1 (km)! — 2 em (km) 1’ 
so that by (5.5) 
o > u™ od 
jf = " Cm (km)! (m k). 


Comparison with (5.3) leads at once to (5.4). This proves 


THEOREM 4. If f(u) and d(u) are of the form (5.1) and (5.2) respectively, where 
Cm and é» are integral (mod k), then for 8, defined by (5.3) we have Bm = €m 
(mod k). Here k is an arbitrary integer not less than 1, and the hypothesis (3.3) 
is not assumed. 


6. Application to the lemniscate coefficients. Consider now the special elliptic 
function ¢(u) defined by 
(6.1) e"(u)=1-—¢(u), 90) =1. 
As Hurwitz remarks, ¢(u) is the function used by Eisenstein’ in his work on the 
biquadratic reciprocity theorem. It follows from (6.1) that the inverse of ¢(u) is 


(6.2) Mu) = 4 ent -2 (mn) aa 


Except for the power of 2 in the denominator \(u) is an HL-series, as defined 
in §3; the coefficients ¢, are given by 


1 (7) 
=- form = 4t + 1, 
(6.3) tm = 4 \t 

0 otherwise; 





in particular note that eg = « = 0. Hurwitz puts 
ue ‘ c) Fm u™ 
e(u) “oO (4m)!’ 


so that F,, is our Bjm—we remark that in this case 8,, = 0 for 4 + m. 


(6.4) 


+ G. Eisenstein, Beitrdge zur Theorie der elliptischen Funktionen I, Journal fiir die reine 
und angewandte Mathematik, vol. 30(1846), pp. 185-210 = Mathematische Abhandlungen, 
Berlin, 1847, pp. 129-154. 
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We shall first apply Theorem 4. Replace \(u) by 2'A(u/2"); then for this 
function 


Cim+1 = (4m) !eama = (én) (?") ’ 


a= \m 
which is easily seen to be odd—indeed éim41 = (—1)" (mod 4). Thus we get 
(6.5) F,=2"F., Fa =(-—1)" (mod 4). 


We next apply Theorem 2 (see remark at end of §4). We have immediately 


4m 


(6.6) Fn = Bin = Gem — oe LF 


? 
p—ljim D ” 


where the summation is over primes of the form 4k + 1 only, e, is given by (6.3) 
and G4» is integral. The result may be improved by using a theorem of Gauss é 


_ 1 (2k\ _ 3.7-11.-- (4 — 1) _ 
(6.7) o= a(t) ~ 7.5.9 .-- 4k — 3) —— (mod p), 


where p = 4k + 1, and the odd integer a is determined by 





p=a+b, a=b+1 (mod 4). 
Thus (6.6) becomes 
4m 
(6.8) 3 Fn = Gm — > + (2a). 
p—l|4m D 


Turning next to the Weierstrass function g(u) = 1/¢*(u) discussed in §1, 
Theorem 3 may be applied to give 


(6.9) En= n+ 2 * (aa) 


where G,, is a fraction whose denominator is a power of 2. (To determine the 
fractional part of G;, most easily one may make use of Hurwitz’s formula’ 


F, = (1+ 2)"{(1 + 1) — 2}£.., 


whence by (6.5), G., = Gn + 4, where G,, is integral, and (6.9) reduces to (1.3). 
Incidentally, we may go directly from (6.8) and (6.5) to (6.9) by means of the 
Hurwitz formula.) 


7. Other applications. It is clear from §3 that if 
(7.1) ’(u) = > aw (a = 1), 


‘K. F. Gauss, Theorie residuorum biquadraticorum, Werke, vol. 2, p. 90; see also P. 
Bachmann, Die Lehre von der kreisteilung, Leipzig-Berlin, 1921, p. 137. 
5 Hurwitz, loc. cit., formula (21). 
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where the e,, are arbitrary integers, then Theorem 2 applies; more generally the 
ém may be fractions whose denominators are made up of certain “exceptional” 
primes. If in (7.1) « = 0, then Theorem 3 also applies; if \(u) is odd, say, then 
both Theorem 3 and Theorem 4 (k = 2) may be applied. These conditions are 
of course all satisfied in the lemniseate case. Various generalizations are imme- 
diate. For example, the theorems evidently apply to the hyperelliptic case: 


(7.2) N(u) = {1 — w)(1 — aw’) --- (1 — ayw’)} 4, 


where the a; are integers (or even rational, in which case the prime factors of the 
g.c.d. of the a; may be exceptional). The case 


(7.3) W(u) = 1 — uy? 
is that treated by Matter.° ~ 


7” E.. ue™ 
u'g(u) = 20 =14+2 6m (m — 2)!’ 





where as usual ¢(u) is the inverse of the function defined by (7.3). Then Theo- 
rem 3 gives immediately 


(7.4) Rees Tbe, 


the summation extending over primes p of the form 6k + 1 such that p — 1 | 6m; 
Gi is a pears whose denominator is a power of 2. (According to Matter 


Gn 





Gm +! ee, G,, integral.) The coefficient ¢, is determined by 


(1 “ 
Pee a for m = 6t + 1, 


0 otherwise; 


and by means of a formula’ similar to (6.7) we have e, = 2a (mod p), where 
p=a + 39°. 
More generally the last result (7.4) may be extended to the case 
Mw) = = why", 


where s and ¢ are relatively prime; the primes dividing t may be exceptional— 
if, however, k is a multiple of t, then Theorem 4 applies and the denominator of 
8, contains only primes p = 1 (mod k). In like manner it is evident how (7.2) 
may be generalized; however, in this case there is usually no simple explicit 
formula for «,. It would be of interest to know when a formula like (6.7) is 
available for these generalizations. 


DvuKe UNIVERSITY. 


* See footnote 2. 
7 See Bachmann, loc. cit., p. 141. 
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CERTAIN QUANTITIES TRANSCENDENTAL OVER GF (p”", z) 


By L. I. Wave 


1. Introduction. Let GF(q), gq = p", denote a fixed finite, Galois, field of 
order q; let x be an indeterminate over the field GF(q). If z is adjoined to the 
field GF(q), a new field GF(q, x) is obtained. We are interested here in the 
nature of certain quantities over the field GF(q, x). “Transcendental” through- 
out this paper will mean “transcendental over GF (gq, z)’’. 

Certain polynomials’ in GF(q) and certain functions connected with the poly- 
nomials in GF(q) are of particular interest. Place 


[k] = 2” — g, 
F, = (klk — 1" --- fy", 
= [klk — 1] --- [1], 


II 
R 


If y(t) = [] (¢ — B), extended over all polynomials E(z) of GF(q) of degree <k, 
where k is an arbitrary positive integer, then 





v(t) = y(- 1)’ aa" r, 
The function 
(1.1) v(t) = > aye 
te the property that 
(1.2) v(Eg) = 0 


for all polynomials Z in GF (q) and for a fixed 


@*/(q—1) 
(1.3) & = lim H! 


kw Ly 





Also, for a polynomial M of degree m, 


(1.4) WMt) = SY wan. 


Received August 27, 1941. 

1 For the properties of the polynomials and functions stated below see L. Carlitz, On 
certain functions connected with polynomials in a Galois field, Duke Mathematical Journal, 
vol. 1(1935), pp. 137-168. Other references are given there. 
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If A(é) denotes the inverse function of y(t), i.e., Y(A(é)) = ¢, then 
2 i 


As we shall see it is very easy to prove that ¥(1) is transcendental.’ By 
making use of property (1.2) of (i), we prove that the quantity £ is trans- 
cendental over GF(q, x). More generally, ¥(a) is transcendental for a ~ 0 
algebraic. From this it follows that \(q@) is transcendental for a ~ 0 algebraic. 

If £ is a polynomial, the theorem for ¥(a) includes the transcendence of 


$ (one 


F; 
but it does not even include the slightly modified series* 
(1.6) rs (c; ¥ Oin GF(q)). 
jo; 


It does not seem possible to generalize the theorem for ¥(a) without a totally 
different method of proof since we require the use of the multiplication theorem 
(1.4). However it is easy to prove the transcendence of (1.6). This suggests 
a consideration of series of the form 

1.7 ~ 2 

= 2 F, 

where the B; are polynomials with an infinite number of them not zero. 


In this direction, we prove that (1.7) is transcendental if degree B, S 
(q — 1)(k — 1)q** — big’, where lim b, = ©. For reasons we shall give 


ko 
below, it does not seem likely that we can improve this theorem with our 
methods. 


A proof is also given of the transcendence of the interesting series 
= Fin — 1 


kewl Fe i k=l (k]" 
For brevity we shall refer to this as the bracket series. 
The writer wishes to express his gratitude to Professor Carlitz, who suggested 
the problem and who offered many suggestions throughout the preparation of 
the paper. 


2. Notation and a fundamental lemma. We shall use the expressions is 
integral and is a polynomial (in GF(q)) interchangeably. The abbreviation deg 
will be used for degree. We note that 

2 ¥(1) is in some ways an analogue of e and hence y(t) is an analogue of e'. § becomes an 


analogue of x or rather vi and X(t) of log t. 
* Unless q = 2 and the two series are identical. 





— 
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deg [k] = 9°; 
deg Fx = kg"; 
deg Li = (q°" — g)/(q — 1). 


Also define 
[k, d) = [kk — 1]*.-. (ay (d<k 
See. 
ae ° 


If D and E are defined as the products of brackets [k], we shall denote by 
&(j, D/E) the number of times [j] occurs in D by definition minus thenumber 
of times it occurs in EZ. All divisibility properties are disregarded. For ex- 
ample, if 7 S k, 


&G,Fi) = 9°"; 8G, Fi/Lx) = gh? — 1;  &(k, Ln) = 1. 


The following fundamental lemma‘ allows us to make full use of the charac- 
teristic p. 


Lemma 2.1. Every polynomial in GF(q, x) divides a linear polynomial 


(2.1) > At” (A, ¥ 0, An ¥ 0) 


j=l 
where the A; are integral. 


Proof. Let f(t) of degree m be the given polynomial. Divide all the g-th 
powers of ¢ by f(t); ‘ 


Me COUT +... + C8 ~—s (mod fd) (i = 0,1,2,---), 


where the C$” are in GF(q, x). The powers 1, ¢, @, --- on the right side of the 
first v S m congruences can be eliminated and on the left side we obtain a 
linear polynomial. Multiplication by a suitable polynomial (in GF(qg)) will 
make all of the coefficients of the linear polynomial integral and the proof is 
complete. 


3. ¥(1) and related series. Although the transcendence of ¥(1) follows from 
later theorems, we shall give a separate proof because of its simplicity and 
because it illustrates the general method to be followed. Suppose that ¥(1) is 
algebraic. By Lemma 2.1, we may suppose that ¥(1) is a root of the linear 
polynomial (2.1). Hence, we have 


m CJ k cS 
(3.1) Fat. SOs 
j=l k= k 


‘See O. Ore, A special class of polynomials, Transactions of the American Mathematical 
Society, vol. 35(1933), pp. 559-584. 








a 


k 
i 
i 
Z 





704 L. I. WADE 


where 
(—1)'A;F; 
D j a yee 
. , Fe (j=l, -+-,m). 
Place 
8 
I=F B b D, ? 
(3.2) rie 
=~ D 
Q=F; > 7 . 
kemBt+1 I & 
8 will be chosen later. Therefore, (3.1) is 
(3.3) I+Q=0 (all 8). 
I is obviously integral by the definition of F,. Furthermore, 
I=Dsz (mod [8 — J) 


= (-1)* 'Adp] --- (8-1 + 1)"" 
- (-1)° "AF, #0 
for 6 sufficiently large. Therefore, for all sufficiently large 8, J ~ 0. On the 
other hand, let N be any term of Q. Note that 
deg Ds S max (iq? + deg A;) 


= mq + deg An 
for 8 sufficiently large. Hence 
deg N < Bq’ — (8 + 1)q°"* + mq” + deg An 
—> — ©, B- o, 
Therefore, we may choose 6 so large that every term of Q is of negative degree, 
and J ~ 0 is integral. This contradicts (3.3) and we have the 
THEOREM 3.1. y(1) is transcendental. 


Now let us consider a set of series that includes ¥(1). We shall prove the 
following 

THEOREM 3.2. If By, Bi, --- satisfy the three conditions 

(i) the By are polynomials, 

(ii) an infinite number of the B, are not zero, 

(iii) deg Be S (gq — 1)(K — 1)q*" — big‘ for all k sufficiently large, where 
b, — © as k — o, then the quantity 


(3.4) } Bs 


ts transcendental. 


role 





1 8). 


- I) 


1 the 


gree, 


e the 


where 
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Proof. Suppose that (3.4) is algebraic. By Lemma 2.1, we may suppose 
that (3.4) is a root of the linear polynomial (2.1). We have 


rm Cs) qi J 
(3.5) pe > a ye 
where 


BY 
(3.6) D= y 4h Per ee 


Define I and Q by (3.2), where the D, are those of (3.6). 8 will be chosen 
later. Then by (3.5) 


(3.7) I+Q=0 (all 8). 
We note that J is integral since the B; are by (i). Also, using (iii), we have 
deg D, S max (q’ deg B; + jq* + deg Aj) 
? 


S max ((g — 1) - 1)q** — big" + deg A; + jq") 


S (q — 1) — 1)q** + mg’ — dia" 
for all & sufficiently large, where 


, . 
bh = min 2J;. 
kzizk—m 


Let N be any term of Q. Therefore, 
deg N s Bq’ — (8 + 1g" + (q — 1)8q° + mq? — Bgyrg?™ 
= —9" + me — bpagh™ 
+>—-0, Bo, 


Hence, for 8 sufficiently large, every term of Q is of negative degree. There- 
fore, since J is integral, (3.7) implies 


(3.8) =0, Q=0 
for all 8 sufficiently large. 
Now 
(3.9) I= Dz (mod F,/F 1). 
Also 
deg F/Fs1 — deg Ds = Bq? — (8 — 1)q°* — (g — 1)(8 — 1)q?* — mg? + dja? 
= q'(1 — m + by) 


> @, Bm @, 





eS 
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Therefore, (3.8) and (3.9) imply 
(3.10) Dz = 0 (all 6 sufficiently large). 


Hence there exists an a > deg A, such that for allt > a+1,D,=0. Wesee 
that (by the definition of F; and (3.6)) 


Ft a 7 

Da+i = Ai Be (mod [a] ). 

Pot 

Hence [a] div ides A,B% since D1; = 0. We proceed by induction. Suppose 
that [k, a]” divides Af“ *"*/@ B"' for g — 1 > k 2 a. Then, 


I 

q 

Aye @—1) /(q—1) Fy Boas Aye @—1)/(q—1) 57 Ai Bs: A; i BS iF 
Foyt it Fag 


sary (mod [6, a]"). 


Therefore, [8, a]” divides Af” *"*~?/@B' for all 8 = a; and B, is either 
zero OF 


q' deg Bs = deg [8, a]” — deg Ai-(¢**" — 1)/(q — 1) 
> (G-—atijf'-f™. deg A, 

(8 — a)’ 

> (¢ — 18 — Ig! = by?" 


for 8 sufficiently large. This is a contradiction of (ii) and (iii) and the proof is 
complete. 

Theorem 3.2 seems fairly close to the best we can do in this direction (that is, 
with this method of proof). The only natural multiplier for the series (3.4) 
is Fz. However, if we allow }; to be some fixed constant, we can give series 
which, after multiplication by Fs, have terms that are not integral although 
they become arbitrarily large in degree as 6 increases. Consider the case b, = 0 
(k = 0,1,---). FEC} is of degree (¢ — 1)(k — 1)q*", and 


SF 1 
(3.11) Le = iar 


would satisfy all of the conditions. If we suppose that the series is a root of 
(2.1) and multiply by Fs, , we have 


IV 


Fad As ae 0. 


The term 


es FsAm 
[8 + 1 — m)"" Fin 








ther 


of is 


at is, 
(3.4) 
eres 
ough 
,=0 


ot of 
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is not integral if 8 is large enough, but 


deg N = Bq’ — (8 — m)q’ — f° + deg An 
= mq — qd" + deg An 
—> ©, B- @ 
if m > gq. 
However, we can prove that the quantity (3.11) is transcendental if we 
multiply by LS FL 1. This makes it clear that the choice of multiplier is 


important. In special cases, there is no general method of obtaining the proper 
multiplier if it exists. 


4. The bracket series. Closely related to the series (3.11) is the interesting 
series 


(4.1) > Fin a > 1 
’ tmnt F, tat [k]’ 
which we shall prove transcendental in this section. Since 
[2,)*" m~0—gi | 
ty wo RB OO ene 
[28 + s]* [28 + s]* 


we can write 


Lis m—s oi m _ "LE 
———_. = [28+ s]* “L$ ——_——, 
e+ a ee ae 
By repetition of this process, we can easily prove by induction the 


Lemma 4.1. Fors = 1,---,m — j, 





Lis q™—*—gi on — i k+lp_jq™—* quant 
oe 4 a = [26 + s] Lgit 2 (-2 lls +0) oe 
(4.2) [s +k] [28 + 8} 
» 1)" fe}"* . . - [rm — 3” Lis_mpetit 
[Ba + s}«’ 
Suppose that (4.1) is algebraic—a root of Iiciag We have’ 
(4.3) - > 4i A Ss =0 (all g). 
Since [k] divides [2k] = [k]“ + [kl], 
: ime. B1 
(4.4) L = Ay Do ge! 
is integral. 


& uy would suffice as a multiplier if g > 2. 
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Using (4.2), we can write (4.3) in two parts, i.e., 
(4.5) I7+Q=0 (all 8), 


where 


el 4,8 on +i Liga 
BY Ad age + A 28 +a om 





“= j=l 
+ > Ai i (— oI + a°"" s-i .[28 4 s]*"” “siees. 
g 
and 
Q= S45 (yr TY fo + gers Pinte 
scales ™ [28 + 8}? Ls 
ls 1 
Te * km 26 tmt1—j [k]2 * 


Since (4.4) is integral, J is obviously integral for 8 > m. With 6 sufficiently 
large I ~ 0, for the minimum value of 28 — k — 2is easily seen to be = 28 — m. 
Hence 


T = An Lig_miLlt 








(4.6) | (mod [28 — m]) 
#0 
for 8 sufficiently large. Since fors +7 > m+t 
ies Low we qreemeene a r een z gent a ie —q 
L,[28 + s]2’ q-1 q-1 
> -— a, Bo, 


every term of Q is of negative degree for 8 sufficiently large. This, with J ~ 0, 
implies 
I+Q #0, 
a contradiction of (4.5). We therefore have® 
THEOREM 4.1. The series 
=~ 1 


is transcendental. 


5. A set of lemmas. In this section we prove a set of lemmas to be used in 
subsequent sections. 


* The significance of the polynomials [k] is well known. See for example L. E. Dickson, 
Linear Groups, 1901, and Lemma 5.8 below. 





1 


ss 





é- 0, 


d in 
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Lemma 5.1. If 
(5.1) qet+---+¢° sf+.---+¢" (ko 2 +++ = kr) 
and k; 2 B — l, then 


q+. +g sGit+--- +4". 
Proof. Write 


gq? + oe +g = bq +... + 5°", 


whereO0 <6; Sq¢—-10S5%<8<---<8s;Sl. Ifs,=v(v=0,1,---,9), 
then j S lsince s; Sl. Also 6; (i = 0, --- , j) must be one for (5.1) to hold 
(since 2g‘ > g* + gq '+.---+ 1). The lemma follows in this case. 

In the other case, let v be the first subscript for which s, > v. Since s, S l, 
v <l. As before 6 = 6, = --- = 5,., = 1. Therefore 


get... + = bg +... + 8% 

sft +P "4+ @-NG™*4+---4+¢4 
=f+-- +P "4+ f"-7¢ 
<P tet Pg P rt. +H" 

This completes the proof. 

Lemma 5.2. If 
(5.2) Ks = Kg(r) = FoF pi --- Fs 
and (5.1) holds, then 


(5.3) bie, IRE % (ko 2 --- 2 ky) 
is a polynomial. 
Proof. Consider any [j]in K’. If7 S$ 8 —1r, kj = jand kin < j, 
6G, K) = Pit. tri Git. tg 
=> Pit+..- +h — Gt i+.--+¢")20 
by (5.1). If7 =8-—L1 <r, 
6G, K) = Pi to Ge HE, 


where ki 2 8 — l, kiss < 8 — l, and in this case &(j, K’) = 0 by Lemma 5.1. 
This completes the proof. 
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Lemma 5.3. If 








(5.4) q?+---+tq<¢ (ko 2 --- 2 ky) 
and 
(5.5) ft PP eRe ee | 
q- 1 q-1 
then 


gq? te. +q" S-Di +--+ @- De" 
=¢-¢™. 
Proof. Write, as before, 
ge +... +q" = ig” + --- +59 %. 


8 must be = 1 for (5.4) to hold and the right side has its greatest value when 
each 6; = gq — lands; => i+1(¢=0,---,j). SincedS +54+--- +46; 8 
r+ 1 S d(q — 1), the result follows. 


Lemma 5.4. If (5.4) holds and if k; = 8 — 1 (l < d), then 
qet---+q¥ Sq—-De +--+ @-De" 
ag~ et 
Proof. If we write g + --- + g% = d&g + --- + 5° %, then s; < I, 
and since (5.4) makes s) 2 1, the result follows. 


Lemma 5.5. If condition (5.4) holds, then (5.3) is divisible by 





K 
(5.6) M =71_ 


where d is defined by (5.5). 
Proof. We must show that 


K K Fr... Ft 
(5.7) ——_—4__ ee er ons pas °° * | B—d 


4. = M’ 
Fi, --: Fa, / Fii-+- Fie Fy? Fi, 





is integral if g‘° + .-. + q" <q’. Consider any [j]. Ifj = 6 — d, 
&(j, M’) = (q— Ii +--+) — Git: $4 
2 0, 
by Lemma 5.3. Ifj = 6 -—1,1 <d, 
&(j, M’) = (q— I(t i+--- + h°4) — Grit. +4, 


where k; = 8 — l, kiss < 8 — l, and in this case &(j7, M’) = 0 by Lemma 5.4. 
This completes the proof. 











ky) 


hen 


5.4. 
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The following lemma follows from the proofs of the fundamental theorem on 
symmetric sums.’ 


Lemma 5.6. If ao, ---, a, are the roots of the equation 
r+l 
(5.8) > Crist? = 0 (Co = 1, Cry ¥ 0) 
? 
where the C; are polynomials and 
c = max (deg Ci, --- , deg C,:), 
then the symmetric sum 
D af"... af’ (ko 2 --- 2) 
is a polynomial and is of degree at most cq". 
Lemma 5.7. If 
qet+-..-+g=a¢ (ko = --- = ky)s 


then k; = 8 — d, where d is defined by (5.5). 
Proof. Suppose ki; < 8 — d. Hence 
i Or ves + q'- < ¢ 


and by Lemma 5.4 S ¢° — q°“, and the result follows immediately. 
The following lemma is well known.* 


Lemma 5.8. If E is an irreducible polynomial of degree e, then E divides [Ij 
if and only if e divides l, and then only one time. 


Lemma 5.9. If 

get. +e sit. +e" Gj<r), 
then 

qet+---+qgisG@t+---+¢". 
Proof. Write q"® + --- + 4°! = dq" + --- +49”, where0 <5; Sq-1 
and 0 S % < 3 <--- <s;. Theni S j and the right side has its maximum 


value when & = 6: = --- = 6: = 1% =h(h = 0,---,2), andi = 7. The 
result follows. 


Lemma 5.10. Jf 
P<gt+---+qrsPt---+9" (b2--- =k), 
there exists an t such that 
Pt tad”. 


7 See the statements of Theorems 68 and 69 in O. Perron, Algebra, vol. 1, 1932. 
8 L. E. Dickson, loc. cit. 
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Proof. Since ko S 8, and since the lemma would follow immediately for 
ko = 8, there exists an 7 such that 
get. +g <isqt-..t+a%, 
that is 
q?+---+qg'*=@-A, A>0O. 
Hence q‘‘~' divides A and, therefore, q“* divides A. Also 
q?+---+q*=GP+B, B20. 
Subtracting, we have 
gi‘ =A+B 
and A = q‘‘ and B = 0. The lemma follows. 


6. Transcendence of ¢. In this section we prove the following 
THEOREM 6.1. £& is transcendental. 


Proof. Suppose that £ is algebraic. We may further suppose that ¢ is an 
algebraic integer, i.e., that it satisfies equation (5.8) with § = a. Otherwise 
we merely multiply & by a suitable polynomial. We may suppose that 
r+1l=q. Write 


vi = Ea; («= 0,1,---,7), 


where E is an irreducible polynomial of degree e > d, with d defined by (5.5), 
and > deg C,4:. Place 


Ske, «++, ke) = (—1)h*"" t+ F of"... of", 
Bike, «++, he) = (—1)"*""™ FF af”... af’, 


where the sums are symmetric sums of the quantities involved. Then 


(6.1) Slke, +++, by) = Ett tO" Bikey, --- , ke). 
From (1.2), 
¥(E) = Ha) = Hy) = 0. 
Hence 
Ks IT Wx) = KIT 
7 t k=O k 
(6.2) -K S(ko, +++, kr) 
atthe Fy, ++ Fx, 
=§ (all 8), 


where Kz, = K,(r) is defined by (5.2) and 6 will be chosen later. 
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The proof can now be briefly outlined as follows. (6.2) is split into two parts 
I and Q. I consists of those terms such that 


q?et+--- +g sPt+---+a, 
and Q those terms such that 
q?t+---+g>Pt+--- +9. 
Then (6.2) gives 
(6.3) 1+Q=0. 


We prove that every term of I is a polynomial and, for a suitable choice of 8, 
every term of Q is of negative degree. This with (6.3) implies 


(6.4) =0, Q=0. 
We proceed to show that J = 0. We write J = J, + J: where J, is the sum 
of the terms of (6.2) such that 
(t--tar<¢ 

and J; those such that 

g@sqet---+qrst---+¢. 
Then, the first equation of (6.4) is 
(6.5) I,+ I, = 0. 


Next, it is noted that M, defined by (5.6), divides every term of J,;. On the 
other hand, it is found that for 8 sufficiently large, deg M is greater than the 
degree of I,. (6.5), therefore, implies 


(6.6) I, = 0, I; = 0. 


But, for a suitable choice of 8, there exists a single non-zero term H of I; which 
has the property that the irreducible polynomial E introduced above divides 
every other term of J; a greater number of times than it divides H. This clearly 
implies 

(6.7) I, # 0, 


and we have a contradiction of (6.6). 

We proceed with the proof of the various parts, outlined above, in order. 

(i) Every term of I is a polynomial. This follows immediately from Lemmas 
5.2 and 5.6 and (5.8). 

(ii) Every term of Q is of negative degree. Let N be any term of Q and consider 
its degree. 





a 


ee eee 
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Case l. ki > B+ 1. From Lemma 5.6 
deg N < Bo + --- + G—r)P + eg? +--- +4") 
+ eq'® — (kog’® + --- + kg*) 
(6.8) = pq? + --- + (8B — rq? — (ho — @)g" 
— +++ = (hy — eg + cq" 
S (Bg + --- + 1) — Bg" + const.)q°~ 
>~—-0, p>, 


where const. denotes a constant independent of 8. Therefore, there exists a 
6; such that for 8 > 8, , the degree of all such terms is less than 0. 
Case 2. ko S 8. Choose the least 7 such that 


q?+---¢g*>P@t+--- +a" (ko = --- = ki). 


Then g? +... +g" < of . + q” and by Lemma 5.9 has +--+ 
gi sft... + et < ry + -+q°"". Therefore, ki > B — r a 
we may write k; = 8 —1;(j = 0,--- , a), wherel; <r. ~ haat 


deg N S Bo + --- + B— rr)? + eg +--+» + 9%) + 9? 
— ((8 — b)g + --- + (6 — lg) 
<p t+--- +97) — Ge t--- + a)} + hg” 
- + lg’ + cg? + eg? + --- + 4") 
< —BqP* + hg’? + --- + lig + eg? + eg + --- +9") 


—> — ©, Bm @, 


(6.9) 


Hence, there exists a 62 such that for 8 > 6. , deg N < 0. 

(iti) Every term of I, is divisible by M. This follows immediately from Lemma 
5.5. 

(iv) Degree of M is greater than degree of Iz. Let N be any term of I,. By 
Lemma 5.10 there exists an i such that g*° + --- + qg‘* = q°. Then we write 
k; = 8B —1;(j = 0, --- , 2) and 1; will be S d by Lemma 5.7. 


deg M — deg N = —(q — 1)(8 — 1)? + --- + @ — dg”) 
+ (8 — b)g + --- + (B— lg — eg? + --- + 9) — eg! 
> -(¢— DB * + --- + ¢% + BF — dd’ — er + 1) — eg? 


— 0, Bo, 


(6.10) 


Hence, there exists a 8; such that for all 8 > 6; , deg M is greater than deg J2. 











ts a 
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(v) Ip #0. Write (since r + 1 = gq’) 
H = KeSG— 8, -++,B — 8) 


Fp. 
_ Ke(-1)°* E* Cha 


qt 





~ 0. 





Now choose 6 so that 





(6.11) B=s (mod e). 


Let «x be the number of times that E divides Ks. Let h equal the number 
of times that E divides H. Thus, from Lemma 5.8 and the fact that we chose 
e > deg Cr, 


(6.12) h=«t+t@—-git¢t+---+¢"%. 


If G is any other non-zero term of J; and g is the power of E dividing G, then 
we want to prove that g > h. 

Case 1. gi +.--. + q" = ¢ forG. 

Kg contributes «x as before in H. The symmetric function from (6.1) contrib- 
utes at least g° as before. Now examine the denominator of G. By (6.11) and 
Lemma 5.8, the fact that E divides [l] in G implies that [I] is of the form 
8B —s-—ve. By Lemma 5.7,k, 2 8 — d. Since we chose e > d, we have for 
v = 1 that 8 — s — ve < 6 — d; and, therefore, the number of E’s dividing the 
brackets [8 — s — ve] (v 2 1) is the power of [8 — s — ve] occurring, i.e., 

p~(G-s-ve) — ¢***°_the same as for H. There remains only the exponent of 

[8 — s] to examine since E cannot divide [8 — s + 1], --- , [8 — ljor [6]. Now 
k, < 8 — 8s or we would otherwise have g‘* + --. + °° >@°. Therefore, the 
exponent of [8 — s] < (g + --- + q°")¢ °° <q’. Thus 


g>«t+-—q—(@*+---+¢%) =h. 


Case 2. g'® +... + q'* > @ for G. 

By Lemma 5.10 there exists an i such that g*° + -.- + q‘' = ¢°. By the 
argument above these k’s contribute at least as many E’s as occur in H. Let 
k; be any other k. From the symmetric sum we have q‘'E’s, while from F k; in 
the denominator at most 


Again g > h. 

Therefore, E’** does not divide H but divides all other terms of J, and from 
this Iz ~ 0. 

Hence for any 8 > max (8;, 62, 63) and satisfying condition (6.11) we have 
a contradiction and the proof is complete. 
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7. ¥(a) for algebraic a ~ 0. We first need an additional lemma. 
Lemma 7.1. Jf & = (a) is a root of the equation 
(7.1) > Ait” = 0 (A; ¥ 0, A; integral), 


jul 


then » = (Ea), where E is irreducible and deg E = e > max deg A;, is a root 
of an equation 


(7.2) > D;t” =0 (D, integral) 
= 

such that 

(7.3) D; = A; (mod £). 


In particular, D,; # 0 (mod E). 
Proof. From (7.1), we may write 
(7.4) A," = —>> A;0". 
j=l+1 


By the multiplication theorem (1.4), and since E divides ¥,(E)/F; (j < e),° 


(7.5) 1" BF; 
= (—1)'s* (mod E). 
Then for f sufficiently large, we may write, using (7.4) repeatedly, 
Ag y@" = = 1) At oe! + At” > pce “(Rg 


a 


= > Bre", 


j=l+1 
where the BS” (j = 1 + 1, ---, m) are integral and 
(7.6) BS? = (—1)*"A; (mod BE) (gj =1+1,---,m). 


Similarly, we may write 


af¢""" a (—1) At tee tf + Av 2 Gare aed 6 )) nee i 
(i= 1,---,m-D 
> Bit ga? 


jat+l 


® Also ¥.(E) = F.. By the congruence in (7.5), we mean that the coefficients of like 
powers of # are congruent (mod £). 











ot 


l) 


at 
— 
. 


like 
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where the B{'*” are integral and 


0 if jAL+i 
(7.7) BOY) = : (mod E). 
(-1)° if j=1l+i 
We then seek a set of J’s such that 
(7.8) AM Jin® + AM Juan + --- + AM Jn n™ = 0, 
i.e., we seek a suitable solution of the homogeneous system 
(7.9) 2 JB; = 0 (j =1+1,---,m). 
The matrix of (7.9), where each element is taken mod £, is 
((-1)" Aw (-1) 0 0 --- 0 
(7.10) (—1)**" Ane 0 (—1)° O ... 0 
(-1)"4, 0 0 O -++ (1) 


The rank of the matrix (7.10) is m — l, and that of (7.9) is then clearly also of 
rank m — l. Hence, J:14; can be taken” as (—1)’ times the determinant 
obtained by omitting the j-th column from the matrix of (7.9). In particular, 
it is seen that 


J; (agp (mod E), 
Jui = (—1)" MA (mod Z) (¢=1,---,m— lJ). 


The lemma now follows immediately from (7.8). 

Now consider ¥(u), where » ¥ 0 is algebraic. Suppose that ¥(u) is algebraic. 
There exists a polynomial G such that Gu = a is an algebraic integer. By the 
multiplication formula, ¥(a) is also algebraic. By Lemma 2.1, we may suppose 
that it is a root of (2.1). Leta = ao bea root of (5.8). Suppose that r+ 1 = q’. 
Let E be a polynomial of deg e that satisfies the following conditions. 

(i) E is irreducible. 

(ii) e > max (deg C,4; , d, deg Ai, s + 1) (¢ = l, --- , m), where d is defined 


by (5.5). 
Place 
vi = Ea; (¢=0,---,7r). 
By Lemma 7.1 ¥(y) = ¥(Ea) is a root of the linear polynomial (7.2). We have 
BS (HI) | Bay 
(7.11) 2 Di ae 


10 See for example M. Bécher, Introduction to Higher Algebra, p. 47. 
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where 
m _1)\t-i n. 
j=l Fi; 
Therefore, 
= Biy* B: B, 
K = K. 0 r S k ; k 
(7.13) 2D, Man 
= (all 8), 
where 
Sle, +++, &) = Ti gf ++. 4% 
(7.14) ' 0 


= pvot-:- tate > as" ne 
r , 


the sums being symmetric sums of the indicated letters. 

Now define J, J; , Jz , M, and Q exactly as in the proof for ~The outline of 
the proof is exactly the same; the details, however, are more complex. 

(i) Every term of I is a polynomial. This follows immediately from Lemmas 
5.2 and 5.6 and (5.8), if we note from (7.12) that B; is always integral. 

(ii) Every term of Q is of negative degree. 

(iii) The degree of M is greater than the degree of Iz. From (7.12) we note 
that for 8 sufficiently large 


(7.15) ~ deg B; = mq’ + deg D,, . 
Also (7.13) differs from (6.2) only by the r + 1 B’s. It is then easy to verify 


that we have the same limits as in (6.8), (6.9), (6.10). 
(iv) Every term of I, is divisble by M. This follows immediately from Lemma 





5.5. is 
(v) I, = 0. Place 
\ . i 
i a Ks Bz_.S(8 — 8, +++, B — 8) 
Ft. 
(7.16) = ain ae 4 
; a eee os 6. 


FL. 


We show that £ divides every other term of J, more times than it divides H. 
Now choose 8 so that 


(7.17) B=s+l (mod e). 
Therefore; from (7,12), Lemma 7.1 and Lemma 5.8, 


(1 P pcs 


(7.18) Bs, = #0 (mod £). 











te 
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Let x be the number of times E divides Ks and h the number of times EZ 
divides H. Thus, from Lemma 5.8, (7.17) and (7.18), 


h —_ k+¢ aa a(q' + q'* + Pea 8 + °°”). 


If G is any other non-zero term of J; and g is the power of E that divides G, 
then we want to prove g > h. 

Casel. g@+.--. +4 = ¢' forG. 

Ks contributes x as in H. The symmetric function contributes at least 
@° E’s, the number it contributed toh. Sincee >s +1,ko <8—s—I+e. 
Hence F;,, --- F;, contains at most 


(qe +--- + Q)\q er? +... + Gh te. targa gi+---+¢° 


E’s, the same as for h. 


Either 
(7.19) f">¢2f" 
or 
(7.20) fate", 
since k, = q° * implies that G = H or g** + --- + q*" > @. If (7.19) holds, 


B,, = 0 (mod E) 
because B;, by (7.12) is divisible by 
[kllk, — 1] +++ (ke — 2+ af". 
Then g > A. 
If (7.20) holds, Fi, --- Fx, contains at most 
Fe -- Hr + OF «HPN FLY 
= —g ger eg +... + 0% <g@t--- +4) 


and g > A. 

Case 2. g'° +--- + qq > ¢ for G. 

By Lemma 5.10 there exists an i such that g*® + --. + g = ¢°. By the 
argument above these k’s contribute at least as many E’s as occur in H. Let 
k; be any other k. From the symmetric sum we have gq‘! E’s, while from Fi, 
in the denominator at most 


gi + hi + ae + 1 < qi. 
Again g > h. 
Therefore, in every case E”** does not divide H but divides all other terms 
of J, and from this J, # 0. 


Therefore, for any 6 sufficiently large that satisfies (7.17) we arrive at a 
contradiction. We have 
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THEOREM 7.1. (a) is transcendental for a ~ 0 algebraic. 
This gives the 

CoROLLARY. (a) is transcendental for a ~ 0 algebraic. 
Proof. W(d(a)) = a. 


Corotuary. If Gand H are polynomials and a # 0 is algebraic, GA(a) + Hé 
ts transcendental if not both G and H are zero. 


The question naturally arises as to the possibility of a direct proof of the 
transcendence of 


(7.21) (1) = > i 


using the series form (7.21). This can be done and suggests consideration of 
series of the form 


> Be (y > 0). 


k 
These and other questions will be left for another paper. 
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THE SUM OF THE DIVISORS OF A POLYNOMIAL 
By E. F. Canapay 
1. Introduction. Let 
A = A(z) = 2* + az**+..- +A 


denote a polynomial with coefficients modulo 2. All coefficients may then be 
written 1 or 0 and the number of polynomials of degree k is 2". 

Let o(A) denote the sum of the divisors of A. If o(A,) = Az, we write 
A, — Az. Clearly A; and Az are of equal degree. Consider the sequence 
A, — A, — A; — --- where o(A;) = Aj,:. Since the number of polynomials 
of any given degree is finite, after a certain point an A; in the sequence will be 
repeated. If A, — Az —---—> A, — Aj, all A; being distinct, the set 
Ai, ---,A, will be called an n-ring. In particular, if A — A, i.e. ¢(A) = A, 
we shall call A a one-ring. Other definitions and notation are given in section 2. 

Section 3 contains theorems on weight. In section 4 are developed some 
invariant properties of the operator ¢. Section 5 consists principally of lemmas 
needed for subsequent theorems. It also contains the useful theorem: The only 
complete polynomials whose irreducible factors are all of the form x*(x + 1)° + 1 
arex +2a+ lafitaet+aet+ant+ land2?+2°+2°+2?4+2° +24 & 

In sections 6-8, one-rings and methods of constructing them are discussed. 
First the trivial type 2” “(x + 1)” is treated, then the type x(x + 1)*A, of 
which eleven are found, and then a proof is given that there are no others of 
certain sub-types. Lastly the type B’, where (B, x(x + 1)) = 1, is discussed 
but none found. It seems plausible that none of this type exist but this is not 
proved. 

Section 9 is devoted mainly to two-rings. There is the infinite class 


oa + 1) ee + 1)" | (a ¥ 8) 
corresponding to the infinite class of trivial one-rings. In addition we determine 
the two-rings of certain forms. The simplest of these is 
(1.1) 2%(2 + 1 +A > 2%(x + 1). 

We show that there are only three of these. 

Generalizing (1.1) we seek all rings of the form 
(1.2) 2 (x + 1) + A, > x(x + 1) 4 Ap > --- 9 Ap x(x + 1)", 
where alternate polynomials are of the form z*(x + 1)°. We show that there 
are only nine of this form, three two-rings (1.1) and six four-rings. 


Received September 20, 1941. 
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Tables have been prepared and are available at the Duke University library 
showing the polynomials, 2046 in number, of degree S 10, in both factored and 
expanded form, also the weight and the sum of the factors of each. For each 
value of k there is shown also the number of rings, number of polynomials in 
each ring and branch (defined in section 2) and the number of polynomials of 
each weight in each branch. 


2. Definitions and notation. The letters A, B,C, --- will be used to represent 
arbitrary polynomials mod 2; the letters P, Q, R, --- will represent irreducible 
polynomials—usually of degree = 2. The degree of A will be denoted by deg A. 

Corresponding to formulas for ordinary integers, we have 


o(P”) = P* + P™ "4+... +1, 
o(AB) = o(A)o(B) for (A, B) = 1, 
where (A, B) denotes the “greatest”? common divisor of A and B. 

An n-ring, defined in section 1, will be symbolized by ®”. In particular, if 
A—BandA = B, this will be written A= B. If A — Band B — A, where 
A * B we have an &’ and this will be written A < B. 

A ring together with all polynomials which lead into it will be called a branch. 

If A; > B (i = 1,---,mn) but no other A — B, then B is said to be of 
weight n. If no A — B, then B is of zero weight. 

The polynomial z* + 2** +... + 2 + 1 will be called complete. More 
generally, AX + A** + ... + A +.1 is complete in A. 

If A = A(z) is of degree m, and A* = A*(z) = (2) , then we say A inverts 
into A*, and consequently A* inverts into A. Thus any complete polynomial 
inverts into itself. 


3. Theorems on weight. Put 
(3.1) A = 2°(x + 1)°P?* (i =1,---,n), 
(3.2) A>(e* +2 +... 4+ DetIPt-- $1] 
(Pf + --- + Pi + 1) = A;. 
If k is even and A is not a perfect square, at least one exponent of A is odd. 
If a; is odd the corresponding factor of A; is divisible by z(z + 1). If every a; 
is even, then a and 8 are odd and z(z + 1) divides the product of the first two 


factors of A,. 
Now consider A, a perfect square. Since k is even (3.1) becomes 


A = 2**(2 + 1)*P{* (i = 1,2,---,n), 
and (3.2) becomes 
Am (e* 4-0. + I[(e+ 1% +--- + IM(Pi* + --» + P+ 1) =A. 
Here z / A and z + 1 } A, hence 





. *& > oe oe Les 
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THEOREM 1. For k even all polynomials of weight greater than zero are divisible 
by both or neither of the terms x and x + 1. Every such polynomial divisible by 
neither factor is the sum of the divisors of a perfect square. 


As a consequence of this theorem a sufficient condition that a polynomial A 
of even degree be of zero weight is that A be divisible by only one of the factors 
xz and x + 1, that is, A(0) + A(1) = 1. 

Next consider k odd and A, = zBi, Az = (x + 1)B3. 


Ai Ai, x +1/ A; but z/ A}, 
Az As, 2/As but z + 1/ A}. 


Now with & still odd, suppose A, * zBi or (x + 1)B, that is, A; = 
x°(xz + 1)*MP%*, where a and 8 are both odd or some a; is odd. If a and 8 
are both odd, then some a; is odd and z(z + 1)/P;. We may now state 


TuHEeorREM 2. If k is odd, all A of weight greater than zero are divisible by 
x(x + 1) except those which are the sums of factors of polynomials of the form z-B° 
or (x + 1)B’, and these are divisible by x or x + 1 but not by both. 


As a consequence we have 
Corotiary 1. All irreducible polynomials of odd degree are of zero weight. 


Polynomials of a given degree may be divided into four equal sets as follows: 
(1) those divisible by z but not by (z + 1); (2) those divisible by (z + 1) but 
not by z; (3) those divisible by both z and (x + 1); (4) those divisible by neither. 

For k even, sets (1) and (2) have been shown to be of zero weight. Set (4) 
is zero weight except for those polynomials, a in number, which are the sums 
of the factors of perfect squares. Polynomials in set (3) are of positive weight 
except for a certain set of zero weight. A general method for determining the 
exact number, N, of this set has not been found. Thus the number of poly- 
nomials of even degree k, and of zero weight is 


a4 2% -—-atN. 
For k = 2,4,6,N =0. Fork = 8,N = 9. 


For k odd, similar reasoning and Theorem 2 show sets (1) and (2) are zero 
weight except for those polynomials which are sums of factors of polynomials, 
8 in number, of form z-B’ and (xz + 1)B’, where B contains no first degree 
factor other than the one by which it is multiplied. Set (4) is zero weight. 
Set (3) is positive weight except for a certain set M which are of zero weight. 
Thus the total number of zero weight is 


a? 42'-—6+ M. 


THEOREM 3. Only polynomials which are powers of x, and perfect squares, have 
as the sums of their factors polynomials not divisible by x. 
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This follows easily from ox" = x” 4+ --- + 2 + 1 which is not divisible by z 
and oP™** = P**! 4... + P + 1 which is divisible by P + 1 and hence by z 
(here P denotes x + 1 or an irreducible of degree = 2). 


Now consider A; , Az, A3,---,A,-> A and no other A; ~ A. Then A 
has weight w. 
Let B be prime to all the A’s, A,B — AcB (n = 1, 2, 3, --- , w) and the 


weight of AcB = w. Hence we may state 


TueoreM 4. If wis the weight of any polynomial of degree k and N is the number 
of irreducibles of degree k, > k, then there are at least N polynomials of degree 
k + ky and weight = w. 

THEOREM 5. Given polynomial A of degree 2k and A(O) + A(1) = 1 80 
that A is of zero weight. Then A” is also of zero weight. 

Proof. A(0) = A”(0) and A(1) = A”(1). Therefore A(0) + A(1) = 
A"(0) + A”(1) = 1 and hence A” is of zero weight. 


4. Invariant property of operator c. We now develop an invariant prop- 
erty of the operator o when applied to the polynomial A = A(z) = 
x’ + aa? +... + a: We define a(A) = a and f(A) = a + a; +--- 
+ a; ; then a(A) + f(A) = A(O) + A(1) +1. 

(1) Ifx/A andz + 1/ A, then a(cA) = aA. 

(2) If A = 2"(x + 1)"B, (B, x(x + 1)) = 1,m2zi,n 


a(oA) = 1+%"+ 1+ a(cB) = a(B) +7, 
a(A) = alx”"(x" + nz” + --- + 1)B] = a(B) + 20, 
hence a(oA) = a(A). 
(3) If A = 2"B, (B, x(x + 1)) = 1, n 2 1, then a(A) = a(B) andcA = 
(x" +... + a2 + 1)oB, 
a(cA) = a(oB) + 1 = a(B) + 1 = a(A) +1. 
(4) If A = (x + 1)"B, (B, z(x + 1)) = 1,” 2 1, then 
a(A) = a(B) + n, 
oA = [x + (n+ 1)a”' +--- + 1]oB, 
a(oA) = a(oB) + n+ 1 = a(A) + 1. 


Polynomials will be said to belong to class I if f(A) = 1, and to class II if 
f(A) = 0. Thus in (1) and (2) above, A and cA belong to the same class; in 
cases (3) and (4) they belong to different classes. 

(5) If A = IP}, (A, 2(x + 1)) = 1, then 


(cA)o = (PH + --» + Pi +1) = 1 


if all 1; are even, and = 0 otherwise. Likewise (cA), = 0 if at least one I; is 
odd and = 1 if all 1; are even. 


IV 


1, 
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x (6) If A = x‘IIP;‘, we have 

on (cA)o = I(P +... +P, + Do = 10, + 1) = 0, 

A unless all 1; are even. That is, if s + 1/ A, then (cA), = Il; = O unless all J; 
are even. 

he (7) If A (x + 1)"IIP}‘, then (cA), = 0 unless all 1; are even. 


I il 


(8) If A = x(x + 1)"Pi* = x(x + 1)"B, then 
(cA)o = (n + 1)M(1; + 1) and (cA); = (ce + 1)M(l; + 1), 
(cA)o + (cA): = (€ + n)M(L; + 1). 
80 If « = n = 0, then (cA)o + (cA); = 0 and 
a(¢A) + f(A) = 1, 
a(A) + f(A) = 1+ AQ) + A(l) = 1, 
ma S(cA) = f(A). 
= If ¢ > 0 and » = 0, then A(0) = 0, A(1) = 1, a(A) + f(A) = 0, 
a a(oA) + f(cA) = 1+ al(l; + 1), 
S(cA) = f(A) + all; + 1). 
Likewise if « = 0 and » > 0, then A(O) = 1 and A(1) = 0; hence 
f(cA) = f(A) + all(li + 1). 
If e > O and 7 > O, then a(A) + f(A) = 1, 
y a(cA) + f(cA) = 1 + (e + ms + 1), 
f(cA) = f(A) + (e + a) + 1). 
We may therefore state the following 


THEOREM 6. For polynomials A of even degree, f(cA) = f(A); that is, the 
divisor sum belongs to the same class as the polynomial itself. 


We also have 
THEOREM 7. For polynomials of arbitrary degree, 
II if A = x(x + 1)"P#, 


om (a) if (e + 1) és even, then f(cA) = f(A), 
(b) if at least one l; ts even, f(cA) = f(A); 
hence if either (a) or (b) is true, A and cA are polynomials of the same class. 


Relations between 8(A) and 6(¢A), where 8(A) represents the coefficient of 
az" have been obtained but for the sake of brevity are omitted. 


L; is 
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5. Lemmas. 

Lemma 1. If A = 2" + 2"? +... + 1 is a complete polynomial and 
(x + 1)’ divides A but (x + 1)"* does not, thenr = 2” — land A = (x + 1)”""B” 
where B is complete. 

Lemma 2. P = 2(x + 1)" + 1 is irreducible only for m = 1 and m = 2. 


; gts} 
Proof. Since P = es 
follows that z””-' = 1 (mod P). 
Then the degrees of the irreducible divisors of 2”” — z are divisors of 2m. 
(Dickson, Linear Groups, 1901, p. 16.) Hence for P to be irreducible it is 
necessary that 2” < 2m, which implies m < 2. As a consequence of this lemma 
we have 


Corottary. The only complete irreducibles of the form x(x + 1)° + 1 are 
v+atianx#ét+e2e +e 4241. 

Lemma 3. If P = a(x + 1)" +1 = 2” + 2 + 1 is irreducible, then 
m & 3. 

Proof. If P = 2" +241, then 2” = x + 1 (mod P) and (2°"")”" = 
x” + 1. Multiplying by z we have 


we have 2°”*’ = 1 (mod P). From this it 


22m+ioqm+] 2m+1 
ee ST i ee ee 


This implies z”” = z and therefore the irreducible factors of P are of 
degree S 3m. 

Then for P to be irreducible it is necessary that 3m = 2” + 1 and hence 
m 3S 3. 

It follows that the only irreducibles P = x(x + 1)" + 1 are 


a(z+1)°+1 and 2(z+1)°4+1. 


Lemma 4. If PQ = 2” +... + 1 and P = (x + 1)" +.--- + 1, then 
h=4andk = 1; thattis, P= x +2e24+1,Q0= 22+ 2°4+1,PQ= 
o+.eee +1. 


Proof. Putz” +... +1 = PQ = P*Q*, where P* = (2): and Q* 


of?) Then either 


(i) P = Q* and P* = Q, or 

(ii) P = P* and Q = Q*. 

Case (i). Q = P* and deg Q = deg P = 2k, 2h = 4k. Then P = 
(a +1)*+.---+1,Q = (2 + 1)" + ale + :1)"" + .--- + 2”, and 


2k+1 
(5.1) Ope pie STV +3 Jet nm +o" | 








are 


hen 
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This is impossible since 
(a + 1)**? = (x + 1)(x* + 1)* = (2 + :1)(e™* + ha + ees + ke’ +:1) 
=o 4... the tke +241. 
Then 


(x + 1)°" +1 
z 





= pty... + ke? +hke +1. 


Now the second factor in (5.1) can be written 
(a + 1)" + oe 4. the te + 1. 
Then the product in (5.1) becomes 
oe +... + ha + (k + 1)z +:1, 


which is not complete. 
Case (ii). P = P*,Q = Q*. 
P = (x +1)" +.--- +1, P* = (x + 1)"7) + 
(x + | ae = P ih + 
and hence 2k + 2 = 2”. 
From this we get (x + 1)” = (x + 1) (mod P). Hence x” = z (mod P), 
or P| (x*" + 2). Then P can be irreducible only when deg P = 2” — 2 S m, 


ie, m < 2. The only admissible value is m = 2, so that P = 2° + x + 1. 
This gives 


> mh ae »_ 1+ 
Q=1+2 + a iiemin. Ti ; 


If Q is irreducible, 2s + lisa prime. Now 

(5.2) ot) os (mod Q). 
Assume s > 1, then by Fermat’s Theorem 

(5.3) 2*—1=0 (mod 3(2s + 1)) 


and by (5.2) and (5.3), 2” = 1 (mod Q). This would imply deg Q < 2s, 
a contradiction. Therefore Q is factorable if 2s + 1 > 3. Hence the only 
possibility is Q = 1 + 2° + 2° and the proof is complete. 


Lemma 5. 
(5.4) Pe + Pe +...4+P+1 = Q" 
is impossible if m > 1. 
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Obviously m cannot be even for then the left member contains odd powers 
of z, while the right does not. Now (5.4) may be written 


Q” = (P*" + --- +:1)(P*™ + P) +1, 
so that Q is prime to P™* + .-. + P+ 1. Differentiate (5.4) and we get 
P(P** +... +P +41) = QQ" 
and therefore Q”* / P’. 
Now deg P = deg P’ = (m — 1) deg Q and 
2a deg P > 2a(m — 1) deg Q. 
m deg Q = 2a deg P from (5.4). Then 
m deg Q > 2a(m — 1) deg Q, m > 2a(m — 1), 
which is impossible. 


Lemma 6. If P’“+.--.+P+1 = Q"A, m > 1, then deg P > (m — 1) 
deg Q if m is odd, and deg P > m deg Q if m ts even. 


Proof. Differentiating above equation we get 
(5.5) P(P* +... +1) = Q™"(mQ’A + QA’) 


and this implies Q”’/ P’ so that (m — 1) deg Q < deg P. If m is even (5.5) 
yields Q” / P and m deg Q < deg P. 

Lemma 7. If an irreducible P = x*(x + 1)° + 1 inverts into itself, then a = 1, 
B = 2" — land P = x(x + 1)" +1. 

Proof. Since P = x*(z + 1)? +1 = (2 +1)? + 27 and (x* + 1)(x + 1)? = 
27 41 (2* + 1) / (x*** + 1) andsoa/ (a+ 8),a/8. However, (a, 8) = 1; 
hence a = 1. Then (xz + 1)*" = 2**' + 1, so 8B = 2” — 1 and P = 
a(x +1)" +1. Then P is complete and by Lemma 2 we have the 


Corotiary. If an irreducible P = x*(x + 1)° + 1 inverts into itself, then 
either P=27+2+1loP=2°+24+2 4241. 


Lemma 8. If an irreducible P = x%(x + 1)* + 1 inverts into P* = 
a’(24 + 1)° + Land P # P*, then P = 2"(a4 +1) + land P* = 2(2 + 1)" +1 
or vice versa. 


Proof. 
(5.6) 2(2 +1)? +1 = (24 +1) +27", 
(5.7) a(x +1) +1 = (2+ 19% + 2°. 


If 8 is odd, (5.6) implies y = 1. Adding (5.6) and (5.7) and simplifying, we have 
(x* + 1)(2 + 1)° = (c +1)" = (x +:1)™. 
a’ +1=(¢2+1)* and a= 2”. 








vers 


- 1) 
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If m = 0, we have a = land’ = 6. Then P = P* asin Lemma?7. Ifa > 1, 
since 5 + 1 = a + 6 we have 6 > 8, and (5.6) now implies (z + 1) / (2°** + 1). 
But, 6 + 1 = 2” + Bis odd and 8 = 1, 6 = a; hence 
P = 2""(x¢ + 1) +1, P* = 2(2 + 1)" +1. 
If 8 is even, a is odd, then writing (5.6) as 
1+ (2 +1) +27 = x(x + 1)%, 


since the smallest positive exponent of x on the right is odd, 6 is odd and a = 1, 
and we get P and P* as above but with their values interchanged. 

Now by Lemma 3 we have m S 3 so that the pairs of values of P and P* 
which are irreducible are 


P=2+2°+1, Pt=2°+2+1, 
P=2e+2+1, P®=2et+erti. 
Turorem 8. The only complete polynomials A = 2°" +.--- + 1 whose 


irreducible factors are of the form x°(x + 1)° + larex’+2+1,2°+2° +2741 
anda +2°+a2°+2? +e 4241. 


Proof. By Lemma 6 no P’ divides A. Since A inverts into itself, each 
irreducible factor inverts into itself or is paired with a second and each inverts 
into the other. Therefore by Lemmas 7 and 8, A may be written 


A=(2+24+1)%(28+24+274+24+ 19% +241)’ 
(2 + 2? + 1) (2? + 2 4+ 1)(2? +241)", 
where the exponents a, 8, y, 5, «, 7 are 0 or 1. Multiplication of the various 


combinations shows that except for the quadratic and quartic the only value 
of A is 


@+eti(e474¢) Hee ¢et¢aextert¢+xe7tztl. 
Corotiary. If any polynomial A inverts into itself, and its irreducible factors 
are all of the form x*(x + 1)° + 1, then A is necessarily of the form (5.8). 
Lemma 9. If Pi" A is a one-ring and if P}" + Pz, where P; , Pz are prime to 
A, then P}"P2A is also a one-ring. 
Note. Contrary to usual supposition, here P; and P: may be of first degree. 
Proof. We are given 


(5.8) 


(5.9) P?*"4 = (Pi"" + --- + IDeA, 
and 
(5.10) re... tha PR. 


To prove P;"P2A a one-ring it is only necessary to prove 
(5.11) Pi"P:A = (Pi" + «+» + 1)(P2 + DeoA. 
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Multiply (5.9) by P:P: and in the result substitute from (5.10) and we get 
(5.11). Hence P}"P2A is a one-ring. 
The proof of the following lemmas is direct and will be omitted. 


Lemma 10. If z*(z + 1)*P'Q’"”", where | ¥ 2’-— 1, is a@ one-ring, then 
2n-1=2 -1. 


Lemma 11. If x(x + 1)*P"Q”"” is a one-ring, then 21 = 2” and m = n. 


Lemma 12. If 2*(x + 1)*IIP is a one-ring and if h (or k) is odd, then 
h = 2” — 1 (ork = 2” — 1). 


Lemma 13. If x(x + 1)*IIP is a one-ring and h (or k) is even, then ox" (or 
o(x + 1)* is not an irreducible polynomial unless h (or k) equals 2’. 


Lemma 14. It is impossible to have ox™ = oP” or, more generally, 
oQ’” = oP*". 


6. Construction of one-rings. Since 
ae + 1)" = (¢ + 1)" "2" forn = 1, 2,3,---, 


there are infinitely many one-rings of this trivial type. 

All other one-rings must be of one of the two types: 

(a) z*(x + 1)*A, 

(b) B’, where (B, 2(x + 1)) = 1. 

We first show how one-rings of type (a) may be constructed by applying 
Lemma 9 to the trivial type. 

Lemma 9 states that if AP’”™ is an R’ and P*" > Q, (Q, A) = 1, then AP’"Q 
is also an ®’. Here both P and Q are irreducible. 

First consider AP’”* = x(x + 1) = §’, where either factor z or z + 1 may 
be A. Since 2’ — x’ + x + 1, we have the one-ring 


v(ieti(e+r2+1)=R. 
Now set AP’ = ®; , where P = 2 + 2+ 1. Since 
(? +2+1P>2°+2+4+1, 
we get 
a(e +1)? +24+ 1) (c' +241) =. 


Since (z* + z + 1)? > B, where B is not irreducible, no new ®’ may be ob- 
tained from ®; . 
Now begin with z°(z + 1)° = ®’. Since z* > 2‘ + 2° + 2’ + z + 1, we have 


a(2+i1)(et+24+2°+24+1) =. 
In like manner from 2; we may get 


a(iet+ij(ett+e° 4+ Dette +r74¢e4+) =. 
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Next begin with 
(e+ ii +24+1)(2+2°+1) = 
which is found in §7, and set P = zx and we get 
a(e2+i1f(e+24+1)e+24+ 1(et'+24+2 +241) = Ro. 


Now substitute z + 1 for z in Ri, Rs, Rs , Rs and Mio and five other one-rings 
are found; these will be called R:, Ri, Re, Ro, Run- 

We may not begin with z’(x + 1)’ or any other of the trivial type and secure 
new one-rings as before because of Lemma 2, which states that z* + 2 + 1 and 
at + 2° + 2° + 2 + 1 are the only complete irreducible polynomials. 

Although not proved it seems likely that these eleven one-rings are the only 
ones of the non-trivial type which exist. 





7. One-rings zx*(x + 1)*P". We now find all one-rings of the form 
z'(x + 1)*P”. This problem will be considered in four parts: 


(a) A = 2*(x + 1)*P", 

(b) A = 2(2 + 1)*P*™", 
(c) A “a a (2 + ea. 
(d) A = 22 + 1)* "RP". 


(a) If A is an §’ in this case we have 
a’(2 + 1) P*" = (2 + --- + I(x + 1) + --- + oP. 


This implies z*(x + 1)* = (2° + --- + I[(z + 1)* + --- + 1] which in turn 
requires P*” = oP*" which is impossible. 
In case (b) we have 


2 (2 + 1)* PP = (a +... + Ie +1)" 4+--- +40 
(P + 1)(P™" + --. +1). 


This requires 2™ + --- + 1 = P = (xc + 1)* +... + 1 and then P’"™ di- 
vides the left member and P* the right member, an obvious contradiction. 
In case (c) we have 


az + 1)? * PP * = (x + 1)(2** + Pes + 1) 
af(z +1)? +... + 1°(P + :12)(P*"* + --- + 


Since the greatest power of P dividing the right member is even, the above 
equation is impossible. 
Finally in case (d) we have 


a*(2 + 1)*°P** = (2™ +... + Dz 
[e+ 1) +--+ IPP + 1I(P™ ++ + 


(7.1) 
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This requires P = 2™ +... +2+1landP+1=2(24+ 1)(z"* + ... + 1)*. 
Divide (7.1) by z°(z + 1)P, then extract square root of each member and we have 
ae + 1) RP" = [et +--- +1) 

(a? +... + 1)(P** + --- + 2). 


From (7.2) we have P™' + -- +1 = 2%(x + 1)’, hence n ¥ 3, 5, 7,9,---. 
We also see that P”’ equals or divides (x + 1)" + --. +1. The only other 
possible factor being z we know n = 4, 6, 8, 10,---. Combining results, we 
know n must be 1 or 2. 

Ifn =2,P = (x +1)°'+---+1=2"%4+.---+1 and 


o'(2 + 1)*"P*? = P.2-P*(P + 1)’, 
a(2 + 1)*7 = 2(P + 1)*. 
Since 2’ / P + 1, 2h = 4 and k = 5, and we should have 
P=2ett+et+et+e24+1=(e4+ 1) 
+ (e+ 184+ (@+1?+ (2+) 41. 
However, (7.3) is not true and n ~ 2. If n = 1, (7.1) becomes 
(7.4) oe +1)" (PS + +--+ Y@ +" +--- + leP. 


Here 


(7.2) 


(7.3) 


ot. t+ 1 =P, oP =2(e + 1)(2"*+--- +1). 
Hence 

x (2 + lin = (a* + ai + 1)*[(a + a + 2 Wag + iy. 
Hence h — 1 = k — 1 = 2” — 1, 2h = 2 = 2”. 


By Lemma 2 the only possible values are 2h = 2k = 2or4. These values give 
us 


(7.5) A=r(et+i(e’+zr4+)D =H, 

(7.6) Ag=a(rztDieite+e74+2e24+1 =K. 
Substitution of z + 1 for z in (7.5) and (7.6) gives 

(7.7) A=2(2+1)(¢? +2+1) =, 

(7.8) A=ax(etifiitt+27+D=R. 


These are four of the eleven one-rings found in §6. 

This completes the proof of the following 

TuroreM 9. The only one-rings of the form x'(x + 1)*P” are Ri, Rs, Ra, Re 
listed above. 


ll 
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We next find all one-rings of the form z*(z + 1)’P*Q’. The problem will be 
considered in five parts. 


(a) A = a(x + 1)'P°"Q”, 

(b) A = 2*(2 + 1)'P’"Q”", 

(c) A = a*(2@ + 1)*P"'” 

(d) A rs x(x + ra a. 

(e) A= 22 + fpr". 

It is proved that no one-rings exist in cases (a) and (e). Case (b) yields 
(7.9) viet l(2@?+ae+i1(2*+24+1) =8, 
(7.10) a(z+ 1? +24+ 1) (2°+24+1) = Ri. 


Case (c) yields 
(7.11) (e+ i@+et+et+et+iI@tt+2+1)=8. 
Case (d) yields 
(7.12) (e+ 1)*(¢°+2°4+ 1) +24+1)=8, 
(7.13) v(e+ i(e°+24+ 1)(2°+2°+1)=%. 

The study of case (e) leads to 

THeorEM 10. There are no one-rings of the form 

A= 2" + 1)" "0P"""*. 

We may now state the following 

(THEOREM 11. The only one-rings of the form x*(x + 1)’P°Q are the following: 
Rs, Re, Rr, Rs, Mo. 


Next we show that the only one-rings of the form 2‘(z + 1)*PQR are Rio, 
Ri1. We begin by finding all one-rings of the form 


a”(2 + 1)*PQR = (x + --- + 1) 


(7.14) e 
[(z + 1)" +--+ + ljoPoQoR. 


Leto” +... +1 = Pand(c¢+1)*+.--.+1 = Q, then oP = x(x + 1)Ci 
and oQ = x(x + 1)C3 where C, and C2 are complete polynomials. Dividing 
out common factors, we see that equation (7.14) becomes 


(7.15) a (2 + 1)" "R = CiCioR, 


which is impossible since R may not divide the right unless R’ does so. 
Next let P = (29 + 1)* +--- + land QR = 2" +.--.-+1. TheneP = 
(2 + 1)2z™" and 2k — 1 = 2" — 1. Hence 2k = 2o0r4 by Lemma2. Now 
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2k = 2 is impossible since (x + 1)* divides the right member of (7.14). Set 
2k = 4, divide out the common factors in (7.14) and we get 


(7.16) a” *(2 + 1)* = oQoR. 


Now Q-R = 2" +.-..+1 and by Theorem 8 we know 2h = 6 and 
Qa=r4¢e74+1R=e7%4+ 2741. 

Inserting these values in (7.14), we obtain the one-rings 2jo and Ni, , pre- 
viously mentioned in §6. 

This proves 


TuEeorEM 12. The only one-rings of the form x(x + 1)"PQR are Rio and Rix . 
In a similar manner, we may prove the following three theorems. 

TuEoreM 13. There are no one-rings x(x + 1)*"PQR. 

Turorem 14. There are no one-rings of the form x(x + 1)"lP*". 


Tureorem 15. There are no one-rings of the form x(x + 1)"0P”™ for all 
n> 1. 


TuEoreM 16. Given x(x + 1)*[] Pi = ®’, where R’ is a one-ring having 


i=l 


no factors of this form which are one-rings, then R’ is uniquely determined by h and k. 


By Theorem 10 we know at least one exponent h or k is even. To construct 
the one-ring, h and k being given, we first set 


(7.17) "(a + 1)* x(a + 1)°PiP2--- Py. 


Insert each P; appearing on the right in (7.17), into the left member and then 
each oP; on the right and again each new P; on the right, into the leit and con- 
tinue this process until no new irreducible factors appear when oP; is formed, 
i.e., until oP; = 2*(x + 1)°. 

We have then placed identical irreducible polynomials on each side. On the 
left we have z"(x + 1)* and on the right perhaps x“(x + 1)* but since the two 
members are of the same degree in x we have h + k = a + 8. We know, 
however, that 9’ is completed and h = a, k = B because if R’ were incomplete 
and we inserted a missing factor P,, on the left of our ring under construction 
and oP, on the right, we would have a + 8 > h + k which is impossible. 


8. One-rings which are perfect squares. 
THEOREM 17. There are no one-rings 
A = PQ”. 


Proof. PQ" = (P’™ +.--- + 1)(Q” +.--- + 1) implies P’'” = Q”" 
+--+. +1landQ” = P’” + ... + 1 both of which are impossible by Lemma 5. 








t 
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THEorEM 18. There are no one-rings IIP; , where all P; are of the same degree. 
Proof. If there were such a one-ring we would have 
Pi+ Pi +1 = PsP, 
Pi + P;+1= PP. 
Adding these equations we have 
(P. + Pi)(Px + Pj + 1) = Pi(Pm + Pra). 
This equation implies P; = Py, + P; or P; = Py + Pj; + 1 both of which are 
impossible because the right members are of lower degree than P; . 
TuEoreM 19. There are no one-rings IP} , where all P; are of the same degree. 


Proof. By Lemmas 5 and 6, in such a one-ring an irreducible T would appear 
in four equations such as 


(8.1) PM+P+P+P+1=TA, 
(8.2) O+04+04+Q0+1= 7B, 
(8.3) R+R+R+R4+1= TC, 
(8.4) S++ 8+4+S+1=T7D. 


From these we get 

(P+Q+R+4+S+1(P + Q(P + RP + SQ + RQ + SR +S) 

= T\(A + B)(P + R)(P + S\(R + 8) 

| + (A+ CP + Q(P + S(Q4+ 8) 
+ (A + D)(P + Q(Q + RP + RI. 


This equation implies that 7 must equal one of the factors on the left, but if 
P, Q, R, S, T are of the same degree this is impossible. 
The next two theorems are stated without proof. 


(8.5) 


TueorEeM 20. Jf IIP*" = §’ is a one-ring such that no factor of the form 
A*" is a one-ring it is uniquely determined by any irreducible factor P. Conse- 
quently no P appears with the same exponent in any two such one-rings. 


TuroreM 21. Jf IP% (i = 1, 2, ---, n) is a one-ring, for all i we have P; = 
A(x? + « + 1) + 1 and P; is of even degree. 


9. Two-rings, x*(x + 1)°<+ A. Corresponding to the infinite set of trivial 
one-rings is the infinite set of two-rings, 


(9.1) oe + 1) te (2 + 1)" (m # n). 


i] 
: 
{ 
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Preliminary to finding all ” having one member x*(x + 1)° we consider the 
solutions of 


(9.2) a(¢ +1) ~ A> 2(z + 1)*. 


We first note some facts. 

If P"/ A but P”” }#*A then m = 2” — 1. By Lemma 2 and Theorem 8, if 
either a or 8 is even the only permissible values are 2, 4, and 6. 

If a = 2% — 1 then P} ox". 

If « = 2a; then P | ox*™ but P? } ox”. 

- a= 2a, — 1 ¥ 2” — 1 then the highest power of P dividing oz*™ — 1 
is P’. 

If P| A we have 2" — 1 = 2’+ 1 s0 that r= 1, n = 2orr = 0, n = 1, that 
is, only P or P* may divide A. Except in the trivial &’, both a and 8 may not 
be odd. 

The only combinations of even values of a and 8 which satisfy (9.2) are the 
following: 

(a) 2(2 +1) o (+24 126+ 24+ 1) So 2x(e + 1)’, 

(b) (2 +1 So (+241) +2? 4+ Ie +24+1) o2xi(r + 1), 

(ce) (2 +1fo@t+eo te tet ie t24+1) o2(e4+ 1 

(d) a(2+ 1S ot t+et¢e7 424+ 1)(2°4+2? +1) 

(®§ +241) x(x + 1), 
and three others obtained by substituting z + 1 for z in (a), (b), and (d). 

If, of a and 8, one is even and the other of the form 2” — 1 then only P’/A. 

If 8 = 2, 4, 6, we have the following solutions: 

a (e+ 1% (@ + 1 (7 +241) 27% (2 4+ 0), 

a” (2 + 1) (2 + 1a + 2’? +1) 9 oe + *&D), . 

aa + 18 (2 $1)" + 24+ De +24) 02""%(2 + 1)* 
Other solutions are constructed by substituting x + 1 for z in each of the three 
sets of solutions. 

If P*/ A, one of the exponents a and @ is even (2, 4, 6) and the other is odd 
(5, 9, 13). The (4, 9) combination does not satisfy (9.2). The other combina- 
tions do satisfy (9.2) and give the following: 

v(et+1f~o(e#+1)(¢’4+24+1% > 2(c + 1)', 

a(a + 1fporee’? +24 1% > 2*(c + 1), 

a(2a+1Po(#t ie tat 1% +24+ 1% 9 2%(r + 1)’, 
(etl) ®oaeet+24+ 1° +2 4+ 1% > 2(¢ 4+ 1)”. 

All two-rings having one member x*(z + 1)° may be found among the solu- 
tions of (9.2). 

We may now state 


THEorEM 22. The only two-rings having one member of the form x°(x + 1)° 
are the following: 
Ri: e+ Iio@tt+ae +e tet iet+2+)), 
Ri: a(e+iPfo(t+e74¢74e4¢ 12 t+2+ ie +241), 
Ri: (e+ lio t+2 +1) +24 (c+ 24+ 1). 
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This result may be extended to find all §°” of the form 
(9.8) 2" (2 + 1)** + A, > 2™(z + 1)*%* 4 Ag+» 9A, (2 + 1)". 
They are found among the solutions of (9.2) and we may therefore state 


THEOREM 23. The complete list of R°" of the form (9.3) consists of the three 
R’ above and the following six RK: 


Ri: (2 +1)fo@+et+ 1)(2* + 2* + 1) > ‘(x + 19° 
s(¢aft+e +2424 1) +241) 2 (c+ 1), 
Ri: az + 1PSo(@+1)(e@+e4+)oxr(ce+ 1) 
a2? +2+ 1) > 2(2 + 1)’, 
Ri: a(e+1oeett+et¢+ertaet+ 1) > a(x + 1)* 
— (x + 1)(¢* + 2 +: 1) o x(x + 21), 
Ri: (2 + 1) (@ + 1%(e* + 2 4+-:1) a(x +-:1) 
aaa? + 2° 4+ 1)(2° +241) 9 2°(z + 1), 
KR: a(2 + 1Poae(ett+ 24+ 274241) > 2(2 +1) 
—(¢+i(’*®+274+ De +241 2c + 1), 
Re: 2(2 + 1) 9 (x +: 12° + 2? + I)(e*? +241) 
~a(¢+ 1fore( +2 4+ I? +241) 2a + 1). 
The following theorems are proved by similar methods: 
THEOREM 24. The only two-rings of the form 
a’(x# + 1)*Po 2°(x + 1)°A, a>0, b>0, 
are 
g(ia@tij@t+et+e7t¢e4¢)Dord(e+ lie + 24+ 1)(+24+1) 
and 
| r(ce + 1)(¢8 +2 4+ IDeoadXk(c + Ife +2 + 1I)(e +2421). 
TueorEeM 25. There are no ° of the form 
a'(2 + 1)*P**  2°A, a0, (4+ 1)}A. 
TuHEoREM 26. There are no R° of the form 
a'(2 + 1) P?"*  2*(x + 1)°A, 
where neither a nor b is zero. 
TuEoreM 27. There are no §’ of the form 
a'(2 + 1)° PP?" & "(x + :1)°A (m > 1). 
THEOREM 28. There are no R° of the form 
a’(24 + 1)*P-Q< 2'(c4 + 1)R-S, 
foroh>0,k>0,a>0,b>0. 


MEREDITH COLLEGE. 
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THE CANONICAL LINES 


By Cuuan-Cuin Hsiunc 


1. Introduction. Associated with a point P of a surface S several covariant 
lines have been defined by various authors in independent investigations of the 
projective differential geometry of surfaces. Among them perhaps the most 
important are the directrices of Wilezynski,’ the axes of Cech,’ the edges of 
Green,’ and the projective normal of Green and Fubini.* In view of the fact 
that all of these lines just mentioned that pass through the point P are char- 
acterized by apparently unrelated properties, it has been considered remarkable 
that they all should lie in a plane. This plane is called the canonical plane. 
Any line passing through the point P and lying in the canonical plane is spoken 
of as a canonical line of the first kind. The reciprocal polar lines of the canonical 
lines of the first kind with respect to the quadric of Lie or any quadric of the 
pencil of Darboux at the point P of the surface S, dually, lie in the tangent plane 
of S at P and pass through a common point, which is called the canonical point. 
Any of these lines is spoken of as a canonical line of the second kind. 

The purpose of this note is to present a new geometric characterization for a 
general canonical line of each kind, and especially for the first axis of Cech. 


2. Analytic basis. In ordinary space in which a point has projective homo- 


o . 4 . . . 
geneous codrdinates a? yttty a” , the parametric vector equation of an analytic 
non-ruled surface S is 
(1) xr = x(u, »), 


the parameters being u, v. If the asymptotic curves on the surface S are the 
parametric curves, the coérdinates x satisfy a system of two partial differential 
equations which can be reduced to Fubini’s canonical form 


[om = pr + Ou Lu + Br, ’ 
qz + Fu + 6,2» (0 = log By), 


subscripts indicating partial differentiation and the coefficients being functions 
of u, v which satisfy certain integrability conditions. Then the codrdinates of 


(2) 


ll 


(Zoe 


Received March 4, 1941. 

1E. J. Wilezynski, Projective differential geometry of curved surfaces (Memoirs 2-3), 
Transactions of the American Mathematical Society, vol. 9(1908), pp. 79-120; 293-315. 

2 E. Cech, L’intorno di un punto d’una superficie considerato dal punto di vista proiettivo, 
Annali di Matematica Pura ed Applicata, (3), vol. 31(1922), pp. 191-206. 

3G. M. Green, Memoir on the general theory of surfaces and rectilinear congruences, Trans- 
actions of the American Mathematical Society, vol. 20(1919), pp. 79-153. 

4G. Fubini, Fondamenti della geometria proiettivo-differenziale di una superficie, Reale 
Accademia delle Scienze, Torino, Atti, vol. 53(1918), pp. 1032-1043. See also G. M. Green, 
Bulletin of the American Mathematical Society, vol. 23(1916), pp. 73-74, Abstract. 
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any point in the space can be represented by the codrdinates of the form 242 + 
Lely + Lely + luv. f 

At a point P, of the surface S the curves of Darboux and the curves of Segre 
are respectively represented by the differential equations 


dv é 
(3) © em, 
dv 
4 — ewe 
(4) qa 


where i = 1, 2,3;€ = 1, = (8/y)'. 
The canonical line 1,(k) of the first kind is the intersection of the two planes 
(5) Le — kya, = 0,7 z3 — kor, = 0, 


and the canonical line /(k) of the second kind crosses the asymptotic tangents 
at the points 


(6) (ke, 1, 0, 0), (ky, 0, A, 0), 
where k is a constant and ¢, w are defined by 
(7) ¢ = (log By’)u, = (log By)e. 


The osculating plane x; of a general curve of Darboux defined by equation 
(3) at a point P, of the surface S is determined by z, z’, z’’, where 


2’ =2%- € dz, 
az” = Luu — Qe ATur + Pub eo + e(€dr, a Au)» » 


The local equation of this plane 1; is, by a simple calculation, found to be 


(8) 


(9) » edz, + 23 + (#8 + dey + is) 2 = 0. 


Similarly, the local equations of the osculating planes of the curves of Segre 
defined by equations (4) at P, of S are 


(10) é hte — 23 + ¥(eAY + oO) = 0 (¢ = 1, 2, 3). 


3. The canonical lines of the second kind. For the purpose of finding a 
geometric characterization of a general canonical line of the second kind, we 
consider a one-parameter family of polarities C,, which was constructed by 
Professor Su,’ with respect to the pencil Q, of quadrics 


(11) (1 — 2h) x2x3 = {2(1 — h)x, + 1x2 + das + hata} 2a, 
where hy denotes another parameter. 


5B. Su, The canonical edges of Green, Tohoku Mathematical Journal, vol. 39(1934), pp. 
269-278. 
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From (9) and (11) it is easily seen that the poles of the osculating planes 7; 
of the curves of Darboux with respect to the polarity C, are 


1 
12) n= 2 — h) [120 - 2h)é* e+ (7 — 8h)é dy + (7 — sie], 


t=1, t=erd, m=O0 (i = 1, 2,3). 


The harmonic polar of the point P, with respect to the triangle (12) is the line 
of the equations 
(13) “4 = U, 


Ho + yz; = 0 ’ 


n+ STB res) 
h being a constant. These are, however, the equations of a general canonical 
line of the second kind. We may, therefore, state the 


TuHeorEeM. Let V; (i = 1, 2, 3) be the poles of the osculating planes 7; of the 
curves of Darboux with respect to the polarity C;, at P, of S, then the harmonic polar 
of P, with respect to the triangle V,V2V; is a canonical line of the second kind which 
depends upon the polarity C,. By a proper selection of the constant h this line 
may be made to become any desired canonical line of the second kind. 


In particular, when h = ©, C; is the polarity of Lie, and the line (13) is the 
second axis of Cech. When h = 0, C; is the correspondence of Palozzi,’ and the 
line (13) is the canonical line’ (—3%). When h = 3, C, is the polarity with 
respect to any principal quadric of Lane,* and the line (13) is a new canonical 
line h(—4%;). When h = 8, Cy is the correspondence which the author’ has 
independently defined, the line (13) in question is also a new canonical line 
lL.(—%). When h = j, we have the second projective normal of Green and 
Fubini; etc. 


4. The canonical lines of the first kind. Let us now consider the conic sec- 
tions K} of any quadric of the pencil Q, made by the osculating planes 7; of the 
curves of Darboux. The equations of K} are readily found to be (9) and 


(14) (1 — 2h)é rare + 2(1 — Adare + [a — 2h)e 2» B -+ 4(2 — 2h)e Ay 


14G=tiie aihad a.dme (i = 1, 2,3). 


6G. Palozzi, Alcuni risultati di geometria proiettivo-differenziale, Rendiconti dei Lincei, 
(6), vol. 15(1932), pp. 543-548. 

7 For another definition of this canonicz] line see G. Sannia, Nuove definizioni del fascio 
canonico, Rendiconti dei Lincei, (6), vol. 8(1928), pp. 373-375. 

8 E. P. Lane, Invariants of intersection of two curves on a surface, American Journal of 
Mathematics, vol. 54(1932), pp. 699-706. 

°C. C. Hsiung, Note on the intersection of two space curves, to be published in the Téhoku 
Mathematical Journal. 
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On the other hand, the plane determined by an arbitrary canonical line 1,(k) 
and the u-tangent intersects the planes 7; in the lines yu; of the equations (9) and 


(15) dnt [eS + ryt ht dela =o (i = 1,2,3). 


For a fixed value of h, we have three poles of u; with respect to the conics K} on 
the tangent plane at P, of S. The harmonic polar of P, with respect to these 
three poles is given by the equations 
— 8h 

[24k(1 — 2h) + 1 — 8h]or2 + ——— nan nh = 0. 
For the sake of convenience, we shall call this line (16) the associated harmonic 
polar p; of wu; with respect to the planes 7; and the pencil Q, . 

Interchanging ¢, ¥ and 2 , x; we obtain the equations of the associated har- 
monic polar ps of »; , which are the intersections of the planes 7; and the plane 
determined by 1,(k) and the v-tangent: 


7 — 8h 1 
(17) x= 0, a+ sa — ho Bab 


(16) u4= 0, a= Pers 


[24k(1 — 2h) + 1 — 8hlyz3 = 


The join of the intersection of p, with the v-tangent and that of p,. with the 
u-tangent is the general canonical line of the second kind (13). On the con- 
trary, the join of the intersection of p, with the u-tangent and that of p, with the 
v-tangent is the reciprocal /,(k) of 1,(k) with respect to the surface S when, and 
only when, 


1 — 8h 


(18) bo 


If the osculating planes (10) of the curves (4) of Segre are used in place of 
the planes 7; , we may obtain the same results. Thus we arrive at the 


TueoreM. Let x; (i = 1, 2, 3) be the osculating planes of the curves of Darboux 
(or Segre) at P, of S, and K?} the conic sections of x; with any quadric of the pencil 
Q,. Let p; be the associated harmonic polar of the intersections of x; with the plane 
determined by an arbitrary canonical line l, of the first kind and an asymptotic tangent 
a, of S at P, with respect to the planes x; and the pencil Q,. Similarly, let pe be 
the associated harmonic polar of the intersections of x; with the plane determined by 
l, and the other asymptotic tangent a, with respect to x; and Q,. Then the join of 
the intersections of p, with a, and of p. with a, is a general canonical line 
1,((8h — 7)/[24(1 — h)]), which is independent of the choice of the canonical line 
l,. Moreover, the join of the intersections of p, with a, and of p. with az is the 
reciprocal |, of 1, with respect to S when and only when |, is the canonical line 
L((1 — 8h)/24h), which may be made to become any desired canonical line of the 
first kind by a proper selection of the constant h. 


' 
; 
\ 
: 











742 CHUAN-CHIH HSIUNG 


In particular, when h = ~, 0, } and , the line 1,((1 — 8h)/24h) becomes the 
first axis of Cech, the first canonical tangent, the principal line 1,(— 3) of Fubini 
and the projective normal of Green and Fubini respectively. When h = §, we 
have a new canonica! line 1,(— 5). 

It is worth noticing that the polar line of the tangent plane at P, of S with 
respect to the trihedron jormed by the three osculating planes of the curves of Darboux 
is the first axis of Cech. 


UNIVERSITY OF CHEKIANG, 
Kweichow, China. 
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A PRINCIPLE OF JESSEN AND GENERAL FUBINI THEOREMS 
By Netson Dunrorp anp J. D. TAMARKIN 


Much of Jessen’s fundamental work on direct product spaces, in particular 
the existence of measure, has in recent years been given a fairly general form. 
However, there is one important principle discovered by Jessen that has not 
been announced in the abstract form it deserves, and we propose in this note 
to take a step in that direction. The principle referred to is embodied in the 
theorem asserting that a real measurable function f(z) on a direct product space, 
which is independent of any change of a finite number of the coérdinates of z, 
is necessarily almost everywhere a constant. This theorem has many applica- 
tions, but unfortunately the Euclidean methods of proof used by Jessen cannot 
be extended very far. We shall show here that the same theorem is valid even 
if the measure has its values in a Hausdorff ring with only two idempotents and 
the function f has its values in a separable metric space. We also develop the 
Fubini-Jessen theorems for vector-valued functions. 


Notation and terminology. The letter A will be used for a class of elements a. 
B will always mean a non-void subset of A and o a non-void finite subset of A. 
The symbols B, & will be used for the complements of B, ¢ in A. The symbol 
z/B will stand for a function defined on B. For each ae A there is a space S, 
and a Borel field §. of sets in S, and S. ¢%. We shall use the logical notation 
of Kuratowski, Topologie I, and define the direct product of sets EZ, ¢ S, by 

E, = & Il [xr(a) e E,). 


oO 
z/B aeB 


We shall sometimes write S” in place of P S,, and here and elsewhere the 


aesB 
superscript B will be omitted in case B = A, so that whenever B and B appear 
as superscripts in an equation we know that B ~ 0. Since z/B and y/B deter- 
mine uniquely a function z = (z, y) on A by the convention z(a) = 2z(a) or y(a) 
according as a eB or ae B and conversely z/A determines uniquely z/B and 
y/B, we may and shall sometimes write S = S® x S®. An elementary set in 
S’ is by definition one of the form 
E= P Ex 8S", 

where E, ¢ §. and o¢B. The Borel field in S” determined by the elementary 
sets in S” will be denoted by §” and we write § in place of §*. For a set 
M G S the projection of M on S’ is defined as 


Projs M = & > ((x, y) « M). 


Received May 8, 1941. 
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A set N & S is said to be a cylinder set over S” in case 
(1) N = Projs N x 8°. 


It is clear that an elementary set in S is cylinder over some S’, and thus the 
Borel field in S determined by those sets in § which are cylinder over some S’ 
coincides with §. A set M € S is said to have the property J (the Jessen 
property) in case it is cylinder over S° for every ¢ © A. Insymbols, M has the 
property J if and only if 


(2) M = Proj; M Xx 8’, oGA. 


Another way of stating this is to say that M has the property J if and only if 
every pair z,y ¢ S with z(@) = y(a) except for a in some finite set ¢ must both 
belong to M or to S — M. A function f/S with values in any set is said to 
have the property J (the Jessen property) in case for every pair z,y ¢« S with 
z(a) = y(a) except for a in some finite set « we have f(z) = f(y). Thus a set 
M ¢© S has the property J if and only if its characteristic function does. 


Basic assumptions. We shall be concerned with a Hausdorff ring R with a 
unit 1. About R we assume that the ring operations a + b, a-b, a — b are con- 
tinuous functions of the two variables. For each ae A let & be a completely 
additive set function on §. to R with @,(S.) = 1. The property of complete 
additivity is 


$.(2, E,) - 2 #,(E,), E, eF,, E,En = 0, n # Mm. 
n=l n=l 


Since the left side of this equation is independent of the order of arrangement of 
the terms E, , so is the right side. We are now in a position to state the basic 
concept underlying the Jessen theory. For each B © A we assume the exist- 
ence of a completely additive set function 6” on §” to R satisfying the three 
conditions 


(3) @ = 6, if B = a, 
(4) ®(E” x E*) = 0°(B").0*(B*); EB ¢ §, BE’  §’, 
(5) #°(S*) = 1. 


Here we have written ® for @*. It follows from these conditions that 


(6) @ | P E. X s” = || 4.(£.); o ¢ B, Ea€ Sa: 
Although the ring R:is not assumed to be commutative, the product on the right 
side of the above equation is commutative since the left side is independent of 


order. 
In the case where R is the real number system the existence of $” has been 
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established under restrictions on A, S,., and & by Jessen [2]' and in complete 
generality by Kolmogorov [4], von Neumann [5] and Doob [1]. The results of 
these mathematicians may be used to establish readily its existence for certain 
other rings R, e.g., the ring, with the weak topology of Tychonoff, of real func- 
tions over an abstract set. We shall not discuss here the question of existence. 


Some theorems of Jessen. 
TuHeoreM 1. Jf M, N «§ and M has the property J, then 
(7) (MN) = 0(M)-®(N). 


It is clear that the family of all N which satisfy (7) is a Borel field containing S. 
Thus, in view of the remark following (1), it suffices to prove (7) in case N is 
cylinder over some S’. Note first that by (1), (4) and (5) we have for any 
cylinder set N 


(8) &(N) = (Proj, N), N cylinder over S’. 
If M is the set (2) and N the set (1) with B = o, we have 
MN = Proj; M X Proj, N, 
and so by (4) and (8) 
(MN) = #°(Proj; M)-®’(Proj, N) = #(M)-®(N). 
Coro.iary 1. If each one of a sequence M,, of sets in § has the property J, then 


(9) ® (IT M,) = tim I] #(a4,) 


mm n=l 
Corotuary 2. If M ¢§ has the property J, then (M) is idempotent. 


A function f on S to a topological space E is said to be measurable in case 
f(D) ¢€ § for every Borel set D © E. 

TuHEeoreEM 2. Let f be a measurable function on S to a separable metric space E. 
If f has the property J and R has no idempotents other than 0 and 1, then f(x) is a 
constant except on a set where @ = 0. 

For every Borel set D & E, the set f-'(D) has the property J; so by Corollary 2, 
®[f'(D)] is 0 or 1. Since E is separable and #[{j‘(EZ)] = 1, there is for every 
n = 1, 2,--- a Borel set D, of diameter less than 1/n with [f(D,)] = 1. 
Thus by Corollary 1, 


wf Dw) = a1] 7°(D.)) = tim TT ay.) = 1. 
Since diam Il D, = 9, the theorem is proved. 


n=l 


1 Numbers in brackets refer to the references at the end of the paper. 
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The ring of all continuous real functions on a connected space is an example 
of a ring with 0, 1 as its only idempotents. In the theorem, if it is assumed 
only that 1 is isolated among the idempotents, we have been able to prove’ 
nothing except that f has almost all its values in a totally bounded analytic set. 


The Fubini-Jessen theorems. Here we shall be concerned with functions on 
S” to a Banach space E. Such a function is said to be elementary in case it is 
constant over each of a finite number of elementary sets in S’ and zero else- 
where. The function is said to be strongly measurable in case it is the limit 
almost everywhere of a sequence of elementary functions. Such a function has 
almost all its values in a separable subset of Z, and hence Theorem 2 is applicable 
regardless of the character of EH. We take R to be the real number system and 
for simplicity assume that ” is non-negative. Thus by (4) the measures ©” 
may be interpreted as a set of independent probability distributions. The space 
L*(E), 1S p < ~, by definition consists of those strongly measurable functions 
f on S’ to E for which 


isis =(f, iw irae)” < =. 


In the above notation we omit the B in case B = A, and we omit £ in case it is 
the real number system. The finite sets ¢ © A form a directed set and the 
limits lim F, that appear in what follows are always taken in the sense of E. H. 


Moore. That is, lim F, = F if and only if 


II 2 II [iF - Fil <a. 


e>0 ¢ o'>¢ 


Lemma l. The mapf® = T’f defined by’ 


f(z) = [,5@ de® 


is bounded and linear with norm 1 when regarded as either mapping L,(E) onto 
itself or onto L>(E). 


It is obviously linear. It is bounded, for 
B P a B B P xB 
[iis@ raw = fi, ae* fie) |r as 
(10) = [lise irax s fax J, ise) |r a0" 


= [iis Pas. 


2 The integral may be taken as that defined by 8S. Bochner, N. Dunford, G. Birkhoff, or 
B. J. Pettis as all of these integrals coincide over the class of functions we are considering. 
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Here we have used the Fubini theorem over the product S? x S*. The in- 


equality follows from the fact that the Z; norm of a real function is no greater 
than its L, norm. 


TueEoreM 3. For f ¢ L,(E) we have 
lim f’ =f in L,(E). 
For a function which is constant on a given elementary set in S the theorem 


is obvious. Since this type of function forms a fundamental set in L,(Z), the 
theorem is an immediate consequence of the lemma. 


THeoreM 4. For f ¢L,(E) we have 
lim f’ = / f(x) d® in L,(B). 
¢ s 


Let y = [1@) d&, then 
f(z) -y= [1@) de” — [LL de’ [,f@ de" 


= [ ti) -r@iae. 
If in (10) we replace f*(x) by f*(z) — y = [f(x) — y]’, we get 


[ise - virae = [Fe — vias? 
2S A de’ [ise — f"(z) \|” de” 


= | se) - 7a) |? ae, 


and so the theorem follows from Theorem 3. 


Lema 2.’ Let f be strongly measurable on S to E and o, C o,C---. Let 
gn(x) be either || f(x) ||" or || f(x) ||". Let g(x) = Lab. g(x), 6 > 0, & = 
n<@ 


Slg(x) > 4]. Then 


(S,) < [ f(z) ||a®. 


Suppose g,(x) = || f(x) ||". Then the set 


Sz = & [Lu.b. gn(x) > 4] 
z ignsk 


* This lemma is due to Jessen [2]. The proof given here is due essentially to I. Halperin. 
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is cylinder over S* (it does not depend on the coérdinates x(a) with a ¢ &,) and 
Si T S; . Let 

%1=S81, T. = Si — Sin, E>L 


so that S; = >> 7; is a disjoint sum and 7; is cylinder over S*. Thus by (1) 
k=l 

and (8) 
T. = Proj., T, X S*,  &*(Proj., Tx) = ®(T,), 


and hence the Fubini theorem gives 
[ ise@iae= faa fine iiane 
Tk Projg, Tk sk 


= [ g(x) d®* > 56(T;). 
Pro 


io, Tk 
Summing on & gives the desired result. A similar method applies when 


gn(x) = || f(x) ||". 
The lemma enables us to replace the convergence asserted in Theorems 3 and 4 
by pointwise convergence in the case where A is denumerable.* 


THEOREM 5. Suppose A is the denumerable set {an} and on = (a, -++ , Qn). 
Then for f « L(E) we have 


lim f**(x) = / f(x) db almost everywhere on S. 
n 8 


Let y = [s@) d& and 6(x) = lim sup || f**(z) — y ||. The function 4(z) is a 
8 n 


constant 6 almost everywhere since it is measurable and has the property J 
(Theorem 3). We shall make an indirect proof by assuming 6 > 0. Let 


h(x) = || f(x) — g(z) ||, where g is an elementary function and / h(x) d® < 36. 
8 


For large n we have g(x) = / g(x) d® and hence for large n 
8 


is?) — y ll — 38.5 Ise) — [ (x) a0 | 


e 
| [, 0@ — ole) aa") = ni), 
Hence for almost all z ¢ S, l.u.b. h** = 38. An application of Lemma 2 gives 


353< / h(x) db < 48, 


which is a contradiction to the assumption that 5 > 0. 


4 This was done for real functions with restricted S, , . by B. Jessen [2] and was stated, 
without proof, for real functions and unrestricted S, , 2 by B. Jessen and A. Wintner [5]. 
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THEOREM 6. Suppose A is the denumerable set {an} and on, = (a, --+ , Gn). 
Then for f « L(E) we have 

lim f**(x) = f(z) almost everywhere on S. 


In view of Theorem 3 it is sufficient to show that the lim f"(z) exists almost 
everywhere. Let 
v(x) = lim Lub. || f(z) — f’*(z) ||. 
a 


qo m,n> 


Let h(x) = f(x) — g(x), where g is elementary and [ \| h(x) ||d@<e. For 
large n, g°"(x) = g(x), and thus for large n, m 
Il f°") — f°"(@) || SIF") — gfe) || + IL F°"@) — g(a) || 
= || h(a) || + || A(z) II. 
Hence 
V(x) <2 Lub. || A(x) || $2 Lub. || h(z) ||". 


Thus 
& [y(x) > 26) & &[I.-w.b. || A(z) ||"* > 4), 


and Lemma 2 gives 
i(Slv(2) > 26)} = f || h(x) || d® <e. 


Since 6, e are both arbitrary positive numbers 6{ &[y(z) > 0]} = 0 and the proof 
is complete. 
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DIVISION ALGEBRAS OVER A FUNCTION FIELD 
By A. A. ALBERT 


1. Introduction. Let F be the centrum of a simple algebra A and L be a 
subfield of F. Then we shall call a field W over L a splitting field over’ F of A 
if a composite’ of W and F, regarded as a scalar extension of F, splits A. If z 
is an indeterminate over L and F is algebraic of finite degree over the rational 
function field L(x), we shall call such a field W a constant splitting field over F of 
D. It is known’ that the algebraic closure of L is such a splitting field, and it 
follows‘ that there exists a constant splitting field over F of finite degree over 
L for any A. 

The most important splitting fields K of a division algebra D of degree m 
over its centrum F are those fields of least possible degree over F. This degree 
is m and it is known’ also that all such fields are equivalent to subfields of D 
of maximal degree over F. It is natural then to propose the question as to the 
universal existence of a constant splitting field over F of degree m over L for 
any D. In particular a cyclic field of this kind would provide an extremely 
simple generation of D. 

We shall answer the question just proposed in the negative and shall prove 
indeed that the least degree n of a constant splitting field may be arbitrarily 
large. We shall prove in fact the 


THeoreM 1. Let x be an indeterminate over a finite field L, F = L(x), m and 
n be positive integers. Then there exist division algebras D of degree m over F as 
centrum and with n as the least degree over L of a constant splitting field over F of D 
if and only if m divides n and every prime factor of n divides m. 


Our proof of this theorem depends fundamentally upon the hypothesis that 
L is finite, and that we should make such a restriction is quite natural in a first 
study of the problem we have proposed. However, the conclusions of our 
theorem are probably valid under very different and varied hypotheses on L, 
and even when L is a non-modular field. As an indication in this direction we 
shall prove 


Received June 27, 1941; presented to the American Mathematical Society Sept. 2, 1941. 

1 If the degree of F over L is finite the algebra D is a simple (division) algebra over L 
and a field W over L is generally called a splitting field of D if the scalar extension Dw isa 
direct sum of total matric algebras, the number of them being the degree of F over L. This 
is not the concept in which we are interested and so we insert the phrase over F. 

2 We shall be interested usually in the case where W is normal of finite degree over L, 
and in this case all composites over F of W and F are equivalent. Then we may and shall 
speak of the composite of W and F. See the author’s Modern Higher Algebra, Sec. 8.4. 

*C. C. Tsen, Divisions algebren tiber Funktionenkérpern, Gétt. Nach., 1933, pp. 335-9. 

4 This follows from the author’s Structure of Algebras, Sec. 11.2. 

5 Ibid., Theorem 4.27. 
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THEOREM 2. Let L be a field such that there exist at least two inequivalent 
quadratic fields over L. Then there is a division algebra D of degree two over its 


centrum L(x) such that W(x) does not split D for any quadratic field W of degree 
two over L. 


The case in this theorem of algebras of degree two over a field of characteristic 
two leads one to a consideration of cyclic p-algebras, that is, cyclic algebras of 
degree p* over a centrum F of characteristic p. We shall study particularly 
the case of algebras of degree p. Each such algebra is uniquely defined by two 
quantities c and g in F, and we shall write’ A = (c,g]. If F = L(x), and c may 
be taken to be in L, then A has a splitting field W(x), where W is cyclic of de- 
gree p over L. It is known’ that if L is perfect we may always take g = z, 
A = (ce, 2], and it is natural then to make the error of assuming that it is possible 
to choose c to be a polynomial of L[z]. However, we shall show that if A = 
(c, z] and c is in L[z] we may take A = (d,z]fordin L. Then, if in addition L 
is finite, all such algebras may be seen to be equivalent. But there exist alge- 
bras (d, x — al, for a in L, which are not equivalent to (d, z]. 

The importance of the study of cyclic p-algebras of degree p for the problem 
of constant splitting fields of p-algebras of degree p* is enhanced by a device 
which we shall give reducing the proofs of existence theorems for the latter 
algebras to those for the former. We shall use a modification of this device 
with Theorem 2 and shall derive 


THEOREM 3. Let there exist at least two inequivalent separable quadratic fields 
over a field L of characteristic two. Then for any integer e = 1 there exists a cyclic 
division algebra D of degree 2° over its centrum L(x) with no splitting field W(z), 
for W of degree 2° over L. 


It is reasonable that our existence theorems should all employ cyclic algebras, 
and this is particularly true in the case of p-algebras. For all such algebras are 
cyclically representable, that is, similar® to cyclic algebras. It was thought 
likely,’ at one time, that all cyclically representable algebras are cyclic, and the 
author subsequently” set up the mechanism necessary to determine whether 
or not all 2-algebras of degree 4 are cyclic. We may now announce the unpub- 
lished result of a master’s dissertation of June 1940 by Louis Gordon at the 
University of Chicago, in which this mechanism was used to show that there do 


6 This notation is used by E. Witt in his Zyklische Kérper und Algebren der Charakteristik 
p vom Grad p", Journal fiir Mathematik, vol. 176(1937), pp. 126-140. Some of the auxiliary 
lemmas we shall obtain are included in the theorems of Witt, but it would require more 
discussion to obtain our precise results as instances of those of Witt than to derive them. 
Incidentally, the results we shall use all have their beginnings in the author’s original 
investigations on p-algebras as given in Structure of Algebras, Chapter VII. 

7 Cf. the author’s p-algebras over a field generated by one indeterminate, Bulletin of the 
American Mathematical Society, vol. 43(1937), pp. 733-6. 

8 Structure of Algebras, Theorem 7.31. 

® This conjecture was made by H. Hasse in a letter to the author written in 1931. 

10 See the author’s Normal division algebras of degree four over F of characteristic two, 
American Journal of Mathematics, vol. 56(1934), pp. 75-86. 
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exist non-cyclic algebras of degree and exponent four" over L(x, y) where L is 
any infinite field of characteristic two, and x and y are independent indeter- 
minates over L. 

Gordon’s result implies that for n > 2 if L is finite of characteristic two and 
F = L(x,,---, 2,) for independent indeterminates 2,, --- , z, over L, then 
there exist non-cyclic algebras of degree four over F. Let then D be a division 
algebra of degree four over its centrum K, which is algebraic of finite degree 
over F, and suppose r S 2. If r = 1, it is well known that D is a cyclic algebra. 
We shall conclude our study with a brief proof that also if r = 2 all division 
algebras D of degree four over K are cyclic. 


2. Rational function fields over a finite field. Our principal existence theorem 
is a consequence of the valuation theory of any field F = L(z) of rational func- 
tions a = a(z) in an indeterminate x with coefficients in a finite field L. We 
shall give a résumé of that theory here. The field F is the quotient field of the 
integral domain J = L{[z] of all polynomials a(x), and all the ideals of J are 
principal ideals. All algebraic extensions W of finite degree over L are cyclic 
fields” over L and thus are the (necessarily normal) stem fields of equations 
g(x) = 0, for irreducible polynomials g = g(x) of J. But the prime ideals of J 
are the principal ideals (g), for g irreducible, and W may be constructed as the 
difference ring J — (g). Hence W is uniquely determined by its degree, and 
this is the degree of g(x). 

If a ¥ O is in F we may write a = g‘be', where b and ¢ are in J and are not 
divisible by g, and 


e = e,(a) 
is an integer. Write e,(0) = © and thus define what is generally called a value 
group for F and the giveng. Then there is a corresponding valuation || a || = 2, 


and we may construct” the completion of F with respect to this valuation. This 
is a field F, with the same value group as F and, in our present case, may be 
chosen so that each quantity of F has the same value e(a) as it had originally in 
F. We have thus extended the function e(a) to be a function on F, to the value 
group of F. 

The quantities a of F, for which e(a) = 0 form an integral domain J, whose 
quotient field is F,. The ideals of J, are all principal and are indeed powers 
of its only prime ideal, the principal ideal (g) of all quantities a of J, for which 
e(a) > 0. Thus every a of J, has the form 


a= gb, 


where b is a unit of J,. Indeed the units of J, consist of all its quantities b for 
which e(b) = 0. The difference ring J, — (g) is equivalent to J — (g) and thus 
is a finite field whose degree r over L is the degree of the polynomial g. 

1 Algebras of degree four and exponent two are necessarily cyclic algebras. 


12 Cf. the author’s Modern Higher Algebra, sec. 7.10. 
13 Tbid., sec. 11.11. 
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The finiteness of J, — (g) may be seen to imply the validity of the Hensel 
Lemma™ on p-adic fields and consequently” that F, contains a primitive 
(q’ — 1)-th root of unity z. Then L(z) has degree r over L and is equivalent 
to J, — (g). L/(z) is the root field of g(z) = 0. It is the maximal finite sub- 
field of F, in the strong sense that it contains all finite subfields of F,. Assume 
henceforth that qg is the number of elements in L. 

Let us suppose at this point that W is any field of degree n over L. Then W 
is a cyclic field over L, W = L(z,) for a primitive (q" — 1)-th root of unity z, . 
The correspondence z, — z, = 24 then induces a generating automorphism 
of the Galois group of W over L as well as a generating automorphism 
of the cyclic field Z = W(x) = F(z,) = L(x, z,) over F. Now Z is normal over 
F and hence has a single composite (in the sense of equivalence over Fy) with 
any extension field Fy) over F. Thus we form the composite Z, of Z and F, . 
We now prove 


Lemma 1. Let d be the greatest common divisor of n = bd and the degree r of 
an irreducible g = g(x) in L(x), Z, and F, be defined as above. Then Za F,(2n) 
is cyclic of degree b over F,. 


For the composite of Z and F, is the composite of W and F, and hence is F,,(z,). 
The intersection W> of W and F, is a finite field, and hence is the intersection” 
of W and the maximal finite Z(z) of F,. Since there is one and only one finite 
field of a given degree over L, the degree of W» is the largest common divisor 
of nandr. That Z, is cyclic of degree b over F, now follows from the general 
theory of composites. 

The field Z, is the completion” of Z with respect to valuations of Z preserving 
our given valuation of F, and its maximal finite field is L(z,). Thus Z, is what 
is called an unramified field over F, and a quantity a of F, is a norm 


a = Nz,jr,(b) (b in Z,), 


if and only if e(a) is divisible by the degree of Z, over F,. In particular all 
units of J, are such norms, the cyclic algebras (Z, , S, u) are total matric algebras 
for all units u of J, , and every (Z, , S, a) is equivalent™ to (Z, , S, g°). 

We now continue our study of the valuations of F = L(x). Our field 
F = L(y), for y = x", and F is the quotient field of J = L{y] as well as of 
L{x]. Then every irreducible polynomial of L[{y] determines a valuation of 
F. However, if 

a=a(r)=at+ar+.---+ az‘ 
for a; in L and a = 0, a, # 0, we may write 


a = (ay! + --- + a)y = ay", 
14 The proof in Modern Higher Algebra, sec. 12.10, is valid. 
16 Cf. M. Deuring, Algebren, p. 137. 
16 Modern Higher Algebra, sec. 8.4. 
17 Ibid., sec. 11.12. 
18 For these properties of cyclic algebras see Structure of Algebras, sec. 5.9. 
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where 4 is in J and is irreducible if and only if a is irreducible. If g is an ir- 
reducible polynomial of J, and a in J has the form a = g‘b for b not divisible 
by g, then dy‘ = g‘by*. Hence g determines the same valuation as does g 
unless 9 = y. However, it is clear that e,(x) = —1 and that e,(x) = 0 for every 
irreducible g of J. Thus the only valuation of F obtained from the considera- 
tion of Ly] and not already obtained is that determined by g(y) = y. The 
degree of this polynomial in y is unity and since the valuation theory is as before 
we may interpret Lemma 1 to give 


Lemma 2. Let F, be the completion of F = L(x) with respect to the valuation 
defined by g(y) = y in Ly], y = x. Then the composite Z, of F, and a field W 
of degree n over L is cyclic of degree n over F, . 

The only valuations of L(x) are those described above and it is also known” 
that the index m of a simple algebra A over its centrum F is the least common 
multiple of the indices of the scalar extensions Ay, , Ar, for all the irreducible 
polynomials g of [x]. We shall now proceed to apply this theory to construct 
an algebra A of degree n and index m and thus a proof of the result we desire. 


3. The principal existence theorem. If W = L(z,) is a field of degree n over 
L, the field Z = W(x) = F(z,) = L(x, zn) is cyclic of degree n over F = L(x) 
with generating automorphism S over F induced by z, = 24. Thus we may 
define a cyclic algebra” 


A = (Z, S, h) 


forhin F. If mis the index of A it divides the degree n of A and n = mr for 
an integer r. We now select h to be an irreducible polynomial of degree r in 
L{z]. 

To compute the index of A we see first that if g is an irreducible polynomial 
of L{z] then 


Ay, ~ (Z,, 8, h). 


If g ¥ h the quantity h is a unit of J, , h is a norm in Z, over F, , Ar, has index 
unity. If h = g, Lemma 1 implies that m is the degree of Z, over F,. The 
least power of h which is a norm in Z, over F;, is then m and (Z,, S, h) has 
exponent m and must be a division algebra. Ay, has index m. Now h = h(z) = 
h(y)y " so that 


A Nas (Z, , S, h) = (Zy ’ S, y’). 


But then A,, is similar to (Z, , S, y')’. The algebra (Z, , S, y) has degree and 
index n and is reciprocal to (Z,, S, y"') whose r-th direct power then has index m. 


19 These results are given in E. Witt, Riemann-Rochscher Satz und §-Funktion im Hyper- 


komplezen, Math. Ann., vol. 110(1934), pp. 12-28. 
2° The results on algebras used in the remainder of this section are to be found in the 


author’s Structure of Algebras. 
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We have thus shown that A has index m, A = M X D where M is a total matric 
algebra and D is a division algebra of degree m over its centrum F. Clearly W 
is a constant splitting field over F of A and hence of D. The least degree j of. 
such a field is at most n. 

Let us now proceed to a proof of our main theorem. We assume that n = mr, 
where every prime factor of r divides m, and construct D as above. We now 
let N be a field of the least degree j over L such that N(x) splits D,j s n. The 
degree of N(x) over F is j and hence m divides j = sm,s Sr. Ifs < r there is 
a prime factor p of r such that 


m=p'm, r=prm, 8 = p's, 
for integers mo , ro, So prime to p and 
e>0, f>t20. 


Then the greatest common divisor d of r and j = p’*‘mos is divisible by p‘** 
so that j = bd where b is not divisible by p’. Hence b is not divisible by m. 
However, if K = N(z) splits D, the field K;, must split A», of index m over F;,, , 
and m must divide the degree of K, over F,. This degree is b by Lemma 1, a 
contradiction. Hence j = n. 

Conversely, if D is a division algebra of degree m over L(x) and N has degree 
nN = nn over L for ne prime to m, then N = N; X Ne where N; has degree n; 
over L. If ne is prime to M then N(z) splits D if and only if N,(xz) splits D. 
Hence, N cannot be minimal unless every prime factor of its degree divides m. 
This completes our proof. 

It would be desirable to extend our existence theorem to the case where the 
centrum F of D is an algebraic extension of finite degree over L(x). The valua- 
tion theory permits a rather complete analysis of this case but requires a more 
comprehensive study of the existence of algebraic extensions of L whose com- 
posite with F has prescribed ramification order and residue class degree than 
has yet been made. We therefore leave this question as an unsolved problem 
in our theory. 


4. Algebras of degree two. We know now that a division algebra of degree 
m over its centrum L(x) need not have any splitting field W(x), for W an algebraic 
extension of degree m over L, at least in the case where L is a finite field. As 
we stated in our introduction it is desirable to see that this property is not a 
function of the finiteness of Z and that it may hold, in particular, when L is 
non-modular. We shall thus give an indication in this direction by proving 
Theorem 2. 

Let us assume first that the characteristic of Z is not two so that there exist 
quantities a and b in L such thata # k*,b # kb. b ¥ Kaforany kof L. For 
every h = h(x) of L[x] we write h(k) for the quantity of L obtained by replacing 
x by k in L and prove 








i 
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Lemma 3. Letc = a — 2,g = x(x + b — a), d be any quantity of L. Then 
f = cu’ — dv’ + (w’ — ct’)g = 0 
for u, v, w, tin L(x) only ifu=v=w=t=0. 

For if f = 0 for u, v, w, t not all zero we may assume that these quantities are 
all in L[z] and that their g.c.d. is unity. If wu and v are divisible by z, then 2° 
divides (w’ — ct’)g and x divides w’ — ct’. If x divides t, then x divides w, 
contrary to hypothesis. Thus [w(0)]* — a[t(0))’ = 0 for t(0) ¥ 0, and a is the 
square of a quantity of L, contrary to hypothesis. 

We see now that x divides cu” — dv* but does not divide v. It follows, as in 
the proof above, that d = k’afork #OinL. Nowz +b — adivides cu’ — dv’, 
and thus b[u(a — b)]’ — k’alv(a — b)/’ = 0. This is not possible, since b is not 
the product of a by the square of a quantity of L, unless v(a — b) = 0 and 
z +b —adividesbothuandv. Thenz + b — adivides w’ — ct’, [w(a — b)P — 
bit(a — b)/ = 0, and z + b — a divides w and t. This is a contradiction. 

We use the quantities c and g given in Lemma 3 to define an algebra 
D = (I, i, j, ij) over F = L(x) such that * = c, 7 = 9, ji = — ij. ThenDisa 
simple algebra with F ascentrum. A quantity z in D is not in F yet is such that 
z’ = din F if and only if z = ui + wj + tij for u, w, and ¢ not all zero and in F, 
d = cu’ + gw’ — cgt’. Then D is a total matric algebra if and only if some 
such z has the property z’ = d = 0. This is impossible by Lemma 3. Thus D 
is a division algebra. If W(x) splits D for W of degree two over L, we have 
W = L(y), W(z) = Fly), y? =dinL. Then there must be a quantity z in D 
and not in F such that z’ = d. This is also impossible, and we have completed 
our proof of Theorem 2 in the case where the characteristic of L is not two. 

Suppose now that L has characteristic two. The hypothesis of Theorem 2 
then implies the existence of quantities a and b in L such that a ¥ k — k, 
b#k —k,a+b+*#k —k for any k of L. We define 


c=2+4, g = r(x + a — Db) 


as before and note our use of —1 = 1. Define an algebra D = (1, i, j, ij) over 
F = L(z) such that 


f=i+e jf=g f= (4+ 1)j. 
If k is a scalar such that k” = k + c we may represent D as the set of all matrices 
= ( zi + 2k zsg + zakg ), 
ztak+ea atiak+z 
and see that 
2 + mez + N(z) = 0, 
where 
N(z) = zi + zuze + zie + (25 + zazq + zic)g. 
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The separable subfields F(z) of D are all obtained by taking z = 1 and are 
equivalent to fields defined by roots of y* = y + d, where d = N(z). Making 
the result homogeneous in the variables z; , zs , zs we are lead to consider the 
quadratic form 


f=wWt+twt+v(ce—d) + (w + wt + Podg. 


Then we will have proved that there exists no separable field W of degree two 
over L such that W(z) splits D if we can prove that the hypothesis that d is in 
L implies that f ~ 0 for any relatively prime u, v, w, ¢ in L[{z]. Let us then 
proceed to this proof using first the fact that z is a factor of g. 

If x divides both u and v, then z divides w’ + wt + fc, so that [w(0)? + 
[w(0)e(0)] + a[t(0)’ = 0. If 40) ¥ 0, thena = k° — k where k = w(0)[t(O)J", 
a contradiction. Hence ¢(0) = 0, w(0) = 0, z divides u, v, w,t. Thus z cannot 
divide both u and v and must not divide v. It follows that [u(0)}’ + u(0)v(0) + 
[v(0) (a —d) = 0,d=a+k’ —kforkinL. Thend defines the same quadratic 
extension of L as does a and we may assume, without loss of generality, that 

=a. Note that our proof already implies that d ¥ 0 and our algebra is not 
equivalent to the total matric algebra A = (1, i, j, ij) with * = i, ji = (i + 1)j, 
j =g. Thus Disa division algebra and we are taking ce — d = z. 

We now use the fact that z + a — b divides g and hence also u* + wv + v*z. 
If x + a — b divides u and v, then z + a — b divides w’ + wt + fc, so that 
[w(b — a)!’ + [w(b — a)][t(b — a)] + [t(b — a)f’b = O whence t(b — a) ¥ 0 
would imply that b = y’ — y for yin L contrary to hypothesis. But t(b — a) = 0 
implies that w(b — a) = 0, x + a — b divides u, v, wt. Thusz +a —b 
cannot divide both u and v and must not divide v, v(b — a) = 0. But 
[u(b — a)}’ + [u(b — a)][v(b — a)] + [v(b — a) f(b — a) = Oand thusb — a = b 
+a=y — yfory = u(b — a)[v(b — a)]" in L. This final contradiction com- 
pletes our proof. 

It remains to show that there exist no inseparable fields W of degree two over 
L such that W(x) splits D. This is true if no quantity z of D not in F has the 
property 2 = din L. But then otherwise z = 0, and we need to show that 
the equation 


f= w' + dv’ + (w’ + wt + Fog = 0, 


for u, v, w, tin L{z], is impossible if the g.c.d. of u, v, w, ¢ is unity and d is in L, 
d #k*forkin L. By the proof above z cannot divide both u and v. But then 
v(0) ¥ 0, [u(O)}’ + d[v(0)? = 0, d = kK fork = u(0)[v(0)]" in L, a contradiction. 
We have completed the proof of Theorem 2. 

Note that in our construction of D we have used two quantities of L such 
that the root field Q of the product of the corresponding quadratic equations 
has degree four over L. If then K is a field of degree prime to two over L, 
the corresponding root field over K still has degree four. But this implies 
that the scalar extension Dx,z) has the property of our theorem. 
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5. Some properties of p-algebras. A generalized cyclic algebra A of degree 
n over F is a supplementary sum of linear subspaces” which may be written as 


A=(Z,8,9) =Z+Zj+---+ Hj" 


Here Z is a commutative separable algebra of order n over F, S is an auto- 
morphism over F of order n of Z, and 


jz = 2"j, j'=9 (r = 0,1,---,n— 1), 


forg = OinF. If Zisa field over F, the algebra A is an ordinary cyclic algebra. 
Otherwise Z is the direct product of a cyclic field and a diagonal algebra, and A 
is a total matric algebra if Z is a diagonal algebra. 

Let n = p be a prime, so that Z is either a field or a diagonal algebra. Sup- 
pose also that p is the characteristic of F. Then we may always assume that 
Z = F{u] is the set of all polynomials in u and in the unity quantity of A, and 
that ° 

w=utl w=ute, 


forcinF. Then Z isa cyclic field or a diagonal algebra according as there does 
not or does exist a quantity h in F such that c = h” — h. In particular, Z isa 
diagonal algebra if c = 0. 

Observe now that our algebras A of degree p are uniquely determined by two 
quantities c and g in F where g ~ 0. Thus we introduce the notation 


A = (¢, g] 


for such algebras. The usual condition that a cyclic algebra be a total matric 
algebra is that g be the norm of a quantity of Z. However, the norm form is a 
very complicated function of our parameter c, and we shall obtain a much 
simpler condition. 

Observe first that if g = h” for h in F, the algebra A is always a total matric 
algebra. (c, g] = (d, g] for any c andd. Hence let us assume that g is not the 
p-th power of any quantity of ¥. Then the subalgebra F(j) of A defined for 
j’ = g is a maximal subfield of A, and if y in A has the property that y” = g 
there is an automorphism” S of A such that j = y’*. 

Let T be an equivalence over F 


b<+b? (bin B, b” in A) 


of A = (c, g] and B = (d,g]. Then B contains quantities v and y such that 
v” =v +d, w = (v+ly,y = g. It follows that y’ in A has the property 
(y)” = g and that there exists an automorphism S of A such that y7* = j. Let 


8s es 
w = v’” so that w is in A, 


w =w+d, jw = (w+ 1)j. 
2! For a consideration of such algebras see Structure of Algebras, Chapters VI and VII. 


22 Ibid., Theorem 4.14. The condition g + h” simplifies our reference but is really not 
essential. 
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But then j(w — u) = [(w + 1) — (u+ D]j = (w — u)j, 
w=urtf, 
where fj = jf, and f is necessarily in F(j) = F{j]. 
Conversely, if f is any polynomial in j with coefficients in F and w = u + f, 
we have jf = fj, ju = (u + 1)jso that jw = (w+ 1)j. The inner automorphism 
S: a jaj' = a* 


of A has order p and induces a corresponding automorphism w <> w + 1 in the 
algebra V of all polynomials in 1 and w with coefficients in F. Each such 
polynomial a(w) = ao + aw + --- + aw’, for a; uniquely determined in F, 
a; ~ 0,0 St < p. The coefficient of w** in a* is ay. + ad ¥ ay unless 
t = 0, so that a* ¥ a unless a isin F. But then (w? — w)* = (w + 1)? — 
(w+ 1) = w” — wis in F. 

We have now shown that 


(1) w=utfj, w=w+e+dy, 
where d(f) is in F. To compute d(f) we observe that if y is any quantity of 
the field F(j) which is not in F, then y” is in F. Suppose also that A contains 
a quantity v for which yy = (v + 1)y, and that V = Fi]. Then 
A=V+Vy+---+Vy", A= (hl, 
where 
Vv=r7+b y=h. 
We take w = v + y and our proof shows that 
w=wt+b+d 


fordinF. Butw’ = (v+y)? =v? + y’ + a, whereaisasum of a finite number 
of expressions each a product of s factors y and p — s factors v for 0 < s < p. 
Hence aisinVy+.--.+Vy"". Alsow®™=v+y+b+d=v+b+h+a, 
so that since v + b + dandv + 6 + hare in V we have a = y, and 


(2) d=h=y’. 

We shall use the result just obtained to prove that if in (1) we write 
(3) f=SD =f t+hit--- +h’, 

then we have 

(4) df= -fpt+Rgt---+hag. 


Formula (4) holds for f = foin F since (ut fy? =wW+ff =ute+f = 
(u+ fo) +ce+ f? — fo. Assume (4) for polynomials of degree at most t — 1 
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in j, so that if f has degree t, we may write f — f,j‘ = z, where z has degree at 
most? — linj. Then the hypothesis of our induction implies that (u + z)’? = 
u + z + tb, where we are assuming that 0 < t < p, and we have 


bh=ce+fp —fotfigt--- + frag. 


Now j(u + z) = (u+2z+1)j,j(u+z) = (ut+z + dj‘, and if we write 
v= ¢t'(u + 2), thenj‘v = (v + 1)j'. Suppose y = t 'f,j' so that 


v =v+b, y=h= tt fig’. 


By (2) we have (v + y)” =v +y+6-+ hand [t(v + y))’ = tv + y)”? = tv + y) 
+ tb+ th. Clearly t(v + y) = u+f, th = f?g‘ and we have (4) for f of degree 
t. This completes our proof of (1), (3), (4). 

Our result may now be stated” as 


Lemma 4. Let A (c, g], B = (d, g] over F. Then A and B are equivalent 
if and only if 


(5) d 
for f; in F. 

As an immediate corollary we have 

Lemma 5. An algebra (c, g| over F is a total matric algebra if and only if 
c=fP—fotfigt---+ fg" for fi in F. 

We may use (5) to obtain a property of p-algebras connected with our study 
of constant splitting fields. The author has shown” that if L is a perfect field 
of characteristic p and A is a simple algebra of degree p over its centrum F = L(z) 
then 


(6) , A = (c, z]. 


Here c is, in general, not a polynomial in z, but merely a rational function. How- 
ever, as we stated in our introduction, we may prove that if A = (c, z], where 
c is in L[{z], then A = (d, z] for d in L. 

To prove this result we observe that we are assuming that A has at least one 
generation (6) with c in L[z]. Hence we may write A = (d, 2] for d in L[z] 
and having the least degree of all polynomials c occurring in the generations (6) 
of A forcin L[{z]. The field LZ is perfect, so that the term of highest degree in 
z of d has the form r’z' for 0 S t < pandrinL[z]. If t > 0 we use (5) with 
z = g to replace d by d — r’x‘ of lower degree than d, while if t = 0 then we use 
(5) to replace d by d — r” + r which has lower degree in z than d unless r is in L. 
Hence, d must be in L. 

We have now seen that if A = (c, z] over L(z), with c in L[z], then A has a 


c+fi —fotfigt---+ fry 


23 A result of this type was also given by N. Jacobson, p-algebras of exponent p, Bulletin 
of the American Mathematical Society, vol. 43(1937), pp. 667-70. See also O. Teichmil- 
ler, p-Algebren, Deutsche Mathematik, vol. 1(1936), pp. 362-388. 

%4 See footnote 8. 
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splitting field W(x) such that W is cyclic of degree p over L. However, A = 

(c, x] may have W(z) as splitting field even if c is not in L(x). For example, if 

d is in L then (d, x] = (c, x] fore = d + f8_2”' = d + x" when we take f, , = 
—1 


One might try to show, as a converse to Theorem 3, that if A is simple of 
degree p over its centrum L(z) and has a splitting field W(x), W cyclic of degree 
p over L, then A = (c, x] forc in L[z]. This is false. For let us take L finite 
so that if u and v define cyclic fields of degree p over L these fields are equivalent, 
u’ =ut+d,v =v + b, necessarily b = ff — fo+dforfoin L. Then all alge- 
bras (d, x] over L(x), for d in L are cyclic algebras (Z, S, x) for the same Z and 
are equivalent. However, if B = (d,g], the results of Section 2 imply that Br, 
has index unity for A irreducible in L[z], By, has index p for g irreducible in 
L{z}. In particular, the algebras (d, x — go] defined for distinct values go in 
L are not equivalent and no (d, x — go] defined for go ~ 0 has the form (ec, z] 
for c in L{z]. 

Let us now describe a device which may be used in our study of constant 
splitting fields. We propose to construct division algebras D of degree p* over 
a centrum F = L(z), of characteristic p, and we wish to prescribe an integer n 
such that for every W of degree not greater than n the field W(x) does not split 
D. Construct first a cyclic division algebra B of degree p over L(x) with the 
required property for the given n. Then there always exists” a cyclic algebra 
D of degree p* such that D‘ ~ B for t = p”’. But then D has exponent p* 
and is a division algebra, [Dw,2)]' ~ Bw:z) is a division algebra, Dy;.) is a division 
algebra and this is actually a stronger result than we require. 

We shall use a modification of the device just described in our proof of Theorem 
3. We construct an algebra B of degree two over L(x), where L has character- 
istic two and B is the division algebra constructed in the proof of Theorem 2. 
Then it is known that there exists a cyclic algebra D of degree 2° over L(x) such 
that D" ~ B, m = 2°". Let W of degree 2° over L have the property that 
W(x) splits D. The field W is contained in a normal field N of degree 2’r over 
L, for r odd, and N contains a Sylow subfield K of degree r over L such that 
N is metacyclic over K. The composite Wx of W and K is their direct product. 
It has degree 2° over K and is metacyclic. Also Wx(x) splits D and Wx con- 
tains a quadratic field S over K. By the remark at the end of §4 the algebra 
Bx z is not split by R(x) for any quadratic field R over K. Thus Bs) is a 
division algebra similar to [Ds:2)]", Ds;z) of degree 2° has exponent 2° and is 
a division algebra. This is impossible since Wx(x) has degree m over S(z) 
and splits Ds z) ° 


6. The structure of 2-algebras of degree 4. We close our study with a re- 
mark on division algebras D of degree and exponent four over a centrum K 
which is algebraic of finite degree over F = L(z, y). Assume that L is a finite 


% Structure of Algebras, Lemma 7.11. 
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field and that x and y are independent indeterminates over L. We consider a 
quadratic form f in m variables. Then it is known” that f is a null form if 
m > 2"*', where F = L(x, --- , z,) for independent indeterminates 2; , --- , 2; 
over L, and thus r = 2 in our case. Hence f is a null form precisely if m 2 9. 
But the condition that D be non-cyclic is exactly” that a certain quadratic 
form in nine variables be not a null form. Thus all division algebras of degree 
four over K of finite degree over L(x, y) are cyclic algebras. 

It seems reasonable that the method above may have some further applica- 
tion to the study of p-algebras of degrees p and p’, but at present the author 
can see no obvious process of application. 


Tue University or CHICAGO. 


26 See footnote 5 of the author’s Quadratic null forms over a function field, Annals of 
Mathematies, vol. 39(193.), pp. 494-505 for this result of Chevalley, Warning, and Artin. 
27 See the reference in footnote 10. 











A PROPERTY OF BANACH SPACES 
By Manton M. Day 


By a method involving a general form of integration, due to Hildebrandt, 
Goldstine [3] proved that a certain kind of weak completeness is necessary and 
sufficient for reflexivity of a Banach space B.' The present note gives for this 
theorem a new proof, based on a simple geometrical property (Lemma 1) of 
every Banach space. The nature of the proof suggests a new criterion (Theo- 
rem 2) for reflexivity of a Banach space; Theorem 3 collects a number of criteria 
for reflexivity of every \-separable subspace of a Banach space. 

If Z is a subset of B, let r(Z) = inf,. z || b || with the usual convention that 
if Z is empty, r(Z) = +. 


Lemma 1. If 6,--- , 8. ¢ B*, if E = {b| B(b) = ec fori = 1, --- ,k} andi 
M = sup | Diss tic; |/|| Dice tiB; || where the supremum is taken” over all choices 
of the real numbers t, , --- , t , then M = r(E). 


This is essentially Helly’s theorem; a short proof due to Mimura is quoted 
in Kakutani [4]. 

A set X of elements z is called directed by a relation > if (1) 2, > 22 and 
2 > x; imply that x, > 23, and (2) if x; and 22 are in X there is an z; in X 
such that xz; > x, and z; > z.° If Y is any topological space and f any func- 
tion on X to Y, f converges to y or y = lim, f(x) if and only if for each neighbor- 
hood N of y there is an zy in X such that f(x) e Nifz >2y. Following Gold- 
stine, say that B is weakly complete relative to X if the conditions (1) || b. || S K 
for every X, and (2) lim, 8(b,) exists for every 8 in B*, together imply that a b 
in B exists for which lim, 8(b.) = 8(b) for every 8 in B*. B is weakly complete 
if it is weakly complete relative to every directed set X. 

The weak neighborhoods of a point bo in B are the sets 


N = N(bo; Bi, +++ , Be; €) = (b| | Bib) — Bilbo) | < eforté = 1,--- , k} 


for every choice of ¢ > 0, the integer k, and the points 6, , --- , 8 in B*. The 
weak topology can be defined in the same way in a conjugate space B* but 
another topology is often more useful. The weak* neighborhoods of 8 in B* are 


Received February 3, 1941. 

1 It is assumed that the reader is familiar with the definition of a Banach space B, and 
its conjugate space B*; see for example Banach [1]. B is reflexive if for each b in B**, the 
second conjugate space of B, there is a b in B such that 6(8) = 8(b) for all 8 in B*. 

2 {x| +--+} means the set of all z satisfying the conditions following the vertical bar. 
For a; , az 2 0 we shall make the convention that no matter what a, is, a;/a, = Oif a, = 0; 
also a;/a2 = + if ag = Oand a, > 0. 

3 Directed sets were first studied by Moore and Smith [5]; G. Birkhoff [2] adapted this 
notion of convergence to topological uses. 
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the sets N* = N*(8; bi, --- bk; €-) = {8||B(Oi) — Bobs) | < € fori = 
1, --- ,&} for all choices of « > 0, k a positive integer, and b;, --- , b, in B. 
Let M be the set of weak* neighborhoods of* @ in B**; then M is a directed set 
if N > N’ means N CN’. If 2, is the set of weak* neighborhoods of 6 in B**, 
MN, is also directed and the transformation associating N(6; 6, , --- , Bx; «) in N 
with N(6; 6, ---,8%; €) in Ms is 1-1 and order preserving. From this it 
follows that B is weakly complete relative to Mt if and only if it is weakly com- 
plete relative to Ny . 

Theorem 1 differs from Goldstine’s theorem only in that 2 replaces a class of 
partitions. 


THEOREM 1. B is reflexive if and only if it is weakly complete relative to N 
and if and only if it is weakly complete. 


The known proof that reflexivity implies weak completeness is quite straight- 
forward. If B is weakly complete relative to N, let bp be any point of B**, let 
N = N(bo; 6:,---, Be; €) be any weak* neighborhood of 6), and consider 
the set of equations 6;(b) = 6(8;) for? = 1,---,k. For all choices of ¢,, 
sty, 


| Disetisbo(Bi) | = | bo(ZisetiBi) | S || bo |] || DicatsB; |}. 


Lemma | asserts for any 6 > 0 the existence of a point in B which satisfies these 
k equations and is of norm < || by || + 6. Hence there is a point by in B such 
that || bw || < || bo |! while | bo(6;) — Bi(bw)| < e fori = 1,---,k. Define 
by in B** by the equations by(8) = 8(by) for every 8 in B*; then by e N so weak* 
—limy by = by ;i.e., bo(8) = limy 6y(8) = limy (by) for every 8 in B*. Since 
B is weakly complete relative to N,, there is a bo in B such that 6(8) = limy 
B(by) = B(bo) for every 8 in B*, so B is reflexive. 

Note that in the course of this proof we have demonstrated, without use of 
any form of integration, 


Coro.uary 1. If Bo is the image of B in B** under the usual mapping and 
if E is any sphere about the origin in B**, then E is the weak* closure of E-By. 


If 9’ is the set of neighborhoods N(6; 8; ,--- , Bx; €) where the @; are all 
chosen from some fundamental set’ EZ, in B*, it is clear that N’ and N are equiva- 
lent neighborhood systems in any sphere about the origin in B**; hence, if 
\|b. || S K for every z, lim, b.(8) = 6o(8) for every 6 in B* if and only if 
lim, b.(8) = 6(8) for every 8 in E,. Repetition of the pertinent parts of the 
above proof gives 


Coro.iary 2. Weak completeness relative to N’ is necessary and sufficient 
for reflexivity of B. 

Following Tukey [7] let S* be a set of power §, ; the stack >* on the base S* 
is the directed set of all finite subsets ¢ of S’ where o > o’ means¢ Do’. A 


4 9 will be used for the zero element of any linear space. 
5 A set E C B is fundamental if B is the smallest closed linear set containing Z. 
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subspace’ B’ of a Banach space B is called -separable if and only if a dense 
subset of power S \, exists in B’. 

Coro.uary 3. If B* is \-separable, B is reflexive if and only if it is weakly 
complete relative to >. 


All that need be proved here is that if B* is \-separable and 6 e B**, then 
for each ¢ in 2b, in B can be so chosen that || b, || < || 6 || + 1 while lim, 8(b,) = 
6(8) for every 8 in B*. Choose 6,, s ¢ S’, to be a fundamental set in B*; by 
Lemma | there is for each o a b, such that || b, || < || 6 || + 1 while b, satisfies 
the set of equations 8,(b.) = 6(8,) for each sing. Then 8,(b,) = 6(8,) if s eo, 
so lim, 8,(b.) = 6(8,) for every s; since the 8, form a fundamental set in B and 
| be || < || 6 || + 1 for every o, lim, B(b.) = b(8) for every 8 in B*. 

Note that in the case \ = 0 this asserts that weak completeness relative to 
>° implies reflexivity of B if B* is separable in the ordinary sense; i.e., 0-separable. 
This is equivalent to Goldstine’s corollary since weak completeness relative to 2° 
and weak completeness relative to the directed set of positive integers (ordered 
by magnitude) are equivalent. 

Let us turn now to some different characterizations of reflexivity. An example 
in 1, shows that extension of the property described by Lemma 1 to infinite sets 
of 6’s and c’s is not always possible. We shall show that the possibility of 
extension is closely connected with reflexivity. Let S be any set and B any 
Banach space, let @, in B* and ¢, , real numbers, be given; for each subset S’ of 
S let Es) = {b| 8.(b) = c, for each s in S’}; Lemma 1 gives an expression for 
r(E,) for each finite subset o of S. 


TueorEeM 2. If B* contains a total’ set of power % , and if choosing 8, and c, 
for each s in S* so that sup, r(E.) < © implies that Es is not empty, then B is 
reflexive. 


Let {8,|s«¢S*} be a total set in B*, let 6 be any element of B**, and let 
c, = b(8,). Then, as before, r(Z,) S || 6 || for every c, so there is a b in B such 
that 8,(b) = 6(8,) for every s. If 8 is any other element of B*, adding the 
equation 8(b) = 6(8) to the given set gives a ew system which has a solution 
b’, but 8,(b’) = 8,(b) for every s and the set of all 8, is total, so b’ = b. There- 
fore 6(8) = 8(b) for every 6 in B*. 

This theorem is a consequence of the next result to be proved but the proof 
in this case is much simpler. It is known [6] that if \ = 0, the condition on 
8, and c, that sup, r(Z,) < © implies that Eso is not empty is equivalent to 
weak sequential compactness of the unit sphere in B; this and other considera- 
tions suggest the conditions of Theorem 3. A set B’ in B is weakly \-compact® 


6 A subspace is a closed linear subset of B. 

7 A subset C of B* is total if || b || = 0 whenever 8(b) = 0 for every @ in C. 

8 The referee remarks that Alexandroff and Urysohn in the Amsterdam Proceedings of 
1929 use the phrase ‘‘Y has (0, \] as an interval of compactness’’ in the sense that “‘Y is 
d-compact’’ has here; clearly this and conditions (12) and (13) are quantitative statements 
derived in the natural way from the usual conditions for “bicompactness’’ of a space in 
terms of open sets, closed sets, and convergence. 
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if every covering of B’ by ) sets open in the weak topology in B’ contains a 
finite subcovering of B’. If X is a directed set and B’ is a subset of B, B’ con- 
tains inner limits relative to X if || b, || bounded and b, ¢ B’ for all x imply that 
a by in B’ exists for which lim inf, 8(b.) S 8(bo) S lim sup, 8(b,) for every 8 
in B*, 

THEOREM 3. For each ordinal X 2 0 the following conditions on a Banach 
space B are equivalent: 
(1) Every d-separable subspace of B is reflexive. 
(2) B contains inner limits relative to >>. ; 
(3) If for each s in S* 8, and c, are so chosen that M = sup, r(E2) < ~, then 
there is a point in Es of norm M. 
(4) Under the same conditions on B, and c, , sup. 7(E,) = r(Es.). 
(5) Under the same conditions on B, and c, , Es. is not empty. 
(6) If 6 « B** and if for each s in S* 8, € B*, there is a b in B such that B,(b) = 
6(8,) for every s. 
(7) Every d-separable subspace of B* is weak* closed. 
(8) Every d-separable subspace of B* is reflexive. 
(9) The unit sphere in B is weakly \-compact. 
(10) If C., s¢S*, are closed convex subsets of the unit sphere in B such that 
II. «o C, is not empty for any o, then Il. «3 C, ts not empty. 
(11) If Q) is the first ordinal of power S$) and if for each wp S Q the sets C,,v < pw, 
are convex, closed, non-empty subsets of the unit sphere in B such that C, C C, 
if v' > »v, then [],<,C, is not empty. 


(1 — 2) If b, is defined for every o in >’ so that || b, || < K for every o, let P 
be the smallest subspace of B containing all b, ; then P is \-separable. Since 
lim sup, r(b.) S K || x || for every x in P*, by the Hahn-Banach theorem there 
is a p in P** such that p(x) S lim sup, 7(b.) for every 7 in P*. Since lim inf, 
r(b,) = —lim sup, —7(b.) S —p(—z) = p(x), lim inf, r(b.) S p(x) S lim 
sup, r(b,) for every x in P*. Since P is reflexive there is a pin P with 
p(x) = x(p) for all x; since each 8 in B* defines a unique 7 in P*, lim inf, 6(b,) S 
B(p) & lim sup, 8(b,). 

(2 3) If 8, and ¢, are given for each s in S’, let | o | be the number of 
elements of the finite subset « of S‘ and by Lemma 1 take b, in E, so that || b, || < 
r(E.) + 1/|o|. By (2) there is a 6 such that lim inf, 6(b.) S B(b) S 
lim sup, 6(b.) for every 8 in B*, so ||b|| < lim sup. ||}b.|| = M. For each 
8, B.(b.) = c, if s €o, so lim, B,(b,) = c, for every s; hence 8,(b) = c, for every 
8. 

(3-4-5) Obvious. 

(5—6) By the argument used in Theorems 1 and 2, if we choose c, = 6(8,). 

(6—7) If E is a \-separable subspace of B*, let {8, | s € S*} be a dense (in 
norm) subset of E and let 8) « B* — E. Then [1, p. 57] there is a 6) in B** such 
that bo(8) = 0 if Be E while 6o(&) = 1. By (6) there is a b in B for which 
8.(b) = 0 for every s while 6)(b) = 1; since the 8, are dense in E, 6(b) = 0 for 
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every 6 in E, so the weak* neighborhood N(, ; b; 1) is disjoint from E and E is 
weak* closed. 

(7 —8)° If E is a \-separable subspace of B*, by (7) every subspace of E is 
weak* closed in B*. Let Ey = {b|8(b) = 0 for every 6 in E}; then 
E = {8 | 8(b) = 0 for every b in Eo} and, if A is the factor space” B/Ey, E is 
equivalent to A* under the transformation associating 8 in E with ag in A* if 
as(a) = 8(b) for some (or all) b in a. If A’ is a subspace of A* and if E’ = 
{8 | ag € A’}, if a9 ¢ A* — A’, and if Bp is the image of ap , then there is a by in B 
such that 8(bo) = Oif 8 « E’ while Bo(bo) = 1. bo is in some a of A, so a(ao) = 0 
if a € A’ while ao(a) = 1; hence A’ is weak* closed in A*. Since weak* and regu- 
lar closure are the same for linear subsets of A*, by [1], p. 132, A is reflexive so E 
is reflexive. 

(8 — 1) B is equivalent to a subspace of B**; by the implication (1 — 8) 
already established, reflexivity of every \-separable subspace of B* implies the 
same for B** and hence for B. 

To deal with (9) note that \-compactness of a topological space Y is equivalent 
to either of two conditions. 

(12) If for each s in S* F, is a closed subset of Y and if I]... F, is not empty 
for any o, then |]... F, is not empty. 
(13) Every function on >* to Y has a cluster point.” 

(12) is adapted from the standard formulation of compactness in terms of 
closed sets. If for each o in >‘ a point y, is given, let F, be the closure of the 
set {y.|o’ > o}; then (12) implies the existence of a cluster point yo in all 
F,. If F,, 8S, are closed sets of Y such that []...F. is never empty, choose 
yo in [J]... F.; then {y.|o’ > o} is contained in F, if s¢¢, so any cluster 
point yo of the y, is in every F,. 

(13-2) Ifb., 062°, are in the unit sphere of B, any weak cluster point bp 
of the b, will satisfy the equations lim inf, 8(b,) S 8(bo) < lim sup, 8(),) for 
every 6 in B*. 

(1+ 13) If for every o in >*}, is a point of the unit sphere in B, let P be the 
smallest subspace of B which contains all b,. By (1) P is reflexive; hence its 
unit sphere is compact in the weak topology in P{see 6]. Stated in full this 
means that there is a p in P such that for every m , --- , min P*, every « > 0, 
and every ¢ in >’ there is a o’ in = such that o’ > o and | ri(p) — i(be) | < € 
fori = 1,---,k. Hence for every 8, --- , Be, € > 0, anda in > a o’ exists 
such that o’ >o and | 8(p) — Bi(bs-) | = | m3,(p) — m9,(b.) | < € for i = 
1,---,k. That is, p is a cluster point of b, in the weak topology in B. 

Clearly (9 — 10 — 3) and (10 — 11 — 10). 


® This step of the proof is due to Smulian [6]. 

10 The factor space B/E, is the space of cosets a of B, where b and b’ both belong to the 
same a if b — b’e Eo; |! a}| = r(a). 

11 A point yo is a cluster point of a function f defined on a directed set X to a topological 
space Y if and only if for every neighborhood N of yo and every z in X there is an x’ in X 
such that x’ > z and f(z’)«N. This is equivalent to the statement that yo is a cluster 
point of f if yo is in the closure of all the sets {f(z’) | z’ > x} for every choice of z in X. 
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Let R(A) be the class of those Banach spaces with one (and hence all) of the 
properties (1)—(11). 

Corotiary 4. If B‘” is defined by induction from B® = B, B’** = (B)*, 
all B’ are in R(A) if and only if some B’ is in R(d). 

A Banach space B’ is a linear image of a Banach space B if there is a linear 
operator U on B whose range is all of B’. If Ey = {b| U(b) = 6}, then B’ is 
isomorphic to the space A = B/E, under the transformation associating a in A 
with b’ in B’ if U(b) = b’ for some (or all) b in a. 


TueoreM 4. B is in R(A) if and only if every linear image of B is in R(A). 


Since B is a linear image of B, the condition is necessary. Since the properties 
(1)-(11) are invariant under isomorphism, all that need be proved is that if Ey 
is a subspace of B and if B has property (3), then A = B/E, has property (6). 
Take a, in A* and a in A**; define 8, in B* by 8,(b) = a,(a) if bea. Then if 
C, = O(a), | Zeeotts| S || a|||| Zreetees|| S || a|||! Zoe t8.|| 80, by (3), 
there is a b in B such that 8,(b) = a(a,) for every s. Let a be the element of A 
to which b belongs; then a,(a) = 8,(b) = a(a,) for every s. 


Coro.tiary 5. Every \-separable linear image of a space in R(A) is reflexive. 


Gantmakher and Smulian note that sequential weak compactness of the unit 
sphere in B implies that each 6 in B** is weak* sequentially continuous as a 
function on B*; i.e., that if 8,(b) — 8o(b) for every b in B, then 6(8,) — 6(o) 
for every 6 in B**. Generalizing this to other cardinal numbers suggests the 
following property: B ¢ P(A) means that if 8, is given for each ¢ in >* so that 
|| 8. || < K for all ¢ and lim, 8,(b) = §(b) for every b in B, then lim, 6(8,) = 
b(8) for every 6 in B**. 


THEOREM 5. Weak d-compactness of the unit sphere in B implies that B « P(X); 
if B « P(d), B* is weakly complete relative to >. 


If B is weakly \-compact and if 6, 8) , and 8, have the given properties, by (6) 
of Theorem 3 there is a b in B such that 6(8)) = 8o(b) and 6(8,) = 8,(b) for all o; 
hence lim, 6(8,) = 6(). If BeP(\) and ®, is given for o in >. so that 
|| 8. || = K and lim, 6(8,) exists for every 6 in B**, by (13) there is a fp in B* 
which is a cluster point of 8, in the weak* topology. Hence lim, 8.(b) = 6o(b) 
for each b in B; since B ¢ P(A), lim, 6(8,) = 6(@) and B* is weakly complete. 

Note that the proof of Corollary 3 can be used to show that if B* is \-separable 
and in P(A), B* (and hence B) is reflexive (the argument proves that By) = B**). 
Theorems 1 and 5 show that if B « P(A) and B** is )-separable, then B is re- 
flexive. The next lemma allows us to prove a result including both of these. 
Call H a hyperplane in B if H = {b| 8(b) = c} where || 6 || # 0 and c is any 
real number. 


Lemma 2. If B is d-separable and H is any hyperplane in B*, any point in the 
weak* closure of H is the weak* limit of a bounded function on >* to H. 
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If H is the hyperplane, it suffices to consider the case in which the point under 
consideration is not in H; since every hyperplane of the form {8 | 8(b) = c} for 
some b and c is weak* closed, it suffices to consider a hyperplane H of the form 
{8 | b(8) = c} where 6 e’ By , the image of B under the usual mapping into B**; 
by the uniformity of the weak* topology in B* it suffices to take c ~ 0 and @ for 
the point. If N = N(b,, --- , by ; €) is any weak* neighborhood of 6, Lemma 1 
asserts the existence of a solution of the set of equations b(8) = c, 6(b;) = 0 
for i = 1, --- ,&, whose norm is arbitrarily near sup | tec |/|| ob — Dior tb; || 
(where 6; is the image of b; in B**). This < c/K, where K is the distance 
from 6 to By so @ is in the weak* closure of a bounded subset of H. By argu- 
ments used before when B is \-separable, it follows that 8, in H can be so chosen 
for o in > that || 8 || < 1+ c/K and that w*-lim, 8. = 0. 

Note that this shows incidentally that every point in B* is the weak* limit of 
such a function, provided only that 6 e’ By. 


TueoreM 6. If B is \-separable and in P(d), then B is reflexive. 


Take a 6 not in By and any ¢ and consider the hyperplane H = {8 | 6(8) = c}; 
by the preceding lemma and the remark, if & ¢ B* there is a bounded function 
on > with values in H converging in the weak* topology to & ; hence, by the 
property P(A), the same function converges weakly to 8» so 8 is in the weak 
closure of H. But H is weakly closed so H = B*. This can not happen if 
|| 6 || + 0; hence 6 can not be chosen in B** — By, or B is reflexive. 

This leaves unanswered the more difficult question raised by Gantmakher and 
Smulian for \ = 0: Is it true that Be P(A) if and only if Be R(A)? Proving 
this is equivalent to showing that the property P(A) holds fer every subspace 
of B if it holds for B. 


Coro.tiary 6. Be R(A) if and only if every subspace of B is in P(d) or if 
every d-separable subspace of B is in P(A). 


‘The condition that B « P(A) can be replaced by a stronger condition: Every 
weak* cluster point of a bounded function on >* to B* is a weak cluster point; 
B can easily be shown to have this property if and only if B « R(A) because this 
property can easily be proved to hold in any subspace of a space for which it 
holds. A similar (and equivalent) condition can be formulated in terms of 
inner limits and their weak* analogues. 


TurorEeM 7. Be P(A) if and only if every linear image of B is in P(A). 


Using the notation of Theorem 4, take a, in A* converging to a in the weak* 
topology and a in A**; for each a in A* define Ta in B* by Ta(b) = a(a) if 
bea. Let B, = Ta,, Bo = Tao and let 6 be any element of B** such that 
6(Ta) = a(a) for alla. Then each b is in some a so lim, 8,(b) = lim, a-(a) = 
ao(a) = Bo(b), so, since B ¢ P(A), lim, 6(8,) = 6(@). Hence lim, a(a,) = a(a), 
and A = B/E,«P(a). Since the property P(A) is obviously invariant under 
isomorphism, the theorem is proved. 
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Notice that both this theorem and Theorem 4 could be proved in an essen- 
tially equivalent way by the use of adjoint operations instead of factor spaces. 

Still unsolved is the question whether R(0) is the class of reflexive spaces. 
Clearly R(A) > R(u) if X S uw; no other relations are known. 
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